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Abstract

Although models of cardiac ischaemia require values for
electrical conductivities, no agreement yet exists on these
values, nor how much effect uncertainty in the conductiv-
ities will have on simulation results. In this work, simu-
lations of acute partial thickness (50% of the wall thick-
ness) ischaemia are conducted in a half-ellipsoidal model
of the left ventricle to produce epicardial potential distri-
butions (EPDs), while simultaneously varying each of the
six bidomain conductivity values. From these, emulators
are produced using Gaussian Process emulators (GPE),
Partial Least Squares (PLS), and generalised polynomial
chaos expansion (PCE). All three approaches indicate that
the EPDs are most sensitive to uncertainty in the longi-
tudinal conductivities and the extracellular normal con-
ductivity, and that variation in these conductivities has a
significant effect on the EPDs. Varying the depth of the is-
chaemic region does not change the conductivities to which
the main EPD features (a maximum and two flanking min-
ima) are sensitive. For this work, the PCE approach has
the advantage that it provides more information (that is,
sensitivity over the ventricular surface, not just at the main
features). However, GPE and PLS are able to supply infor-
mation about the sensitivity of the position of the features
that PCE is not. Finally, PLS and PCE can be performed
using fewer points than for GPE.

1. Introduction

A number of modelling studies [1,2] have suggested that
uncertainty, in the electrical conductivity values that are in-
puts to bidomain models of cardiac ischaemia, may have a
significant effect on the potentials that are produced on the
epicardium, whereas other work [3, 4] has found that the
depth of ischaemia through the ventricular wall and the ro-
tation angle of the cardiac fibres have a more significant
effect than the conductivity values. This study has exam-
ined the importance of the conductivity values in the con-
text of personalised medicine - that is, for a certain fixed
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Figure 1. Cross-section (x − z plane at y = 0, x → and
z ↓) of the half-ellipsoidal model, with partial ischaemic
region marked with the letter ‘P’.

ischaemic depth, could differences in conductivity values
across the population result in significantly different EPDs
(and therefore possibly ECGs)?

Here this is investigated via the use of emulators (GPE,
PLS and PCE), which provide fast-running surrogate mod-
els as an alternative to conducting large numbers of sim-
ulations. In this work, we model acute partial thickness
ischaemia, where ischaemia does not begin at the endo-
cardium, but rather partway through the ventricular wall,
in accord with a recent experimental study by Aras et al.
[5]. The simulations are carried out during the ST-segment
of the ECG using the bidomain model, where the conduc-
tivities that are varied are denoted by gpq , where p = i, e,
for the intra- and extracellular domains, and q = l, t, n for
the direction of conduction, longitudinal (l), transverse (t),
normal (n), where the t and n directions are orthogonal to
the l direction along the cardiac fibres, within and between
the sheets of fibres, respectively. In addition to quantify-
ing the effect of the conductivity values on the EPDs, this
study also compares the information produced by the three
approaches, as well as their advantages and disadvantages.

2. Methods

This study models the electric potential in a half-
ellipsoidal model of the left ventricle, which is filled with
blood (Figure 1), during the iso-electric ST-segment of the
ECG, via the passive bidomain equation [6] and Laplace’s



equation in the blood,

∇ · (Mi +Me)∇φe = −∇ ·Mi∇φm and ∇2φb = 0.
(1)

Here φe, φm and φb are the extracellular, transmembrane
and blood potentials, respectively, and Mp(p = i, e) are
tensors that incorporate both the bidomain conductivity
values and the linear rotation of the cardiac fibres through
the ventricular wall via the fibre rotation angle ROT [3].
For these simulations, unless otherwise mentioned, the is-
chaemic region comprises 50% of the ventricular wall,
from 20% to 70% depth from the endocardium, and is of
size 20◦ (x − z plane) by 30◦ (y − z plane) (see [3, 4] for
more details). Mean parameter values that come from the
literature [7] are used in the simulations as follows: (gil =
gel = 2.4, git = 0.24, get = 1.6, gin = 1.0, gen = 0.1,
blood conductivity gb = 6.5) mS/cm, ROT=100◦. See [3]
for further details such as how acute ischaemia is mod-
elled, a ‘narrow’ transmembrane potential distribution is
used, and for details of the solution technique.

For the GPE and PLS methods, the model is solved for
N sets of inputs, where the six bidomain conductivities
vary between sets, while ROT, gb and the ischaemic depth
are fixed as detailed above. Using these, N EPDs are pro-
duced, from which values for the potentials of the min-
ima and maxima are extracted and emulators constructed,
using the software GP emu UQSA (DOI 10.5281/zen-
odo.215521) with N = 200 for GPE. See [3,8] for details.
For the GPE method, main effect sensitivity indices of an
output to each input xi(i = 1, . . . , 6) are calculated as a
ratio of variances (Var)

Si =
Var[E{f(x)|xi}]

Var{f(x)}
, (2)

where E{f(x)|xi} is the mean effect; that is, the expec-
tation of an output f(x) conditional on an input xi, after
averaging over the remaining inputs [7, 8]. For the PLS
method, the relative effect of each of the inputs is calcu-
lated using the NIPALS algorithm [9] with N = 100.

The final method used is the PCE method, where a
model output y = f(x) is expanded as a truncated series of
orthogonal polynomials, which are functions of the inputs
x. After checking, polynomials of order 3 (94 sets of in-
puts) were deemed to be sufficiently accurate. The global
sensitivity index is defined as in equation (2) [10].

3. Results and Discussion

3.1. Effect of varying gel on the EPD

Initially, we investigated the effect that changing one of
the input conductivities had on the EPD by varying gel
across the range mean±50%, that is, 1.2 mS/cm to 3.6

Figure 2. EPDs for 20-70% ischaemia, with varying val-
ues of gel and mean values for other parameters. Potentials
(in mV) are given for the main features min1 (lower mini-
mum), min2 (upper minimum) and max (maximum).

mS/cm. We kept the other parameters at their mean val-
ues (Section 2) and considered 50% ischaemia, from 20%
to 70%. The EPDs are presented as polar plots (Figure 2),
where the ventricular surface is ‘flattened’, with the apex
at the centre [3]. In each of cases (a)-(c), the EPD is quali-
tatively the same; that is, it consists of a maximum, flanked
by two minima (and this appears to be the case for all the
50% ischaemia simulations run). Hereafter, we will re-
fer to the potentials of these features as maxV, min1V and
min2V, respectively, where min1 is situated below max and
min2 above max (Figure 2).

In Figure 2, as gel increases, the magnitudes of the out-
puts min1V (-0.63 to -0.28 mV), min2V (-1.21 to -0.61
mV) and maxV (4.24 to 2.51 mV) decrease, indicating that
changes in gel have a significant impact on the EPD.

Since previous work, using a subendocardial model of
ischaemia [3], has identified ROT as an input to which
some outputs are very sensitive, we repeated the above
work with ROT varying across the range 60◦ to 140◦, with
the other parameters set to their means. The effect was
similar but opposite to that of Figure 2, as min1V, min2V
and maxV all increased in magnitude with increasing ROT.

3.2. Using GPEs and PLS to determine the
effect of varying all six conductivities

In order to quantify the effect of the other conductiv-
ities and also the effect of concurrent changes in more
than one conductivity value, we now varied all six con-
ductivities simultaneously, firstly by using GPEs (Section
2). We constructed emulators for three outputs, min1V,
min2V and maxV, and from these we produced two types
of results. The first is a set of main effect plots (an ex-
ample for min2V is given in Figure 3), which show the
mean effect (Section 2) on the output of varying the six
input conductivities. The vertical scale shows the change
in the mean value (i.e. 0 represents the mean value, which
is -0.82 mV in this case), across the normalised range of



Table 1. GPE and PLS sensitivities of three EPD features
to the indicated conductivities.

Parameter Method min1V min2V maxV
gil GPE 0.08 0.29 0.31

PLS -0.26 -0.49 0.55
gel GPE 0.39 0.44 0.26

PLS 0.61 0.65 -0.50
git GPE 0.01 0.06 0.00

PLS 0.08 0.24 0.02
get GPE 0.09 0.00 0.12

PLS 0.29 0.04 -0.32
gin GPE 0.01 0.00 0.05

PLS 0.09 0.02 -0.22
gen GPE 0.41 0.20 0.26

PLS -0.60 -0.43 0.48

each input. For example, Figure 3 shows min2V varying
from approximately -0.82-0.35=-1.17 mV to -0.82+0.2=-
0.62 mV, when gel varies from 1.2 to 3.6 mV, a result that
is very similar to the result in Figure 2. Figure 3 also shows
that, not only do changes in gel have a substantial impact
on the value of min2V, but so do changes in gil and gen,
although their effects are less than those of gel and are in
the opposite direction.

One way of summarising these results is via the sen-
sitivity indices that are given in Table 1 for GPE, where
significant effects are given in bold. The results in this
table quantify the effects shown in Figure 3, with min2V
found to be most sensitive to gel (0.44), then gil (0.29) and
gen (0.20). PLS sensitivities (Section 2) are also reported
in Table 1 and these identify the same inputs to which the
outputs are sensitive (although the magnitudes of the two
indices are not comparable). The PLS indices have the ad-
vantage over the GPE ones in that they are signed, so they
indicate the direction of the relationship (as do the main
effect plots). Table 1 also shows that maxV is sensitive to
the same inputs as min2V, whereas min1V is sensitive to
gel and gen but not gil. It is also the case that no outputs
are sensitive to git, get or gin. Finally, we note that if the
sensitivities for a particular output are totalled, in each case
they come to 0.99, which is very close to 1 and indicates
that there are no significant interactions between inputs [8].

Other GP emulators that we constructed were for the
position of each of the minima and the maximum (not pre-
sented), where we found sensitivity of the feature positions
to some input conductivities. We also performed similar
simulations, keeping an ischaemic depth of 50%, but start-
ing ischaemia at 10%, 30% and 40% depth. We found that
min1V, min2V and maxV were generally still sensitive to
the same inputs, although, in some cases, the sensitivities
were not as strong.
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Figure 3. GPE main effect plot for min2V with 20-70%
ischaemia, showing the effect (in mV for a mean of -0.82)
of changes in conductivities.

3.3. Using PCE to determine the effect of
varying all six conductivities

We now examine the same situation as in Section 3.2 us-
ing PCE (Section 2). The mean EPD produced by the emu-
lator is given in Figure 4(a), along with the standard devia-
tion of the potential in (b). Panel (a) is very similar to Fig-
ure 2(b) as expected, and panel (b) indicates that the main
variation to the conductivities is in maxV, with smaller
variations flanking max. Panels (c)-(h) show global sensi-
tivity values (Equation (2)) to the indicated conductivities,
across the ventricular surface.

It is immediately clear that there is no EPD sensitivity
to git and gin, and probably minimal sensitivity of any of
min1V, min2V or maxV to get (where we can use Figure
4(a) to locate the features). Next, if we focus on maxV,
then Figure 4 suggests that it is sensitive to gil, gel and
gen, agreeing with the GPE and PLS results (Table 1).
However, it is not clear from Figure 4 that sensitivity to
gel is the highest of the three. Then, if we consider the
minima, Figure 4 indicates sensitivity of min2V to gil, gel
and gen, matching Table 1, and min1V sensitivity to gel
and gen. However, it is harder to be certain from Figure 4
that min1V is not sensitive to gil, as per Table 1. Another
piece of information that does not appear to be something
that can be readily determined from Figure 4 is sensitivity
to the positions of min1, min2 and max. Finally, we also
produced plots of total sensitivity (direct effects of xi as
well as interactions of xi with the other inputs [10]), but
no significant interactions were found, in agreement with
the GPE results. Future work might investigate the util-
ity of the extra information (i.e. not at the maximum and
minima) that the PCE approach provides.

4. Conclusion

When we compared the methods we were able to draw a
number of conclusions. For example, GPE and PLS yield
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Figure 4. PCE (a) mean EPD and (b) standard deviation of the EPD (mV) for 20-70% ischaemia. The scale of panel (h)
applies to panels (c)-(h) and these panels give global sensitivities to the indicated input conductivities.

the same qualitative results re sensitivity, and, while PCE
results are consistent with these, they are harder to inter-
pret. We note that GPE can quantify the effect of input
uncertainty unlike PLS, and that PCE provides sensitivi-
ties over the whole EPD, whereas GPE and PLS do not.
Finally, PCE and PLS have the advantage over GPE that
they have lower computational cost. Assuming the results
of this work translate to the torso surface in a more com-
plete model, the main conclusion of this work is that, while
previous work has indicated [3,4] that the EPD features are
most sensitive to ROT and ischaemic depth, there is still
significant sensitivity to some of the conductivity values
(i.e. gil, gel and gen). This has implications in terms of per-
sonalised medicine because of the differences in the EPDs
(and perhaps ECGs), for the same degree of ischaemia, that
could result due to variations in conductivity values.
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