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Abstract: Using the quantitative rescattering model, we simulate the correlated two-electron
momentum distributions for nonsequential double ionization of helium by 800 nm laser pulses
at intensities in the range of (2− 15)× 1014 W/cm2. The experimentally observed V-shaped
structure at high intensities [A. Rudenko et al., Phys. Rev. Lett. 99, 263003 (2007)] is attributed
to the strong forward scattering in laser-induced recollision excitation and the asymmetric
momentum distribution of electrons that are tunneling-ionized from the excited states. The
final-state electron repulsion also plays an important role in forming the V-shaped structure.
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1. Introduction

Nonsequential double ionization (NSDI) has remained one of the high-interest topics in strong-
field physics, even though it has been extensively studied both experimentally and theoretically
for more than three decades (for a review, see [1]). The main attractiveness of NSDI stems
from the fact that this phenomenon represents a uniquely clean example of electron-electron
correlation enforced by an external field. A large number of experiments, from measurements
of the total yield of doubly-charged ions versus the peak laser intensity [2–6], especially the
ellipticity dependence of the double-ionization yield [7–9], to differential measurements of the
recoil-ion momentum distributions [10–12] and the kinematically complete measurements of the
correlated two-electron momentum distribution (CMD) [13,14], provide strong evidence that the
rescattering mechanism is predominantly responsible for the NSDI process. The classical three-
step rescattering model [15] has been widely employed to interpret laser-induced rescattering
processes qualitatively. According to the three-step model, the electron in atoms or molecules is
first released near the peak of the laser electric field. When the latter field reverses its direction,
the electron has a chance to be driven back to the parent ion. In this rescattering picture, NSDI
can be attributed to inelastic scattering of the returning electron by the parent ion, including
recollision direct ionization (RDI) and recollision excitation with subsequent ionization (RESI)
[14].

The characteristics of NSDI depend remarkably strong on the laser intensity, as demonstrated
by the measurements on the recoil-ion momentum distributions that evolve from a single-peak
into a double-hump structure with increasing field strength [10], and the two-electron momentum
spectra that exhibit a transition from correlated to anti-correlated emission as the laser intensity
decreases to below the threshold intensity [16]. These novel characteristics reflect detailed
microscopic dynamical processes under the recollision mechanism. However, in the NSDI
experiments on helium with high resolution and good statistics, performed a decade ago by
Staudte et al. [17] and Rudenko et al. [18], respectively, the V-shaped structure observed in
the measured CMD at a peak intensity of 15 × 1014 W/cm2 bears a strong resemblance to the
fingerlike structure at the intensity of 4.5 × 1014 W/cm2. Nevertheless, theoretical investigations
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demonstrate that these similar structures observed at those two intensities are attributed to different
mechanisms. The prominent fingerlike structure observed at the relatively low intensity has been
intensively investigated by various theoretical models, including the semiclassical quasistatic
model [19], the quantitative rescattering (QRS) model [20], and ab initio calculations by solving
the time-dependent Schröinger equation (TDSE) [17]. All theoretical studies confirmed that
the fingerlike structure is a consequence of the Coulomb interaction between the two emitted
electrons.
In contrast, for the relatively high laser intensity, the V-shaped structure has been studied

much less. To our knowledge, the only existing theoretical investigation of NSDI of helium in
laser pulses with a wavelength of 800 nm at high intensity (∼ 15 × 1014 W/cm2) is based on the
classical three-dimensional ensemble model, in which it was argued that the V-shaped structure
originates from asymmetric energy sharing at the recollision process, whereas neither the nuclear
attraction nor the final-state electron repulsion plays an important role in forming the V-like
shape [21]. The lack of theoretical investigations on NSDI at high intensities might be due to the
high computational demand, especially when the focal-volume effect is taken into account in the
simulations even with a relatively simple numerical method.
In this paper, we present a systematic investigation of the intensity dependence of NSDI by

simulating the CMD for double ionization of helium exposed to 800 nm laser pulses at intensities
in the range from 2 to 15 × 1014 W/cm2 based on the QRS model. Our aim is to unveil the origin
of the V-shaped structure from a quantum-mechanical point of view and provide further insight
into the role of electron-electron and electron-laser interactions in NSDI.
Atomic units (a.u.) are used in this paper unless otherwise specified.

2. Theoretical model

We employ the QRS model, with focal-volume averaging included, to simulate the CMD for
NSDI of helium. The QRS model is based on the factorization formula for rescattering processes
originally developed for high-order above-threshold ionization (HATI) [22–24] and high-order
harmonic generation [22,25,26]. It was then applied to the description of NSDI including
predictions of the total yield of doubly-charged ions [27] and the CMD of rare-gas atoms [28,29].
Recently, the QRS model has been improved by taking into account the lowering of the threshold
due to the presence of an electric field at the time of recollision [30–32]. The details of the
numerical procedures for simulations of the CMD for NSDI of helium based on the improved
QRS model have been presented in Refs. [33–35]. Hence we only give a brief overview here.
The basic philosophy of the QRS model for NSDI is that the CMD can be expressed as a

product of the returning-electron wave packet (RWP) and the field-free differential cross section
(DCS) for electron impact ionization of the parent ion plus the DCS for electron impact excitation
of the parent ion multiplied by the tunneling ionization rate of electrons in the excited states.

2.1. Recollision excitation with subsequent ionization

According to the QRS model, for recollision excitation with subsequent ionization in NSDI of
atoms in a linearly polarized laser pulse with a peak intensity I and its electric field along the z
axis, the CMD for the momentum components p | |1 and p | |2 of the two outgoing electrons along the
laser polarization direction can be expressed as
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I (p
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| |
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where WI(Ei) is the RWP. The latter represents the probability of the electron returning with
energy Ei, while D exc
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2 ) are the parallel momentum distributions for the returning
electron after recollision and the electron tunneling-ionized from an excited state of the parent
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ion, respectively. Excitation can occur if the kinetic energy of the returning electron is higher
than the threshold excitation energy I exc

p . Therefore, in Eq. (1), an integral over Ei is performed
to account for the contributions from collisions at all possible incident energies.
The parallel momentum distributions D exc

Ei
(p | |1 ) for the returning electron after recollision

excitation are obtained by projecting the DCS for electron impact excitation of the parent ion
onto the polarization direction to which the parallel momentum k | |1 of the projectile electron
should be shifted, i.e.,

p | |1 = k | |1 − Ar, (2)

where Ar is the vector potential at the instant of recollision. In the QRS model, we take [34]

|Ar | = kr/1.26, (3)

where kr is the momentum of the returning electron, which is related to the incident electron
energy by kr =

√
2Ei.

For the laser-induced recollision process of He+ considered here, only the DCS for the singlet
spin channel should be used, since the two electrons involved in the process start in the singlet
ground state of He, and their singlet coupling is preserved [36] in a nonrelativistic treatment.
The DCS for electron impact excitation of He+ are calculated by using the state-of-the-art
multi-electron B-spline R-matrix (BSR) close-coupling theory [37,38] for incident energies below
100 eV and the distorted-wave Born approximation (DWBA) [39] for higher energies.

The parallel momentum distributions for tunneling ionization of electrons in the excited states
D tun

I (p
| |

2 ) are calculated by integrating the 2-dimensional (2D) momentum distributions for single
ionization over the momentum component perpendicular to the laser polarization. In the present
paper, the 2D momentum distributions for single ionization of He+ are evaluated by solving the
TDSE directly for laser intensities below 4.5 × 1014 W/cm2 [34,40]. For higher intensities, the
strong-field approximation (SFA) [41] is employed. The latter is appropriate for these cases and
requires much less computational effort.

The RWPs, which describe the momentum distribution of the returning electron, are evaluated
based on the improved SFA model for HATI [23]. We note that an analytical expression of the
RWP for HATI at the outermost backward rescattering caustic was recently derived based on the
adiabatic theory [24].

2.2. Recollision direct ionization

To simulate the CMD for recollision direct ionization, the singlet triple-differential cross sections
(TDCS) for laser-free (e, 2e) on He+ should be prepared. Here, an approximate three-body
scattering wave function that was derived analytically by Brauner, Briggs, and Klar (BBK) [42]
is employed to describe the entire system in the final state. The BBK wave function that satisfies
the asymptotic three-body Schrödinger equation exactly consists of a product of three Coulomb
(3C) wave functions, in which the repulsion between the two outgoing electrons is taken into
account. If the interaction between the two outgoing electrons is ignored, the BBK wave function
becomes a product of two Coulomb (2C) wave functions. Similar to recollision excitation with
subsequent ionization, by projecting the TDCS onto the polarization direction and shifting the
parallel momenta of the two outgoing electrons by −Ar, we obtain the CMD for recollision direct
ionization in a laser pulse with a peak intensity I as
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where D e2e
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2 ) is the CMD for the laser-induced recollision (e, 2e) process at incident energy
Ei (see [33] for details).
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3. Results and discussion

3.1. Total cross sections for electron impact excitation and ionization of He+

According to the rescattering model, the maximum kinetic energy that a returning electron
accumulates from the electric field is 3.17Up, where Up is the ponderomotive energy, which is
proportional to laser intensity. For the highest intensity of 15 × 1014 W/cm2 considered here, the
maximum kinetic energy of the returning electron is about 285 eV. Since both RDI and RESI
could be involved in NSDI, the total cross sections (TCS) as a function of incident energy for
laser-free (e, 2e) and electron impact excitation of the parent ion should provide an overview of
the intensity dependence of the NSDI processes. Therefore, in Fig. 1 we show the singlet TCS for
electron impact excitation and electron impact ionization of He+ in the ground state. For electron
impact excitation, only the singlet TCSs for excitation to the excited states of n = 2 and n = 3 are
evaluated, since the excitation to higher states can safely be neglected based on the n−3 scaling
law. In Figs. 1(a)–1(c), we present the singlet TCS for electron impact excitation of He+ from the
ground state to the excited states of n = 2 and n = 3 for each angular momentum l with specific
magnetic quantum number m, respectively. We use the short-hand notation 2p0 ≡ 2p (m=0) and
similarly for 2p1, 3p0, 3p1, 3d0, 3d1, and 3d2. As expected, excitations to 2p0 and 3p0 dominate
and exhibit similar energy dependencies, i.e., the TCS increase, reach a maximum around 60 eV,
and then decrease with increasing incident energy. For excitations to other excited states, all the
TCS (except for 3s at a few eV above threshold energy) decrease monotonously as the incident
energy increases. Interestingly, for excitations to 2p1, 3p1, 3d1 and 3d2, the TCS decrease so
slowly that they almost remain constant at energies above 70 eV.

Fig. 1. Singlet total cross sections for electron impact excitation and ionization of He+.
Results are shown for excitation of He+ from the ground state to the excited states of (a) 2s,
2p0, and 2p1, (b) 3s, 3p0, and 3p1, (c) 3d0, 3d1, and 3d2, and (d) n = 2 and n = 3. In panel
(d), the total cross sections for electron impact excitation to all excited states up to n = 3 and
electron impact ionization of He+ from the ground state are also displayed. For excitation, all
results were obtained with the BSR code. For ionization, BSR and BBK results are shown.

In Fig. 1(d), we show the TCS for excitations to n = 2 and n = 3, and also their sum. The cross
sections for n = 2 are about three times larger than those for n = 3 at impact energies above 100
eV, in good accordance with the n−3 scaling law. The singlet TCS for electron impact ionization
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of He+ obtained from the BSR theory and the BBK model are also displayed. It can be seen that
excitation dominates for impact energies below 150 eV, corresponding to the maximum energy of
the returning electron in an 800 nm laser field at a peak intensity of about 8 × 1014 W/cm2. At
higher energies, the cross sections for excitation and ionization become comparable.

3.2. Correlated momentum distributions without focal-volume averaging

As indicated in Eq. (1), the CMD for RESI consists of the parallel momentum distribution for
the returning electron after the collision, the parallel momentum distribution for the electron
ionized from an excited state of the parent ion, and the momentum (energy) distribution of the
returning electron before the collision. Each of the three ingredients plays an important role in
the simulations of the CMD.
The momentum (energy) distribution of the returning electron before the collision, i.e., the

RWP, is calculated within the framework of SFA by employing a hydrogenlike wave function to
describe the ground state of He with its depletion taken into account [30]. Calculations were
performed for a wide intensity range from 2.0 to 15 × 1014 W/cm2 with a step of 0.1 × 1014
W/cm2, using 25 fs pulses with cos2 envelope.

The parallel momentum distributions for the returning electron after recollision are obtained by
projecting the singlet DCS for laser-free electron impact excitation of He+ onto the polarization
direction with the parallel momentum shifted by −Ar. Figure 2 displays those parallel momentum
distributions for the active electron after recollision for selected excited states. The results shown
in Fig. 2 are for the situation in which the recolliding electron returns to the parent ion along the
−ẑ direction and the vector potential at the moment of recollision is negative (Ar < 0). As a result,
the smallest parallel momentum p | |1 corresponds to rescattering angle θr = 0◦. With the increase
of rescattering angle, p | |1 increases until it reaches its maximum value when θr = 180◦. One can
see that the momentum distribution probability for excitations to 2s and 3s first decrease rapidly
with increasing parallel momentum and then, due to strong backward scattering, increase again
dramatically as the momentum increases further for recollision energies below 100 eV. On the

Fig. 2. Parallel momentum distributions of the active electron after recolliding with the
He+ ion and exciting the residual ground-state electron to the excited states of (a) 2s, (b) 2p0,
(c) 2p1, (d) 3s, (e) 3p0, and (f) 3p1 at energies of 60, 100, 150, and 250 eV. The recolliding
electron returns along the −ẑ direction.
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other hand, for excitations to all other states, including the dominant 2p0 and 3p0 excitation, the
large momentum distributions at small momenta exhibit strong forward scattering at all incident
energies, except when the energies are very close to threshold.

The parallel momentum distribution for the electron tunneling ionized from an excited state of
He+ are obtained from TDSE and SFA for laser intensities below and above 4.5 × 1014 W/cm2,
respectively. In the SFA calculations, a decay factor is introduced in the transition amplitude to
account for the depletion of the initial state [31]. In the TDSE calculations, this depletion effect is
included from first principles. To verify the quality of the SFA model used for laser pulses at high
intensities, we show in Fig. 3 the comparison of the parallel momentum distributions from TDSE
and SFA for single ionization of He+ from some selected states by an 800 nm laser field at a peak
intensity of 4.5 × 1014 W/cm2 for the recollision process in which the laser-induced recolliding
electron returns to the origin along the −ẑ direction. The electric field used in the simulations is
given explicitly in [34]. It can be seen that the parallel momentum distributions obtained from
the SFA are generally narrower than those generated by solving the TDSE. Nevertheless, for
excitations to n = 2, especially for 2p0, the SFA results are close to those from the TDSE. Even
for excitations to n = 3, the main feature of the parallel momentum distributions predicted by
solving the TDSE can be well reproduced by the SFA model.

Fig. 3. Comparison of the parallel momentum distributions from TDSE and SFA for the
electron ionized from He+ in the excited states of (a) 2s, (b) 2p0, (c) 2p1, (d) 3s, (e) 3p0, and
(f) 3p1 by an 800 nm laser field with a peak intensity of 4.5 × 1014 W/cm2.

Since excitations to n = 2 dominate and the SFA results are expected to be in even better
agreement with those from the TDSE at higher intensities, it is reasonable to employ the SFA
model to simulate the parallel momentum distributions for the tunneling-ionized electron at
intensities above 4.5 × 1014 W/cm2. Figure 4 shows the SFA results for single ionization of He+
from the excited states 2s, 2p0, 2p1, 3s, 3p0, and 3p1 by an 800 nm laser field at peak intensities
of 6, 8, 10, and 15 × 1014 W/cm2, respectively. As expected, the momentum distributions spread
wider with increasing intensity, since the range of the momentum distribution is roughly within
[−A0,A0], where A0 is the maximum value of vector potential. In the meantime, the momentum
distributions exhibit higher asymmetry for excitations to n = 2 at higher intensities due to more
rapid ionization. For excitations to n = 3, highly asymmetric distributions are always predicted
owing to the smaller ionization potentials compared to the excited states of n = 2.
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Fig. 4. Parallel momentum distributions obtained with the SFA for the electron ionized
from He+ in the excited states of (a) 2s, (b) 2p0, (c) 2p1, (d) 3s, (e) 3p0, and (f) 3p1 by an
800 nm laser field with peak intensities of 6, 8, 10, and 15 × 1014 W/cm2.

With the well-prepared momentum distributions for the two outgoing electrons and the RWP
for the returning electron, it is straightforward to obtain the correlated two-electron momentum
distributions for RESI using Eq. (1). Figure 5 displays the CMD for RESI in which the second
electron is tunneling-ionized from He+ in the excited 2s, 2p0, 2p1, 3s, 3p0, and 3p1 states by
an 800 nm laser field with a peak intensity of 8.0 × 1014 W/cm2. It should be noted that the
contributions from collisions at all possible incident energies were taken into account. The CMD
presented in Fig. 5 imprints the pattern of the momentum distributions of both the returning
electron after recollision and the tunneling-ionized electron from excited states of the parent
ion. For example, the dense population in the region of small p | |1 and large p | |2 in Figs. 5(b)
and 5(e) reflects strong forward scattering of the projectile electron after the collision and fast
tunneling ionization of the electron from excited states. On the other hand, backward scattering
is competitive to forward scattering for excitation of 2s. As a result, two vertical stripes are
produced in Fig. 5(a).
The CMDs for RESI shown in Fig. 5 are only for the situation in which the laser-induced

electron returns to the parent ion along the −ẑ direction. For the long pulses considered here, the
laser-induced electron possesses the same probability for returning to the parent ion along the +ẑ
direction. Furthermore, since the two outgoing electrons are indistinguishable, the full-space
CMD for RSEI should be symmetric with respect to both diagonals p | |1 = ±p | |2 . Figure 6 depicts
the full-space CMD for RESI upon symmetrization of the CMD displayed in Fig. 5. Even though
the CMD pattern for different excited states changes like a kaleidoscope, the distributions for
excitation-tunneling from 2p0 and 2p1 dominate and exhibit a V-shaped structure.

By summing over all distributions corresponding to the situation in which the initially released
electron promotes the second electron in the ground state of He+ to all possible excited states
of n = 2 and n = 3, each of which is specified with angular momentum and magnetic quantum
number, we obtain the CMD for RESI of helium in 800 nm laser fields at peak intensities in
the range from the threshold intensity to 15.0 × 1014 W/cm2. The results for some selected
intensities are shown in Figs. 7(a)–7(d). One can clearly see that the momentum distributions are
not symmetric with respect to the coordinate axes for all the cases considered here. The first
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Fig. 5. Correlated two-electron parallel momentum distributions for excitation-tunneling
from (a) 2s, (b) 2p0, (c) 2p1, (d) 3s, (e) 3p0, and (f) 3p1 in an 800 nm laser field with a peak
intensity of 8.0 × 1014 W/cm2. The recolliding electron returns along the −ẑ direction.

Fig. 6. Symmetrized full-space correlated two-electron parallel momentum distributions
for excitation-tunneling from the excited states of (a) 2s, (b) 2p0, (c) 2p1, (d) 3s, (e) 3p0, and
(f) 3p1 in an 800 nm laser field with a peak intensity of 8.0 × 1014 W/cm2.



Research Article Vol. 28, No. 5 / 2 March 2020 / Optics Express 6498

and third quadrants accommodate more electrons, and an overall V-shaped structure appears at
intensities above 6.0 × 1014 W/cm2.

Fig. 7. Normalized correlated two-electron momentum distributions for NSDI of helium
in 800 nm laser fields with peak intensities of 6.0, 8.0, 10.0, and 15.0 × 1014 W/cm2,
respectively. (a)-(d): RESI from all possible excited states of n = 2 and n = 3, (e)-(h): RDI
from 2C, (i)-(l): RDI from 3C, (m)-(p) RESI and RDI from 2C, (q)-(t): RESI and RDI from
3C.

The asymmetry of the momentum distributions results from fast tunneling-ionization of
electrons from excited states. It has been shown that all the excited He+ ions are ionized within
half an optical cycle in the subsequent strong laser fields at intensities above 3.0 × 1014 W/cm2

[34]. Since electrons are ionized faster at higher intensities, the momentum distributions become
more asymmetric with respect to the coordinate axes as the intensity increases. Besides, the
distinct V-shaped structure in the first and third quadrants at high intensities is ascribed to strong
forward scattering of the returning electron after recollision.
As demonstrated in Fig. 2, forward scattering dominates in the process of electron impact

excitation to all excited states when the incident energy is higher than about 100 eV, which
corresponds to the maximum energy of the returning electron in an 800 nm laser field at a
peak intensity of 5.3 × 1014 W/cm2. In [21], Zhou et al. attribute the off-diagonal feature in
the correlated electron momentum distribution to asymmetric energy sharing between the two
outgoing electrons. This argument is, indeed, consistent with the present simulations. In addition,
Zhou et al. [21] pointed out that the nuclear attraction does not contribute to the V-like shape,
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which is different from that at the relatively low laser intensity. Again, this point is confirmed
by our numerical calculations based on quantum collision theory. When the distorted wave is
replaced by a plane wave for the scattering electron, these calculations reveal that strong forward
scattering remains and becomes even more pronounced for incident energies above 100 eV.
However, it is still too early to draw a definite conclusion about the origin of the V-shaped

structure observed in experiment at a relatively high intensity [18] without considering the
contribution from RDI. As stated in the previous section, in the present work, the CMDs for
recollision (e, 2e) are simulated by employing the 2C and 3C models, respectively. Since the
BBK model does not reproduce the correct absolute TCS (c.f. Fig. 1), the TDCS obtained from
both the 2C and 3C models at each incident energy are renormalized according to the TCS from
the BSR theory. The CMDs obtained from the 2C and 3C models are displayed in Figs. 7(e)–7(h)
and 7(i)–7(l), respectively. The main patterns of the CMD from both 2C and 3C models almost
remain the same when changing the laser intensity. Without taking into account the repulsion
between the two outgoing electrons, the 2C model predicts a maximum along the main diagonal.
On the contrary, the 3C model always reproduces a minimum in the same region.
Based on the numerical simulations at the quantum-mechanical level [17,20,33], it has been

confirmed that the electron-electron repulsion plays a decisive role in forming the finger-like
structure in the CMD for NSDI of helium at a relatively low intensity [17]. At high intensity, on
the other hand, the influence of the final-state electron repulsion on the V-shaped structure has
only been examined by Zhou et al. [21] using a classical three-dimensional ensemble model.
In [21], it is demonstrated that the V-shaped structure can also be reproduced in the numerical
simulations even when the final-state interaction Vee = 1/rb is replaced by a short-range potential
Vee = exp(−λrb)/rb, where λ = 5.0 and rb =

√
(r1 − r2)2 + b with b = 0.01. Based on this

observation, it was claimed that the V-shaped structure is not a consequence of the final-state
electron repulsion at high intensity [21]. We also note that the laser intensity chosen in the
classical simulations was 20×1014 W/cm2, which is much higher than that used in the experiment
[18]. In addition, when a short-range potential is used instead of the appropriate long-range
potential, the Coulomb repulsion between the two outgoing electrons is not turned off completely,
which is different from that in the 2C model used in the present work.

The main focus of the present work is to reexamine the role of the final-state electron repulsion
and unveil the origin of the V-shaped structure observed in experiment at a relatively high
intensity [18]. For this purpose, we display the entire CMD including both RDI and RSEI for
NSDI of helium in 800 nm laser fields at peak intensities from 6.0 to 15.0 × 1014 W/cm2 in the
fourth and fifth rows of Fig. 7, where the 2C and 3C models are employed in the simulations of the
CMD for RDI, respectively. It can be seen from Figs. 7(m) and 7(n) that, when the contributions
of RDI are added, the gap between the two ends of the “V" in the CMD of RESI at intensities
below 8.0 × 1014 W/cm2 in Figs. 7(a) and 7(b) is filled by the stripe perpendicular to the main
diagonal in the CMD of RDI produced by the 2C model. This is shown in Figs. 7(e) and 7(f),
in which the final-state electron repulsion is not taken into account. In contrast, the V-shaped
structure remains in Figs. 7(q) and 7(r) due to the fact that the CMD predicted by the 3C model,
in which the Coulomb interaction between the two outgoing electrons is retained, is off-diagonal.
For intensities higher than 10.0 × 1014 W/cm2, the NSDI of helium is dominated by RESI such
that the pattern of the entire CMD almost remains the same as that of RESI, no matter whether
the final-state electron interaction is retained or neglected in RDI. This is displayed in Figs. 7(o),
7(p), 7(s), and 7(t).

3.3. Focal-volume averaged correlated momentum distributions

So far, all discussions were based on simulated results without taking into account focal-volume
averaging. It has been well recognized, however, that the intensity distribution of a focused laser
beam is not uniform in space. Therefore, simulated results cannot be used to compare directly
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with experiment unless the focal-volume effect has been considered, especially for the situation
of high intensities considered here. In the present work, we use the same method to do the
focal-volume integral as that given in [33]. In the numerical calculations of the integration over
intensity, a step size of 0.1 × 1014 W/cm2 is used.
In Fig. 8 we show the focal-volume-averaged CMD including both recollision (e, 2e) and

excitation-tunneling for NSDI of helium in 800 nm laser fields at peak intensities from 4.0 to
15.0 × 1014 W/cm2. For each of the intensities considered here, the CMD in the top two rows is
quite different from that in the bottom two rows. Figures 8(a)–8(f) show that, without taking
into account the final-state electron repulsion, the V-shaped structure cannot be predicted. On
the contrary, as displayed in Figs. 8(g)–8(l), when the Coulomb interaction between the two
outgoing electrons is considered, the QRS model always successfully reproduces the V-shaped
structure at intensities above 6.0 × 1014 W/cm2. This clearly indicates that, similar to the case for
low intensities (∼ 4.0 × 1014 W/cm2), the final-state electron-electron interaction also plays an
important role in forming the characteristic structure in the CMD of NSDI, at least for helium,
at high intensities. Furthermore, as expected, the focal-volume effect is very important at high
intensities such that the principal patterns of the CMD exhibited in Fig. 8 for intensities above
10 × 1014 W/cm2 differ significantly from the corresponding ones shown in the forth and fifth
rows of Fig. 7. We note that the focal-volume effect was not taken into account by Zhou et al.
[21] in their numerical calculations.

3.4. Momentum distributions for doubly charged ions

Finally, by projecting the correlated two-electron momentum distribution onto the main diagonal,
we obtain the longitudinal momentum distribution of doubly-charged ions. The first differential
measurements for the helium double-ionization process were reported by Weber et al. [10] who
measured the momentum spectra of He2+ ions along the polarization direction of a laser field
with a wavelength of 800 nm and a pulse duration of 220 fs at peak intensities of 2.9, 3.8, and
6.6×1014 W/cm2, respectively. With increasing intensity, these spectra evolve from a single-peak
into a double-hump structure.
In [18], Rudenko et al. also showed the longitudinal momentum distribution of He2+ ions

measured in an 800 nm laser field with a pulse duration of 25 fs at an intensity of 15 × 1014
W/cm2. This distribution exhibits a more pronounced double-hump structure compared to the
measurements of Weber et al. [10]. Furthermore, de Jesus et al. [43] presented a comprehensive
experimental study on the ion-momentum distributions of He2+, Ne2+ and Ar2+ ions, in which
the parallel momentum distributions of the doubly-charged ions were measured for NSDI of He
in 23 fs and 795 nm laser pulses at peak intensities of 6.0, 7.0, 10.0, and 12.5 × 1014 W/cm2,
respectively.

In Fig. 9, we compare the present longitudinal He2+ momentum spectra with the measurements
as well as the existing theoretical results for some selected intensities above 6 × 1014 W/cm2.
It should be noted that although the pulse durations used in experiments are different, only 25
fs laser pulses are used in the present simulations for comparison with all the experimental
measurements, since it has recently been demonstrated that the relative counts of NSDI almost
do not depend on the pulse duration for 800 nm laser field with pulse durations longer than 25 fs
[32]. This direct comparison clearly demonstrates the quality and shortcoming of the theoretical
simulations. As expected, all the measured distributions extend up to the upper limits for the
kinematically favorable ion momenta of ±4

√
Up, and the double-hump structure is enhanced as

the intensity increases. To get the best overall agreement with experiment, a lower intensity had
to be used in the present simulations for each of the cases considered here. With the adjusted
intensities, overall good agreement with experiment has been achieved, and the trend of the
change in the spectra with intensity is also predicted well by the QRS model.
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Fig. 8. Normalized correlated two-electron momentum distributions including both
recollision (e, 2e) and excitation-tunneling for NSDI of helium in 800 nm laser fields with
peak intensities of 4.0, 6.0, 8.0, 10.0, 12.0, and 15.0 × 1014 W/cm2, respectively. The
calculations include the averaging over the focal volume of the laser. The momentum
distributions for recollision (e, 2e) in (a)-(f) and (g)-(l) were obtained from the 2C and 3C
models, respectively. In (i) and (l), the straight line p | |1 + p | |2 = 3.0 perpendicular to the main
diagonal indicates the peak position in the recoil-ion momentum distribution.

As demonstrated in Figs. 7 and 8, the double-hump structure is mainly created by the
recollision (e, 2e) process. The enhancement of the double-hump structure is due to the fact
that the relative contribution of RDI increases with increasing intensity. Despite the overall
agreement, discrepancies between the present model results and the experimental data remain.
For example, in Figs. 9(b) and 9(c), the double-hump predicted by the QRS model is located at
larger momenta compared to that observed in experiment. Furthermore, it is interesting to see
from Fig. 9(d) that at the higher peak intensity of 15 × 1014 W/cm2 the QRS model reproduces a
much deeper minimum at zero momentum, whereas the width of the distribution almost remains
the same as that at the lower intensity of 8.0 × 1014 W/cm2. This can be understood by tracing
back to the correlated two-electron momentum distributions. The straight line p | |1 + p | |2 = 3.0
drawn in Figs. 8(i) and 8(l) clearly indicates that both the position of the double-hump and the
width of the recoil-ion momentum distribution do not change significantly for intensities above
8.0 × 1014 W/cm2, although the CMD spreads wider with increasing intensity.
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Fig. 9. Recoil-ion parallel momentum distributions for NSDI of He in laser pulses with
peak intensities of (a) 6.6, (b) 7.0, (c) 10.0, and (d) 15 × 1014 W/cm2. The experimental
data are taken from Weber et al. [10], de Jesus et al. [43], and Rudenko et al. [18] (see text
for details). The arrows indicate the upper limits for the kinematically favored ion momenta
of ±4

√
Up. The dotted line and solid squares in panel (a) are the theoretical results of

Chen and Nam [44] and of Becker and Faisal [45], respectively. In the present calculations,
focal-volume averaging has been taken into account, and lower intensities were used than
those in the corresponding experiments for the best overall agreement.

On the other hand, using a semiclassical rescattering model and S-matrix theory, Chen and Nam
[44] as well as Becker and Faisal [45] also performed numerical calculations for the momentum
distributions of recoil ions from laser-induced nonsequential double ionization. Those results
for He2+ at the intensity of 6.6 × 1014 W/cm2 are displayed in Fig. 9(a). Both the semiclassical
model and the S-matrix theory predict a clear double-hump shape with a very deep minimum,
which is inconsistent with the experimental findings. In addition, the momentum distribution of
the semiclassical rescattering model is much wider than that of experiment. We note again that
the focal-volume effect was not considered in the simulations of Chen and Nam [44] or Becker
and Faisal [45].

4. Summary and conclusions

We have presented a systematic study of the intensity dependence of nonsequential double
ionization of helium by 800 nm laser pulses. The correlated two-electron momentum distributions
(CMD) were simulated by employing the quantitative rescattering model (QRS) for intensities in
the range of (2 − 15) × 1014 W/cm2. With the final-state electron repulsion taken into account,
the calculated CMD reproduce the experimentally observed V-shaped structure at a relatively
high intensity well. For intensities above 6.0 × 1014 W/cm2, strong forward scattering occurs
in laser-induced recollision excitation due to the high incident energy of the returning electron.
The momentum distributions of the tunneling electrons are highly asymmetric owing to fast
ionization from excited states. Both effects play a decisive role in forming the V-shaped structure
in the CMD for RESI. By adding the contributions from RDI, the V-shaped structure in the
CMD for the entire NSDI description only remains if the Coulomb interaction between the two
outgoing electron is retained in the simulations of the CMD for RDI. This clearly indicates that
the final-state electron repulsion cannot be neglected.
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Our calculations also reveal that inclusion of the focal-volume effect could dramatically change
the pattern of the simulated CMDs compared to those obtained without focal-volume averaging,
especially for high intensities. This implies that discussions of simulated results without taking
into account the focal-volume effect could be misleading. Finally, the good agreement between
the simulated recoil-ion momentum distributions and the experimental findings once again
confirms the quality of the QRS model.
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