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Abstract: Using the improved quantitative rescattering (QRS) model, we simulate the correlated
two-electron momentum distributions (CMD) for nonsequential double ionization (NSDI) of
Ar by near-single-cycle laser pulses with a wavelength of 750 nm at an intensity of 2.8× 1014

W/cm2. With the accurate cross sections obtained from fully quantum mechanical calculations
for both electron impact excitation and electron impact ionization of Ar+, we unambiguously
identify the contributions from recollision direct ionization (RDI) and recollision excitation with
subsequent ionization (RESI). Our analysis reveals that RESI constitutes the main contribution to
NSDI of Ar under the conditions considered here. The simulated results are directly compared
with experimental measurements [Bergues et al., Nature Commun. 3, 813 (2012)] in which each
NSDI event is tagged with the carrier-envelope phase (CEP). It is found that the overall pattern of
both the CEP-resolved and the CEP-averaged CMDs measured in experiment are well reproduced
by the QRS model, and the cross-shaped structure in the CEP-averaged CMD is attributed to the
strong forward scattering of the recolliding electron as well as the depletion effect in tunneling
ionization of the electron from an excited state of the parent ion.

© 2020 Optical Society of America under the terms of the OSA Open Access Publishing Agreement

1. Introduction

Over the past three decades, nonsequential double ionization (NSDI) has been the subject of
numerous experimental and theoretical studies (for a review, see [1]). The principal underlying
physical mechanisms leading to NSDI were initially revealed by the prominent “knee” structure
observed in pioneering experiments, in which the yield of doubly charged ions was measured
as a function of the laser intensity [2,3]. However, since many characteristic structures of that
particular process are smoothed out in the total yield of doubly charged ions, these measurements
could only give limited insight into the dynamics of laser-electron and electron-electron interaction
in NSDI. In contrast, the correlated two-electron momentum distributions (CMDs) provide
much more detailed information on NSDI. The first kinematically complete experiments were
performed, at the turn of this century, by Weber et al. who measured the CMD of NSDI for Ar
[4]. It was found that, generally, electrons are more likely to be emitted nearly parallel to each
other, such that the first and third quadrants of the CMD accommodate more electrons [4–7]. On
the other hand, when the laser intensity is close to or even slightly below threshold, so-called
“anti-correlation” has also been observed, where back-to-back emission dominates and hence the
two released electrons concentrate in the second and fourth quadrants [8].

The coincident electronmomentumdistributions shedmore light on themechanisms responsible
for NSDI, and they have attracted utmost attention by theorists. It is now widely accepted that
the correlated character of the electron emission in NSDI is a consequence of the rescattering
process [9,10]. In the rescattering picture, a first electron, liberated via tunnel ionization, is
accelerated by the laser field and driven back to the parent ion. Then the laser-induced electron
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may recollide with the parent ion, leading to a second electron being ionized through recollision
direct ionization (RDI) or recollision excitation with subsequent ionization (RESI). However,
in conventional experiments using multi-cycle laser pulses, multiple recollisions of the first
electron with the parent ion may significantly complicate the NSDI dynamics, thereby impeding
the understanding of the exact mechanisms responsible for the observed energy and momentum
sharing between the electrons generated in the process. In this sense, the ideal condition for
experiment is to confine NSDI to a single-cycle laser pulse.

The first CMDmeasurement for NSDI in the near-single-cycle limit was carried out by Bergues
et al. [11] who used carrier-envelope phase (CEP)-tagged near-single-cycle pulses, in which
the cross-shaped structure observed in the CEP-averaged CMD qualitatively differs from those
recorded in all previous experiments using many-cycle pulses. As a new milestone in the
experimental research of NSDI, such measurements yield direct and intuitive insight into the
dynamics, since the kinematically complete single-cycle NSDI experiments require a reduced
level of complexity for modeling.

The experimental findings of Bergues et al. [11] have been explored by a few theoretical studies
[11–15]. Together with the experimental data, Bergues et al. [11] also presented theoretical
simulations using a simple one-dimensional (1D) semiclassical model. By taking into account
only the lowest excited state of Ar+ and assuming a scattering angle β = 20◦ in RESI, the
semiclassical model reproduced the cross-shaped structure and ascribed the asymmetric energy
sharing to a depletion effect. In contrast, without resorting to depletion, the S-matrix calculations
revealed that the cross shape results from the excitation from a 3p to a 4s state [12]. However,
further experimental investigations demonstrated that the measured NSDI spectra of N2 and
Ar exposed to near-single-cycle laser pulses exhibit a striking resemblance [16], which implies
that the cross shape is not the result of the excitation from a 3p to a 4s state. Interestingly,
while the contribution of RDI is neglected in the 1D semiclassical simulations [11], ab initio
calculations with a three-dimensional (3D) classical ensemble model indicate that the RDI
significantly contributes to the cross-shaped structure [13]. It should be noted that, although the
1D semiclassical model captures the essential features of the data, electron correlations enter the
model incompletely via the ionic excitation and the scattering angle [11,14]. On the other hand,
in the 3D classical simulations of [13], two Coulomb softening parameters were introduced to
prevent autoionization and avoid a numerical singularity. Recently, Chen et al. [15] studied the
NSDI processes of Ar driven by a near-infrared near-single-cycle laser pulse by employing a 3D
semiclassical model without using a free parameter. This 3D model, indeed, has an advantage
over models that soften the Coulomb potential [13]. Similar to the analysis performed in [13], by
tracing the classical trajectories of NSDI, Chen et al. [15] also found that both RDI and RESI
significantly contribute. Nevertheless, comparisons of the model results with the observed data
presented in [15] showed that, at least for the CEP-averaged CMD, significant discrepancies exist
between theory and experiment.
Even though these classical calculations provide valuable insights into the mechanisms of

NSDI processes in near-single-cycle laser pulses, the exact underlying physics still remains
debatable. Therefore, it is desirable to employ a theoretical model in which the electron and the
target atom are described using quantum mechanics.
The quantitative rescattering (QRS) model for NSDI developed one decade ago [17,18] is a

full quantum theory based on the rescattering model. Recently, the QRS model was modified by
taking into account the lowering of the threshold energy due to the presence of an electric field
at the instant of recollision [19]. This improvement enables the QRS model to deal with NSDI
at intensities below threshold. With the improved QRS model, we revisited both the RDI and
RESI in NSDI of helium in 800-nm laser fields [20,21]. It was found that in the simulated CMD
for RESI, the fourfold symmetry with regard to the parallel momentum components is broken
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[21] and the final-state electron repulsion always plays an important role in RDI even at high
intensities [22].

In the present paper, we use the improved QRS model [20,21] to study the correlated electron
emission in NSDI of Ar by linearly polarized laser pulses with a wavelength of 750 nm and a
pulse duration (FWHM) of 4 fs. Our aim is to identify the contributions of RDI and RESI and
unveil the underlying mechanisms responsible for the observed cross-shaped structure from a
quantum-mechanical point of view.
Atomic units (a.u.) are used in this paper unless otherwise specified.

2. Theoretical model

While laser-induced rescattering processes can be qualitatively interpreted by the classical
rescattering model [9,10], the QRS model, based on the factorization formula in [23–26],
provides a quantitative description. The past decade has witnessed great success of the QRS
model in dealing with various laser-induced rescattering processes, including high-order above-
threshold ionization (HATI) [23,27], high-order harmonic generation [23,28], and NSDI [29].
The only difference between all these laser-induced rescattering processes lies in the type of
recollision between the returning electron and the parent ion. Before the recollision, they all
share the same process, i.e., a tunnel-ionized electron is driven back to the parent ion by the laser
field. In the QRS model, the momentum (energy) distribution of the laser-induced returning
electron is described by a returning-electron wave packet (RWP) that is expressed as [27]

W(kr) = D(p, θ)/
dσ el(kr, θr)

dΩr
, (1)

where D(p, θ) is the momentum distribution of HATI photoelectrons, due to elastic scattering
of the returning electron from the parent ion, with momentum of magnitude p at a detection
angle θ with respect to the polarization of the laser field, and dσ el(kr, θr)/dΩr is the differential
cross section (DCS) for laser-free e-Ar+ elastic scattering with a momentum of magnitude kr at
an angle θr with respect to the direction of the returning electron. The detected photoelectron
momentum p and the momentum kr of the scattered electron are related by

p = kr − Ar, (2)

where Ar is the instantaneous vector potential at the time of recollision. For high-energy returning
electrons that are important for NSDI processes, we use the relation [27]

kr = 1.26|Ar |. (3)

In Eq. (1), the elastic scattering DCS is calculated within the plane-wave first Born approximation,
and the momentum distribution D(p, θ) for high-energy photoelectrons is evaluated based on the
improved strong-field approximation (SFA) for HATI [27]. We note that an analytical expression
of the RWP for HATI at the outermost backward rescattering caustic was recently derived based
on the adiabatic theory for azimuthal quantum number m = 0 [24] and for arbitrary m [26].

According to the QRS model, the CMD of RESI for the momentum components p | |1 and p | |2 of
the two outgoing electrons along the laser polarization direction is expressed by

DRESI
Ei
(p | |1 , p

| |

2 ) = D exc
Ei
(p | |1 ) × D tun(p | |2 ) (4)

where D exc
Ei
(p | |1 ) and D tun(p | |2 ) are the parallel momentum distributions for the returning electron

with kinetic energy Ei after recollision and the electron tunneling-ionized from an excited state
of the parent ion, respectively.
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The parallel momentum distribution D exc
Ei
(p | |1 ) is obtained by projecting the DCS for electron

impact excitation of Ar+ onto the polarization direction to which the parallel momentum k | |1 of
the projectile electron is shifted by −Ar [21], i.e.,

p | |1 = k | |1 − Ar. (5)

The DCS for electron impact excitation of Ar+ is calculated by using the state-of-the-art multi-
electron B-spline R-matrix (BSR) close-coupling theory [30,31]. The parallel momentum
distribution D tun(p | |2 ) for tunneling ionization of an electron from an excited state is calculated
by integrating the two-dimensional (2D) momentum distribution for single ionization over
the momentum component perpendicular to the laser polarization. Here, the 2D momentum
distribution for single ionization of Ar+ is evaluated by solving the time dependent Schrödinger
equation (TDSE) [21,32].
Equation (4) only represents the CMD for RESI at a fixed incident (returning) electron

energy. For a given intensity, in principle, excitation can occur as long as the kinetic energy
of the returning electron is larger than the lowered threshold excitation energy. Therefore, the
contributions from collisions at all incident energies should be considered. Consequently, in
Eq. (4), an integral over Ei should be performed. This gives

DRESI(p | |1 , p
| |

2 ) =

∫ ∞

I exc
p

dEi DRESI
Ei
(p | |1 , p

| |

2 )W(Ei − ∆E exc), (6)

where I exc
p is the threshold energy for excitation, W(E) is the RWP with energy E = k2r /2, and

∆E exc is the downward shift of the threshold excitation energy due to the presence of an electric
field Fr at the instant of recollision. The latter is given by [33]

∆E exc = 2
√
|Fr |. (7)

The method used to determine Fr was presented in [20].
Similarly, the CMD for RDI can be obtained by projecting the triple-differential cross section

(TDCS) for electron impact ionization of the parent ion onto the polarization direction and
shifting the parallel momenta of the two outgoing electrons by −Ar:

D RDI(p | |1 , p
| |

2 ) =

∫ ∞

Ie2e
p

dEi D RDI
Ei
(p | |1 , p

| |

2 )W(Ei − ∆E e2e). (8)

Here Ie2e
p is the threshold energy for ionization, D RDI

Ei
(p | |1 , p

| |

2 ) is the CMD for the laser-induced
recollision (e, 2e) process at incident energy Ei, and ∆E e2e is the downward shift of the threshold
ionization energy given by [34]

∆E e2e = 2
√
2|Fr |. (9)

The TDCS for laser-free (e, 2e) on Ar+ is calculated based on the distorted-wave Born approxi-
mation (DWBA) [35,36]. Standard partial-wave expansions are made to evaluate the scattering
amplitude.

Correspondingly, to account for the lower threshold, Eq. (3) should be modified and rewritten
as

|Ar | =
√
2(Ei − ∆Ej)/1.26, (10)

where j stands for “exc” or “e2e”.
Details of the numerical procedures for simulations of the CMD for NSDI of atoms based on

the improved QRS model were presented in [20,21,37].
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3. Results and discussion

We aim to simulate the CMD for NSDI of Ar in 4 fs linearly polarized laser pulses at 750 nm [11].
The laser intensity used in the experiment was given as (3.0 ± 0.6) × 1014 W/cm2. According
to the rescattering model, the highest energy of the laser-induced returning electron is 3.17Up,
where Up is the ponderomotive energy. Therefore, under the experimental conditions considered
here, the maximum collision energy is around 50 eV, which indicates that both RESI and RDI
contribute to NSDI of Ar.

3.1. Correlated momentum distributions for RESI

We first simulate the CMD for RESI in NSDI of Ar. In the QRS model, the momentum
distributions for the two outgoing electrons in RESI are simulated separately.
To obtain the parallel momentum distributions D exc

Ei
(p | |1 ) in Eq. (4) for the returning electron

after recollision, we need to prepare the DCS for laser-free electron impact excitation of Ar+. In
Figs. 1(a)–1(c), we plot the DCSs, obtained with the BSR code, for electron impact excitation of
Ar+ from the ground state to the excited states of 3d, 4s, and 4p at incident energies of 20, 30,
40 and 50 eV, respectively. As expected, as the incident energy increases, forward scattering
becomes dominant. The complex structures in the angular dependence of the DCS at large angles
have little effect on the angle-integrated cross section. Figure 1(d) shows the TCSs for electron
impact excitation of Ar+ to the excited states of 3s3p6, 3d, 4s, and 4p. It can be seen from
Fig. 1(d) that excitation to 3d dominates due to the large overlap of the 3p and 3d orbitals. On the
other hand, the TCS for excitation to the lowest excited state 3s3p6 is more than ten times smaller
than that for 3d at collision energies higher than 20 eV. This is due to the fact that at high energies,
cross sections are proportional to the corresponding oscillator strengths. The f-value for the
3p5-3s3p6 transition is 0.01 (surprisingly small), whereas the sum of the f-values for transitions
to the 3p43d levels is 5.4. Figure 1(d) also displays the TCS for electron impact ionization of
Ar+ calculated by using the semiempirical formula of Lotz [38], which turned out to be in very
good agreement with the experimental findings [39]. The TCS for (e, 2e) demonstrates that
RDI does contribute to NSDI, but the contribution is not significant compared to that of RESI,
since both RDI and RESI share the same RWP. Since the DWBA model does not reproduce the
correct absolute TCS, the TDCS obtained from the DWBA model at each incident energy were
renormalized according to the TCS from Lotz formula.

By projecting the calculated DCSs for electron impact excitation of Ar+ onto the polarization
direction with the parallel momentum shifted by −Ar, we obtain the parallel momentum
distributions for the returning electron after recollision in NSDI of Ar by 750 nm and 4 fs laser
pulses at an intensity of 2.8 × 1014 W/cm2. In the present work, the linearly polarized electric
field F(t) of the laser pulse along the z axis is given by

F(t) = F0 cos2
( πt
τ

)
cos(ωt + φ)ẑ (11)

for the time interval (−τ/2, τ/2) and zero elsewhere. Here τ is the full duration of the laser pulse,
which is 2.75 times of the FWHM, ω is the carrier frequency, and φ is the CEP.

In Figs. 2(a)–2(c), we plot the parallel momentum distributions for the returning electron
after recolliding with the Ar+ ion and exciting the residual ground-state electron to the excited
states of 3d, 4s, and 4p at energies of 20, 30, 40, and 50 eV, respectively. The results shown in
Figs. 2(a)–2(c) are for the situation in which the CEP of the laser field is 65◦ and the laser-induced
electron returns to the parent ion along the −ẑ-direction. For this situation, the smallest and
largest parallel momenta correspond to rescattering angles of θr = 0◦ and 180◦, respectively. As
expected, the momentum distributions exhibit a very similar behavior as those of the DCSs.

Figures 2(d)–2(f) exhibit the parallel momentum distributions evaluated by solving the TDSE
for electrons tunneling-ionized from the excited 3d, 4s, and 4p states, respectively. The main
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Fig. 1. Differential cross section for electron impact excitation of Ar+ from the ground state
to the excited states 3d (a), 4s (b), and 4p (c) at incident energies of 20, 30, 40, and 50 eV,
respectively. In panel (d), the total cross sections for electron impact excitation of Ar+ to
the excited states of 3s3p6, 3d, 4s, and 4p and electron impact ionization of Ar+ from the
ground state are also displayed. For excitation, all results were obtained with the BSR code.
For ionization, the total cross sections were calculated by using the semiempirical formula
of Lotz.

characteristic feature of these distributions is their asymmetry. With respect to p | |2 = 0, (i) the
“right” and “left” distributions are not symmetric, (ii) each of the momentum distributions is not
symmetric either, and (iii) the asymmetry is more pronounced for higher excited states. As will
be explained below, the notations “right” and “left” used here refer to the situations in which the
laser-induced electron returns to the parent ion along −ẑ and +ẑ, respectively.
While the TDSE calculations do not provide much insight into the underlying physics, the

principal physics of tunneling ionization can be directly unveiled by the Ammosov-Delone-
Krainov (ADK) model [40]. For a better understanding, therefore, we show how to obtain the
parallel momentum distributions for the tunneling-ionized electron from the ADK rate. With the
depletion effect taken into account, the ionization rate can be expressed as

YADK(t) = W [|F(t)|] e−
∫ t
t0

W[ |F(t′) |]dt′ , (12)

where W [|F(t)|] is the modified ADK rate given by Eq. (2) in [41], and t0 is the time at which
tunneling ionization begins. It should be noted that the exponential term in Eq. (12) accounts for
depletion.

Figure 3(a) displays the ionization rate of Ar+ from 3d (m = 0) in a 750 nm, 4 fs laser pulse at
an intensity of 2.8 × 1014 W/cm2 with a CEP of 65◦. The solid black (broken red) curve shows
the ionization rate for tunneling that begins at recollision time t3 (t4) when the vector potential is
negative (positive), corresponding to the ionization time around t1 (t2) of the first electron that
returns to the parent ion along the −ẑ (+ẑ) direction. It can be seen that ionization starting at
an earlier time t3 continues for a longer time (more than half a cycle) with a larger ionization
rate compared to that begins at t4. In addition, due to the depletion effect, the ADK rates are not
symmetric with respect to the local field maxima.
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Fig. 2. Parallel momentum distributions for two outgoing electrons in NSDI of Ar by a
750 nm, 4 fs laser pulse at an intensity of 2.8 × 1014 W/cm2 with a CEP of 65◦. Results are
shown for the active electron after recolliding with the Ar+ ion and exciting the residual
ground-state electron to the excited states 3d (a), 4s (b), and 4p (c) at energies of 20, 30,
40, and 50 eV for the situation in which the laser-induced electron returns to the parent ion
along the −ẑ direction, and for the tunneling electron ionized from Ar+ in the excited states
3d (d), 4s (e), and 4p (f).

From the ionization rate, the parallel momentum distribution can be evaluated by

DADK(p | |2 ) = DADK[−A(t)] =
1
|E(t)|

YADK(t). (13)

In Figs. 3(b) and 3(c), we show the parallel momentum distributions obtained from the ADK
rates displayed in Fig. 3(a) and compare them with the corresponding ones from TDSE. In the
TDSE calculations for ionization of electron from an excited state of Ar+, only the part of laser
pulse after recollision time is used. Explicitly, as shown in Fig. 3(a), for φ = 65◦, the part of
electric field starting from t3 (t4) to the end of pulse is used in the TDSE calculations for the
“right” (“left”) parallel momentum distributions of tunneling-ionized electron. As indicated in
Fig. 3, here we use the labels “right” (“left”) for the situation in which the vector potential is
negative (positive) at the instant of recollision. This is due to the fact that, in the 2D momentum
spectra of HATI, the right (left) side with pz>0 (pz<0) accommodates high-energy photoelectrons
resulting from elastic scattering of the returning electron with the parent ion taking place at the
instant when the vector potential is negative (positive) [27]. While the range of the momentum
distribution obtained from the ADK model is within [−A0, A0], where A0 = 1.47 is the maximum
value of the vector potential for the case considered here, wider momentum distributions are
predicted when solving the TDSE. Nevertheless, similar to those obtained by solving the TDSE,
the momentum distributions of ADK are also asymmetric with respect to p | |2 = 0. It can be seen
from Fig. 3(a) that the asymmetry is due to depletion of the excited Ar+ population. Furthermore,
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Fig. 3. (a) ADK rate for ionization of Ar+ from 3d (m = 0) in a 750 nm, 4 fs laser pulse
at an intensity of 2.8 × 1014 W/cm2 with a CEP of 65◦. The electric field (green chain
curve) and the vector potential (blue dotted curve) of the laser field, both normalized to
unity, are also indicated. (b) Comparison of parallel momentum distributions corresponding
to the ADK rate with the TDSE results for the situation in which the laser-induced electron
returns to the parent ion along the −ẑ direction. (c) Same as (b), except that the laser-induced
electron returns to the parent ion along the +ẑ direction.

by integrating the momentum distributions over p | |2 , we found that the total ionization yields for
right and left sides are not the same. This is quite different from the situation in which a flat top
envelope is used in the simulations for long pulses [21,42].
Another ingredient to be evaluated in Eq. (6) is the RWP. Again, different from the situation

for long pulses in which the right and left RWPs are almost the same, for short pulses the right-
and left-side RWPs need to be calculated separately for each CEP. Figure 4 shows the right-
and left-side RWPs for single ionization of Ar in 750 nm, 4 fs laser pulses at an intensity of
2.8 × 1014 W/cm2 with CEPs of 5◦, 35◦, 65◦, 95◦, 125◦, and 155◦, respectively. For CEPs from
180◦ to 360◦, the left and right sides are simply interchanged. Clearly, the RWP exhibits a strong
dependence on the CEP, and the right-side RWP differs remarkably from the left-side one for all
the CEPs considered here. Each RWP decreases dramatically at low energies with increasing
energy, followed by a plateau in the high-energy region with some oscillations until a cut-off is
reached. Generally, the left-side RWP becomes weaker and extends to higher energy as the CEP
increases, while the trend reverses for the right-side RWP.
With the evaluated parallel momentum distributions for returning electron after recollision

and the tunneling electron ionized from an excited state, respectively, the CMD for RESI at a
given intensity and a fixed incident energy can be simulated by using Eq. (4). Figures 5(a) and
5(b) display the CMD for RESI of Ar in a 750 nm, 4 fs laser pulse at an intensity of 2.8 × 1014
W/cm2 with φ = 65◦ for the situations in which the tunneling electron is ionized from Ar+(3d)
and the laser-induced electron returns to the parent ion along the direction of −ẑ with energies
of 30 eV and 40 eV, respectively. In the CMD, the distribution along p | |1 directly reflects the
momentum distribution of the returning electron after recollision. The pattern of the momentum
distribution along p | |1 for a recollision energy of 30 eV in Fig. 5(a) differs significantly from
that for 40 eV in Fig. 5(b). In Fig. 5(a), the dense populations along p | |1 at both small and large
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Fig. 4. Returning electron wave packets for single ionization of Ar in 750 nm, 4 fs laser
pulses at an intensity of 2.8 × 1014 W/cm2 with a CEP of 5◦ (a), 35◦ (b) 65◦ (c), 95◦ (d),
125◦ (e), and 155◦ (f).

momenta indicate that backward scattering is comparable to forward scattering. As demonstrated
in Fig. 2(a), forward scattering becomes dominant as the incident energy increases to 40 eV. This
explains why the CMD in Fig. 5(b) exhibits a sharp distribution at small p | |1 . On the other hand,
the distribution along p | |2 in the CMD represents the momentum distribution of the tunneling
electron. As shown in Fig. 2(d), the right-side momentum distribution of the tunneling electron
ionized from Ar+(3d) is asymmetric with respect to p | |2 = 0 with a peak locating around p | |2 = 0.5.
As a result, the densest distribution along p | |2 in Figs. 5(a) and 5(b) appears around p | |2 = 0.5. The
CMDs shown in Figs. 5(d) and 5(e) can be understood in the same way as those in Figs. 5(a)
and 5(b), except that the laser-induced electron returns to the parent ion along the +ẑ direction.
Hence most NSDI events appear in the region of p | |1 <0, but forward scattering also corresponds
to the small absolute value of p | |1 .

Once the CMDs for all possible recollision energies have been calculated, the CMD for RESI at
a given intensity can be obtained by summing up the CMDs for each individual energy weighted
by the RWP, as expressed by Eq. (6). For the intensity of 2.8× 1014 W/cm2, the integrated CMDs
are displayed in Figs. 5(c) and 5(f) for the right and left sides, respectively. The patterns of the
right- and left-side CMD strongly depend on the RWP. As shown in Fig. 4(c), the right-side
RWP extends to higher energies with a magnitude a few times smaller than the left-side one for
energies above 20 eV. Since forward scattering is more pronounced at higher impact energy, in
the right-side CMD the correlated electron pairs cluster in the region where the momentum of
the returning electron after recollision is close to zero, while in the left-side CMD a considerable
number of NSDI events distribute far away from p | |1 = 0. This clearly indicates that the RWP plays
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Fig. 5. Correlated two-electron parallel momentum distributions for excitation-tunneling in
NSDI of Ar in a 750 nm, 4 fs laser pulse at an intensity of 2.8 × 1014 W/cm2 with a CEP of
65◦ for the tunneling electron ionized from Ar+(3d): (a,d) Right and left sides for Ei = 30
eV; (b,e) right and left sides for Ei = 40 eV; (c,f) right and left sides for all incident energies.

an important role in predicting the structure of CMD when the contributions from recollisions at
all possible incident energies are considered.
Due to the indistinguishability of the two outgoing electrons, the CMD for RESI should be

symmetric with respect to the main diagonal p | |1 = p | |2 . By symmetrizing the CMD for both right
and left sides, as displayed in Fig. 5, we obtain the full-space CMD for RESI. Figure 6 depicts the
full-space CMD for RESI of Ar in 750 nm, 4 fs laser pulses at an intensity of 2.8 × 1014 W/cm2

with six CEPs ranging from 5◦ to 155◦ in steps of 30◦. [A movie showing the CEP dependence
of the CMD in 3D space is also provided; see Visualization 1.] In Fig. 6, we have considered
excitation-tunneling from the excited states 3d, 4s and 4p of Ar+. As expected, and different from
the case of long pulses, the CEP-resolved CMDs for short pulses are asymmetric with respect
to the minor diagonal p | |1 = −p | |2 . Despite the strong dependence on the CEP, the CMDs for all
the CEPs exhibit a similar pattern in that one of the two outgoing electrons always prefers to
escape with a near-zero final momentum in the polarization direction, whereas the other one most
likely drifts out with a significantly nonzero final longitudinal momentum. This is due to the
strong forward scattering of the recolliding electron, as demonstrated in Fig. 5. This analysis is
consistent with the conclusion drawn from the 1D semiclassical model employed by Bergues et
al. in [11]. However, it should be noted that all scattering angles have been considered in the
present simulations, while only one selected scattering angle was involved in the 1D semiclassical
simulations [11]. In fact, to confine the final momentum of the recolliding electron to small
values around zero, Bergues et al. [11] introduced a free parameter β that denotes the angle
between the electron momentum just before and just after the recollision. They then set β = 20◦,
since neither the electron impact excitation cross sections nor the scattering angles were known.

https://doi.org/10.6084/m9.figshare.12560477
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Fig. 6. Normalized correlated two-electron parallel momentum distributions for excitation-
tunneling in NSDI of Ar in 750 nm, 4 fs laser pulses at an intensity of 2.8 × 1014 W/cm2

with a CEP of 5◦ (a), 35◦ (b), 65◦ (c), 95◦ (d), 125◦ (e), and 155◦ (f).

3.2. Comparison with experiment including both RESI and RDI

3.2.1. Ar2+ asymmetry

The asymmetry of the CEP-resolved CMD with respect to p | |1 = −p | |2 can be represented by the
parameter A = (N+ − N−)/(N+ + N−), where N+ and N− are the number of double ionization
events above and below the minor diagonal, respectively. From the simulated CMD for RESI
we obtain the Ar2+ asymmetry as a function of the CEP, which is compared with experiment in
Fig. 7. By choosing an intensity of 2.8 × 1014 W/cm2, the amplitude of the simulated asymmetry
curve exactly matches the measured Ar2+ asymmetry, while the phase of the predicted Ar2+
asymmetry deviates from experiment by a shift of 55◦. Actually, the experimental CEP is only
measured up to an unknown offset. In the experiment, Bergues et al. [11] used the theoretical Ar+
asymmetry as a reference to set the value of the offset such that the maximum of the measured
Ar+ asymmetry curve coincided with the maximum of the calculated one. With the absolute
values of the CEP determined in this way, the phase of the asymmetry for Ar2+ calculated by
using the 1D semiclassical model, however, exhibits a discrepancy of 40◦ with respect to the
measured one [11]. This discrepancy of about 40◦ seems to persist when varying the intensity
[43]. In addition, as shown in Fig. 7, with a 3D classical ensemble model the phase of the
calculated Ar+ asymmetry of Huang et al. [13] is also different from experiment by about 35◦.
It should be noted that the simulated results of Huang et al. [13] consist of the contributions

from both RESI and RDI. It was claimed that the two mechanisms of RDI and RESI make
comparable contributions to NSDI for all CEPs [13]. Generally, in classical simulations, the
two main double-ionization energy-transfer pathways are identified by using the time difference
tdiff between the recollision time and the double ionization time. Although tdiff is a positive but
arbitrary parameter, it has now been widely accepted that the NSDI events with a time difference
less than about 0.1T , where T is the optical period, are counted as RDI [13,15,42,44]. By
choosing tdiff = 0.1T , the 3D classical simulations of Chen et al. [15] also revealed that, for the
laser parameters used in [11], the number of RDI events is about three times larger than that of
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Fig. 7. Comparison of the experimental and calculated asymmetries as a function of the
CEP for Ar2+. The experimental data (crosses) are taken from Bergues et al. [11]. The
calculated results of 3D classical ensemble model (broken curve) by Huang et al. [13] are
shifted by 35◦, and the simulated results of present QRS model are shifted by 55◦ and 45◦
for RESI (solid curve) and RESI+RDI (chain curve), respectively.

RESI, which is even larger than that predicted by Huang et al. [13]. However, a basic analysis
of the calculated TCSs for electron impact ionization and electron impact excitation of Ar+, as
shown in Fig. 1(d), clearly indicates that, under the conditions of the experiment performed by
Bergues et al. [11], in which the maximum energy of the returning electron is about 50 eV, RSDI
constitutes the main contribution to NSDI of Ar. The fact that the classical simulations always
predicted a larger number of RDI events for the cases considered here may indicate that this
classification method, while valid for long pulses, is no longer applicable for near-single-cycle
laser pulses. For long pulses, recollision often takes place at the time when electric field is close
to zero, whereas for short pulses the returning electron possesses more chances to recollide with
the parent ion at the instant near the peak of electric field, as demonstrated in Fig. 5 of [13].
Consequently, tunneling ionization could take a much shorter time, thereby leading to RESI with
tdiff<0.1T . As a result, the number of RDI events could have easily been overestimated in the
classical simulations [13,15].

We also performed calculations for the CMD of RDI. The Ar2+ asymmetry obtained from the
entire CMD for NSDI as a function of the CEP is plotted in Fig. 7. With the contribution of
RDI included, the Ar2+ asymmetry shrinks a little with respect to that of RESI and exhibits a
discrepancy of 45◦ compared to experiment.

3.2.2. Correlated momentum distributions

In Fig. 8 we show a direct comparison of the simulated CMDwith the corresponding experimental
measurements. Due to the discrepancy of 55◦ in the phase of the Ar2+ asymmetry between theory
and experiment, we choose the simulated CMD for φ = 275◦ to compare with the experimental
data for φ = 330◦. By comparing Figs. 8(a) and 8(d) with Figs. 8(c) and 8(f), respectively,
for both the selected CEP and the CEP-averaged CMD, the QRS model reproduces well the
overall pattern of the experimental findings, even though the RDI process has not been taken into
account. The main difference is that the computed CMD have more double ionization events
with both electron momenta being close to zero. To identify the contribution of RDI, we display
the CMD for the entire NSDI including both RESI and RDI in Figs. 8(b) and 8(e), respectively.
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Our results clearly demonstrate that, for the situations considered here, the contribution of RDI is
not significant compared to that of RESI. This is in striking contrast to the conclusions drawn in
[13,15]. In addition, while it was argued in [13] that RDI events contribute to the inner part of the
cross-shaped structure whereas RESI events are responsible for the outer part of the cross-shaped
structure, our simulations show that the RDI events are distributed in the first and third quadrants
far away from the center. These remarkable differences between the QRS model and the classical
model might indicate that in the classical simulations, (i) using the time interval between the final
double ionization and the recollision to define the RDI and RESI is sometimes unreasonable,
especially for the case of short pulses, and (ii) the selected sample trajectories do not necessarily
represent the general situation in which NSDI takes place.

Fig. 8. Comparison of the calculated correlated two-electron parallel momentum distribu-
tions with the experimental measurements. See text for details.

It should be noted that apart from RESI and RDI, NSDI could also take place through sequential
ionization of doubly excited states (SIDE) which are populated after the laser-induced recollision
[42,44,45]. Unfortunately, the present QRS model is still unable to predict the momentum
distributions for SIDE, although the mechanism can be interpreted qualitatively. However, a
recent theoretical study based on a semiclassical model showed that, while SIDE dominates
NSDI of Ar when the laser intensities are below the recollision threshold, the contribution of
SIDE to NSDI decreases rapidly as the intensity increases, and the ratio of SIDE/NSDI becomes
about 7% for the laser intensity considered here [42].
Interestingly, one can see that the CEP-averaged experimental CMD in Fig. 8(f) exhibits

two lines parallel to the main diagonal. This feature is entirely absent in the present simulated
momentum distributions and the existing classical simulations as well. We note that a similar,
even more pronounced “double-line” structure also exists in the measured CMD for NSDI of
helium in [6], where this “double-line” was attributed to the H+2 background from cold H2 in the
gas jet.
Finally, as also demonstrated in [15,22], for the relatively low laser intensity considered

here, the focal-volume effect could be safely neglected. At high intensities, on the other hand,
inclusion of the focal-volume effect might dramatically change the pattern of the simulated
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CMDs compared to those obtained without focal-volume averaging. In the present simulations,
therefore, the integral over the focal volume has not been performed.

4. Summary and conclusions

With differential cross sections for electron impact excitation of Ar+ calculated with the state-
of-the-art multi-electron B-spline R-matrix close-coupling theory, we simulated the correlated
two-electron momentum distributions (CMD) for NSDI of Ar by near-single-cycle 750 nm laser
pulses at an intensity of 2.8 × 1014 W/cm2 for CEPs ranging from 5◦ to 155◦ in steps of 30◦,
based on the improved quantitative rescattering (QRS) model. The overall pattern of both the
CEP-resolved and CEP-averaged CMDs measured in experiment are well reproduced by the QRS
model. In addition, by shifting the phase by about 45◦, the simulated asymmetries for the doubly
charged ion are in excellent agreement with experiment. Our results demonstrate that under the
experimental conditions considered here, the contributions of RDI can be safely neglected. This
contradicts the arguments made in [13,15] based on 3D classical and semiclassical simulations.
Our findings suggest that classical trajectory analysis might not be applicable for short pulses.
Our investigations also reveal that the cross-shaped structure is attributed to the strong forward
scattering of the returning electron, as well as the depletion effect in tunneling ionization. This is
in accord with the conclusions drawn by Bergues et al. [11] using a 1D semiclassical model.
However, it should be noted that, with the selected scattering angle and the selected lowest
excited state, the 1D semiclassical results cannot validate the assumptions of the model, since
the choice of the lower-lying excited states and their relative contributions remain ambiguous
without knowledge of the electron impact excitation cross sections. The present theoretical study
based on fully quantum-mechanical calculations should settle the existing controversial debate
on the mechanisms responsible for the cross-shaped structure observed experimentally.
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