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Abstract 

The purpose of this research was to investigate the processes that Year 1 students use 

when doing mental computation. This was a qualitative research with six Year 1 students 

from a Queensland State School. The research aimed to provide insight into the cognitive 

processes that a Year 1 student may use when completing addition and subtraction equations. 

In order to fully understand the mental strategies, the use of reasoning was included in the 

research design. When students reasoned about their strategies, they provided insight into the 

processes they used. As the students in this research are in Year 1, where manipulative use is 

common, the use of manipulatives was also analysed within the research, using the Concrete-

Representational-Abstract framework.  

Four key findings emerged from the results of the research. The main finding showed 

that Year 1 students may use mental computation strategies that range from simple counting 

to more complex, flexible strategies. The analysis of reasoning showed that articulating 

reasoning with their peers can have a positive effect on the development of mental 

computation. Results show that the type of manipulative students use may affect the 

development of their mental computation strategies. Although this final finding was not part 

of the original research questions, evidence showed that the use of fast paced game activities 

can positively engage students and develop their mental computation. 

While the Year 1 curriculum focuses on counting strategies, some students have not 

yet mastered the counting strategies, while others are applying more sophisticated strategies. 

This suggests that the teachers of Year 1 should have a thorough understanding of the range 

of additive strategies that may be applied within their class, the effect that the manipulative 

used has on the development of mental computation, and how reasoning can be used to 

enhance the learning outcomes. The findings of this research address all three elements. 
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Chapter 1: Introduction 

This project, Mental Computation in Year 1 is a qualitative research project designed 

to investigate the additive strategies that a selection of Year 1 students use when they 

complete addition and subtraction computation tasks mentally1. The Australian Curriculum 

mandates that students learn to use efficient mental, written and digital strategies when 

completing equations with numbers (Australian Curriculum, Assessment and Reporting 

Authority [ACARA], 2016). Traditionally teachers have focused on the development of 

written strategies to solve equations, and used recall to remember the basic facts (Chesney, 

2013; Russo, 2015). Contemporary education identifies the significance of applying flexible 

mental strategies to solve some equations that are more complex than basic facts and which 

traditionally would have been solved using written algorithms (Hurst, 2016; Maclellan, 

2001). 

Literature on research into mental computation predominantly reports on the types of 

strategies that students might use, with some reporting on the strategies that students display. 

The literature also predominantly focuses on mental computation with multi-digit numbers 

used by students in middle to late primary years. This research was undertaken to determine 

the processes that Year 1 students use when completing addition and subtraction with 

numbers less than 20. The research was designed to investigate this question and sub-

questions:  

     What mental computation strategies do Year 1 students use when completing 

addition and subtraction? 

a. How do Year 1 students articulate their reasoning? 

b. How do manipulatives assist Year 1 students with computation? 

 
1 This dissertation uses APA 6th edition. 
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This chapter provides a brief introduction into the key elements of the research: the 

significance of mental computation and the part that reasoning and the use of manipulatives 

play in the development of mathematical understanding. An explanation of the expectations 

that the Australian Curriculum has in regards to mental computation and reasoning follows. 

The chapter concludes with a brief explanation of the research design. 

Mental Computation 

Mental computation is significant to the development of computational fluency. 

Developing a sound understanding of number, number sense, and operations; and developing 

fluency in arithmetic computation forms the “core of mathematics education for the 

elementary grades” (National Council for Teachers of Mathematics [NCTM], 2000, pp. 32). 

Despite this, teachers report that some students aged 11 are still using counting strategies 

with their fingers, are dependent on calculators, refer to charts or need to ask someone when 

performing simple operations (Clarke, 2011). Some students also continue to rely on 

inefficient counting strategies when doing mental computation (Dole, Carmichael, Thiele, 

Simpson, & O’Toole, 2018). Teachers should lay a strong foundation for computational 

fluency in the early years in order to minimise the deficits with mental computation that are 

being reported on in late primary years (Brendefur, Johnson, Thiede, Strother, & Severson, 

2018). This research aims to investigate the types of mental computation strategies utilised by 

a selection of students in Year 1, which are likely used more broadly in Year 1, and thus 

providing a foundation on which teachers can improve their practice. 

Reasoning 

Reasoning is a critical aspect of the research design. Due to the nature of the strategies 

done mentally, a process not observable by the researcher, the opportunity for the students to 

explain how they executed the strategy was paramount. Therefore, the inclusion of students 
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providing reasoning after every task was an essential element of the research design. During 

the intervention, in which a game was played in pairs, the students reasoned aloud after each 

task, providing the opportunity to reflect on and share their strategy, whether it was done 

using a concrete, visual or mental mode. This process was used to explore strategies and 

deepen conceptual understanding (Russo, 2017; Vincent, 2013). This time was used for 

students to reflect on their own strategy, and the strategy of their partner, and to receive 

feedback from the researcher or partner about the effectiveness of the strategy. This process 

had been included in the research design primarily as a method for the researcher to gain 

deeper understanding of the mental processes used, but unexpected results also identified the 

positive effects that this had on developing student learning outcomes. 

Manipulatives 

As will be seen in Chapter Two, manipulatives are important to the teaching of 

mathematics, especially in the early years. Representational Theory is a theory that states that 

students actively create their own knowledge through the construction of representations 

(Bruner, 1966). Bruner identifies three stages of cognitive development when representations 

are used. The stages begin with enactive representation, where students manipulate real 

materials to create a representation of the mathematical idea. The iconic representation stage 

involves the students’ use of drawings and pictures. The final stage, symbolic representation, 

describes the stage when students use abstract symbols to represent mathematical ideas 

(MacDonald, 2018). This project, Mental Computation in Year 1 uses the conceptual 

framework of Concrete-Representational-Abstract (CRA), an instructional framework that is 

based on Bruner’s Representational Theory (Hurrell, 2018). CRA is used in this research 

project to monitor the mathematical development of students’ computational thinking as they 

build their mental strategies.  
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is not specified in the curriculum (ACARA, 2013). The following presents the elements 

mandated by the Australian Curriculum: Mathematics that are relevant to this research. 

Mental computation is a key element of the Australian Curriculum: Mathematics – 

Number and Algebra (ACM-NA). Achievement Standards describe learning that is expected 

in each year level and computational fluency features in each of the Achievement Standards 

in the primary years (ACARA, 2016). In Prep, students are expected to “count to and from 20 

and order small collections” (ACARA, 2016, “F-10 Curriculum: Mathematics,” Foundation 

Achievement Standard, para. 2). In Year 1 students are expected to “carry out simple 

additions and subtractions using counting strategies” (ACARA, 2016, “F-10 Curriculum: 

Mathematics,” Year 1 Achievement Standard, para. 2). In Year 2 students are expected to 

“perform simple addition and subtraction calculations using a range of strategies” (ACARA, 

2016, “F-10 Curriculum: Mathematics,” Year 2 Achievement Standard, para. 2).  

In addition to the Achievement Standards, the Australian Curriculum has Content 

Descriptions.  The Content Descriptions describe what teachers are required to teach and 

what students are required to learn (ACARA, 2016). In Prep, students are expected to 

“represent practical situations to model addition and sharing” (ACARA, 2016, ACMNA004). 

In Year 1 students are expected to “represent and solve simple addition and subtraction 

problems using a range of strategies including counting on, partitioning and rearranging 

parts” (ACARA, 2016, ACMNA015). In Year 2 students are expected to “solve simple 

addition and subtraction problems using a range of efficient mental and written strategies” 

(ACARA, 2016, ACMNA030). Although the research only includes students from Year 1, 

the diversity and range within the group warrants acknowledgement of the Foundation and 

Year 2 expectations (see Table 2).  
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reasoning and thinking about solutions to problems and the strategies needed to find these 

solutions” (ACARA, 2016, “General Capabilities: Mathematics,” para. 6). Students also 

should become aware that reasoning is “not culture- or language-specific, but that 

mathematical reasoning and understanding can find different expression in different cultures 

and languages” (ACARA, 2016, “General Capabilities: Mathematics,” para. 9). 

The Australian Curriculum resource: National Numeracy Learning Progressions – 

Additive strategies (NNLP-AS) is of relevance to this research. This resource describes the 

behaviours that students display as they develop their ability to complete the addition and 

subtraction computations. The framework identifies eight levels through which students 

progress as they develop their addition and subtraction computational fluency (ACARA, 

2016, Numeracy Learning Progression). For example, level 6 identifies strategies such as 

bridging to 10 and near doubles. The school in which the research was conducted uses the 

NNLP-AS as a framework for developing computational fluency. Students are guided as they 

start their computation journey by combining two groups up to 10. At this beginning stage 

students need to be able to see objects or manipulatives to be able to perform the 

computation. As they develop, students begin to do the simple computation mentally. More 

formal strategies, such as counting on and counting back begin to emerge. The research 

Mental Computation in Year 1 also uses this as an evaluation framework to monitor the 

students’ performance.  

Research Design 

This research was completed in a large, Education Queensland primary school in 

South-East Queensland, Australia. The participants, who will be referred to as students from 

this point forward, were six Year 1 students in their second year of formal schooling. The 

students were chosen for the research according to the computation fluency they had 
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exhibited at the end of Prep, their first year of formal schooling in Queensland. One pair was 

chosen from each level: below level, at level and above level, providing a range of abilities, 

making the research more broadly applicable for Year 1 teachers. 

Two different sources were used to collect the data: a one-on-one task-based 

interview that was administered twice with each student, prior to and on completion of the 

intervention; and an eight-week intervention designed as fast-paced games played in pairs 

three times a week for 10 minutes. Both the task-based interviews and the intervention were 

designed to monitor the computation strategy; types of manipulative; and the reasoning that 

was provided by the students. The intervention was done with pairs of students: Pair A were 

below level in computational fluency, Pair B were at level and Pair C were above level. The 

intervention was not designed to be teaching episodes and no direction on which strategy to 

execute or which manipulative should be used was given. However, students were made 

aware that they were aiming to execute the strategies mentally, but could use a concrete or 

visual mode if they needed. Feedback on the efficiency of the strategy was provided by the 

researcher and the partner after each task was complete. The games were designed to provide 

multiple opportunities for each student to solve a particular type of equation, based on their 

level of ability. The only instructions mandated were to aim for accuracy; attempt to solve it 

mentally, but if they were unable, to choose a manipulative they believed would best suit 

their purpose; and work with speed. Pairs averaged 10.6 tasks (both students) per 10-minute 

session. 

This research project was designed using the CRA as a conceptual framework, but 

modified to use terms and processes that would be easily understood by the young students: 

concrete, visual, mental. The students were informed that the developmental progress 

included the manipulation of concrete materials as the lowest level, the visual manipulation 
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of concrete materials as the next level, and the mental manipulation of numbers as the 

aspirational level. 

A detailed description of this research is provided in the following chapters. It begins 

with a review of the relevant literature in Chapter 2. An explanation of the methodology used 

during the research is in Chapter 3. Results of the research is explained in Chapter 4. Finally, 

a discussion of the research is outlined in Chapter 5. 
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Chapter 2: Literature Review 

The focus of this research was mental computation by Year 1 students. These students 

fell within the Early Childhood Education range, which is from birth to eight years of age 

(MacDonald, 2018). Building of foundational mathematical knowledge and skills in early 

childhood education is crucial to the development of mathematical understanding in primary 

and secondary school, therefore a brief review of the literature on Early Childhood 

Education, especially in regards to mathematics, is required. Historically, researchers have 

suggested that very young children have a limited capacity to learn and use mathematics, but 

contemporary research now disputes this (Cooke, 2018; MacDonald, 2018). This view is 

supported by a study interviewing preschool practitioners, where Hunting and Pearn (2009) 

report on the observations of mathematical knowledge and skills in children prior to attending 

school, some as young as babies and toddlers. MacDonald (2018) strongly argues that 

educators need to have a solid understanding of young children’s development in order to 

build the foundation required for them to develop mathematically. Brendefur et al. (2018) 

support the importance of early childhood education by providing evidence that students with 

inadequate mathematical knowledge in kindergarten continue to experience significant 

difficulties throughout their schooling. These authors also cite evidence from studies in the 

United States which claim that poor performance in national and international testing of 

fourth grade students can be linked back to inadequate preparation of mathematics in the 

early grades of school. Godfrey and Stone (2013) note that the National Council of Teachers 

of Mathematics (NCTM) stress the importance of developing a strong foundation in the first 

few years of schooling. The council explicitly identifies number sense and computational 

fluency as areas that require focused attention.  

This chapter provides a review of the literature that supports the scope of the research 

undertaken. It reviews research on mental computation, providing a detailed definition of 
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what mental computation is and how it has become more prominent within the curriculum 

over the years. An explanation of the types of mental computation strategies is also provided.  

Literature on reasoning is reviewed, noting the significance that this skill has on 

mathematical development and the difficulties that some teachers in Australia experience 

when including this in their curriculum. The review concludes with an explanation of 

literature on the use of manipulatives to develop mathematical understanding and the role that 

manipulatives play in the CRA framework. 

Mental Computation 

Mental computation is defined as the act of performing an arithmetic calculation 

mentally. Ruiz and Balbi (2019) identify that there is diversity in the use of terminology in 

the literature on mental computation, and state that this diversity makes it difficult to develop 

an understanding of the topic. Within the literature, the terms ‘mental computation’ and 

‘mental calculation’ are often used to identify the same process.  Both Heirdsfield (2001) and 

Maclellan (2001) cite the same definition provided by Sowder (1988); namely, “the process 

of carrying out arithmetic calculations without the aid of external devices” (Sowder, 1988, p. 

182), yet use different terms; Heirdsfield (2001) uses mental computation while Maclellan 

(2001) uses mental calculation. Clark (2008) predominantly uses the term mental 

computation, but also refers to the strategies that students used as mental calculation 

strategies. Gervasoni, Giumelli, and McHugh (2017) prefer the term mental calculation, 

while Chesney (2013); Graham and Pegg (2010); Hartnett (2008); Heirdsfield (2011b) all use 

the term mental computation. To accord with the definition that ACARA uses within the 

Australian Curriculum: Mathematics, computation is the term that will be used in this 

dissertation. 
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Although the definition, “the act of performing an arithmetic calculation mentally” 

may appear simplistic, it appropriately summarises the complexity of most definitions. 

Heirdsfield (2001); Maclellan (2001); Money (2010) each provide an explicit definition of 

the word mental as a thought process that occurs ‘in the head’. Heirdsfield (2001) and 

Maclellan (2001), along with Varol and Farran (2007) went further to clarify that mental 

computation involved calculations without the aid of any external devices such as pen and 

paper or calculators. This is a point of contention because not all researchers agree that the 

use of an external device will render the computation non-mental. For example, Maclellan 

(2001) and Harries and Spooner (2000) claim that mental computation might include some 

recording of symbolisation, e.g. using a pen and paper or a small whiteboard, to assist with 

mathematical reasoning.  

Mental computation involves a process and is different to recalling basic facts. Some 

explanations within the literature expand the definition of mental computation to include the 

importance of performing a calculation process. Money (2010) explains that mental 

computation is more than just doing arithmetic ‘in your head’, it also includes doing 

calculations ‘with your head’. This emphasises the need to utilise a strategy, which differs 

from simply recalling a fact. Maclellan (2001) claims that mental computation requires 

students “to manipulate numbers to achieve the desired answer” (p. 146). Heirdsfield (2001) 

also stresses the importance of performing a process and claims that mental computation is 

calculating with the head by using strategies with understanding. He claims that in order to 

effectively perform a mental computation process, a person needs to engage in planning, 

monitoring, regulating and evaluating. This involves the ability to make effective choices 

about which computational strategy will best serve the computation (Hurst, 2016). Ruiz and 

Balbi (2019) provide a clear explanation when they state that during the mental computation 

process numbers need to be analysed and changed in order to make the calculation easier. 
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This differs from being able to remember set facts, which the literature refers to as mental 

arithmetic.  

Russo (2015) makes a clear distinction between recalled facts, which he calls “Fast 

Facts”, and the mental computation process. He states that Fast Facts need to be retrieved 

quickly and accurately, with speed being paramount, whereas mental computation is 

performed in the head and goes beyond simple retrieval. Quick retrieval of Fast Facts reduces 

cognitive load on the student’s working memory, providing more time to be allocated to 

working through the computation process (Clarke, 2011; Heirdsfield, 2002). Mental 

computation is not recall of basic number facts, but the quick-fire recall of these facts likely 

assists with the mental computation processes (Maclellan, 2001). The general consensus 

within the literature is that the calculation of single-digit numbers is mental arithmetic, and 

that over time students needed to develop instant recall of these facts for improved fluency. 

Heirdsfield (2011a) makes the distinction between mental computation and basic facts by 

noting that mental computation involves the calculation of multi-digit numbers. The literature 

on mental computation focuses mainly on middle to late primary aged students, when multi-

digit calculations are required. This suggests that there is a need for further research into the 

mental computation of students in the early years of primary school. 

The processes used in mental computation are different to the processes used when 

completing a conventional written algorithm. Conventional written algorithms are categorised 

as consistent processes or steps that are used to perform a written calculation. Ruiz and Balbi 

(2019) state that when performing an algorithm, students follow a fixed series of steps. 

Therefore, they use the same process, regardless of the size of the number. Maclellan (2001) 

describes conventional algorithms as being permanent and of a standardised form. She 

explains that these processes treat numbers as single digits without identification of their 

place value, and are executed in a uniform method. This process is different to mental 
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computation, which is flexible and treats numbers holistically. Clark (2008) also compares 

mental and conventional written algorithms and claims that because students often just learn 

a routine process in conventional written algorithms, they may lack development of a range 

of number concepts. Mental computation, however, requires students to utilise their 

conceptual knowledge of number in order to progress through the calculation. Clark explains 

that following the process of the conventional written algorithm leads students to provide 

passive responses where they are simply following a process. This contrasts to the active 

participation required when performing mental computation. 

There is consensus in the literature that mental computation involves the manipulation 

of numbers. Unlike the conventional written algorithms, students are expected to analyse the 

equation and determine which process, or strategy, most efficiently solves the calculation 

(Erdem, 2017). This strategy involves the transformation of the mathematical expression by 

changing the value of the numbers, without changing the value of the expression (Kindrat & 

Osand, 2018). The mental computation process often involves students developing their own 

strategies, a skill that requires deep understanding of numbers (Heirdsfield 2011b). 

The process of manipulating the numbers in order to achieve a calculation is 

identified as a strategy (Erdem, 2017). The identification of different strategies is critical for 

the teaching of mental computation, so a review of the literature on strategies is described 

below. Literature that describes the types of strategies are divided into those that provide a 

description of strategies that may possibly be used by students; and research that reports on 

the observed strategies used by students. 

Description of strategies. 

The majority of articles referring to strategies focus on multi-digit computations and 

describe the possible strategies that students may use. Baroody (2006), Hartnett (2008), 
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Heinze, Arend, Gruessing, and Lipowsky (2018), and Ruiz and Balbi (2018) describe the 

different addition and subtraction strategies that were explicitly taught to the students. These 

multi-digit strategies were introduced to second and third grade students. Hartnett (2008) 

provides a framework of strategies that includes Count On and Back; Adjust and 

Compensate; Break Up Numbers; Double and/or Halve; and Use Place Value. Heinze et al. 

(2018) provides a different framework using the terms Jump strategies; Split strategies; 

Compensation strategies; Simplifying strategies and Indirect subtraction strategies to list the 

different mental computation strategies for addition. Ruiz and Balbi (2018) researched the 

effect that the teaching of mental computation had on double-digit computation, number line 

estimation, and computational fluency of second grade students. They describe the types of 

strategies that were taught in the intervention. This included derived fact strategies; adding 

and subtracting in chunks; and compensation strategy for addition and subtraction.  

Student observed strategies. 

Studies investigating the use of strategies by students in grades one to five are limited. 

Clark (2008), Chesney (2013), Erdem (2017), Heirdsfield (2011b) and Vincent (2013) report 

on strategies that are performed by the students themselves. The results of the research 

demonstrate that students use a variety of different strategies with varying levels of 

competence. Identifying the different types of strategies used by students is difficult because 

of the diverse use of terminology within the literature (Ruiz and Balbi, 2019). Although 

different terms are used, the strategies themselves can be categorised into four broad groups 

according to the method used to manipulate the numbers. 

The first group involves counting strategies. Clark (2008), Chesney (2013), Erdem 

(2017), and Vincent (2013) all describe the use of counting as a strategy. In an extensive 

study of primary students (n=21 884) in New South Wales, Australia, in 2016, Gervasoni et 
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al. (2017) found that approximately 30% of Grade 4, 17% of Grade 5 and 10% of Grade 6 use 

a counting strategy to add or subtract. 

The second group includes strategies where the student moves from one number to 

another as they add or subtract a set amount. Heirdsfield (2011b) provides diagrams of this 

strategy, in the form of student work samples, using an empty number line (ENL). The 

diagrams clearly demonstrate how the students move forward or backward along the ENL as 

they add or subtract (see Figure 2). Clark (2008) and Vincent (2013) also describe this 

strategy, naming it Aggregation.  

 

  
 

Figure 2 – example of student work sample illustrating use of an empty number line 

 

The third group includes strategies where numbers have been partitioned. This is 

usually, but not restricted to, partitioning by place value. Clark (2008) and Vincent (2013) 

term the strategy Separation, and explain how the strategy involves the student manipulating 

the numbers by separating them into parts, possibly using place value parts, in order to make 

the computation process more manageable. Chesney (2013) uses the term Split to describe 

the same process.  

The last group involves the changing of a number to make it more manageable during 

the calculation process, then adjusting to compensate for the change. Clark (2008) calls this 

strategy Wholistic. Chesney (2013) and Vincent (2013) use the term Compensate to identify 

this strategy.  
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The benefits of including mental computation in the curriculum are widely reported in 

the literature. There is an interdependence between number knowledge and mental 

computation strategies, because “strategies create new knowledge through use and 

knowledge provides the foundation for strategies” (Clarke, 2013, pp. 202). Ruiz and Balbi 

(2019) state that mental computation has a positive relationship with number line estimation, 

conceptual understanding, number sense and written calculation. The mental computation 

process of executing flexible strategies promotes deeper conceptual understanding of number 

and develops number sense (Vincent, 2013). This can be used to build student understanding 

of place value (Major, 2012). Overall, literature on mental computation claims that the 

development of number sense is the key benefit of including mental computation in the 

curriculum. For example, Yang and Wu, (as cited in Vincent, 2013) state that including 

mental computation within the curriculum provides students with the opportunity to deepen 

their understanding of the relationship between numbers and operations, thus developing their 

conceptual understanding of number. They also make the claim that the over-teaching of 

conventional written algorithms hinders student conceptual development. Chesney (2013) 

explains that when performing mental computation, students use their understanding of the 

way that numbers interact with each other to develop flexible, innovative strategies. Engaging 

in these strategies further develops their conceptual understanding of number.   

Although there is strong evidence provided by the research that the development of 

mental computation strategies positively affects other areas of mathematics, not all research 

supports this claim e.g. Ruiz and Balbi (2019) claim that mental computation had negligible 

impact on computational fluency, double-digit computation or number line estimation skills.  
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Reasoning 

Heirdsfield (2011a) suggests that teachers should develop students’ reasoning 

processes and their ability to represent, communicate and connect mathematical ideas. 

Reasoning is one of the mathematical proficiencies noted in the Australian Curriculum: 

Mathematics. It is an important skill that requires explicit instruction. The benefits are noted 

in the literature. Carbonneau, Marley, and Selig (2013) suggest that “several contemporary 

theorists propose that ability to reason abstractly is the pinnacle of cognitive development” 

(p.394), advocating the significance of teachers including reasoning in their curriculum. 

Students should be taught how to reason from when they begin using manipulatives to 

represent their thinking through to the use of abstract representation. When students reason, 

they build their understanding of the relationships between mathematical concepts (Bragg & 

Herbert, 2017). Which in turn builds their conceptual understanding of mathematics (Mata-

Periera, & da Ponte, 2019). This is clearly illustrated in a study on the use of quantitative 

reasoning to solve mathematical problems in Grade 6 (Ramful & Ho, 2015). Quantitative 

reasoning involves the analysis of quantities and builds understanding of the relationships 

between numbers. Through the use of a model method, where students develop drawings that 

show the relationships between numbers and their quantities, the quantities are represented 

diagrammatically which makes the relationships between the numbers more explicit.  

Reasoning enables students to go beyond simply performing a routine to building 

deeper conceptual understanding of mathematical concepts. When students reason they use 

their conceptual knowledge to “solve problems using multiple solutions, solution strategies or 

representations” (Glassmeyer & Edwards, 2016). The development of conceptual knowledge 

of number in the early years relies heavily on students using quantitative reasoning. As the 

students explain their thinking and processes, they connect their knowledge of counting with 

their knowledge of quantities (Nunes, Bryant, Evans & Barros, 2015). When students reason 
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they build new knowledge as they create and validate the mathematical ideas (Herbert, 2019). 

Reasoning is a way of exploring new phenomena and provides validation of ideas (Bragg & 

Herbert, 2017). It helps students build a deep understanding of concepts, especially number 

sense, which provides a strong foundation of learning in subsequent grades (Glassmeyer & 

Edwards, 2016). This development of number sense through reasoning leads to the 

development of mental strategies. Reasoning promotes engagement with mathematics and 

enables students to be successful in their learning (Bragg & Herbert, 2017). 

The identification of the need for teachers to build their capacity to teach reasoning is 

prevalent in the literature. The information on reasoning provided by the Australian 

Curriculum is simple and guidance for teachers to include reasoning in their curriculum is 

limited (Herbert, 2019). Since the introduction of reasoning into the Australian Curriculum, 

some teachers have demonstrated a limited understanding of reasoning (Glassmeyer & 

Edwards, 2016). They also find it difficult to adequately assess reasoning (Bragg & Herbert, 

2018). 

Teachers often associate reasoning only with explaining, and make no reference to 

other reasoning actions such as justifying, applying known knowledge to determine 

something unknown, comparing and contrasting or evaluating (Vale, Bragg, Widjaja, Herbert 

& Loong 2017). In addition to expanding their understanding of what reasoning involves, 

teachers also should learn how to recognise the nuances of mathematical reasoning when they 

are observing their students (Herbert, Vale, Bragg, Loong & Widjaja, 2015). In their study 

that includes 24 primary teachers from Australia and Canada, results show that there are 

seven different perceptions of what reasoning means, ranging from a simplistic understanding 

to a deep and complex understanding. Reasoning could be understood by teachers as: 

1. The thinking that a student undertakes when completing a mathematical task. 
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2. As with point one, but includes the communication of this to another person. 

This is supported by Clarke, Clarke and Sullivan (2012) who claim that many 

teachers believe that reasoning only involves explaining.  

3. Being problem solving, rather than problem solving being used to develop 

reasoning (Herbert, 2019; Mata-Pereira & da Ponte, 2017). 

4. Occurring when students validate or justify their thinking by explaining why.  

5. Forming conjectures and making generalisations. 

6. As with point five, but also providing logical arguments to support their 

generalisations.  

7. Occurs when students connect mathematical ideas.  

In a study of 19 middle school teachers from the United States, Glassmeyer and 

Edwards (2016) found that the provision of professional development successfully developed 

the teachers’ understanding of what was involved in algebraic reasoning and how to develop 

this within their teaching. The study identified that when the teachers started the two-week 

professional development, they held the view that reasoning only involved procedural 

knowledge. After participating in the professional development all of the teachers adjusted 

their understanding of reasoning to one that includes multiple solution strategies and the need 

to include conceptual knowledge, not just procedural knowledge. 

Bragg, Herbert, Loong, Vale and Widjaja (2016) also support that teachers should 

build their understanding of reasoning when they state that some teachers are not clearly 

identifying the reasoning ability of their students and that they are placing a greater emphasis 

on the language that the students use rather than their reasoning ability. In their study on 

mathematical reasoning with Year 5 and Year 6 students, Jazby and Widjaja (2019) identify a 

range of mathematical reasoning within just three groups of students. This means that 

teachers are advised to focus on identifying and monitoring reasoning skills within their 
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students. Jazby and Widjaja (2019) report that teachers in their study found it very difficult to 

notice when students are reasoning within a mathematics lesson. Their research identifies that 

teachers should design appropriate tasks that will increase the chance of students being able 

to reason. They also identify that the environmental constraints, such as the way in which the 

classroom is set up, affects the likelihood of teachers noticing the instances where students 

reason. 

Teachers’ identification of student reasoning is complex (Herbert, 2019). In a study of 

challenges faced by 34 teachers in Victoria, Australia, when teaching reasoning, Herbert 

(2019) identifies six themes. The first involves the curriculum, where the lack of direction 

provided by the Australian Curriculum poses a problem. The next two challenges are based 

on the teachers themselves – lack of teacher knowledge and understanding of reasoning; and 

a difficulty in noticing when a student is reasoning. This is supported by a previous study 

where teachers were found to focus heavily on the vocabulary that students use rather than on 

the content of their reasoning (Bragg et al., 2016).  Two of the themes relate directly to the 

students. The first being that the students are unable to communicate their reasoning and the 

second being that work samples alone provide insufficient evidence of student reasoning. 

Teachers identify that they should listen to students articulate their reasoning. This is 

supported by studies completed by Mata-Pereira and da Ponte (2017) and Jazby and Widjaja 

(2019), which are discussed in the next paragraph. The final theme identified in Herbert’s 

research is the difficulty teachers have identifying a developmental progression for reasoning. 

Teachers report that although they are able to identify when students reasoned, they are 

unable to report on any progress made. 

Mata-Pereira and da Ponte’s (2017) study investigates how the actions made by 

teachers facilitates the generalisation and justification of students. Their results highlight the 

importance of teacher-guided discussions. While they acknowledge the significance of the 



33 
 

task design, the evidence shows that the teacher’s use of questioning is critical to the 

development of students’ reasoning (Mata-Pereira & da Ponte, 2017). In a study with three 

small groups of Year 5 and Year 6 students on reasoning, Jazby and Widjaja (2019) identify 

the instances that students use reasoning and the teacher’s ability to notice when reasoning 

was being used. The results of the study show that it is very difficult for a teacher to notice 

mathematical reasoning during a lesson; and that this would improve if some type of 

recording of the reasoning was included in the lesson design. This would make the reasoning 

more visible for the teacher. It is evident from the research that the design of the lesson is 

paramount to the successful identification and development of student reasoning. Jazby and 

Widjaja (2019) state that both the lesson design and the classroom set up will affect the 

likelihood of students engaging in reasoning and of the teacher noticing that reasoning. They 

note that teachers working in a lively classroom, with multiple groups engaged in 

mathematical activities, will have limited attention to notice instances of reasoning as they 

occur. Therefore, the strategy of engaging the whole class in discussion guided by the teacher 

may be an effective way of engaging all students in the reasoning process (Mata-Pereira & da 

Ponte, 2017). Encouraging rich discussion around reasoning may promote invention and the 

sharing of new strategies (Keiser, 2012) and the construction of new mathematical 

knowledge (Hunter, 2010). 

The design of the task affects whether the students engage in reasoning or not (Bragg 

& Herbert, 2017; Herbert, 2019; Jazby & Widjaja, 2019; Vale et al., 2017). The literature 

identifies various different ways in which reasoning should be developed. Ramful and Ho 

(2015) suggest using a diagrammatic approach, which they term the model method. This 

method requires quantities to be represented diagrammatically, allowing students to develop 

their understanding, and therefore reasoning, of the relationships between numbers. Vale et 

al. (2017) discuss an open-ended, reasoning task, {30, 12, 18} What else belongs? that they 
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observed as successfully engaging students in reasoning. Students were placed in pairs and 

encouraged to discuss their reasoning. During this task, students engage in compare and 

contrast; they form conjectures and generalisations; and they explain, validate and justify 

their conjectures. Bragg and Herbert (2017) investigated the use of a truth prompt strategy. In 

this strategy students are presented with a statement and then asked if it is true or not. They 

then have to explain why, justifying their answer. The strategy is recommended because it 

provides students with the opportunity to engage in reasoning and it also provides the teacher 

with the opportunity to focus on the level of reasoning and to identify any mathematical 

misconceptions that the students may have. Teachers are told that “manipulatives are 

recommended for students who continue to struggle with understanding the incorrect 

assertion in the statement.” (Bragg & Herbert, 2017, pp. 4). In some cases, it may be 

necessary to use manipulatives such as a number line or 100 board to assist students in 

observing patterns and engaging with reasoning tasks (Bragg & Herbert, 2017). 

Manipulatives 

Research suggests the use of manipulatives in the teaching of mathematics, especially 

in early childhood education, is significant to successful learning. In their meta-analysis of 55 

studies, Carbonneau et al. (2013) identify that careful selection and use of manipulatives 

could lead to greater learning outcomes than using abstract symbols alone. Hinton and Flores 

(2019) conducted a study, using manipulatives, with two students who had been identified as 

having a learning disability. Their findings suggest that the use of manipulatives led to 

improved learning. Numerous studies have shown that students who use manipulatives to 

build their mathematical understanding outperform those who do not (Johnson, O’Meara & 

Leavy, 2020).   
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The literature uses the terms manipulatives and concrete material interchangeably. 

Although MacDonald (2018) predominantly uses the term concrete materials, she does use 

manipulatives to establish the link between herself and other researchers. Vincent (2013) also 

uses the term concrete materials while describing an approach to develop conceptual 

understanding of addition and subtraction using manipulatives. Chesney (2013), Larkin 

(2016), Reinhold, Downton, and Livy (2017) use the term manipulatives to describe objects 

that are used to represent mathematical concepts. 

The literature describes manipulatives as objects that are used to represent 

mathematical concepts. Academic use of the term manipulatives varies slightly across the 

literature, but for the purposes of this review, the following definition is used - “A 

mathematics manipulative material is an object that can be handled by an individual in a 

sensory manner during which conscious and unconscious mathematical thinking will be 

fostered” (Swan & Marshall, 2010, p. 14). One definition of manipulatives has changed with 

the introduction of digital aides, with the use of the term virtual manipulatives (Johnson et al., 

2020; Larkin, 2016). A virtual manipulative is one that exists in digital form and is now more 

commonly used on a tablet device. As this research only uses physical manipulatives, further 

discussion of virtual manipulatives is not warranted. Larbi and Mavis (2016) use the term 

‘materials’ instead of manipulatives and suggest the importance of students using materials 

from their own environment. Connecting with these materials will lessen the abstract nature 

of mathematics and allow them to build their conceptual understandings.  They also suggest 

that using manipulatives reduces the extra load of students having to think abstractly when 

they are not using them. Carbonneau et al. (2013) states that students will “physically interact 

with objects” (p. 380) when describing the process of using manipulatives to learn. By using 

manipulatives, students are prompted to view mathematical concepts in a different way, 

leading to greater conceptual understanding of mathematics (Johnson et al., 2020). 
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The use of manipulatives to teach mathematical concepts is seen to be crucial in early 

childhood education and falls within several developmental theories. Constructionism theory 

suggests that new knowledge is constructed when a person is engaged in the construction of 

something. These constructions provided concrete representations of mathematical concepts 

(MacDonald, 2018). In order to utilise the constructionism theory, educators needed to use 

manipulatives. Constructivism theory is also of particular interest to early childhood 

educators as it describes the significance that using manipulatives has on the learning of 

students within the pre-operational and concrete operational stages (MacDonald, 2018). The 

representation theory, established by Bruner, 1966, proposes that young children construct 

their own knowledge through the manipulation of mathematical representations. This 

includes representations using manipulatives (MacDonald, 2018). 

While any concrete object can be considered a manipulative, there are clear 

recommendations for the selected use of a few objects when developing conceptual 

understanding of mental computation. The use of fingers to aid in computation is considered 

to be a manipulative, however, teachers are cautioned because the inefficient use of this 

manipulative can lead to errors (Chesney, 2013). Manipulatives such as counters, dominoes, 

tens grids, the ENL, and bundles of 10 straws are effective in developing mental computation 

(Chesney, 2013). Bundling sticks are useful because they can be physically split in flexible 

ways, thus building student understanding of partitioning and place value. These 

manipulatives should be used prior to students developing their mental and written 

computation skills. In her description of the approach teachers should use to develop a 

conceptual understanding of mental computation, Vincent (2013) recommends the use of 

paddle-pop sticks and multi-base arithmetic blocks (MAB) and encourages the development 

of flexible thinking, e.g. teachers can provide students with a number sentence, and then 

allow them to choose either MAB or bundles of sticks to represent the computation. The 
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students are encouraged to share and reflect on their processes. While MAB cannot be 

physically split, they do support the development of trading up and down. This recommended 

use of MAB is in conflict with Heirdsfield, (2011b), who states that MAB is not an effective 

manipulative to use when developing mental computation skills because it encourages 

partitioning of only place value, whereas students should learn that numbers may be 

partitioned in other ways. Number lines are very effective in the development of mental 

computation (Woods, Geller, & Basaraba, 2018). They are a visual representation of the 

order and magnitude of numbers, allowing students to build their understanding of number as 

they interact with them. This manipulative can also be flexible because it can be used with all 

the numbers (Woods et al. 2018), some of the numbers, no numbers or as an ENL 

(Heirdsfield, 2011a). In addition to the manipulative listed above, Heirdsfield (2011a) 

includes the 99 chart and 100 chart as manipulatives that provide visual representations of 

numbers that will assist with the development of mental computation. These manipulatives 

are beneficial in the identification of patterns in numbers. By engaging in activities that 

examine number patterns, students further develop their understanding of number sense. 

The type of manipulative used is an important factor in the development of 

mathematical understanding. Carbonneau et al. (2013) compare the effect of manipulatives 

that are visually similar to the object they represent (perceptually rich) with those that are not 

similar (bland). Examples included plastic money and toy pizzas as perceptually rich; and 

rectangular blocks and tangrams as bland. They report that results from the aggregated 

studies show that in problem solving activities, the use of perceptually rich manipulatives 

impacts negatively on student learning; but with activities that require a transfer of learning, 

the use of perceptually rich manipulatives results in greater outcomes than the use of bland 

manipulatives.  
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Results of the research show that the use of manipulatives can lead to greater student 

outcomes in mathematics. Teachers should carefully consider the types of manipulatives they 

are using and they way in which they use them. As a result of their intensive research into the 

additive strategies of Australian primary students (n=22 000), Gervasoni et al. (2017) make 

the recommendation that early childhood teachers should focus on developing flexible mental 

strategies to prevent the continued dependency on counting strategies; and that manipulatives 

such as tens-frames, bead strings and arithmetic racks be used. However, for many teachers, 

the time that it takes to organise and use the manipulatives is extensive and can be a major 

factor that prevents teachers from using them (Johnson et al. 2020).  

The use of manipulatives is significant to the Concrete-representational-abstract 

(CRA) instructional framework. This framework, used mainly to support students with 

learning difficulties, follows three stages to build students’ mathematical understanding 

(Flores, 2010). The first stage involves the teacher explicitly demonstrating the concept using 

manipulatives. The student then engages in tasks that require the use of manipulatives to 

complete the mathematical activity. During the second stage the students are introduced to 

pictures or drawings to represent the same mathematical concept. Finally, when the students 

are ready, the students transition into completing the task using symbols. The CRA reflects 

the theoretical framework of Bruner, 1966 (Cooper, 2012). Bruner (1966) claims that there 

are three stages that students move through as they develop their mathematical thinking: 

enactive, where students learn “through action” (p. 10); iconic, “representation that depends 

on visual or other sensory organization and upon the use of summarizing images” (p. 11), and 

symbolic “representation in words or language” (p. 11). Details of the alignment between 

Bruner’s theory, the CRA framework and this research project can be found in Figure 1, in 

Chapter 1. 
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Chapter 3: Methodology 

This research, Mental Computation in Year 1 is a qualitative investigation of mental 

computation strategies used by six Year 1 students. The research aims to provide insight into 

the ways that Year 1 students begin to execute computation strategies using only mental 

processes.  

This chapter begins with an explanation of the background elements of the research: 

the researcher and why the research was initiated; the school in which the research took 

place; the six students who were the participants of the research and the ethics that were taken 

into consideration. A detailed explanation of the research design is provided, outlining the 

data instruments, the collation of the data and the data analyses that were used. 

Background 

The researcher. 

The researcher has 30 years experience as a primary school teacher and nine years 

experience as Head of Curriculum. Her passion for the teaching and learning of mathematics, 

especially the strategies used to complete mental computation, led to instigate this research 

with Griffith University. The nature of the research, a Griffith University Higher Degree 

Research being conducted in an Education Queensland state school, meant that the research 

needed to conform to a dual set of regulations and to gain ethical clearance and consent from 

both bodies. 

The school. 

The research was conducted in a primary school in South-East Queensland, Australia. 

It was a large, P-6 school with more than 900 students and 36 classes. There were 

approximately five classes in each of the year levels within the school. The school had an 
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Index of Community Socio-Educational Advantage (ICSEA) of 1006. The ICSEA scale was 

developed by ACARA to provide fair and reasonable comparisons between schools 

(ACARA, 2016, ICSEA). The scale was developed utilising current information about the 

parents’ occupation and education, and the geographical location and proportion of 

indigenous students of the school. Most schools fall within the 800 – 1200 range, with an 

index of 1000 considered as the median. Within the school that the research was conducted, 

5.6% of the students identified as Aboriginal and/or Torres Strait Islander descent, 6% had a 

language background other than English and 4.9% were students with a disability. 

As mandated by ACARA, the school implemented the Australian Curriculum. The 

school had developed a computational fluency program based on the additive strategies 

outlined by a resource recommended by ACARA: National Literacy and Numeracy 

Progressions-Additive strategies (NNLP-AS). The Additive strategies of the NNLP-AS 

describe the behaviours that students typically display as they develop their ability to 

complete addition and subtraction computations (ACARA, 2016). The NNLP-AS outlines 

eight levels that begin with counting by one and conclude when students are able to use 

flexible strategies with three-digit numbers and beyond (see Appendix A).  ACARA codes 

these levels using ‘AdS’ to represent the term Additive Strategy, and a number which 

indicates the level (ACARA, 2016). Generally, the students in Year 1 at the school where the 

research was conducted fell within the AdS3 – AdS6 levels. The school program provided 

opportunities for the students to develop their Proficiencies of Understanding; Fluency; and 

Reasoning of the computation process (ACARA, 2016).  

The school had an assessment schedule that all teachers were required to follow. This 

schedule mandated the tracking of all students from Prep – Year 2, at the end of the year, 

against the additive strategies levels identified by the NNLP-AS. Teachers were required to 

observe the students during instructional lessons to identify which level they had mastered. 
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The school collected this information at the end of each year to track the progress of each 

student. The data was collated and passed onto the students’ new teacher at the beginning of 

the following year. This information was used to select the students for the research.  

The students. 

A representative sample of six Year 1 students, from one class, were selected to 

participate in the research. This enabled detailed analysis of the types of mental strategies 

used by Year 1 students, providing a general list of strategies that may typically be used by 

Year 1 students (Creswell, 2012). These students were in their second year of formal 

schooling and were either five or six years of age. In an attempt to identify a range of mental 

computation strategies, so that the findings would maximise transferability to other settings, 

the decision was made to include a range of ability levels within the group of students, 

therefore making the study more applicable to other Year 1 contexts. Results from the school-

based assessment on additive strategies at the end of Prep were used to identify two students 

from each of the following levels:  

• AdS2 Perceptual strategies. This level described students who could calculate 

addition and subtraction to 10 using concrete manipulatives. These were the students 

who needed to see the manipulatives and used a count all strategy where they started 

the count from one. Typically, the students in this level had minimal fluency and 

understanding of computations to 10. These students were working below Prep level 

in computational fluency. 

• AdS3 Figurative strategies. This level described students who could add two numbers 

without seeing a visual representation of that number. This meant that the counting 

was done mentally. As with AdS2, students at this level counted all of the numbers by 

starting at one. Typically, the students in this level were developing their fluency and 
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understanding of computations to 10. These students were working at the Prep level in 

computational fluency. 

• AdS4 Counting on by one strategies. This level described students who were able to 

start the count at a given number and count on to calculate addition (e.g. 6 + 3 =) and 

missing addend (e.g. 6 +  = 9). Typically, the students in this level had developed 

their fluency and understanding of computations to 10, and were beginning to use 

flexible strategies. These students were working above the Prep level in 

computational fluency. 

While all the students had been exposed to activities that required the the use of 

manipulatives to complete addition and subtraction tasks, they may not have been encouraged 

to perform these tasks mentally. The aim of this research was to identify whether the 

computation process was being executed mentally and, if so, to discover which strategies 

students were using when they performed mental computation. 

To preserve anonymity and confidentiality, pseudonyms were used to identify the six 

students, who were paired to form groups (Creswell, 2012).  

Pair A. 

Diana was an enthusiastic student who enjoyed interacting with her partner. She was 

keen to learn and willingly reflected on her progress. She had the ability to focus well on the 

tasks. Martin found it difficult to remain focused on the task. He was impulsive and often 

rushed through activities without thinking about the processes and generally found it difficult 

to provide reasoning.  

Pair B. 

Warner was very excited about developing his computation skills. Unfortunately, he 

struggled to overcome any setbacks and would become non-compliant if he became upset at 
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making an error. Reagan demonstrated a lot of enjoyment in playing the games. She enjoyed 

learning and was excited about learning new skills. She responded well to feedback and made 

a lot of progress throughout the intervention.  

Pair C. 

Bart was driven by the challenge of developing new strategies. Unfortunately, he also 

struggled to overcome his disappointment when making errors, but his desire to improve led 

him to slowly make progress. Osmond was also driven by the challenge of developing new 

strategies. He was very proud of his mathematical ability and liked to discuss his 

achievements. His interest in developing his skills led him to seek out others, such as his 

parents and teacher, to help him develop his skills. 

The students were chosen according to the computational fluency they had 

demonstrated in Prep, the year prior to the research: Pair A were below Prep level, Pair B 

were at Prep level, Pair C were above Prep level. This is detailed further in the Methodology. 

Ethical considerations. 

The research Mental computation in Year 1 was a human research project, and as such 

required stringent ethical considerations. Conducting the research in an ethical manner was 

paramount and featured prominently throughout the entire research process (Creswell, 2012). 

The beneficence of the research was a priority, so an assessment of the risks was completed. 

The potential risks to teachers, students, the parent community, the school and the research 

itself were considered, and conditions were put in place to minimise these risks.  

As indicated earlier, the nature of the research required that the researcher gain ethical 

clearance and consent from both Griffith University and the Queensland Department of 

Education. Full ethical clearance from Griffith University’s Research Ethics and Integrity 
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Team was received on January 22, 2019. Full ethical clearance from Queensland Education 

Research Inventory (QERI) was received on April 2, 2019.  

Consent was obtained from the principal of the school in which the research was 

conducted; the teacher of the class from which the students were chosen; the parents of the 

students; and the students themselves (see Appendix B). Gaining the child students’ assent 

was important for the integrity of the research. The researcher met with each of the students 

individually and explained the purpose of the research; exactly what each of the activities 

would involve; their ability to opt-out at any time; and how the researcher would be using 

their results. The students were provided a child-friendly permission form (see Appendix B), 

which they all signed. 

Research design 

Due to the nature of mental computation, that is the mental processes that occur when 

completing the computation task, it was necessary that the student be able to explain their 

thought processes clearly in order to accurately collect research data. This was designed to 

occur at the end of each task, when students were required to provide reasoning. The 

reasoning was designed to achieve two outcomes: build conceptual understanding of numbers 

and computational fluency (Bragg & Herbert, 2017; Glassmeyer & Edwards, 2016; Mata-

Pereira & da Ponte, 2017); and to provide the researcher with a method of gaining insight 

into the mental processes. In order to determine what mental strategies were being used it was 

decided that in addition to student explanations of their thinking, close observation and 

questioning were required. Prior to designing the research, the researcher trialled activities 

that involved both Prep and Year 1 students explaining their thinking as they attempted to 

solve tasks. During these activities the Prep students found it difficult to accurately articulate 

their thinking and generally were unable to explain why they had chosen manipulatives or 
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how they had used them. When the same activity was completed with Year 1 students, they 

showed greater ability to explain what their thought processes were. For this reason, it was 

decided to implement the research with Year 1 students. As indicated in the research 

literature, it is difficult for teachers to notice when students are reasoning–especially in a 

classroom setting (Jazby & Widjaja, 2019). For this reason, the research design included a 

maximum of two students per group. This provided the socialisation to play a game, and 

maximised the opportunity for the researcher to carefully observe all attempts at reasoning by 

individual students. 

This research used a qualitative methodology, in the form of a case study. This case 

study was designed as a “thorough, holistic and in-depth exploration of the aspect(s) that you 

want to find out about” (Kumar, 2014, p155). The six students became the case study, and 

their use of mental computation strategies was the focus of the study. Two sets of data were 

collected. The first was a task-based interview which the students completed both as a pre-

assessment prior to an eight-week intervention and as a post-assessment on completion of the 

intervention. During the interview the students were asked to complete 10 addition and 

subtraction tasks. The second set of data was collected throughout the eight-week 

intervention and included students participating in an addition or subtraction game with their 

partner. The method by which the data was collected differed for both tools. The task-based 

interview relied heavily on discussion between the interviewer and the student. This 

discussion was transcribed. The data collected during the intervention relied heavily on 

observation.  

Throughout this dissertation the term “task” is used to refer to each of the instances 

that a student was required to solve a computation equation e.g. a student adding the numbers 

rolled on two dice, say a six and a five, is identified as one task. 
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the mental computation process (Cooper, 2012) (see Appendix C). The first step required the 

student to listen to a number story and perform the calculation mentally. In this stage the 

students were relying only on abstract prompts to guide them. While this is the ‘Abstract’ 

stage of the framework, the students were told that this was their mental thinking stage. If the 

student was unable to do this successfully, the next step, a visual representation of the task, 

was displayed and the question repeated. This involved the student analysing a visual 

representation, but not interacting physically with it. This is the ‘Representational’ stage of 

the framework, but the students were told this was the visual stage, which meant they were 

only allowed to look at the manipulative. The final step, for students who were still unable to 

solve the computation, was the introduction of a concrete manipulative, which students were 

encouraged to manipulate, in order to solve the computation. This is the ‘Concrete’ stage of 

the framework. Therefore, within this research, the term “concrete” is used to represent the 

Concrete stage of the CRA framework; “visual” is used to represent the Representational 

stage of the CRA framework; and “mental” is used to represent the Abstract stage of the CRA 

framework. Although the three components are considered separately, the researcher 

recognises this is an artificial separation and so the following principles were used: Concrete 

mode was identified when the student moved things around physically; Visual mode was 

identified when a visual representation was used to scaffold their thinking, but the student 

didn’t move anything; Mental mode was identified when there was no external 

representation. It is to be noted that although recalled facts were recorded as using a mental 

mode in the data collection, a distinction was made in the analysis of the data between a 

mental computation and a recalled fact. A mental computation involved the manipulation of 

numbers and a recalled fact was the instant recall of the answer, which had been memorised 

(Russo, 2015). 
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second stage of the CRA framework where students are working with representations of 

concrete models (Cooper, 2012). An example is a student looking at a number line to aid 

them with a computation, but not touching it in any way. A computation strategy was 

determined as having a mental mode if the student had no manipulative or visual 

representation, and was able to perform the computation entirely in their head, using only 

mathematical symbols (Cooper, 2012). An example of this is the student generating a visual 

image of the number line in their head, and using this image to do the computation. 

Data analysis. 

The results of the pre task-based interview and post task-based interview were 

compared by analysing the codes from both tests. It was also used to identify the strategies 

that students used to perform the computations, such as Count from one or Using a known 

fact.  The results from the pre and post task-based interviews were compared to identify 

changes to fluency of mental computation strategies; the use of visual and concrete 

manipulatives; and the ability to reason about and discuss the mental processes. Analysis of 

the data also identified any progression from concrete to visual to mental.   

The types of strategies demonstrated in the post task-based interviews are included in 

the results in Chapter 4. The decision was made not to include data from the pre task-based 

interviews, because although this provided the base-line for the research, the focus of the 

research was to identify the different strategies that Year 1 students use. The students were 

able to refine and develop their strategies through the intervention and display these in the 

post task-based interviews. 

Intervention. 

The intervention was also used as a data collection tool. These sessions were 

restricted to a 10-minute time frame. During the session the students played a game (see 
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below) in pairs with a partner of similar ability level. Each pair completed three 10 minutes 

sessions each week for eight weeks. The intervention was divided into three phases. Each 

phase focused on one particular skill. 

The instrument. 

A game was designed for each pair; and for each phase of the intervention. The 

equations played in the game were randomly chosen by the students from a finite group of 

possibilities. This was achieved by picking cards that were face down or by rolling dice (see 

Appendix E). Once they had chosen the equation, they were expected to say the equation 

aloud, then attempt to complete the computation mentally. The students had access to a 

variety of concrete manipulatives that they were able to choose from if they were unable to 

do the computation mentally. These manipulatives included a small whiteboard and marker; 

counters; a number line to 20 (NL) which displayed the numbers 0 – 20; an empty number 

line (ENL); a 10s frame (10F); a 20 frame (20F); fingers; 100 board; and dots (on dice). 

Although the use of MAB is often recommended as a manipulative to build computational 

fluency (e.g. see Vincent, 2013), this resource was not included because the school had a 

policy prohibiting the use of MAB in Year 1. The school had made the decision to introduce 

the concept of place value using manipulatives that students could physically separate and 

group together in tens, such as paddle-pop sticks and unifix blocks. Therefore, because these 

Year 1 students had never used MAB, this manipulative was not included in the choice of 

manipulatives provided. Once the students had chosen their manipulative, had completed the 

computation and provided an answer, the students were required to explain their reasoning, 

providing a description of the strategy they had used and to justify why they used it. This was 

used as an opportunity for the students to share and reflect on their strategy, enabling them to 

develop their computational fluency (Vincent, 2013). 
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The content of every game was designed specifically for each pair. The focus for the 

game was a skill that provided a challenge to their learning, but was not too difficult so as to 

be unattainable. This meant that when the new skill was introduced the students would more 

likely rely on manipulatives to solve the computations. The same game was played 

repetitively to build fluency, enabling the students to use more visual and mental strategies. 

This journey from concrete manipulative to visual representation to abstract mental 

computation became the focus of observation for the research.  

The decision was made to progress the students to the next phase when they were able 

to regularly use a mental strategy or recall the facts, to achieve accurate results. Once the skill 

was mastered, a new skill was introduced. Each of these sections became phases in the 

intervention. All pairs moved through three phases during the eight-week intervention (see 

Table 5). At the beginning of the intervention Pair C were introduced to a game involving 

missing subtrahend to 10. E.g. 18 -  = 10, or 13 -  = 10. Both students demonstrated 

instant recall of every fact, achieving 100% accuracy in their first game. As this did not 

provide any information about their respective thought processes, the researcher disregarded 

this as a phase and started the research using a more difficult skill involving bridging of 10 

with subtraction e.g. 12 – 4. 
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After each of the intervention sessions, the data that were collected using the 

intervention observation sheet were transferred into an Excel document. Excel was chosen 

due to the functionalities of counting and sorting. Each task that was completed, that is every 

equation that was solved, was recorded on the Excel document using the following 

categories: number of the turn in the intervention; date; name of the student; turn within the 

session; equation that was picked randomly; the resource (manipulative) if used by the 

student; observed behaviours; the answer that they provided; quote of verbal explanation of 

the student’s reasoning; other events of interest to the task; code representing mode used 

(concrete, visual or mental); code representing accuracy of the answer (correct or incorrect); 

code indicating whether reasoning was provided; and the name of the strategy (see Figure 7).  

 

The decision was made to use the most significant part within the computation 

process to name the strategy. For example, when Bart completed 15 – 7 he drew 15 dots on 

the 20F. He then counted 1 – 7, rubbing out the subtrahend. Then he counted the remaining 

dots, which represented the minuend. Both counting and separating the subtrahend were 

strategies, but removing the subtrahend was the more significant process in the strategy, so 

the strategy was named Take away. 

Data analysis. 

The data collected from the intervention were critical to this research as it tracked 

changes that the students made as they developed a skill. During the analysis, the data in 

Excel were sorted in numerous ways by custom sorting the data according to the columns in 

 

 
 

Figure 7: Data entered into Excel document for every task completed 
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which they were organised. This process revealed patterns and anomalies, allowing analysis 

of the data and the development of a narrative to describe the journey each student took 

(Kumar, 2014).  

Using a custom sort on the Name column rearranged the data so that each student’s 

data were separated. This allowed for closer analysis of an individual student without the 

distraction of their partner’s data. By sorting this way, the researcher was able to track the 

journey that each student made as their mental computation skills developed.  

During the analysis a custom sort was also done by sorting according to the equation 

that was picked randomly. This sort showed the number of times that each equation was 

randomly picked and provided a timeline showing exactly how a student had solved the same 

equation over the course of the phase. This sort was particularly useful in analysing Pair A’s 

journey as they develop recall of the basic facts.  

Another use of the custom sort was by sorting the manipulative that the students 

chose. This was represented in the Excel column named ‘Resource’. This sort presented the 

changing patterns as a student developed from relying on one manipulative to adopting 

another. This sort was useful in displaying the changes that Pair B made as they moved from 

using their fingers to using the 20F and NL.  

Sorting according to the codes that represented mode, accuracy and reasoning were 

critical to the analysis of the data. These sorts allowed the researcher to count and view the 

number of times that each mode was utilised by a student, the accuracy rate of each student 

according to each phase of the intervention and their ability to provide reasoning.   

Finally, the data were also sorted according to the name of the strategy, providing an 

easy and accurate way of counting the number of times that each student used each strategy, 
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and the journey that s/he travelled as s/he developed a new strategy.  The results that were 

discovered during the analysis are presented in the next chapter.  
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Chapter 4: Results 

This chapter presents the results from the intervention and the post task-based 

interview of the research. The chapter analyses the different types of mental computation 

strategies that were used throughout the research. The results regarding reasoning and the 

types of manipulatives are also presented.   

This research investigates the strategies used by six Year 1 students when completing 

simple addition and subtraction tasks. Within this chapter the term strategy is used to name 

the distinct computation method, such as Count-from-one or Rearranging parts. The term 

mode will be used to describe the way in which a particular strategy may be executed: 

concrete, visual or mental. Thus, the Count-from-one strategy may be used via a mental 

mode, visual mode or concrete mode. The pre and post task-based interviews specifically 

identified whether students were using mental, visual or concrete modes. Although these 

modes were discussed in detail in earlier chapters, by way of a brief refresher, strategies that 

use a mental mode are done entirely in the head and require no visual prompt or concrete 

manipulatives; strategies that use a visual mode are those that require a visual prompt, but no 

manipulation is needed; strategies that use a concrete mode are those that require the 

manipulation of a concrete manipulative. For example: imagining or visualising the symbols 

on a NL uses a mental mode; looking at a NL without touching uses a visual mode; and using 

a marker to jump along a NL uses a concrete mode. The intervention activities provided 

students with the opportunity to choose manipulatives, either concrete or visual, to perform 

the computations; however, they were first encouraged to experiment with a mental mode.  

Three themes were identified from the research: 

1. Year 1 students demonstrate a variety of mental computation strategies. 
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2. Year 1 students demonstrate a range of abilities when reasoning 

mathematically. 

3. The type of manipulative affects the development of mental computation 

strategies. 

This chapter presents the findings related to these themes. 

Year 1 mental computation strategies 

The results of the research indicate that Year 1 students do use a variety of mental 

computation strategies and do so with varying degrees of complexity. The findings from both 

the post task-based interviews and the intervention have identified 11 distinct strategies that 

students used, each using concrete, visual or mental modes: Count-from-one; Count-up-from; 

Count-up-to; Count-down-from; Count-down-to; Take away; Non-standard partitioning; 

Standard partitioning; Using a known fact; Rearranging parts; and Inverse of addition and 

subtraction. Throughout the research, 10 of these strategies were executed using a mental 

mode, and therefore were considered to be mental computation. The Take away strategy was 

the only strategy that was not demonstrated using a mental mode. Each of the strategies that 

were used mentally will be explained in detail shortly. Within the post task-based interview 

and the intervention, a range of addition and subtraction tasks were completed (n=833) by the 

six students (see Table 6). The n in these findings refers to the total number of times any of 

the tasks were performed.  Of the tasks completed, 66 were unable to be coded against a 

strategy due to factors such as the student becoming confused, emotional or non-compliant; 

or the student completing the task mentally with no observable strategy and not providing an 

accurate explanation of their method.  In addition, the results from the intervention and post 

task-based interview showed that a large number of the tasks were completed mentally as a 

recalled fact (n=302). Tasks were identified as a recalled fact when the student was able to 
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this strategy have not yet developed the understanding that the size of a group is represented 

by the number of that group, and therefore when determining the total of two groups will 

initially count the first addend, then continue the counting pattern in the amount of the second 

addend. Martin, for example, was asked to mentally calculate 12 + 2, which he correctly 

answered as 14 in both the pre and post task-based interviews. When asked how he was able 

to work out the answer, he said, “I went 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14.” He 

established the first addend by counting from one to 12, then continued the counting pattern 

two places, which represented the second addend.  

The Count-from-one strategy is identified in the NNLP-AS – AdS2 Perceptual level, 

where students need to see the manipulative in order to complete the additive task. The 

Count-from-one strategy can also be identified in the NNLP-AS – AdS3 Figurative, where 

ACARA states that students solve additive tasks by “counting from one to determine the 

total” (ACARA, 2016, NNLP-AS: AdS3 Figurative, point 1). Within this level the 

manipulatives are hidden and the students are required to perform the task mentally. ACARA 

stipulates that within both the AdS2 and AdS3 levels, students only count by one. Martin was 

able to complete the task mentally, which placed him in the NNLP-AS -AdS3 Figurative 

level. 

This strategy was only used when calculating addition. This is due to the method of 

counting up. During the intervention Martin once tried to use this strategy to solve the 

subtraction task 10 - 7, by counting forwards from 1 – 10, then began counting backwards. 

He became confused and was unable to complete the task. The analysis of the data showed 

that the Count-from-one strategy was used across all three modes – concrete, visual and 

mental. This strategy was used during the intervention (n=37) and the post task-based 

interview (n=2). Martin was the only student to complete this as a mental strategy (see Table 

7). Early in the intervention, Reagan was asked to calculate 13 + 2. She used the fingers on 
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20F, which required her to start the count at one so that she could establish where the teen 

number was on the 20F. The use of this manipulative meant that she was encouraged to use a 

lower-level strategy to the one she had progressed to. Both Diana and Martin began the 

intervention using the Count-from-one strategy, but slowly developed the Count-up-from 

strategy. In the third phase of the intervention both students were introduced to a game 

involving the addition of numbers on two six-sided dice. Both students were able to verbally 

state the addition equation just by looking at the dice and subitising the dots. Despite the fact 

that they had previously demonstrated the ability to subitise the dots on a dice, both students 

reverted to the Count-from-one strategy when adding dots on two dice. For example, when 

Diana rolled a three and a five, she pointed to each of the dots on the five die, counting, “1, 2, 

3, 4, 5,” then continued with the second die, counting, “6, 7, 8.”  

Teachers who are designing mental computation programs should be aware of the 

effect that the type of manipulative has on the strategy used. Close observation of the students 

is necessary to determine the type of strategy being used and to ensure that the manipulative 

that the students are using is continuing to develop the sophistication of their mental 

strategies. 

Count-up-from. 

The Count-up-from strategy is also used with addition. This title is used to reflect the 

name used in the Australian Curriculum: Mathematics. This strategy is a natural progression 

from the Count-from-one strategy. This strategy evolves when the student begins to trust the 

amount of the initial addend and uses this as the starting point for the count. For example, in 

the post task-based interview Diana was shown a matchbox and told that there were five 

counters inside. She then saw three more counters being put into the matchbox, which was 

then closed. When asked how many counters there were in the matchbox, she closed her eyes 
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and quietly counted, “5, 6, 7, 8.” Diana had established her starting point at five, and then 

counted forward three times to determine the three counters that were added. Reagan used 

Count-up-from with a visual mode. During the intervention she was asked to calculate 15 + 2. 

She decided to use the NL and immediately looked at the 15. Without touching the NL, she 

visually moved two spaces forward and identified 17 as the answer. Martin used Count-up-

from with a concrete mode, utilising his fingers as a concrete manipulative. When required to 

calculate 6 + 7 he established his starting point as six, then used seven fingers as markers to 

identify the seven counts that he needed to continue. In his explanation he stated, “I moved 

my fingers a little bit to know it was 7. When I got up to all my fingers, when I stopped 

moving them, I knew it was 13.” 

The Count-up-from strategy is identified in the NNLP-AS – AdS4 Counting on, 

where ACARA states that a student “treats a number word as a completed count when 

solving problems” (ACARA, 2016. NNLP-AS: AdS4 Counting on (by ones), point 1). 

ACARA stipulates that the students within this level always count by one. The AdS4 is the 

only level that the Count-up-from is recognised as an appropriate strategy, because the 

previous levels require students to start the count at one, and the following levels involve 

subtraction or a non-count-by-one strategy. 

The Count-up-from strategy was the most commonly used strategy. It was used by all 

students both in the intervention (n=144) and the post task-based interview (n=13). The 

strategy was used with concrete, visual and mental modes (see Table 8).  
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20. 3.” Bart executed Count-up-to with a mental mode. Warner also used Count-up-to with a 

concrete mode. When asked the same question, Warner chose to use the 20F as a visual 

prompt. He established his starting point of 17 by drawing a line through the top row (ten) 

and seven on the bottom row. He continued the count to 20, establishing that he needed three 

more to make 20 (see Figure 8).  

 

Figure 8 – 20F illustrating 17 +  = 20 

 

During the intervention Warner successfully used Count-up-to with a visual mode. When 

asked to solve 9 +  = 11, Warner chose to use a NL without touching it. He explained his 

method as, “I looked at 9 and counted quickly to 11 and it was 2.” Diana was able to 

efficiently use her fingers, as a concrete manipulative, to execute the Count-up-to strategy 

during the intervention. She had developed the strategy herself and had named it the “Head 

and fingers” strategy. For example, when asked to solve the missing addend equation 7 +  

= 10, she would place her right hand on her forehead and say “7.” By placing her right hand 

on her forehead, she was establishing her starting point. Then she continued the count up to 

10, using her left hand as the marker and raising one finger each time she counted, saying, “8, 

9, 10.” When asked to explain her method she said, “I put 7 in my head and count on 3 

more.” When calculating a missing addend greater than the five fingers she had on her left 

hand, she would remove the right hand from her forehead and continue the count with her 

right hand fingers. 

The Count-up-to strategy is identified in the NNLP-AS AdS4 Counting on level. 

ACARA states that within this level a student “uses a strategy of count-up-to to solve missing 
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Count-down-from.   

The Count-down-from strategy is executed by counting backwards in ones, and is 

used for subtraction. This title is used to reflect the name used in the Australian Curriculum: 

Mathematics. It involves the student starting the count at the minuend and counting back, in 

ones, the number of times dictated by the subtrahend. The last number in the count is the 

difference, and forms the answer. For example, in her post task-based interview Diana was 

asked to calculate 8 – 2. She was able to do so mentally by counting backwards, establishing 

her starting point at eight and counting, “7, 6”. She identified the answer as six because she 

had moved two places in the counting pattern. Osmond used Count-down-from with a visual 

strategy during the intervention. When asked to calculate 11 – 5 he chose to use the NL and 

without touching it, found 11 and moved five spaces backwards, identifying six as the 

answer. Martin also used the Count-down-from strategy, but needed to use his fingers as a 

concrete manipulative to help. When asked to calculate 14 – 7 he extended the fingers on 

both hands. He then put three fingers down, establishing the seven of the subtrahend. He used 

the seven fingers as markers as he counted down from 14, in ones. When asked to explain 

how he had done the computation he stated, “I took 3 away on my fingers. That is 7 up. So, I 

went 13, 12, 11, 10, 9, 8, 7.” 

The Count-down-from strategy is identified in the NNLP-AS AdS5 Counting back 

level. ACARA states that within this level a student “uses count-down-from for subtraction 

tasks” (ACARA, 2016, NNLP-AS: AdS5 Counting back (by ones), point 1). 

The Count-down-from strategy was identified in both the intervention (n=74) and post 

task-based interview (n=5). It was used mainly by Pair C, who were provided multiple 

opportunities to develop the strategy during the intervention (see Table 10). The second phase 

of Pair A’s intervention involved subtraction of Rainbow facts, where they used Non-
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Count-down-to.   

The Count-down-to strategy is used to complete missing subtrahend tasks. This title is 

used to reflect the name used in the Australian Curriculum: Mathematics. It involves students 

beginning at the minuend and counting down in ones until they reach the difference. For 

example, when Bart was asked to solve 16 -  = 14, he was able to work out the answer 

without the use of any manipulatives. When asked to provide his reasoning, he said, “I 

counted back from 16. I said 15 and 14. That’s 2 jumps.”  

The Count-down-to strategy falls within the NNLP-AS AdS5 Counting back level. 

ACARA requires students to be able to use both the Count-down-from and Count-up-to 

strategies before they can achieve this level.  

Due to the complexity of the missing subtrahend for Year 1 students, this type of 

equation was only presented to the students in Pair C, Bart and Osmond, during the 

intervention (n=34) (see Table 11). Most of these equations were achieved through recall 

(n=20), where both Bart and Osmond were able to remember the fact and provide an instant 

response. The Count-down-to strategy was used mentally by both students in Pair C (n=6). 

Osmond, when calculating 17 -  = 13 was observed counting, “17, 16, 15, 14, is 3, 13 is 4.” 

Osmond established 17 as his starting point, then began counting backwards. In order to keep 

count of the number of times he counted backwards, he interjected “3” and “4” as his 

markers. His observable methodology demonstrated that he was able to mentally perform the 

counting back process while also mentally keeping a tally of the number of times he had 

moved backwards.  
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and four. For example, during the post task-based interview Reagan demonstrated her 

understanding of non-standard partitioning three times within one task. When asked to 

calculate 5 + 3, Reagan used a mental image of her 10 fingers being raised. Within her 

reasoning she explained that she knew that two fives made 10. She then imagined putting two 

fingers down because she knew that two and three made five, therefore establishing the three. 

She now had an image of five fingers and three fingers. She used her knowledge that eight 

and two made 10 to identify the eight. In her explanation she said she had, “a whole handful, 

and there’s 2 down, and 2 fives make 10, so it will be 8.” When questioned about her method, 

she indicated that she had not counted anything, but had thought about her fingers. 

The Non-standard partitioning strategy falls within the NNLP-AS AdS6 Flexible 

strategies level. ACARA states that students within this level use “part-whole construction of 

number to partition a whole number into parts” (ACARA, 2016, NNLP-AS: AdS6 Flexible 

strategies with combinations to 10, point 2). 

The Non-standard partitioning strategy was used once by Reagan in the Post task-

based interview (n=1) (see Table 12). While there were instances where students 

demonstrated their knowledge of non-standard partitioning within another strategy, they were 

not coded as a Non-standard partitioning strategy because the process was not considered to 

be the most significant process within the strategy. 
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Standard partitioning. 

The title of this strategy was chosen to reflect the process of partitioning according to 

place value, using the definition provided by the Australian Curriculum: Mathematics. The 

Standard partitioning strategy involves partitioning the number into the value of its place. By 

using place value, students can build fluency with mental computation. For example, during 

the post task-based interview, Osmond was asked to solve 12 + 2. He was able to do this 

mentally, and when asked to give his reasoning, he said, “If I take 1 off, it would be 2 plus 2. 

And 2 plus 2 is 4. So, if I put the 1 back on it would be 12 plus 2, and then it would be 14.” 

Although he didn’t name the ‘1’ as a ten, he knew that he was able to split the places to 

complete the computation. Reagan also completed the 12 + 2 task using Standard 

partitioning as a mental strategy. She treated the ones place separately, stating that, “2 plus 2 

is 4, so 12 plus 2 is 14.” Although within their reasoning both Osmond and Reagan did not 

explain that they were splitting value of the places and separating the tens from the ones, both 

did partition the places and used it to successfully complete Standard partitioning as a mental 

strategy. 

The Standard partitioning strategy falls within both the NNLP-AS AdS6 Flexible 

strategies and the NNLP-AS AdS7 Flexible strategies with two-digit numbers levels. For the 

strategy to fall within the NNLP-AS AdS7 Flexible strategies with two-digit numbers level 

students need to be applying their “knowledge of 10 as a unit to add and subtract 2 two-digit 

numbers” (ACARA, 2016, NNLP-AS: AdS7 Flexible strategies with two-digit numbers, 

point 1).In the examples provided above, both Osmond and Reagan were adding a two-digit 

and single digit number. Therefore, this example falls within the NNLP-AS AdS6 Flexible 

strategies level where the students are using a non-count-by-one strategy. As the name of 

both levels imply, this strategy is flexible as students are required to split according to the 

place value representation, complete the computation and join the places again. 
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did, however, complete the task visually by looking at the 100 board. As seen in the example 

below, Osmond had a strong drive to develop his mental strategies and showed determination 

in doing so. During the post task-based interview he initially incorrectly answered 22 + 13 as 

36. He was then asked to use a hundred board to assist with the computation, but insisted that 

he wanted to do it in his head. His second attempt was successful. Teachers of Year 1 

students should be aware that some of the students are capable, and have the desire, to 

develop complex, flexible strategies such as Standard partitioning and to complete them 

mentally. These students should be provided the opportunities to explore and develop these 

strategies. 

Using a known fact. 

Using a known fact is a strategy where the student transfers the knowledge they have 

of one fact (equation) to work out the answer of another fact (equation). The title of this 

strategy was chosen to reflect the process of the strategy. For example, in the post task-based 

interview it became evident that Osmond knew that 5 + 3 = 8 and 8 – 3 = 5, and had these 

memorised as recalled facts. He used this knowledge twice in the interview to answer two 

separate questions. When asked to calculate 8 – 2, his answer was 6. In his reasoning he said, 

“Because if it was 8 takeaway 3 it would be 5. So, 8 takeaway 2 would be 6.” Later in the 

interview he was asked to calculate a missing addend fact, 5 +  = 7, which he successfully 

answered as 2. When providing his reasoning he said, “Because 5 + 3 is 8, so 5 plus 2 is 7.” 

The Using a known fact strategy falls within the NNLP-AS AdS6 Flexible strategies 

level because it is a non-count-by-one strategy and requires flexible thinking. The strategy 

was used in the intervention (n=57) and the post task-based interview (n=3). Being a flexible 

strategy, it was more commonly used by Bart and Osmond, who were chosen for the research 

because they had exhibited a higher level of computational fluency than their peers. The 
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Using a known fact is a flexible strategy that most students would benefit from. 

Results from the research demonstrate that some students were able to use facts that they had 

committed to memory as a starting point to determine the answer of an unknown fact. Other 

students with a smaller repertoire of strategies were still using the strategy when they 

remembered a fact that they had just completed, but not yet committed to memory. In either 

case, this could become a teachable moment in a class. Teachers of Year 1 students   to be 

aware when one of their students demonstrates the Using a known fact strategy, and could use 

this moment to discuss it with the rest of the class. 

Rearranging parts. 

Analysis of the research findings identified a further flexible strategy that was used 

with addition during the intervention (n=1). The strategy falls within the NNLP-AS AdS6 

Flexible strategies level because of the flexibility required to manipulate numbers. The 

strategy has been called Rearranging parts due to the process of rearranging the amounts of 

the addends. The title of the strategy was chosen because it is the term that the Australian 

Curriculum: Mathematics uses to describe the moving of numbers in order to change the 

representation of the number. The strategy was only used by Osmond (see Table 15). For 

example, when asked to solve 9 + 7, Osmond was able to perform the computation mentally, 

and answered 16. He articulated his reasoning by explaining, “I took away 1 from the 7 and 

put it onto the 9. So, 10 + 6 is 16. So, 9 + 7 is 16.” 
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and was able to complete the task more efficiently by starting the count at the larger addend. 

Osmond demonstrated a greater ability to reason by including justification. For example, 

when drawing 15 – 6 he was able to do the computation mentally and gave the answer as 

nine. When providing his reasoning he explained that he knew that 15 – 5 was 10, so 15 – 6 

had to be one less, making the answer nine. 

Both Diana and Osmond also demonstrated reasoning where they applied the known 

to the unknown and compared mathematical concepts. For example, when using the 

addition/subtraction inverse, Osmond applied his understanding of addition and 

demonstrating reasoning by comparing it to subtraction when he reasoned.  

Manipulatives 

Results of the research showed that the Year 1 students used manipulatives to build 

their computational understanding and fluency. The type of manipulative and the frequency 

of use differed from student to student. During the pre and post task-based interview the 

students were given the manipulative that they were to use; whereas during the intervention 

the students needed to choose the manipulative, if any, they thought would best aid in the 

computation.  

The manipulatives available during the intervention were a whiteboard and marker; 

counters; a NL to 20 which displayed the numbers 0 – 20; an ENL; a 10F; a 20F; fingers; 100 

board; and dots on dice. During the intervention the counters, 100 board and whiteboard were 

never chosen by any of the students. Of all of the manipulatives, the NL was chosen most 

often, the 20F was the second most popular choice, and the use of fingers was third (see 

Table 18). 
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addend Rainbow facts, Diana completed the task “8 +  = 10” 13 times, using the Count-up-

to with a concrete manipulative. The following account occurred over three weeks, and tracks 

Diana’s development with the one equation (noted above). To begin with she used what she 

called her “Head and fingers” strategy: She placed the palm of her right hand on her forehead 

and said, “8.” She then closed her left fist and raised a digit for each count (see Figure 10), 

saying, “9, 10.” She then identified the two digits as her answer.  

 

 

Figure 10 – Count-up-from using fingers as a concrete manipulative 

 

The second time that she drew this equation she used the 10F by drawing eight dots and 

subitising the two remaining spaces. The third time she drew the card she demonstrated 

immediate recall of the answer because she read the card with the answer, saying, “Eight plus 

two equals ten.” After that, Diana again used her “Head and fingers” strategy to complete this 

task during the fourth, fifth, sixth and ninth tasks. During each of her other sessions she was 

able to recall the fact immediately. When asked to provide her reasoning after she had 

demonstrated instant recall, she made statements such as, “Because 8 plus 2 equals 10”; “It’s 

a rainbow fact”; and “I remembered it.” 

Reagan began the intervention using her fingers as a concrete manipulative, but 

quickly progressed to using the 20F. Warner unsuccessfully used his fingers once when he 

attempted to calculate 15 + 4 using the Count-from-one strategy, but became confused 

attempting to establish 15 as his starting point and decided instead to use the 20F. This 

instance is not recorded in Table 24 because of his decision to change the manipulative. Both 

Bart and Osmond demonstrated infrequent use of fingers as a manipulative. These instances 

9 10 
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occurred with subtraction: 11 -  = 7, 11 – 4 and 11 – 5. There is no evidence that the use of 

their fingers led directly to the development of mental computation strategies. 

Osmond used his fingers twice during the intervention, but did so covertly. The 

students were required to keep their hands above the table, so when he was observed moving 

his hands under the table the researcher questioned his movement. He explained that he 

wanted to put his hands under the table so that it looked as though he was doing it in his head. 

20 frame. 

When given the choice of which manipulative to use when they were unable to use a 

mental computation, all four students in Pairs B and C initially chose to use the 20F, but 

progressed to only using the NL. These four students, Reagan, Warner, Bart and Osmond all 

used the 20F and NL interchangeably in Phase 1, and only used the NL for the rest of the 

research, with the exception of Bart who used the 20F once at the beginning of Phase 2. Each 

student used the 20F in slightly different ways. For example, when calculating 15 + 4, 

Warner used the Count-from-one strategy by counting from 1 – 15, placing a dot in each 

square. Once he had established his starting point, he drew another four dots, continuing the 

count, “16, 17, 18, 19.” Bart and Osmond used the 20F to calculate subtraction from teen 

numbers. Both boys followed the same method. First, they drew dots to represent the 

minuend, then they rubbed out the subtrahend. The dots that were left represented the 

difference. There is no evidence from the findings to indicate that the use of the 20F led 

directly to the development of a mental strategy.   

Number line. 

The use of the number line was most successful in the development of mental 

strategies. It is through the use of this manipulative that the students demonstrated a growing 

understanding of the relationships between the numbers less than 20. It should be noted, 
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however; that neither Diana and Martin (Pair A) chose to use the NL at any time during the 

intervention.  

Reagan and Warner (Pair B) both chose to use the NL frequently, although when they 

began the intervention, they both only used the 20F. Reagan was the first use the NL, which 

she did in the third session of Phase 1, while using the Count-up-from strategy. Warner 

followed soon after, but experienced some difficulty with the process. He attempted the use 

of the NL then reverted back to the 20F. This occurred three times over three different 

sessions before he became comfortable using the NL. By the end of the intervention the NL 

had become his preferred manipulative. 

Osmond effectively used the NL to develop the Count-down-from using bridging. In 

Phase 1 Pair C were involved in tasks that involved subtraction from teen numbers that 

bridged 10. e.g. 12 – 4. In keeping with the design of the research, neither Bart nor Osmond 

were provided with instructions on how to use a bridging strategy. The 21 equations were 

placed on cards that were presented face down. Each student randomly picked a card then 

solved it. The expectation was to initially solve the equation mentally, but they had access to 

the manipulatives if they needed to use them. At the beginning of the phase, Osmond used the 

NL by identifying the minuend then moving backwards along the NL for the amount of the 

subtrahend. The final number was the answer. For example, when solving 17 – 9 he placed 

his finger on 17, then counted from one to nine, moving his finger backwards on each count. 

When asked to explain his reasoning, Osmond said, “I started at 17 and counted backwards 

nine times.” Osmond continued to use this strategy for three more sessions. In the fourth 

session he used the NL to execute the bridging strategy when solving 11 – 5. He identified 

the minuend as 11, and moved to 10, as was his usual strategy. He then skip jumped directly 

to six. As his reasoning he explained, “I started at 11. I counted 1, then I did 1 whole big 

jump over 4 numbers.” This was the point where Osmond started using Count-back-from by 
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bridging the 10. In the next task that he had to solve, Osmond attempted the computation 

mentally, but made an error. He subsequently attempted two tasks which he struggled to do 

mentally, so he used the NL. From this point onwards Osmond mentally used Count-back-

from by bridging the 10. For example, when calculating 14 – 6, he explained that, “6 is 2 

more than 4. So, 14 – 6 will be 8 because I took away 4 and stopped at 10 and took away 2 

more.” By using the NL as a manipulative Osmond was able to develop his visualisation of 

bridging 10 and consequently developed his ability to complete these tasks mentally. 

CRA Process: Reagan’s journey 

Of all the students, Reagan was the one who clearly illustrated the development 

process predicted by the CRA framework. Her journey demonstrated the transition from 

Concrete to Representational to Abstract. The description of her journey (see below) shows 

the sequential relationship of concrete, then visual and then mental modes. Throughout the 

intervention Reagan switched regularly between fingers, the 20F and the NL.  

From the beginning, Reagan was able to perform the addition of one mentally, 

demonstrating a basic understanding of the relationships of numbers. When asked to explain 

how she knew that 10 + 1 was 11 she said, “It’s just above 10. It’s one above.” When Reagan 

began the intervention, the only strategy that she was able to do mentally was the Count-up-

from strategy. By the third session in Phase 1, Reagan had committed the addition of one to 

memory and required no mental computation to solve the task. These facts had become 

recalled facts. 

Beginning with concrete strategies. 

At the beginning of the intervention Reagan mainly used the concrete manipulatives 

of fingers, 20F and NL, which meant that she needed to interact with the manipulative. In 

Phase 1 she was required to add one, two, three or four to teen numbers. Solving the addition 
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of two, three or four was a challenge to Reagan, so when she began the intervention, she 

relied heavily on the manipulatives to complete most of the tasks. The first manipulative that 

she used was her fingers. Her first task, 13 + 2 was achieved using the Count-from-one 

strategy with her fingers. She was observed counting from one to 13 on her fingers. Once she 

had reached 10, she reused her left hand to continue to 13. She then continued counting two 

more times, establishing 15 as her answer. 

While Reagan progressed quickly from the use of her fingers to the use of the 20F, 

her interaction with the 20F indicated that she used it as a concrete manipulative. When 

calculating 11 + 4, Reagan again used the Count-from-one strategy by placing dots in the 

20F, starting at one and counting to 11, establishing the starting point. She then drew four 

more dots to find the total of 15.  

Part way through Phase 1 Reagan began using the NL to assist with the computations. 

She spent the rest of the phase interchanging between the NL and 20F when she wasn’t able 

to do the computation mentally. To begin with, Reagan followed the full procedure when 

using the NL. For example, when asked to calculate 3 + 12 she placed the marker on the 12 

and jumped 3 places, counting 1, 2, 3. She landed on 15 and gave her answer as 15. 

Although Reagan continued to use the 20F as a manipulative, she began to change her 

process slightly, slowly transforming the process to a visual strategy. This began when she 

started drawing a line for the initial 10 in the 20F, to save time because she was aware that 

speed was an issue and that she was expected to try and solve the equation as quickly as she 

could. For example, when asked to calculate 15 + 4, she drew a line across the top of the 20F 

establishing the 10 (see Figure 11). She then drew five dots in the second row to define the 

first addend: 15. She continued the count by drawing four more dots, counting 1 – 4. To 

determine the total, she saw that there was one empty square in the 20F, and knew that it was 
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19. At this point Reagan did not have to count all the squares. When asked to explain her 

reasoning she said, “I did the line for the 10, then 5 more to do 15. Then I did 4 more. It was 

1 more to 20, so it’s 19.”  

 

Figure 11 – Drawing a line to represent 10 

 

Throughout the intervention Reagan demonstrated her knowledge of where the 

numbers were on the 20F. For example, after using the 20F for a while she began missing 

steps in her process. When establishing a starting point of 12, to calculate 12 + 3, she ignored 

the first row and simply put the 2 dots in the second row. When asked to explain, she said, “I 

did 12. The 2 is 12.” Reagan had begun to trust the count of the first row as 10, and not make 

marks in it. Over the intervention Reagan became adept at finding the numbers on the 20F 

without having to make a mark in each square. Towards the end of the phase, Reagan would 

pick up the marker but not use it to mark the 20F. Instead she would move the marker quickly 

over the squares. When calculating 12 + 3, she moved the marker across the top row then to 

the 12 in the second row. She then continued for three places and gave the answer as 15. By 

the last session, Reagan would go directly to the number of the first addend, without moving 

across the 20F. She had developed her visualisation of the numbers in the 20F. At this phase 

she was still interacting with the 20F, making this a concrete strategy. 

Moving to visual strategies. 

Mid-way through the intervention Reagan began applying a visual mode to the use of 

fingers and NLs by simply looking at them and not interacting with them. She transitioned 

from using these resources as a manipulative to using them as visual representations of the 

numbers to 20. In Phase 2, when calculating the addition of teens with four, five or six, she 
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used the Count-up-from with a visual mode by looking at her hands and using her fingers as 

markers. For example, when asked to calculate 5 + 12, she explained, “I started at 12. I 

looked at my fingers and said 13, 14, 15, 16, 17.” There was no observable movement of her 

fingers as she completed the count, she simply looked at her fingers as she counted, knowing 

that she had five fingers on the one hand. Reagan used the same strategy in the post task-

based interview when calculating 23 + 14, a task that was beyond the Year 1 curriculum. She 

was able to answer correctly by starting the count at 23, and looking at her fingers, using 

them as markers, counted up until she reached the fourteenth count, which was 37.  

Reagan also began just looking at the NL and not interacting physically with it. For 

example, when calculating 14 + 2, she looked at the NL. When providing her reasoning she 

said, “I found 14 and 2 more is 16.” She followed the same process in Phase 3. For example, 

when calculating 13 +  = 17. She used the Count-up-to strategy by looking at the NL and 

counting from 13 to 17. 

Progressing to mental strategies. 

Towards the end of the intervention Reagan had successfully developed the Count-up-

from and Count-up-to as mental strategies. When calculating 12 + 4 Reagan used Count-up-

from and did the count using only a mental mode. She was observed nodding her head as she 

completed the count. In her reasoning she explained, “I counted in my brain. I counted 13, 

14, 15, 16.” When adding a larger number Reagan paused within her count to keep track of 

how many she had counted. For example, when solving 14 + 6 she said, “I started at 14 and I 

focused. I counted 15, 16, 17 [Regan paused at this point] 18, 19, 20.”  

The results in this chapter have been evaluated and interpreted; and the possible 

consequences of the findings have been considered. The discussion in Chapter 5 presents the 

implications of the findings and the limitations of the research. 
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Chapter 5: Discussion and Conclusion 

The Mental Computation in Year 1 research was undertaken to identify mental 

computation additive strategies that Year 1 students may use when calculating numbers less 

than 20. The research focused on the question and sub-questions: 

What mental computation strategies do Year 1 students use when completing 

addition and subtraction? 

a. How do Year 1 students articulate their reasoning? 

b. How do manipulatives assist Year 1 students with computation? 

This research project makes four contributions to the literature on mental 

computation. These key ideas emerged from this research and are relevant for early childhood 

teachers of mathematics.  

1. The results show that Year 1 students do use a range of mental computation 

strategies; and that some of these strategies extend beyond the counting 

strategies noted in the Australian Curriculum: Mathematics for Year 1.  

2. It is evident that Year 1 students can reason mathematically by explaining 

their thinking, but display a range of ability levels. Results show that the 

sharing of reasoning can have a positive effect on the development of mental 

computation. 

3. The results of the research also show that students use of manipulatives may 

lead to greater learning, but that consideration must be given to the 

manipulative used. 

4. The regular use of a fast-paced games activity can facilitate the development 

of mental computation in Year 1 students. 
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These ideas are discussed in detail within this chapter. 

Types of mental computation strategies 

The Mental Computation in Year 1 research identifies 10 separate mental computation 

strategies that range from basic counting to more complicated strategies. Five of the strategies 

are counting strategies and the other five are non-counting, flexible strategies. The Australian 

Curriculum: Mathematics emphasises the development of mental computation strategies and 

describes a sequential development of the skills within the Achievement Standards and 

Content Descriptions. Details of these were provided in Chapter 1: Introduction; and will be 

referred to throughout this chapter.  

The Year 1 Achievement Standard of the Australian Curriculum: Mathematics states 

that students should “carry out simple additions and subtractions using counting strategies” 

(ACARA, 2016, “Year 1 Achievement Standard,” para. 2). This is elaborated upon in the 

Content Description that states that students “represent and solve simple addition and 

subtraction problems using a range of strategies including counting on, partitioning and 

rearranging parts” (ACARA, 2016, ACMNA015). The counting strategies are widely 

represented in the research, with evidence of Count-from-one, Count-up-from, Count-up-to, 

Count-down-from and Count-down-to. Of the tasks that are able to be coded (n=465), a 

counting strategy is used within the intervention and post task-based interviews (n=340) and 

a non-counting strategy is used (n=125). These counting strategies are typically used by 

students who are beginning to learn the additive concepts (Baroody, 2006). Sometimes, 

however, students continue to use these strategies beyond Year 2, impeding the development 

of flexible mental strategies (Gervasoni et al., 2017). This is discussed later in the chapter. 

Mental computation strategies that involve partitioning and the rearranging of parts are also 

identified in the research. 
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The Australian Curriculum: Mathematics defines counting on as:  

… a strategy for solving simple addition problems. For example, a student can add 6 

and 4 by counting on from 6, saying ‘7, 8, 9, 10’. If students are asked how many 

more objects need to be added to a collection of 8 to give a total of 13, they can count 

‘9, 10, 11, 12, 13’ to find the answer 5. (ACARA, 2016, Glossary). 

The ‘counting on’ strategy suggested by ACARA combines the Count-up-from and Count-

up-to strategies noted in the NNLP-AS, and may be completed using either concrete, visual 

or mental modes.  

This research found that Count-up-from was by far the most common strategy used in 

both the intervention (n=144) and the post task-based interview (n=13); and used more often 

by Pair B, Reagan and Warner. This strategy was used (n=39) as a mental computation 

strategy. The Count-down-from was the second most common strategy used in both the 

intervention (n=74) and the post task-based interview (n=5). This strategy was used (n=41) as 

a mental computation strategy. Although ACARA does not stipulate the use of mental 

strategies until Year 2, all the Year 1 students in the research were observed using a mental 

computation counting strategy. This finding supports Russo (2015), who proposes the 

inclusion of counting strategies in a mental computation framework.  

As noted in the Content Description above, both partitioning and rearranging parts are 

strategies that were demonstrated in the research. The ‘partitioning’ strategy suggested by 

ACARA is demonstrated in the research as Non-standard partitioning (n=1) and Standard 

partitioning (n=13). Reagan used Non-standard partitioning once when completing the post 

task-based interview. The Standard partitioning strategy was mainly used by Pair C to 

partition 2-digit numbers into their place value prior to completing a computation. In the Post 

task-based interview Osmond was able to successfully partition two 2-digit numbers into tens 
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to solving the equation: Non-standard partitioning; Standard partitioning; Rearranging 

parts; Using a known fact; and Inverse of addition and subtraction.  Baroody (2006) refers to 

these strategies as Reasoning strategies, and describes them as students using known 

information to mathematically deduce an answer to an unknown additive or multiplicative 

computation. Based on this research, these strategies are deemed appropriate for Year 1. 

Contemporary research indicates the importance of developing flexible computation 

strategies (Chesney, 2013; Heirdsfield, 2011a; Russo, 2015) and this research identifies that 

there are students in Year 1 who are already beginning to adopt these more efficient 

strategies. 

While literature focuses on the use of 2-digit numbers when examining mental 

computation, in Year 1 similar flexible, non-counting strategies can be applied to the addition 

and subtraction of single digit numbers. In Year 1 the manipulation of single digit numbers 

provides the same challenges as the manipulation of multi-digit numbers in higher grades. By 

the end of Year 3 the expectation is that students have recall of most of the single digit 

addition and subtraction facts, and therefore will not need to use a mental computation 

strategy to solve the basic fact computations. The Achievement Standard of Year 3 states that 

“they recall addition and multiplication facts for single-digit numbers.” (ACARA, 2016, 

“Year 2 Achievement Standard,” para. 2). This means that by the end of Year 3 these 

students should have committed the single-digit addition facts to memory. For a Year 1 

student, these facts are complex and can provide a challenge that requires the execution of a 

mental computation strategy until the fact is memorised as a recalled fact.  

Results from the research show that not all Year 1 students will easily transition to a 

mental strategy. When provided the choice of strategies, the students in Pair A continued to 

rely on a concrete manipulative throughout the eight-week intervention. Although they 

successfully committed the Rainbow facts to memory, and were able to recall them as 
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required by the Australian Curriculum, they achieved this only through the continued practice 

with a concrete manipulative. Teachers of Year 1 need to be aware of the importance of the 

students developing strong mental computation strategies, and establish the expectation and 

challenge for these students to move to a mental strategy when they are ready. The mental 

strategies that the Year 1 students develop will provide the basis for the more complex 

strategies used to perform additive tasks with larger numbers and also the multiplicative 

computations. Therefore, it is important that the Year 1 teachers have a deep understanding of 

the different types of mental strategies and how these can be developed. This will help them 

to assist the students in developing a strong foundation on which to build and develop their 

mental computation strategies. This supports the literature on developing a mental 

computation framework (Russo, 2015). The variety of mental computation strategies that 

many Year 1 students appear capable of developing provide the foundation on which their 

additive and multiplicative strategies will grow. It is important that teachers encourage 

students to make computational choices about which strategy they will use when required to 

solve a computation (Hurst, 2016).  

In an extensive study done with 22 000 students between Kindergarten and Year 6, 

Gervasoni et al. (2017) identified that a significant number of students continued to use a 

counting strategy beyond Year 2, when the curriculum indicates they should have already 

begun to develop more sophisticated strategies. While the teachers of Year 1 should be 

teaching the counting strategies, the results of this research show that there are also some 

students in Year 1 who are progressing beyond these strategies and using more advanced, 

flexible strategies. These students need to be encouraged to develop their flexible strategies; 

and those who are dependent on the counting strategies need to build their conceptual 

understanding of mathematics to prepare them for their future development of more flexible 

thinking in their strategies. This supports the premise of Gervasoni et al. (2017) who state 
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that teachers need to know how to identify the diverse learning needs of their students and 

customise their instruction when developing mental computation. 

The intervention process used in the research identified practices that could be 

valuable to teachers in the early years of schooling. The intervention was not designed as a 

teaching session, but rather as a skill building, games-based activity that the students 

participated in three times a week for 10 minutes. These sessions provided the researcher 

with the opportunity to look closely at the behaviours that the students exhibited as they 

played the games, an opportunity not usually afforded to the teachers. It became evident 

through the intervention that students have personal benchmarks (McIntosh, Reys, Reys, 

Bana & Farrell, 1997). These are significant understandings that students build onto when 

developing new understandings such as mental computation strategies. Reagan, for example, 

knew where 13 fell on the 20F and was able to use this marker to efficiently solve some 

equations. Osmond knew that 5 + 3 = 8 and 8 – 3 = 5, and this was his personal benchmark. 

He was able to use this knowledge to determine 6 – 2 and 5 +  = 7. It would be useful for 

teachers to make students aware of their personal benchmarks and guide them as they use 

these to build their computational fluency.  

The results of this research indicate that there are some students in Year 1 who are 

able to perform mental computation strategies that are beyond what is prescribed in the 

Australian Curriculum for the year level. These strategies are efficient flexible strategies 

where numbers are manipulated to make the computation more manageable (Erdem, 2017). 

Bart, for example, made a connection between addition and subtraction by using a known 

subtraction fact to solve a missing addend computation. When solving 5 +  = 7 he knew 

that five was two less than seven, so therefore 5 + 2 would equal seven. Osmond used the 

recalled double fact of 7 + 7 = 14 to mentally solve 14 – 7. Within the Content Description 

ACMNA054, the Australian Curriculum states that in Year 2 students “Recognise and 
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explain the connection between addition and subtraction” (ACARA, 2016). Both Bart and 

Osmond demonstrated that they understood this concept prior to being exposed to the Year 2 

Mathematics curriculum. In the researcher’s experience, educators do not generally advocate 

the introduction of curriculum content that is above a student’s year level. If students are 

provided the opportunities to explore mathematical concepts through activities and games, 

they will begin to develop their own generalisations about the properties of operations and the 

relations between them (Department of Education Western Australia, 2013). These new 

understandings need to be monitored closely and nurtured by teachers to ensure that 

misconceptions are not formed and that students can build their own sound understandings.  

When students build a deep understanding of mathematical concepts, they develop a 

strong foundation for the learning of new concepts in subsequent year levels (Glassmeyer & 

Edwards, 2016). This was evident in the development of computational fluency in Osmond, 

Bart and Reagan, who made significant progress in the eight weeks that the intervention was 

undertaken, and demonstrated efficient, flexible strategies that may benefit them as they 

begin to use the additive strategies with multi-digit numbers. 

Effect of Reasoning 

The research highlighted the diversity by which Year 1 students articulate their 

reasoning. During the intervention the students participated in a game with their partner 

where they were required to take turns completing a computation task. The first thing that 

they did was determine what the equation was. This was done using chance, either rolling 

dice or overturning cards. Once a player had identified the equation, they had to say it aloud. 

They then determined if they could do the task mentally, and if not, chose a manipulative. 

Once they had solved the computation, they provided the answer aloud. The final step in the 

process was the provision of their reasoning. Each student had to explain his/her strategy 
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aloud to his/her partner and the researcher, and engage in a brief discussion reflecting on the 

strategy. It was during this stage that the researcher (and partner) provided feedback about the 

effectiveness of the strategy. This research supports earlier research that identifies the 

significance of mathematical reasoning on learning (Heirdsfield, 2011a; Vincent, 2013). 

The results of the research identify a diversity in ability to provide reasoning. Diana 

(Pair A), Reagan (Pair B) and Osmond (Pair C) were able to easily provide reasoning that 

aligned with the observation made during the process. Reagan was especially proficient at 

remembering and retelling the exact sequence of her process. For example, when calculating 

15 + 4 Reagan chose to use the 20F. The researcher’s notes read: “Drew a dot on 13. Then 

drew a line over 2 squares. Then counted the bottom row 1, 2, 3, 4, 5. Said 15”. Reagan knew 

13 as a personal benchmark, so was able to compare numbers by using this as her starting 

point to find 15 (McIntosh et al., 1997). When providing reasoning, Reagan said, “I did a dot 

on the 13 square. Then I did a line for 2. I counted the bottom squares 1, 2, 3, 4, 5. Then I 

know there was 10 on the top [row].” While both Reagan and Diana were proficient at 

retelling the sequence of their strategy, they had not yet developed the ability to provide 

mathematical explanations. Osmond was more able to do this. For example, when providing 

reasoning for 5 + 6, Osmond said, “6+6=12. This is a double fact. So 5+6=11, which is a near 

fact.” Osmond’s ability to reason improved as the intervention progressed, clearly 

demonstrating that as he explained and justified his methods, his knowledge of numbers and 

their quantities improved (Numes et al., 2015). He also created and validated new 

mathematical ideas such as the concept of bridging (Herbert et al., 2015). 

Some students find it difficult to provide reasoning (Herbert, 2019). This was evident 

with Martin (Pair A), Warner (Pair B) and Bart (Pair C). These three continued to struggle 

with their reasoning throughout the eight-week intervention. Bart often became confused as 

he tried to explain what he had done, even when he had answered correctly. One example 
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from each of these students is provided. When required to solve 3 +  = 10, Martin used the 

20F to successfully identify 7 as the answer by drawing 3 dots then counting the remaining 

squares. When providing his reasoning he said, “I counted to 3 then 10 more. Then I counted 

backwards to 1 or 2.” Warner correctly solved 9 +  = 13 mentally, providing his answer as 

4. In his reasoning he explained, “10 plus 4 is 14. Before 10 is 9. And after 13 is 14.” 

However, when asked to provide more detail, he was unable to. Bart was able to successfully 

solve 14 – 5 mentally, and gave the correct answer as 9. However, in his reasoning he stated, 

“So I did in my head - 15. Then under 15 is 14. So that would be 1 under 10 is 9. Although 

Martin, Warner and Bart’s ability to reason did improve over the course of the eight weeks 

through the use of questioning by the researcher, they still continued to find it difficult to 

explain exactly what they did and why they did it. The progress that was made is attributed to 

the questioning prompts that enabled them to develop their ability to reason (Mata-Pereira & 

da Ponte, 2017). 

A positive result from the intervention was the influence that the partners had on each 

other when providing reasoning. This result supports the ideas of Buchholz (2016) who 

suggests that the discussion about the efficiency of the strategy is more important than the 

answer itself. The process used in the intervention proved to be effective in guiding the 

students towards adopting more efficient strategies. Although the intention of the research 

was to identify the ways in which the Year 1 students articulate their reasoning, the results 

showed that having students provide reasoning positively affected the reasoning development 

of their peers (Dole et al., 2018). With carefully planned teaching experiences, teachers can 

use this method to encourage their students to trial different strategies (Chesney, 2013). 

Examples of how reasoning improved the learning will now be discussed. 

Including reasoning as the final step in the task cycle places high importance on the 

strategy itself (Buchholz, 2016). This was evident in this research. Warner changed his 
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strategy a few times through the intervention to reflect the strategy that his partner, Reagan 

had used. For example, at the beginning of the eight-week intervention Warner used the 20F 

by writing the numbers in each square. Reagan told him that he should use dots instead, to 

speed up the process, which he began to do. Further into the intervention Reagan changed her 

process to simply draw a line across the first row of the 20F to represent the 10. When the 

researcher provided feedback about the time that it saved, Warner began using the same 

process. Osmond also had an effect on Bart’s strategy.  

From the beginning of the intervention Osmond was demonstrating the Using a 

known fact as a mental strategy e.g. when required to calculate 11 – 3, Osmond explained that 

he knew that 11 – 4 was 7, so 11 – 3 equalled 8. This is in agreement with MacLellan (2001), 

who suggests that the quick retrieval of known facts will assist with the execution of a mental 

computation. The feedback provided by the researcher indicated the efficiency of that 

strategy, which set a challenge for Bart. From the beginning of the intervention Bart 

explained that he wanted to use the strategy, but was confused by it. The research design 

restricted the inclusion of tuition, so Bart received no teaching on how to use a known fact to 

mentally calculate an unknown fact. He did continue to listen closely to Osmond as he 

provided reasoning on this strategy, and asked questions when he needed to. In Phase 3 Bart 

was required to calculate 9 + 8 and he successfully used his knowledge that 9 + 9 = 18 to 

mentally solve the equation. From that point on Bart continued to use this strategy whenever 

he could. The inclusion of reasoning in the design of the intervention provided the 

engagement that supported Bart in becoming more successful in his learning (Bragg & 

Herbert, 2017). Teachers could establish processes within their curriculum whereby they are 

able to closely observe and monitor small groups of students as they complete a computation 

task and provide their reasoning (Chesney, 2013). 
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Role of Manipulatives 

An interesting result of this research is the journey that the students took when 

moving from requiring a manipulative to solve a computation to being able to solve it 

mentally. This journey reflects the CRA framework were students first build a representation 

of a mathematical idea using concrete manipulatives. As they become fluent, they move to 

using pictorial representations. Both these stages continue to build understanding until finally 

the student can use abstract representations in the form of symbols and numbers (Hurrell, 

2018).   

The intervention was designed to enable the students to move through the CRA 

stages. To do this, students were given the choice of how they would do the computation and 

which manipulatives, if any, they would use. The students were made aware that, although 

the goal was to do the computation “in their head”, accuracy was critical and that it was also 

important, for fluency development, to complete the calculation. The content of the activity 

tasks that each pair was given was explicitly chosen to be slightly above their current level of 

ability to encourage the use of manipulatives at the beginning of their journey. Moreover, to 

ensure successful progression forward, the content was not too difficult. The results showed 

that generally students did move through these stages. However, the progress was not linear 

and sequential. Students continued to move forwards and backwards through the stages as 

they slowly moved from concrete to representational and finally mental modes of thought. 

Analysis of the results shows that the students never chose to use the counters, ENL, 

100 board or the whiteboard. These manipulatives were in close proximity to each student 

throughout the entire eight-week intervention, and they were regularly reminded that they 

could choose any of the manipulatives. Pair A, who had been identified as below average in 

their computational fluency in Prep, relied heavily on the use of their fingers to perform the 
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computations. Diana was proficient in the use of this manipulative and was able to get the 

desired results. She had even named her strategy as “Head and fingers”, and would proudly 

demonstrate this. Martin was able to use his fingers with some accuracy when working with 

the Rainbow facts, but sometimes became confused when dealing with numbers greater than 

10. This supports research that identifies that the use of fingers can be ineffective (Chesney, 

2013), especially when beginning the counting at the incorrect place. Martin experienced this 

problem throughout the eight-week intervention. 

This is in contrast with Osmond in Pair C, who rarely used his fingers as a 

manipulative. In Prep, Osmond was identified as being above average in his computational 

fluency. He was proud of his mental strategies and worked at developing them. There were 

two instances during the intervention where Osmond found the task difficult and tried to hide 

the fact that he was doing the computation using his fingers. Although it had been made clear 

that they were allowed to use their fingers, Osmond had developed the perception that the use 

of fingers was a low-level strategy and did not want the researcher to know that he was using 

them. Osmond did not show the same reluctance to use the NL, which he frequently used to 

assist with the computations. 

Using manipulatives reduces the cognitive load on students (Larbi & Mavis, 2016). 

This was evident with Pair A, Diana and Martin, who used their fingers as their preferred 

manipulative to complete missing addends with bonds to 10. By the end of Stage 1 they 

would hold up both hands with 10 displayed, put down the number of fingers identified in the 

first addend, then subitise the remaining fingers. For example, when asked to solve 8 +  = 

10, they would put out both hands, put 8 fingers down (without counting them) and say “2.” 

Using this strategy, they effectively committed the Rainbow facts to memory.  
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NLs were incorporated into the design of the intervention to provide students with a 

visual representation of the order and magnitude of numbers (Woods et al., 2018). The use of 

the NL raises a few interesting points. Analysis of the results show that the NL was the only 

manipulative that led directly to the development of mental computation strategies, deeming 

it an effective manipulative for teachers to use (Woods et al., 2018). Neither Diana nor 

Martin (Pair A) chose to use the NL at any time during the intervention. They also did not 

successfully develop mental computation strategies. Although they did successfully 

memorise the facts as recalled facts, their use of a mental computation strategy was limited. 

Pairs B and C all chose to use the NL more often than any of the other manipulatives. Within 

each of these pairs one student initiated the use of the NL, and after receiving positive 

feedback from the researcher about the strategy, the other began using it also. Reagan (Pair 

B) initiated the use of the NL. Both students in Pair B were a little tentative when first using 

the NL; however, as they became successful and recognised the efficiency of the 

manipulative, they began to use it more often. Osmond (Pair C) was the first to use the NL, 

with Bart following soon after. These four students built their efficiency using the NL, which 

may have led to them being able to replicate the process in a mental capacity. 

The use of the NL assisted Osmond with the development of bridging during his 

counting strategy. Phase 1 for Pair C involved subtraction from teen numbers that bridged the 

10. The term bridge, bridged or bridging was not used during the intervention, however 

Osmond did begin to use the strategy in Phase 1. This first occurred when he was calculating 

11 – 5. Using the NL Osmond was observed placing the marker on 11 and making one jump 

backwards to 10. He then made one more jump from 10 to six. In his reasoning he said, “I 

started at 11. I counted 1. Then I did one whole big jump over four numbers.” Osmond had 

partitioned five into one and four, using only two jumps to complete the computation. The 

following day Osmond pulled the same card (11 – 5) and reverted back to his usual practice 
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of jumping backwards in ones. Shortly after this Osmond began consistently using bridging 

as a mental strategy.  When asked to provide reasoning on how he calculated 17 – 8 as nine 

he said, “17 takeaway seven equals 10, so 17 takeaway eight is nine.” Osmond had begun 

partitioning the subtrahend so that he would initially jump to the 10, then make a second 

jump to complete the computation. By initially using the NL, he was able to visualise how 

using the 10 as a marker enabled him to complete the jumps quickly. Using the NL allowed 

Osmond to begin viewing number relationships in a different way (Johnson et al., 2020). 

It is interesting to note that the pair with below average computational fluency did not 

choose to use the NL, the pair with average computational fluency relied heavily on the NL 

and the pair with above average computational fluency, when unable to use a mental strategy, 

more often chose to use the NL. A hypothesis for why Pair A did not use the NL is provided 

below. 

It is difficult to say definitively why Pair A did not use the NL. There are at least three 

possible reasons: (i) both students had developed a successful strategy with their fingers so 

they continued to use this; (ii) their cognitive development required that they use a concrete 

representation of a mathematical concept; or (iii) they continued to mimic the strategy used 

by each other, preventing them from experimenting further. Throughout the research, Pair A 

were only required to work with numbers less than 10. Having 10 fingers made it convenient 

to complete the tasks. The focus on the activities was to get the answer right, and they were 

able to get 90% of the tasks correct using their fingers, so their success at using their fingers 

possibly encouraged them to continue with this mode. There is also the possibility that both 

these students had not developed cognitively to be able to fully understand the 

representations of numbers on a number line. Both students may have required Enactive 

representation, as noted by Bruner (1966) or Concrete representation as noted by Flores, 

(2010) to complete the additive strategy. The third possible reason is that they validated each 
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other in the use of fingers. Evidence from the results show that the reasoning sessions 

positively affected the development of the mental computation strategies, so it is possible that 

in this case it adversely prevented either of them from trialling the use of the NL. 

Intervention process 

The design of the intervention provided a way that students could explore new 

mathematical concepts through the use of a game, while the inclusion of reasoning after each 

task provided the validation needed to build new understandings (Bragg & Herbert, 2017). 

The process used in the intervention revealed many positive results. These are discussed 

below. 

The intervention process used in this research showed that the use of a simple game, 

played by two students, for three 10 minutes sessions each week, can develop automaticity in 

an educational and enjoyable way. Many teachers are reluctant to provide the rote-learning 

that can support students to develop fluency of the basic facts, as students do not find such an 

approach engaging (Main and O’Rourke, 2011). As an alternative approach, research 

identifies that the use of games can have a positive effect on the development of basic facts 

(Main and O’Rourke, 2011; Russo, 2016). This was especially so for Diana and Martin, who 

successfully built mastery of recalling their Rainbow facts, significantly reducing the 

cognitive load that they had experienced at the beginning of the intervention (Russo, 2015). 

The strategies that they developed may be extended to develop more complex mental 

computation strategies in later years (Heirdsfield, 2002). For example, as both Diana and 

Martin had built recall of the Rainbow facts during the intervention, in later years they may 

use this skill to solve 20 +  = 100 or 700 +  = 1 000. With guidance, students will not 

only develop recall of the basic facts, but will also develop a wide range of flexible thinking 

strategies (Dole et al., 2018). 
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Students need to be given the opportunity to make decisions about which strategy 

they will use to solve a mental computation equation and to reflect on the effectiveness of 

that strategy (Bobis, 2007). There are skills which they need to begin developing in Year 1. 

By utilising a process similar to the one used in the intervention, teachers will be providing 

their students this opportunity. 

The range of number knowledge between the six students of this study was broad. In 

their study of 42 Year 1 students, Gervasoni, Parish & Hadden, (2012) claim “The range of 

whole number knowledge is extraordinary” (p. 311) supporting the observations in this 

research. The great diversity in ability levels increases the complexity of teaching and 

requires teachers to be proficient in assessing students’ knowledge and then designing a 

program that caters for their needs (Gervasoni et al., 2012). The intervention process, where 

students play games in small groups to build fluency of a skill, caters easily for the 

differentiation of a class and provides students with the curriculum they each need. 

Limitations 

The most significant limitation of the research is the small sample size. This research 

uses six students from the same class. Only using six students significantly limits the scope of 

mental computation strategies that might be identified by a broader selection of Year 1 

students. The fact that the students come from the same class also limits the scope as the 

particular teacher, either in a positive or negative way, has influenced the strategies that the 

children know or are encouraged to use. The students being in the one school that implements 

a computational fluency program, also influences the findings of the research. Despite these 

limitations, 10 mental computation strategies were identified. 

The research design did not include the investigation of how students had developed 

their strategies or who had influenced their development. It is recognised that the mental 
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computation strategies identified in the research would have been developed over a few years 

and that teachers (past and present), parents and the peers of the students will have influenced 

their development in some way. 

As noted in Chapter 3: Methodology, it was difficult to ascertain the exact mental 

computation strategy because the researcher had to rely on the student being able to 

accurately explain what they were thinking. In most cases, the researcher was able to achieve 

this by carefully observing the student’s behaviour and aligning it with their explanation. As 

the intervention progressed the students’ ability to reason improved and it became easier to 

determine what their mental strategy had been. However, this still remains a limitation in the 

methodology because it is impossible to know with absolute certainty what the students are 

thinking. 

The intervention was designed as a differentiated program, which meant that not all 

students were provided the opportunities to use the different manipulatives and develop the 

different strategies. Pair A’s program focused heavily on the Rainbow facts. This possibly 

encouraged them to continue to use their 10 fingers, instead of trialling the other 

manipulatives such as 20F or NL. Time restrictions placed by the research prohibited the 

extension of Pair A’s progress, but further investigation into the effect that the skill type 

placed on the choice of manipulative would be beneficial. 

Conclusion 

Mental Computation in Year 1 is a qualitative research with six Year 1 students. The 

research was initiated to investigate the types of mental computation strategies used by Year 

1 students for addition and subtraction. The research design included two instruments to 

collect data: task-based interviews used as pre and post-tests; and an intervention that 

involved three 10 minute game activities each week for eight weeks. This research makes 
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four contributions to the literature on mental computation: Firstly, Year 1 students do use 

mental computation strategies that include both counting and flexible strategies. Five 

different counting strategies for both addition and subtraction were found. Five flexible 

strategies that extended beyond the Year 1 curriculum were also found. The results of the 

research also found that the sharing of reasoning can have a positive effect on the 

development of mental computation. During the research there was evidence that articulating 

the strategy to a peer can lead to the development of the peer’s strategy. Another result of the 

research was the identification that the type of manipulative used affects the development of 

mental computation. The results showed that the growth of mental computational fluency 

could be linked to the type of manipulative that students use during the early stages of using a 

particular strategy. Finally, the results of the research showed that the use of fast paced game 

activities can have the positive result of engaging students and developing their mental 

computation. 
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Teacher’s consent   
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Parent’s consent   
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Student’s consent   
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7 5 +  = 

7 

Teacher shows student a 

card that says   “5 +  

= 7”. Teacher reads the 

card and asks: What is 

the answer? 

 

Teacher shows the student a 

blank 20 frame and explains 

that there are 5 counters on 

the frame. I put some more on 

and now there are 7. How 

many extra did I put on? 

Students are 

provided counters 

to solve the 

equation. 

 

8 8 +  = 

11 

Teacher shows student a 

card that says   “8 +  

= 11”. Teacher reads the 

card and asks: What is 

the answer? 

 

Teacher shows the student a 

blank 20 frame and explains 

that there are 8 counters on 

the frame. I put some more on 

and now there are 11. How 

many extra did I put on? 

Students are 

provided counters 

to solve the 

equation. 

 

9 17 +  

= 20 

Teacher shows student a 

card that says   “17 +  

= 20”. Teacher reads the 

card and asks: What is 

the answer? 

 

Teacher shows the student a 

blank 20 frame and explains 

that there are 17 counters on 

the frame. I put some more on 

and now there are 20. How 

many extra did I put on? 

Students are 

provided counters 

to solve the 

equation. 

 

10 23+14 Teacher shows student a 

card that says   “23 + 14 

= ”. Teacher reads the 

card and asks: What is 

the answer? 

Teacher provides a one 

hundred board and an empty 

number line. The student is 

prompted to choose one of the 

visual aids to assist with the 

calculation. 

Students are 

provided paddle-

pop sticks (tens & 

ones) to solve the 

equation. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
















