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Abstract

The stratum corneum is the main barrier to transdermal drug delivery which

has previously resulted in mathematical modelling of solute transport in the skin

being primarily directed at this skin layer. However, for topical treatment and skin

toxicity studies, the concentration in the epidermis and dermis is important and

needs to be modelled mathematically. Hitherto, mathematical models for viable

skin layers typically simplified the clearance of solute by blood, either assuming

sink condition at the top of the skin capillary loops or assuming a distributed

clearance in the dermis. This paper is an attempt to develop a physiologically

based mathematical model of drug transport in the viable skin. It incorporates

explicit modelling of the capillary loops within the dermis and employs COMSOL

Multiphysics R© software to model the transport in three dimensions. Previously

derived simplified models were compared to the results from this new numerical

model. The results of this comparison showed that the simplified model reasonably

described the average concentration in the viable skin layers when parameters of

the models were chosen appropriately. When the recruitment of the capillary

loops in the dermis was full and the top of capillary loops was at a depth of

100µm, the effective depth to place a sink condition in the simpler models was

found to be at 150µm. However, when there was only partial recruitment of the
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capillaries, the effective depth increased to 180µm. The presented modelling is also

essential for determining a transdermal flux when the stratum corneum barrier is

compromised by such methods as microporation, application of chemical enhancers

or microneedles.
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1. Introduction

The skin is the largest organ in the body and lowers an organisms exposure

to environmental toxins and water evaporation loss. The outermost layer of the

skin, the stratum corneum, is the main barrier to transdermal drug delivery. The

stratum corneum is composed of a dense set of corneocytes and lipids (similar to

a brick and mortar) that prevent penetration of many external substances.[1–5]

For this reason, most mathematical models investigate the rate-limiting barrier

of the stratum corneum. [6–8] However, for topical dermal drug delivery, where

achieving local therapeutic effect is necessary, predicting concentration in the vi-

able epidermis and dermis is important. The application of cosmeceutical products

also requires an accurate prediction of the concentration in deeper layers of the skin

as toxicity may arise. Similarly, many skin problems such as chloracne and quartz

induced scleroderma can arise from excessive exposure to different environmental

compounds and chemicals. [9, 10] The concentration of the compounds/chemicals

in the dermis governs the severity of each of these diseases, so it is important to

identify how each of these chemicals will permeate the deeper skin layers when

they come into contact with the skin.

The permeability and concentration within the viable epidermis and dermis

also become far more consequential when investigating transdermal drug deliv-

ery of solutes with very high lipophilicity (logP ≥ 3), low melting point, low

molecular mass and adequate solubility in water and oil. [11, 12]When these con-

ditions are satisfied, the hydrophilic viable epidermis layer presents a significant

barrier to highly lipophilic solutes. [13, 14] When the stratum corneum barrier

is decreased or bypassed through different permeability enhancement techniques

(such as iontophoresis, chemical enhancers and microporation), the viable skin can

also become the main barrier to transdermal drug delivery. When the viable skin

becomes the rate-limiting factor, the transport within the viable epidermis and
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dermis becomes far more important. [15, 16]

While numerous mathematical models have been developed to express drug

transport in the stratum corneum, far less have been formulated to predict trans-

port in the viable skin. In previous models of dermal solute transport, it was

assumed that continuous blood clearance happens throughout the tissue. [17, 18]

In these models, since there is constant blood clearance, a distributed elimination

model was introduced to describe how the concentration of a solute decreases with

depth in the viable skin. In [17], the concentration depth profile of a distributed

elimination model was compared to various experimental data sets to show the

validity of the approach. A similar distributed elimination model was utilised

in [19, 20] and the latter took into account declining concentration in the donor

phase.The distributed elimination model was then expanded upon in [21], where

different mathematical models that can predict the toxicity of solutes were de-

scribed in a review. Within this review, a more advanced two-layer distributed

elimination model was introduced to describe the drug transport in the viable

epidermis and dermis.

A distributed elimination model was also applied in [22] to compare to human

cutaneous data. Within this model, it was demonstrated that highly plasma pro-

tein bound drugs exhibited convective blood, lymphatic and interstitial transport

which caused the solute to penetrate faster to deeper dermal layers and tissues.

However, not all modelling of concentration profiles in the dermis have been done

using this distributed equation. One of the first attempts to model a concentra-

tion profile in this region of the skin was performed in [23, 24]. In these models, a

compartmental approach was used to try and simulate the distribution and elim-

ination of salicylic acid in rat skin. A similar compartmental model was used in

[25] to describe experimental concentration in rat skin. The applicability of com-

partmental approaches was discussed in [18] and showed to be consistent with the
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distributed elimination model. More recently, compartments were use to simulate

diffusion in the skin and in particular the stratum corneum. [26]

In this work we will investigate the effect capillary loops have on the overall

distribution of a solute in the viable skin. A solid foundation for the modelling of

capillary loops in the papillary dermis has been previously elaborated in [27–29].

To develop these models, a review into the physiology of the upper papillary dermis

was conducted in [30]. In this review, the dermal clearance process was discussed in

detail. The physiology obtained in this review was then used to develop a capillary-

based model in [27]. The capillary setup that was utilised in this model forms an

integral part to our paper. Further expansion upon the capillary arrangement

developed in [27] was completed in [28], where the clearance rate of the drugs was

further analysed for a number of different compounds in the mammalian dermis.

To expand upon this work, the lymphatic vessels and their importance in the skin

when modelling dermal drug distribution was discussed in [29]. The transport of

higher molecular weighted drugs was described more accurately in this model by

introducing a lymphatic system into the model. However, our model will vary from

previous models as it investigates how various capillary properties and variables

will affect the overall distribution and transport of a drug.

In this paper, a physiologically based, three-dimensional model was developed

to simulate the concentration in the viable epidermal and dermal layers of the skin.

Capillary loops in the dermal layer of the skin were explicitly modelled to describe

the clearance of solutes by blood. The transport equations were then numerically

solved using COMSOL Multiphysics R© which applies the finite element method to

produce a three-dimensional concentration field. The average concentration at a

given depth was later found and compared to a one-layer homogeneous model and

a two-layer distributed models to establish their validity.

The three-dimensional model yields the prediction of not only the average con-
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centration but also minimum and maximum concentrations at a given depth, al-

lowing more precise analyses of therapeutic or toxic effects of solutes. Furthermore,

this model shows the inaccuracy of developing a model that assumes a sink con-

dition at the bottom of the viable epidermis. Assuming a sink condition at the

bottom of the viable epidermis means that the capillary loops are situated directly

below this skin layer and that they will eliminate all of the drug in this region.

However, this model shows the actual depth a sink condition should be applied

to adequately describe viable skin transport and especially concentraion. The ef-

fective depth of this sink condition was then shown to change significantly with

three physiological variables: the permeability of the capillary wall, the depth of

the capillary loop and the distance between each capillary loop.

2. Method

2.1. Formulation of a Mathematical Model

2.1.1. Modelling of Capillary Loops

In this model, a simplistic capillary system will be arranged to simulate the skin.

Capillary loops within the skin come from a group of arterial networks (plexuses).

[31, 32] These capillaries form loops that penetrate through a certain section of

the dermis known as the dermal papillae. Each of the capillary loops is separated

by some distance as there is one capillary loop present within each dermal papillae

cell. [33] The capillary loops then drain into a sub-papillary venular plexus which

is a larger venular network that ultimately flows into the larger hypodermal venous

network. [34] In this model, the capillaries we will consider will be an extension of

the capillary loop in the dermal papillae. By extending these capillary loops, the

transport of the solute in deeper layers of the skin will be able to be predicted.

However, in future models, where the convective transport of the capillary loops

will be considered, the branching of capillary loops and the plexuses that form
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underneath them should be considered.

In order to model the capillary loops, the dimensions of a typical idealised

capillary loop (see Fig.1) must be identified. In particular, the height of the loop

in the dermis and the width of each loop need to be appropriately estimated. In

normal forearm skin, the width of intrapapillary loops was assumed to be 175µm

as this was the intermediate value for the width range of 150µm-200µm that was

found by Umeda et al. [35]. The depth of the top of the capillary loops was set

at 100µm as it was assumed that the top of the capillaries would have an average

depth that match the depth of the viable epidermis. The diameter of the capillary

loop was set to 8µm so that it adhered to the typical capillary loop diameter

range of 7.5-10µm. [36] The distance between each capillary loop was found to

be 70µm in previous works through the use of electron microscopy. [37] Finally,

the depth of the total computational area was chosen to be 1000µm. This depth

was chosen as the concentration in this region was found to be infinitesimal when

compared to the concentration elsewhere in the computational area. Therefore,

it was assumed that any concentration in deeper parts of the dermis would have

minimal impact on the results for the transport of a solute. [36] The validity of

this claim was later confirmed by using a depth of 1200µm for the computational

area and ultimately resulted in an approximate 0.2% change in the concentration

profile. The schematic arrangement of the capillaries and computation area is

shown in Figure 1. The shape of the capillaries in this figure were chosen to

represent the typical shape of a capillary loop. However, this shape does not

consider the possible capillary branching. Future models should investigate the

effect such branching would have on the drug transport in the viable skin.

In the model, it is assumed that there is no metabolism of the drug present

in the viable skin. However, for some drugs, skin metabolism is a key variable

for viable skin and in particular viable epidermal transport. [38] In particular,
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Figure 1: Schematic for the arrangement of idealised capillaries. (A) shows a top view of the
capillary loop arrangement while (B) shows a side view. In this diagram, lc.l is the distance
between each capillary loop, larch is the total width of each capillary loop arch, rc.l is the radius
of the capillary loop, hb is the height of the computational area and hc.l is the depth of the
capillary loop. Lastly, the dashed lines show a sample computational area that only has one
capillary loop.

presence of cytochrome P450’s in the differentiating layers of the epidermis and

sebacious glands may have some impact on the absorption of some transdermally

delivered drug. [39] The use of a diffusion model that incorporates a metabolic

process are well discussed in [40] and should be considered further in future models.

When there is no metabolism, the solute transport can be described by Fick’s

second law of diffusion.
∂C

∂t
= D∇2C (1)

where C represents the concentration of solute in the skin, t is time, D is the
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diffusion coefficient of the solute within the skin (which is assumed to be constant

across the viable skin) and ∇ represents the vector differential operator del (which

is the gradient of the concentration in each coordinate such that ∇ = ( ∂
∂x
, ∂
∂y
, ∂
∂z

)).

Here x, y and z are the Cartesian coordinates shown in Fig.1. In the viable skin,

the diffusion coefficient is often simplified to Dvs ≈ 1/6×Daq and this expression

has been implemented in this model. [41] The simplification is made as to give a

good representation of how many drugs will tranport through the skin when the

different physical parameters such as the molecular weight and melting point are

difficult to represent.

In order to solve the diffusion equation in (1) boundary conditions must be

formulated. The boundary condition used for z = 0 describes the flux entering the

top of the viable skin from the SC:

D
∂C(x, y, z, t)

∂z

∣∣∣∣
z=0

= Jsc (2)

where Jsc is the flux of solute entering the epidermis from the SC.

When there is no metabolism, the capillary loops are the only source of elim-

ination of a solute from the viable skin. Once the drug reaches these capillary

loops, the flow of the blood carries the solute along the capillary loop, out of the

viable skin and into the systemic circulation. For simplicity, it was assumed that

the flow of the blood is quick enough to irreversibly remove all solute that enters

the capillary. Therefore, we consider two different boundary conditions for the

surface of the capillary loops. The first boundary condition is a sink condition

that was assumed on the surface of the capillary loops such that:

C(x, y, z, t)|SCL
= 0 (3)

where SCL is the surface of the capillary loops.
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The second boundary condition that was considered is a permeability barrier

on the capillary loop wall due to the endothelial lining. However, to consider this

boundary condition, one must consider the concentration of the solute inside the

capillary loop. When the flow of the capillaries is quick enough to transport to

systemic circulation, or there is no chance of repartitioning of the solute once it

binds to the red blood cells or blood proteins, the concentration in the capillary

can be assumed to be equal to 0. When there is zero concentration within the

capillaries, the following flux condition can be applied to represent the capillary

wall permeability barrier.

Jcl = −PclCd (4)

where Pcl is the permeability of the solute entering the capillary and Jcl is the flux

of drug entering the capillary loops.

At the bottom of the viable skin (z = hb), the concentration of the solute is

very small. Therefore, the boundary condition here is assumed to have a minimal

effect on the concentration in the rest of the viable skin. Two different boundary

conditions were used to test this assumption, a reflective boundary condition such

that:
∂C(x, y, z, t)

∂z

∣∣∣∣
z=hb

= 0 (5)

and a sink boundary condition such that:

C(x, y, z, t)|z=hb
= 0 (6)

where hb is the height of the computational area.

On the edges of the computational area, which are shown by the dashed line

in Fig. 1A, the flux was set to zero. A zero flux boundary condition is imposed

on these edges since the capillary arrangement in this model is assumed to be

symmetrical. When there is symmetry of the capillary loops, the following two
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boundary conditions can be applied:

∂C(x, y, z, t)

∂x

∣∣∣∣
x=0,lc.a

= 0 (7)

∂C(x, y, z, t)

∂x

∣∣∣∣
y=0,wc.a

= 0 (8)

where lc.a is the length of the computational area and wc.a is the width of the

computational area.

The numerical solution for this model was obtained through the use of Comsol

Multiphysics R© software [42]. The results from this model were compared with the

simpler one-layer and two-layer models presented below.

2.1.2. A One-Layer Model

A one-layer model is a common and simple model that represents skin as a

homogeneous membrane. In this model, a one-dimensional form of Fick’s second

law of diffusion describes the transport of a solute in the viable skin.

∂C

∂t
= D

∂2C

∂x2
(9)

The boundary condition at the top of the viable skin is the same as in (2). However,

since this model cannot incorporate capillary loops to describe the elimination of

the solute in the membrane, a sink condition was instead imposed at the bottom of

the membrane. When these two boundary conditions were applied, the following

expression for the steady-state concentration and flux were obtained:

Css(x) =
Jsch

D

(
1− x

h

)
(10)

Jss =
DCv

h
(11)
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where h is the depth of the 1-dimensional slab, Css is the steady state concentration

of the solute while Cv = Jsch
D

and is the concentration of the vehicle at the top of

the slab.

2.1.3. Two Layer Skin Model

In order to develop a model that was able to predict dermal concentration more

accurately, the viable skin was represented as two different regions; the region

above the capillary loops and the region below the capillary loops. To simplify

these regions, it was assumed that the region above the capillary loops was the

viable epidermis and the layer below the capillary loops was the dermis. This

assumption is physiologically feasible as the capillary loops form epidermal ridges

in the junction between the viable epidermis and dermis. In the viable epidermal

layer, there is no elimination of the drug since there are no capillary loops and

thus the model is equivalent to the one seen in equation (9). However, in the

dermal layer of the skin, an elimination term must be incorporated into the model

to represent the elimination of solute from the capillary loops. For this reason, a

distributed elimination model was applied to model the concentration of solute in

the dermis. [17]
∂Cve

∂t
= Dve

∂2Cve

∂x2
(12)

∂Cd

∂t
= Dd

∂2Cd

∂x2
− keCd (13)

where Cve is the concentration of solute in the viable epidermis, Cd is the con-

centration of solute in the dermis, Dve is the diffusion coefficient in the viable

epidermis, Dd is the diffusion coefficient in the dermis and ke is the elimination

rate of the solute from the capillary loops.

To solve this system of PDEs, the following boundary conditions were consid-

ered. The boundary condition for the flux entering the top of the viable epidermis

is the same as in equation (2). Boundary conditions between the viable epidermis
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and dermis represent the continuity of flux and concentration of the solute (the

partitioning coefficient between the dermis and viable epidermis was assumed to

be one). Finally, at the bottom of the membrane the concentration was assumed

to enter systemic circulation and thus vanish as z → ∞. Laplace tranforms were

used to solve equations (12) and (13) together with the boundary conditions where

it was assumed for simplicity that Dve = Dd = D. (see Appendix A for a more

detailed solution) The steady-state solution for both layers yields:

Css
ve(x) =

Jsc√
Dke

+
Jschcl
D

(
1− x

hcl

)
(14)

Css
d (x) =

Jsc√
Dke

exp

(√
ke
D

(hcl − x)

)
(15)

where x is the depth of the solute in the viable skin.

2.2. Numerical Simulations

A numerical solution for the three-dimensional model was obtained using COM-

SOL Multiphysics R©. COMSOL R© uses the finite element method to solve par-

tial differential equations and is appropriate for solving mass transport problems.

When using the finite element method, there is a number of limitations that can

cause inaccurate and unrealistic results which were discussed previously by [43].

The form of the concentration field shape and the sensitivity to the position of the

boundaries were shown to be the main source of error when using this numerical

method [43]. However, these limitations can generally be overcome through the

adequate selection of the shape and size of the mesh.

In this model, a triangular mesh with 100910 elements was used over the com-

putational area. In this mesh, the length of each element in close proximity to

the capillary loop was selected to be 2µm. The element size was then increased to

10µm in regions with less variable concentration (e.g. the edges of the computa-
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tional area).

One last factor that can impact the accuracy of the results is the tolerance.

However, COMSOL R© has an inbuilt tolerance selector in its software. When com-

pleting the simulation, a tolerance of 0.001 was chosen which indicated that the

numerical solution was accurate to within 0.1% at each step.

3. Results and Discussion

3.1. Concentration of a Solute at Different Depths Within the Viable Epidermis

and Dermis

In Figure 2, the maximum, average and minimum concentrations, which were

calculated with COMSOL R©, are compared with the simpler model’s theoretical

predictions of the average concentration. Above the top of the capillary loops or at

depths of down to 70µm, diffusional transport was the only factor that determined

the concentration of the solute. For depths greater than 100µm, the average

concentration of the solute decreased exponentially with depth. The exponential

decline present in these layers was found in previous works [17, 18] and is due to

the capillary loops elimination of the solute.

The sink condition on the surface of these capillary loops also caused a neg-

ative exponential trend above the capillary loops (between 70µm-100µm) in the

maximum concentration. The impact of the sink condition on the capillary loops

was even more pronounced for the minimum concentration as the concentration

decreased more rapidly at depths greater than 50µm. As expected, the minimum

concentration decreased to zero in the region of 50µm to 100µm and remained

zero thereafter as the sink condition on the loops in this region ensured a zero

minimum concentration.

Figure 2 also compares the two-layered skin model concentration profile(dash-

dotted line) to the average concentration obtained in the numerical solution. In
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Figure 2: Concentration of a solute at different depths within the viable skin. CZ=0 is the
concentration at the top of the viable epidermis. In this figure, three solid lines (−) repre-
sents the maximum, average and minimum concentration for the numerical solution obtained
in COMSOL R©. The dashed line (−−) represents the one layer slab model concentration when
using the depth of the capillary loops as the height of the membrane, the dotted line (· · · ) repre-
sents the one layer slab model prediction when using the effective depth of the sink condition as
the height of the membrane and the dashed and dotted line(−.−) represents the concentration
prediction from the two layer slab model.

the viable epidermis layer of the skin (the skin above the top of the capillary

loops), the two-layer model predicts the numerical result exceptionally well. It

also gives a fair representation of the exponential decline present in the dermal

regions of the skin for numerous transdermal drugs. Since the two-layer model

effectively shows the concentration profile trend in both layers of the skin, it can

be used to give an accurate prediction for the concentration. In order to match
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the two-layer model to the numerical concentration profile, the elimination rate

used in the model needs to be adjusted appropriately. The elimination rate of

0.0058s−1 was found to replicate the results of the numerical solution in Fig.2.

However, various physiological parameters and in particular the distance between

each capillary loops can have a significant impact on the elimination rate. For this

reason, numerous simulations were used to test the effect each parameter had on

the elimination rate and the following expression was obtained:

ke = 0.0123− 9.3× 10−5lc.l (16)

where lcl is in µm and ke is in s−1.

Here it can be seen that the distance between the capillary loops is inversely

proportional to the elimination rate. Other physiological parameters were tested

in developing this expression, but were shown to have significantly less impact on

the elimination rate and thus were not included.

Figure 2 compares two variations of the one-layer model predictions (dotted

and dashed lines) to the average concentration obtained numerically. The first

model, which uses the depth of the capillary loops as the height of the membrane

(dashed line) has the correct gradient for the concentration in the viable epidermis

but underestimates the average concentration throughout this skin layer. The

concentration at the top of the viable epidermis for this model was 34.7% lower

than the numerical result. However, using the effective depth of the sink condition

as the height of the membrane overcomes this problem. In the particular case

where the depth of the capillary loops was set to 100µm, the effective depth of the

sink condition was found to be 153µm. Utilising this effective depth estimation

in the one-layer model allowed this model’s concentration to mirror the trend of

the average concentration in the viable epidermis. This is especially the case in
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regions of the viable epidermis closer to the stratum corneum, where the updated

one-layer model conforms exceptionally well to the average concentration.

However, the one-layer model has its inherent limitations. Below the top of

the capillary loops, it becomes far less accurate and underestimates the numeri-

cally calculated concentration. This variance from the numeric solution is espe-

cially evident at depths greater than 150µm, where the simple model predicts zero

concentration. Nevertheless, the one-layer model was able to give an adequate

depiction of the concentration of the solute within the viable epidermis and the

early dermis while the two-layer model gave a more accurate result throughout the

deeper layers of the viable skin.

Figure 3 presents the experimental data for Econazole and the maximum, av-

erage and minimum concentration for two different capillary wall scenarios. The

first capillary simulation had a sink condition imposed upon the surface of the

capillary loop while the second considered a finite permeability of 0.8µm s−1 and

a dermis/blood solute partitioning of 4.21.[27] In this figure, it is evident that the

average concentration when sink conditions are assumed poorly predicts the exper-

imental concentration of Econazole. One of the main reasons for the inaccuracies

of this model is the assumption of a sink condition on the surface of the capillary

loops. A sink condition was imposed on the capillary wall to simplify the model,

as it was assumed that any solute that came into contact with the capillary loops

would permeate through the capillary and into the bloodstream. However when

the boundary condition of the capillary loops is changed to incorporate a perme-

abliity barrier, the numerical result matches the experimental data of Econazole

much better.

The endothelial lining on the capillary wall can act as a barrier to solute trans-

port which was not represented in the simplified numerical model since the model

assumed a sink condition on the surface of the capillary loop. In order to account
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Figure 3: Concentration of a solute at different depths within the viable skin. CZ=0 is the
concentration at the top of the viable epidermis. In this figure, the dashed-dotted line (−.−)
represents the average concentration when using a sink condition, the solid line (−) represents
the average concentration for the a capillary permeability of 0.8µm s−1. The two dashed lines (-
−−) represent the maximum and minimum concentration when a capillary permeablity of 0.8µm
s−1 was used while the bolded hats ( ) represent the experimental data for the concentration of
Econazole in the skin which have been retrieved from [44].

for the permeability barrier of the capillary wall due to the endothelial lining, the

numerical simulation was repeated with a permeability of 0.8µms−1. The effects

of making this change are evident in Fig.3 where the maximum, average and mini-

mum concentration for both capillary scenarios are compared with Econazole data.

The results confirm that the permeability of the capillary wall is a significant fac-

tor that needs to be taken into account when modelling the capillary loops. The

permeability of the solute also has a significant impact on the effective elimination
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rate parameter (ke) in the two-layer model. For the permeabiltiy chosen in this

model, the effective eliminaiton rate was equal to 5.44 × 10−4s−1. The effective

elimination rate was seen to drop linearly with the permeability such that:

ke = 2.9× 10−4Pcl + 0.00034 (17)

where Pcl is the permeability of the capillary loop in the dermis. This expression

differs from that reported in [17] for the case when penetration of the capillary is

the rate limiting factor:

ke = fudPcl (18)

where fud is the fraction of unbound drug in the dermis. While the expression

obtained in this model differs from the one obtained in [17], the differences can

be explained. The model presented in [17] does not consider the physiology of

the capillary loops. Also in the present model, the fraction of unbound drug is

assumed to be 1. However, the effect of this fraction of unbound drug was found

to be an important parameter in [22] and should be further considered in future

models.

However, fitting a permeability value to the experimental data is not without

its issues. In order to match the exponential decline in the Econazole dataset,

the permeability coefficient mentioned above was chosen for the capillary loop.

However, there are discrepancies between the experimental model and the numer-

ical model presented. First of all, the numerical model assumes no repartitioning

of solute after it enters the capillary. However, Econazole and other transdermal

drugs may permeate through the capillary wall and re-enter the dermal tissue.

Repartitioning of the solute will cause an increase in the concentration of solute

in deeper dermal tissue and match the trend shown for Econazole much better.

If repartitioning was considered in this model (considered in [27]), it could also
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significantly decrease the permeability needed to match the experimental data of

Econazole. Another possible factor that may decrease the permeability chosen for

this model is the presence of lymphatic vessels throughout the skin.The lymphatic

vessels can have a significant impact on dermal transport as they facilitate convec-

tive transport in the dermis. The convective nature of the lymphatic vessels will

similarly increase the deeper dermal concentration for larger molecular weighted

drugs and thus result in a reduction in the permeability of the capillary loop in

this model. By taking both of these factors into account in future works, a more

detailed physiological model can be obtained.

3.2. Concentration of the Solute at a Given Depth in the Dermis

The average concentration-depth profile of a drug is only one of the important

parameters that needs to be considered. The location of the maximum and min-

imum concentration is also an important quantity to consider as it is extremely

relevant to toxicologists and pharmacists. For this reason, various depth cross-

sections were analysed to try and identify the concentration distribution at any

depth. Figure 4 gives an example of one of these cross sections by showing the

concentration of a solute present at a depth of 300µm.

Figure 4A, shows the contour plot of the concentration at a depth of 300µm. In

this figure, it was evident that the concentration of the solute dropped significantly

as the solute approached the surface of the capillary loops. On the other hand,

further away from the capillary loops the concentration decreased less rapidly with

distance. The stabilisation of the concentration was evident in the figure as the

gradients of the contours are much less pronounced between the two capillary

loops. The concentration gradients also show that the maximum concentration

of the solute will be halfway between the two capillary loops or at approximately

245µm on the x-axis. The location for this maximum concentration was intuitively

expected and was further validated in Figure 4B.
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Figure 4: Concentration of a solute at varying positions across the computational area when the
depth is set at 300µm. Figure A shows a contour plot for the concentration of a solute across
this cross-section while Figure B shows how the concentration of the solute changes across two
different lines. In Figure B, the dotted line (−−−) represents the case when the solute is between
two capillary loops (as seen by the bold dotted line in Figure A). The solid line represents the
case when the solute is in line with a set of capillary loops and occurs when the width on the
y-axis of Figure A is equal to 215µm (bold solid line).

Figure 4B reciprocates the trends that were evident in Figure 4A but instead

shows the concentration across different line cuts of the capillary loop arrangement.

In this figure, it is evident from both data sets that the maximum concentration

of the solute was found in the middle of the two capillary loops (at 245µm) or

on the edge of the area shown (0 and 490µm). The maximum values in each of

these locations were equal, which is an expected result as the capillary loops were

arranged symmetrically.
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When the focus was changed to the cross section in line with the capillary loops

(the solid line in Fig.4), the minimum concentration (which is equal to zero) was

seen to occur on the capillary loop wall. Again, the zero concentration was an

expected result as a sink condition was assumed upon the surface of the capillary

loop. When the solute was positioned closer toward the centre of the capillary loop

arch, (found at 120µm and 370µm) the concentration reached a local maximum

which was two and a half times smaller than the maximum found in between the

capillary loops. Nevertheless, the concentration in this region is still quite large

when compared to the rest of the cross-section and thus is essential to consider

when investigating the toxicity and therapeutic levels of a solute. However, the

likelihood for toxicity in this region is far less significant than that on the solid

line on Fig.4B that is in between the two capillary loops.

3.3. The Effect of Changing the Depth and the Distance Between Each of the

Capillary Loop on the Effective Depth of the Sink Condition and the Effective

Permeability of a Solute

From our numerical investigation, it is clear that the capillary loops need to be

implicitly investigated to have a detailed concentration profile in the viable skin.

However, the exact position and spacing of these loops vary from person to person.

For example, in thicker parts of the skin the capillary loops may be deeper within

the dermis. The positioning of the loops also depend on physiological conditions,

such as temperature, which can change capillary recruitment in the skin. These

variables are even more critical when considering the application of microneedles,

as the diffusional length the solute has to travel to reach the capillaries decreases

significantly.

By using the one-layer model formulated earlier, expressions for both the effec-

tive depth of the sink condition and the effective permeability of the solute through

the viable skin can be developed. The approach to finding these values is analo-
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gous to the one in [45]. The effective depth of the one-layer model is particularly

important as it predicts what depth a sink condition must be positioned to best

match the effect the capillary loops have on the transport of the solute (which

was seen earlier in Fig.2). To derive a model for the effective depth of the sink

condition, equation (11) can be rearranged to obtain:

Heff =
DCv

Jss
(19)

where Heff is the effective depth of the sink condition.

When a sink condition is imposed on the surface of the capillary loops, nu-

merical calculations and linear regressions were used to determine that a linear

relationship exists between the effective depth and both the capillary loop’s depth

(hcl) and the distance between the capillary loops (lcl):

Heff = 0.557lc.l + 0.868hcl + 55.4 (20)

Here all the distances are measured in µm. The accuracy of this expression was

tested for numerous capillary loop depths and capillary loop densities, and each

scenario showed that this expression was able to accurately estimate (error less

than 1%) the effective depth of the sink condition. Therefore, equation (20) can

be used to impose a sink condition at a correct depth for simplified modelling.

In particular, this equation can be used in the one-layer model to estimate the

depth of a sink condition that should be imposed so that the model can accurately

predict the viable skin concentration.

The effective permeability of a drug can be found through the use of the effective

depth of the sink condition such that:

Peff =
DKv.s

Heff

(21)
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where Kv.s is the partitioning coefficient present between the viable epidermis and

dermis. From this expression, it is evident that the effective depth of the sink

condition is inversely proportional to the effective permeability of a solute. By

implementing equation (20), the following expression for the effective permeability

was found.

Peff =
DKv.s

0.55lc.l + 0.868hcl + 55.5
(22)

where in this equation D is measured in µm2s−1 and Peff is measured in µms−1.

This equation showed that increasing either the depth or distance between each

capillary loops resulted in a decrease in the effective permeability. However, in the

case where a sink condition is not assumed on the capillary loops, these effective

depths of the sink condition can be modified to incorporate the permeability of the

capillary loop wall. In the case where the capillary loop permeability is significantly

smaller than the effective permeability of the total skin layer (Pcl<<Peff ), the

following expression was obtained for the effective depth of the sink condition.

Heff = 0.98hcl + 1.41lcl − 10.5Pcl + 72.31 (23)

Here it can be seen that introducing this permeability barrier on the capillary

loop wall can significantly increase the effective depth of an assumed sink condition.

When a permeability barrier of 1µms−1 is introduced for the capillary loops, the

effective depth of the sink condition is seen to increase by 100µm to a depth of

258µm . Therefore, the capillary permeability has a significant impact on the

effective depth of the sink condition and thus should be considered.

3.4. Sensitivity Analysis of Other Physiological Parameters

Many other physiological parameters can change the effective depth of the

sink condition. The width of the capillaries, diameter of the capillaries, diffusion

coefficient in the skin, boundary condition at the bottom of the dermis layer and
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the mesh element size can all alter the transport of a solute in the viable skin.

Therefore, the effects of each of these parameters will be investigated in this section.

Width of the Capillary Loops When the width of the capillary loops was

increased from 170µm to 200µm, the effective depth of the sink condition decreased

by 2 to 3µm. On the other hand, when the width of the capillary loops was reduced

to 150µm, the effective depth of the sink condition increased by approximately

2.5µm. However, these changes in the effective depth of the sink condition are

quite small as they only result in a change of 1.5% for the effective sink condition

depth. Therefore, this variable has limited effect on the effective depth and the

concentration of the solute.

Diameter of the Capillary Loops In the body, capillaries are seen to have a

variation in both diameter and size. Each capillary will be somewhat unique with

a different diameter being present and the possibility for flattening and expansion

of the capillaries. For this reason, it is important to consider whether the diameter

of these capillary loops has much of an effect on the transport of the solute and

the positioning of the sink condition. When the diameter of the capillary loops

was doubled from 8µm to 16µm, the effective depth of the sink condition only

increased by 2µm. However, as seen earlier, the diameter of these capillaries only

ranges from 7.5µm to 10µm [36]. Therefore, this diameter range will only cause a

minimal change to both the effective depth of sink position and the transport of

the solute.

Diffusion Coefficient From equation (19), it is evident that the diffusion

coefficient will not have any effect on the effective depth of the sink condition.

However, as a test, simulations were run with different diffusion coefficients. In one

of the simulations, the diffusion coefficient was decreased by a factor of 6. When

this change was implemented, the resultant effective depth of the sink remained

constant. Therefore, it was evident that the diffusion coefficient did not affect the
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effective depth of the sink condition. Nonetheless, the diffusion coefficient is an

important parameter to consider for transient problems.

Boundary Condition on the Bottom of the Computational Area An-

other parameter to discuss is the boundary condition put at the bottom of the

computational area. Initially, it was assumed that there was a reflective boundary

condition placed at the bottom of the computational area. However, the physio-

logical relevance of this condition is not apparent. For this reason, a sink condition

at the bottom of the computational area was also implemented and compared to

the original boundary condition. When a sink condition was used, the concentra-

tion of the solute decreased by approximately 0.5% at depths less than 800µm.

However, at depths greater than 900µm, the concentration converges to zero much

more quickly than when using a reflective boundary condition. This does not have

much of an impact on transdermal delivery as the concentration at this depth is

already 10000 times less than the concentration in higher skin layers and therefore

is effectively zero in any case. To further investigate the boundary conditions,

no boundary condition was specified at the bottom of the computational area.

The results of using this boundary condition were seen to conform to the ones

seen in the reflective boundary condition case. Therefore, the choice of boundary

conditions has a limited impact on the transport of a solute in viable skin.

Mesh Element Size and Shape The mesh element size is the main factor

which leads to numerical error. Numerous other mesh combination were investi-

gated to justify the mesh element size used in this model. By increasing the mesh

size to a value of 329000 elements, the numerical solution was only seen to increase

by 0.3%, and thus it was concluded that the initial mesh selection was adequate.

The shape of the elements in the mesh was also changed and had minimal effect

on the overall distribution of a solute.
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4. Conclusions

In this paper, the effect of explicitly considering capillary loops in the mod-

elling of epidermal and dermal drug transport was investigated using a numerical

solution of the transport equation. Previously, capillary clearance was not inves-

tigated explicitly and instead was represented by a sink condition or an empirical

elimination rate constant.

This work allowed us to represent this rate constant, as well as to establish the

correct effective depth of the sink condition as a function of physiological param-

eters. Assuming a sink condition at the top of the capillary loops underestimates

the effective depth of the sink condition by approximately 50%. Furthermore,

this error grew when the distance between the capillary loops increased, or the

depth of the capillary loops decreased. There was also a significant difference in

the maximum and average concentrations at a given depth, and the maximum

concentration occurred mid-distance between capillary loops.

An analytically solvable two-layer model was developed and compared to nu-

merical simulations. This model quite accurately agreed with the numerical pre-

dictions for the average concentration, given that the value for the elimination rate

was appropriately chosen.

In future models of solute transport in viable layers of skin, convective solute

transport to deeper skin layers need to be taken into account. Another challenge to

future modelling is to investigate how convective flow from the lymphatic vessels

affects the concentration of a solute in deeper dermal regions. Furthermore, the

metabolism and branching of the capillary loops should also be investigated in

future as these two variables may have a significant impact on viable skin transport.

Finally, the transient profile of the drug in the viable skin should be investigated

in future to see if the diffusion time will change when convective transport is

introduced to the model.
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5. Appendix A

In order to describe the concentration of the drug within the epidermal and

dermal regions of the skin equations (12) and (13) will be solved. However, since

we want an expression for the concentration of the solute with respect to the depth,

the expressions will be rewritten to only consider depth. This means we will be

assuming that the concentration of the solute will be constant across any given

depth and using this assumption we find the following expressions for the change

in concentration in each skin layer.

∂Cve

∂t
= D

∂2Cve

∂x2
(24)

∂Cd

∂t
= D

∂2Cd

∂x2
− keCd (25)

For these two equations, we have four boundary conditions that must be stated.

One condition is that the flux of the drug entering the viable epidermis is constant

and equal to the flux within the stratum corneum. This is a condition that has

been present in each of our other models so it must be kept for this one. Another

boundary condition is present at the bottom of the dermis, where the concentration

of the solute will become very small and thus approach zero. Finally, there are

also two boundary conditions on the boundary between the epidermis and dermis.

At this boundary we will intuitively be assuming that the concentration and flux

of the solutes in both compartments will be equal. A summary of these boundary

conditions can be seen below:

−D∂Cve

∂x

∣∣∣∣
x=0

= Jsc (26)

Cd(hcl) = KCve(hcl) (27)
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−D∂Cve

∂x

∣∣∣∣
x=hcl

= −D∂Cd

∂x

∣∣∣∣
x=hcl

(28)

lim
x→∞

Cd(x) = 0 (29)

To solve this partial differential problem, Laplace transforms can be applied

to the two differential equations seen in (24) and (25). By performing Laplace

transforms on these equations, we will be able to find solutions to partial differen-

tial equations. However, using these transforms does have the prerequisite of the

parameters being independent of time. So therefore, we will be assuming the dif-

fusion coefficient is constant and does not change with time. Applying the Laplace

transform to the two equations for the concentration gives the following equations

for the epidermal and dermal compartments:

Ĉve(x, s) = A cosh

(√
std

x

hcl

)
+B sinh

(√
std

x

hcl

)
(30)

Ĉd(x, s) = F exp

(√
s+ ke
D

x

)
+G exp

(
−
√
s+ ke
D

x

)
(31)

where td is the time for diffusion and is given by td =
h2
cl

D
. By using the first

boundary condition stated in (26), it can be seen that B = Jsc
s
√
sD

. Next, the fourth

boundary conditions seen in (29) is applied to the dermal concentration shown in

(31), such that F = 0. Finally, when using the boundary conditions seen in (27)

and (28) to equations (30) and (31), the final coefficients in each of the expression

for the concentration can be found and simplify the model to:

Ĉve(x, s) = V cosh (
√
std

x

hcl
) +

Jsc

s
√
sD

sinh (
√
std

x

hcl
) (32)

Ĉd(x, s) =

(
W +

Jsc
s

√
s+ ke
D

cosh (
√
std)

)
exp

(√
s+ ke

D
(hcl − x)

)
(33)
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where:

V =

Jsc
s
√
sD

(√
s+ke
D

sinh (
√
std) +

√
std
h

cosh (
√
std)

)
D
√
std
h

sinh (
√
std) +

√
(s+ ke)D cosh (

√
std)

and

W =

Jsc
s
√
sD

(√
s+ke
D

sinh (
√
std) +

√
std
h

cosh (
√
std)

)
√
std
h

sinh (
√
std) +

√
s+ke
D

cosh (
√
std)

From here, a few trigonometric identities and expressions can be used to sim-

plify this equation further. After performing this simplification, the following

expressions for the concentration are obtained:

Ĉve(x, s) =

Jsc
s

cosh (
√
std(1− x

hcl
)) + Jsc

√
s+ke

s
√
s

sinh (
√
std(1− x

hcl
))

√
std
hcl

sinh (
√
std) +

√
s+ke
D

cosh (
√
std)

(34)

Ĉd(x, s) =
Jsc
s

cosh2 (
√
std)− sinh2 (

√
std))

D
√
std

hcl
sinh (

√
std) +

√
(s+ ke)D cosh (

√
std)

exp

(√
s+ ke
D

(hcl − x)

)
(35)

Now that we have simplified our model significantly, the steady state concentration

of the drug in each layer of the skin can be found. The steady state concentration

in each layer can be found by finding the limit when s→ 0. By finding this limit,

it can be seen that Css
ve(x) = limt→∞Cve = lims→∞ sĈve. Performing this limit for

the expressions for the concentration of the solute in both the dermal and viable

epidermal layers of the skin seen in equations (34) and (35) produces the following

steady state expressions for the concentration of the drug.

Css
ve(x) =

Jsc√
Dke

+
Jschcl
D

(
1− x

hcl

)
(36)

Css
d (x) =

Jsc√
Dke

exp

(√
ke
D

(hcl − x)

)
(37)
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where x is the depth within the membrane
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