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Abstract 9 

This paper has established a link between the spatial structure of radar rainfall, which 10 

more robustly describes the spatial structure, and gauge rainfall for improved daily rainfield 11 

simulation conditioned on the limited gauged data for regions with or without radar records. 12 

A two-dimensional anisotropic exponential function that has parameters of major and minor 13 

axes lengths, and direction, is used to describe the correlogram (spatial structure) of daily 14 

rainfall in the Gaussian domain. The link is a copula-based joint distribution of the radar-15 

derived correlogram parameters that uses the gauge-derived correlogram parameters and 16 

maximum daily temperature as covariates of the Box-Cox power exponential margins and 17 

Gumbel copula. While the gauge-derived, radar-derived and the copula-derived correlogram 18 

parameters reproduced the mean estimates similarly using leave-one-out cross-validation of 19 

ordinary kriging, the gauge-derived parameters yielded higher standard deviation (SD) of the 20 

Gaussian quantile which reflects uncertainty in over 90% of cases. However, the distribution 21 

of the SD generated by the radar-derived and the copula-derived parameters could not be 22 

distinguished. For the validation case, the percentage of cases of higher SD by the gauge-23 

derived parameter sets decreased to 81.2% and 86.6% for the non-calibration and the 24 

calibration periods, respectively. It has been observed that 1% reduction in the Gaussian 25 

quantile SD can cause over 39% reduction in the SD of the median rainfall estimate, actual 26 
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reduction being dependent on the distribution of rainfall of the day. Hence the main 27 

advantage of using the most correct radar correlogram parameters is to reduce the uncertainty 28 

associated with conditional simulations that rely on SD through kriging. 29 
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 31 

1. INTRODUCTION 32 

The Great Barrier Reef (GBR) off the coast of Queensland, Australia, covers an area 33 

of 344,400 km2 and is the largest coral reef system in the world. GBR has a significant 34 

economic importance to Australia as a major tourist attraction and efforts are being made to 35 

protect it from anthropogenic activities including agriculture and mining. One such effort 36 

includes modelling of the transport of sediments, nutrients and inhibiting herbicides from 37 

catchments to the reef system. A total area of 423,134 km2 consisting of 35 major basins 38 

drain coastal Queensland to the GBR (Waters et al., 2014). Hydrological studies of such large 39 

catchments involving the use of spatially distributed hydrological models require adequate 40 

daily rainfall data. In order to make use of the long records of over 100 years daily rainfall, 41 

conditional simulation using kriging to estimate the mean and standard deviation (SD) of the 42 

Gaussian quantile is required to generate daily rainfields at 1 km2 grid size over the 43 

catchments. Analysing radar images, Gyasi-Agyei and Pegram (2014) established that daily 44 

gauge network density should be better than one gauge per 16 km2 to review the full spatial 45 

structure. Therefore, the daily rain gauge network density worldwide is not adequate to 46 

capture the spatial structure of rainfall. This shortfall calls for innovative ways of realistic 47 

spatial and temporal interpolation of the limited gauged data over the grid or functional units 48 

used in the hydrological models.  49 
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Several spatial interpolation techniques prevail in the literature, including inverse 50 

weighted distance (Teegavarapu and Chandramouli, 2005), nearest neighbours (Isaaks and 51 

Srivastava, 1990), thin plate splines (e.g., Jeffrey et al, 2001), kriging (e.g., Ly et al., 2011; 52 

Cressie, 1993) and spatial copula (e.g., Bárdossy and Pegram, 2009). However all the 53 

interpolation techniques share a common feature of weighted averages of the sampled data, 54 

and the differences are basically how the weights are calculated. A recent review on the 55 

spatial interpolation methods in environmental science can be found in Li and Heap (2014). 56 

With regards to rainfall, copula and kriging based methods are the most popular. Despite 57 

some problems, such as ground clutter and conversion methods of radar reflectivity to rainfall 58 

intensity (Villarini and Krajewski, 2010), interest in the use of radar sourced rainfall in 59 

hydrological modelling is increasing. Quirmbach and Schultz (2002) are among the few 60 

researchers that have directly used radar rainfall in water resources. Wang et al. (2013) and 61 

Rabiei and Haberlandt (2015) used mean bias reduction and error variance minimisation to 62 

adjust the radar data on limited gauged data. Verworn and Haberlandt (2011) and Velasco-63 

Forero et al. (2009) used radar data in kriging with external drift. In the same vein, satellite-64 

based high-resolution rainfall products (e.g. CMORTH, Joyce et al., 2004; TMPA 3B42 and 65 

TMPA 3B42RT, Huffman et al. 2007; PERSIANN, Hsu et al., 1997) are being looked into 66 

for regions without ground-based radar, despite problems associated with atmospheric effects 67 

and gaps in revisit times among others (e.g., Bitew and Gebremichael, 2011). 68 

This paper further develops the work by Gyasi-Agyei and Pegram (2014) and Gyasi-69 

Agyei (2016) on the use of rainfall radar to understand the spatial structure for possible 70 

transfer of information from radar regions, and time spans, to areas and time spans without 71 

radar records for maximum benefit in terms of uncertainty. In Gyasi-Agyei and Pegram 72 

(2014), daily accumulations of radar rainfall of a region within Free State, South Africa, were 73 

used to develop the spatial structure, and a weak link by way of a transition probability 74 
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matrix was established between the Gauge Wetness Ratio (GWR) and Radar Wetted Area 75 

Ratio (RWAR). GWR and RWAR are defined as the ratio of gauges/pixels that equalled or 76 

exceeded 2 mm rainfall and the total number of gauges/pixels, respectively. Application of 77 

the methodology to Queensland, Australia, data set required major structural changes as 78 

outlined in the ensuing sections. Of particular significance are the: 79 

 use of gauge correlogram parameters and maximum temperature as covariates for the 80 

radar correlogram parameters through a generalised additive model; 81 

 use of zero inflated standard distributions for the daily rainfall amounts; 82 

 establishment of a copula-based joint distribution of the correlogram axes lengths; 83 

 introduction of a new harmonic distribution for the correlogram direction parameter; and 84 

 validation of the model for different catchments and time spans. 85 

Gyasi-Agyei (2016) examined the effect of the locally varying anisotropy exhibited by radar 86 

rainfall within the same square region used in this paper. It was concluded that locally 87 

varying anisotropy did not significantly improve the estimates, and hence the use of the 88 

global anisotropy suffices.  89 

The next section presents the data sets and processing used in this paper followed by 90 

the two-dimensional (2D) spatial correlogram development. What follows is the detailed 91 

analysis and modelling of the dependence structure (marginal and joint distributions) of the 92 

correlogram parameters. Application of the model to a test catchment and time span for 93 

validation is then presented before the concluding summary points. All analyses were done 94 

with R (R Core Team, 2015) statistical software. 95 

 96 
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2. STUDY AREA AND DATA PROCESSING 97 

The study area includes the Brisbane river catchment (13,533 km2), and a square 98 

region (128 km x 128 km) within the range of the Mt. Stapylton weather radar station near 99 

Brisbane, Australia. As shown in Fig. 1, the two regions, which will be referred to as the 100 

catchment and the square region, have an intersection area of 4,982 km2. The square region 101 

was chosen primarily because of the high density of daily rain gauges nearest to the radar 102 

station. The weather radar of a Meteor 1500 S-band Doppler type with a range of 256 km is 103 

located at latitude 27.718° S and longitude 153.240° E. In order to conform to the spatial unit 104 

of the radar data of 1 km2 resolution, the latitude and longitude coordinate system of the daily 105 

rainfall gauged stations were converted to the Universal Transverse Mercator (UTM) easting 106 

and northing using the spTransform function of R package rgdal (Bivand et al., 2015) with 107 

the datum set to WGS84 for zone 56 (Fig. 1). This study area is located in a subtropical 108 

climate with an average temperature of 26.5oC, and an annual mean rainfall of about 990 mm 109 

with an average of 124 wet days per year. It experiences hot humid summers (December - 110 

February) and moderately dry winters (June - August), with torrential rain associated with 111 

thunderstorms being very common.  112 

It needs to be mentioned that the square region is the same as used in Gyasi-Agyei 113 

(2016). However, the period considered in this paper is from 2000-01-01 to 2015-06-30. 114 

There were 234 daily rainfall gauges located in the square region (1 gauge per 70 km2), 115 115 

within the catchment (1 gauge per 118 km2), and 238 within the 20 km buffer of the 116 

catchment (Fig. 1, dashed red line, 27,227 km2), for the period under investigation. Gauges 117 

outside the catchment boundary and within the buffer were included to minimise edge effects 118 

in the kriging process. Some of the gauging stations were closed and new ones opened during 119 

the study period. For each day, only the operational gauges were used as the days were 120 

considered independent. This caused the number of gauges to vary between 148 and 200 for 121 
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the square region, and between 67 and 100 within the catchment (130 to 196 including the 122 

buffer zone). Gyasi-Agyei (2013) found that the maximum daily temperature of the day has 123 

significant effects on the sub-daily rainfall characteristics, so it was considered as a covariate, 124 

notwithstanding that its correlation with the variables of interest was checked. Within the 125 

study area there were 19 temperature stations. For each day, the maximum daily temperature 126 

values of the operational stations were interpolated over the region by inverse weighted 127 

distance method and the average values within the catchment and the square region were used 128 

as representative. There were not enough temperature stations to develop a meaningful spatial 129 

structure required by kriging so inverse weighted distance method was considered 130 

appropriate. Also, compared with rainfall, temperature does not vary greatly with distance. 131 

All data were obtained from the Australian Bureau of Meteorology (BOM) 132 

(http://www.bom.gov.au/climate/data/), and the daily rainfall data having a resolution of 0.1 133 

mm was monitored over a 24-h period ending at 9 am. The data were split into two time 134 

periods, namely from 2000-01-01 to 2008-12-31 without radar records that were used for 135 

verification only, and from 2009-01-01 to 2015-06-30 with radar records for most days that 136 

were used to develop the model parameters. Quality checked reflectivity (Z) measurements 137 

received from the radar were classified into convective or stratiform rainfall. They were then 138 

converted into a rainfall intensity (R, mm/h) using a Z~R power-law relationship with 139 

different constants for the two different types of rainfall. One minute accumulation rainfall 140 

was derived from the rainfall rate accounting for rainfall movement. Observed rainfall data 141 

sets within the range of the radar were used to adjust the estimated radar rainfall at an hourly 142 

timescale 143 

(http://www.bom.gov.au/australia/radar/about/calculating_rainfall_accumulations.shtml). The 144 

6-min temporal resolution radar rainfall obtained from BOM were aggregated over the same 145 

sampling daily timescale.  146 
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Discontinuities in the data as result of the discretisation process used to sample and 147 

store rainfall data were eliminated before use. Following Gyasi-Agyei (2011, 2012a), the wet 148 

gauge values were made continuous by applying a random jitter (JT) sampled from a uniform 149 

distribution JT  U(-0.05, 0.05). For example, a recorded rainfall amount of 20.1 mm is made 150 

continuous by adding any of {-0.04883066, 0.04764925, -0.01932201, 0.02861681, etc} 151 

drawn from the uniform distribution. In the process duplicates in the data were removed 152 

making the whole data set continuous. Days where the number of wet gauges was greater 153 

than 5, 5% of the gauges recorded at least 1 mm rain, and the maximum wet gauge rain was 154 

at least 10 mm were selected for the analysis. Table 1 presents the summary characteristics of 155 

all the 918 wet days with radar records over the second time period. Collocated (radar data at 156 

gauged locations) data were also analysed. Clearly, the summary statistics are different for 157 

the 3 data sets. In Table 1 it is observed that the average wet gauge amount (the sum of all 158 

rainfall data divided by the number of wet gauges/pixels) and the wetted area ratio (number 159 

of gauges registering at or above 1mm rain / total number of operational gauges) values of the 160 

radar and collocated radar data were similar, in terms of their lower and upper limits, and also 161 

their mean. However, their maximum wet gauge amounts could be significantly different. 162 

Because of the normality assumption of ordinary kriging, quantile-quantile (Q-Q) 163 

transformation was applied to the daily rainfall data (r) to obtain normal scores (w) which 164 

follows the standard Gaussian distribution. This was achieved by first fitting one of the seven 165 

2-parameter distributions (Log-Logistic, Kappa, Generalised Pareto, Gumbel, Log-Normal, 166 

Weibull, and Gamma) to the wet gauge values on a given day. Log-Logistic, Kappa, and 167 

Generalised Pareto distributions were from the R package FAdist (Aucoin, 2015) and the rest 168 

were from the R package fitdistrplus (Delignette-Muller and Dutang, 2015). Based on the 169 

maximum p-value of the Anderson-Darling statistic, the best distribution for the wet day of 170 

interest was selected and used to generate the probability FR(r[sk]) from the rainfall amount 171 
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r[sk] at station k with coordinates sk (with components of x-easting and y-northing, Fig. 1) 172 

which was then adjusted to reflect the zero values before transformation to normal quantile 173 

w[sk] as: 174 

1
0 0

1
0

(1 ) , 0

[ ]exp , 0

R k k

k k
k

F r s p p r s
w s d sp r s

d

    (1) 175 

where FR is the selected cumulative distribution function, p0 is the dry probability defined as 176 

the number of dry gauges/pixels over the total number of gauges/pixels, d[sk] is the distance 177 

of a dry gauge from the nearest wet gauge, d is the mean of d[sk] of the dry gauges, k is the 178 

station number varying from 1 to the total number of stations, and  is the cumulative 179 

normal distribution N(0,1). In Gyasi-Agyei and Pegram (2014) and Gyasi-Agyei (2016), the 180 

empirical distribution was used and the zeros were treated differently. This new method of 181 

treating the zeros is a bit more realistic and improves data continuity. Also, the need to treat 182 

the quantiles of the simulated random fields exceeding the observed gauged values has been 183 

avoided by using standard distributions. Eq. (1) is inverted as: 184 

1
0 0 0

0

/ (1 ) ,

0 ,
R k k

k

k

F w s p p w s p
r s

w s p
   (2) 185 

to obtain the rainfall amounts from the simulated Gaussian N(0,1) values kw s . Eqs. (1) and 186 

(2) are essentially zero inflated. 187 

 188 

3. THE 2D SPATIAL CORRELOGRAM 189 

Yao and Journel (1998) presented three steps for developing spatial correlograms for 190 

given values of the variable of interest at several locations. Their approach is based on 191 

Bochner’s theorem that achieves a positive definite covariance lookup table through ‘round-192 
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trip’ FFT (Fast Fourier Transform) with intermediate smoothing processes. Application of 193 

FFT requires the dimension of the empirical correlogram be a power of two to speed up the 194 

computations. In the first instance, the empirical covariance map, ,R i j , was developed 195 

using the normal score w[sk] of the scattered gauged rainfall or the gridded radar data as: 196 

0
1

1, [ ] [ ] , ( , ) : 1, 1
hN

k k h k k
kh

R i j w s w s h m m s s h h i j
N

  (3) 197 

where sk(x-easting, y-northing) is the vector of spatial coordinates of gauge k, h (with 198 

components of x-easting and y-northing) is the lag vector representing the separation 199 

distance between two gauge locations, Nh is the number of contributing gauge pairs separated 200 

by lag h that falls within the bounded region of [i±1, j±1] , and m0 and m+h are the mean of 201 

the pair tail w[sk] and head w[sk+h] values. Note that the covariance is symmetric in h, -h. The 202 

covariance map is a square table with 256 pixels in each direction and centred in the middle, 203 

meaning i and j in Eq. (3) take on integer values from -127 to 128 noting that a pixel 204 

dimension is 1km x 1km. It is necessary, particularly for the scattered gauged data, to infill 205 

entries with zero or low Nh values by interpolation (the second step). There may be large 206 

fluctuations and missing entries that might be present after the first step, calling for a 207 

smoothing process involving a weighted average within a radial moving window. In the third 208 

step, the gridded sample covariance map is transformed to a quasi-density spectrum map in 209 

the frequency domain by FFT, with a subsequent smoothing to achieve the constraint of 210 

positivity and unit sum. The smoothed spectrum map is then inverse FFT to obtain the 211 

required correlogram lookup table which is positive definite and with all sample fluctuations, 212 

in particular for the scattered data, filtered out. Notable examples that have used this FFT 213 

approach in rainfall modelling are Velasco-Forero et al. (2009) who modelled anisotropic 214 

variograms of 1-hour radar accumulations, and Gyasi-Agyei and Pegram (2014) and Gyasi-215 

Agyei (2016) for daily gauged and radar accumulations.  216 
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The primary goal of this paper is to fit a 2D exponential function to both the daily 217 

gauged and radar accumulation correlograms, and then link the gauged correlogram 218 

parameters to those of the radar for sampling ‘radar-like’ values at regions without radar 219 

information. Note that because we are dealing with normal scores the empirical correlogram 220 

is the same as the covariance table, ,R i j . In essence, the assumption is that radar provides 221 

a better spatial structure which is to be reproduced through sampling methods. Eq. (4) 222 

describes the 2D anisotropic exponential function ( , )R i j as: 223 

1
2 2 2 u sin  cos

( , ) ( , ) exp ,
v cos  sinn

u v

j iu vR i j R u v a
j iL L

  (4) 224 

In Eq. (4), u and v are the lag distances along the major and minor axes, respectively, of the 225 

elliptical contour making an angle of  (between 0 and 180 degrees) measured anticlockwise 226 

from the +I (east) and +J (north) directions respectively. Lu and Lv are the correlation lengths 227 

of the major and minor axes which define the anisotropy ratio ( =Lv/Lu) that takes on values 228 

between 0 and 1. Parameter an is the correlogram value at lag 0 which should have a 229 

theoretical value of 1 but may be smaller due to the small-scale variability of the data, such as 230 

measurement errors and those associated with sample spacing and termed the nugget effect. 231 

In covariance terms the nugget effect may render the covariance value at lag 0 different from 232 

the expected maximum value called the sill that represents the variance. Because we are 233 

dealing with normal scores the sill has a value of 1.   234 

In Fig. 2 is shown a 2D anisotropic exponential correlogram for =120o, Lu=30 km, 235 

Lv=18 km, an=1, and the effective range -log(0.05)R uL L = 90 km (where the correlation 236 

is 0.05). For each wet day, the four parameters ( , , , )n u va L L  of the correlogram were 237 

estimated for both gauged (gauge-derived) and radar (radar-derived) data using the global 238 
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optimisation technique of Duan et al. (1992) implemented in R function SCEoptim (Andrews 239 

and Guillaume, 2013) subject to the objective function  defined as: 240 

2

,

arg min
( , ) ( , )

i j
R i j R i j      (5) 241 

where (i, j) is the grid cell location with respect to the centre of the sample correlogram table. 242 

An initial parameter estimation indicated that the nugget effect is close to zero and the 243 

parameter an was set to 1, leaving only the three parameters ( , , )u vL L  to be calibrated. 244 

Fig. 3 (left) shows the radar rainfall image for 2009-04-05 and Fig. 3 (right) compares the 245 

empirical correlogram with the fitted one. It is observed that the analytical function fits the 246 

empirical correlogram very well (correlation = 0.976), and anisotropy is very well 247 

pronounced. 248 

 249 

4. DEPENDENCE STRUCTURE OF THE CORRELOGRAM 250 

PARAMETERS 251 

The objective here is to develop relationships and marginal distributions that will 252 

allow sampling of radar correlogram parameters dependent on the observed counterparts, 253 

believing that the gauge network density is not high enough to capture the full spatial 254 

structure. Hereafter we use last subscripts to distinguish between parameters derived from 255 

radar data (radar-derived, last subscript r), gauge data (gauge-derived, last subscript g) and 256 

collocated data (collocated-derived, last subscript c). Table 2 presents the Pearson correlation 257 

between the correlogram parameters derived from the three data sources, as well as some 258 

basic characteristics of the gauged data and the maximum daily temperature. There is a very 259 

strong correlation (>80%) between the major (Lu) and minor (Lv) correlation lengths of all 3 260 

data sets. However, the correlation between the radar-derived and gauge-derived parameters 261 



12 

are mild but significant, and of the same order as the maximum daily temperature. It appears 262 

there is little correlation between the direction and the other correlogram parameters. Also, 263 

the other gauged characteristics of mean amount of all gauges (MAG), maximum amount of 264 

gauges (MAX), number of wet gauges (NWG), wetted area ratio (WAR)  and mean amount 265 

of wet gauges (MWG) are not correlated with correlogram parameters. From these 266 

observations, a bivariate joint distribution was sought between the radar-derived parameters 267 

Lur and Lvr, and independently fit a distribution to the direction parameter r. This approach 268 

was also adopted by Gyasi-Agyei and Pegram (2014), but with significant differences in the 269 

modelling of the marginal distribution functions in particular. Also, a bivariate distribution 270 

between Lur and Lvr was sought instead of between Lur and r as follows. 271 

 Fig. 4 displays the histogram of the 918 wet days of the radar-derived correlogram 272 

parameters. It is observed that the correlogram direction (Fig. 4, left) exhibits a very strong 273 

harmonic behaviour and should be treated as such. A second order harmonic density function 274 

( )
R

f  defined as: 275 

1( ) cos 2 sin 2 cos 4 sin 4
180 180 180 180 180R

f A B C D E  (6) 276 

where A, B, C, D and E are coefficients to be determined, was fitted. By integration of Eq. 277 

(6) and knowing that the cumulative distribution function ( )
R

F  has a value of zero at =0 278 

and one at =180, coefficient A should take a value of unity, yielding the harmonic 279 

distribution as: 280 

( ) sin 2 cos 2 1
180 2 180 2 180

sin 4 cos 4 1
4 180 4 180

R

B CF

D E
   (7) 281 

thus leaving coefficients B, C, D and E to be estimated. Fig. 4 (left panel) demonstrate a very 282 

good fit (correlation coefficient = 0.967) using the estimated parameters of B=-0. 2361, C=-283 
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0.5417, D=0. 1131 and E=0.1124. This is a newly introduced distribution that can be used for 284 

data exhibiting multiple peaks and troughs in the density function. Harmonic functions have 285 

previously been fitted to parameters (e.g. Gyasi-Agyei, 1999, 2001) but not used as a 286 

distribution in the literature.  287 

 The copula methodology, presented later, used to model the strong dependence 288 

between the radar-derived correlogram parameters (Lur and Lvr) requires their marginal 289 

distributions. It is observed that the marginal distributions of these parameters were highly 290 

positively skewed (Fig. 4, middle and right). We also explored the possibility of using the 291 

remaining variables in Table 2 as covariates to predict the marginal distribution parameters 292 

through link functions. The R package gamlss (Generalized Additive Models for Location, 293 

Scale and Shape; Rigby and Stasinopoulos, 2005) offers this opportunity. It is able to identify 294 

the appropriate marginal distributions which have up to four parameters:  for location 295 

(median);  for scale (coefficient of variation);  for skewness and  for kurtosis being 296 

characterised as the shape parameters. Monotonic link functions are used to relate the 297 

distribution parameters to the explanatory variables (covariates) and random effects through 298 

an additive model. The coefficients of the linear functions of the explanatory variables are 299 

then estimated by maximum likelihood methods. The Generalised Akaike Information 300 

Criteria (GAIC) (Stasinopoulos and Rigby, 2007) is used for model selection and testing of 301 

the significance of an additional term in the linear functions. Thus the R package gamlss 302 

provides a suitable framework for fitting a suite of distributions and accounting for 303 

exogenous forcing variables by incorporating covariates in the location, scale and shape 304 

parameters. Linkage of the parameters to the explanatory variables provides a vehicle for 305 

improving the fit of the dispersion, skewness and kurtosis. Serinaldi and Kilsby (2014) used 306 

the gamlss framework to incorporate seasonality and sea surface pressure to the rainfall 307 
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distribution parameters. The interest here is in using gauged-derived correlogram parameters 308 

(Lug, Lvg) and maximum temperature (Tm) as covariates.    309 

A suite of 2-parameter ( , ), 3-parameter ( , , ) and 4-parameter ( , , , ) 310 

distributions in R package gamlss were tested, and the Box-Cox power exponential (BCPE, 311 

4-parameter) distribution emerged as the best based on the GAIC statistic. This distribution 312 

was developed by Rigby and Stasinopoulos (2004) for random variables exhibiting both 313 

skewness and kurtosis (leptokurtosis or platykurtosis). It is defined through a transformed 314 

random variable that follows a truncated standard power exponential distribution with 315 

parameter , and the parameter ranges are >0, >0,  and >0. A step-by-step 316 

comparison of the various linear combinations of the covariates to predict the parameters of 317 

the marginal distributions of the radar-derived parameters (Lur, Lvr) was carried out. It was 318 

sufficient to link only the parameters  and  to the covariates as 1 2 3log( )=m +m +mg mL T  319 

and 1 2=n +n gL  considering the remaining parameters (  and ) as constants, and Lg being 320 

either Lug or Lvg. For the chosen model, all p-values of the null hypothesis that the covariates 321 

do not contribute to the parameter variability were less than 0.001. Table 3 presents the 322 

estimated parameters with their standard errors of the linear link function coefficients. Using 323 

the logarithmic link function guarantees positivity of those parameters that should have 324 

positive values. 325 

A copula modelling approach (see e.g., Nelsen, 2006) is adopted for the joint 326 

distribution between the radar-derived correlogram parameters of Lur and Lvr. Denoting the 327 

continuous marginal distribution functions of Lur and Lvr as UF  and VF , respectively, their 328 

joint distribution UVH by Sklar’s theorem is written as: 329 

1 1

( , ) ( ), ( ) or

( , ) ( ), ( )
UV U V

UV U V

H u v C F u F v

C u v H F u F v
     (8) 330 
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where 0 , 1u v , 1
UF  and 1

VF  are the inverse distribution functions of UF  and VF , and C 331 

is a copula. Gyasi-Agyei (2012b) used such a bivariate modelling approach for the joint 332 

distribution of the total daily rainfall amount and total wet periods duration.  333 

It was observed that temperature has a significant effect on the copula parameter. 334 

Hence the data were ranked in order of temperature and binned into 11 overlapping classes of 335 

size 200 starting at every rank modulo 100 equals to 1. Because there are fewer days at the 336 

extremes of temperature, the 1st class is the first 100 and the last class constitute the last 100. 337 

That is, class 1 is from 1 to 100, class 2 from 1 to 200, class 3 from 101 to 300, and so on. 338 

For each class the mean temperature and the copula parameter were estimated. A pairwise 339 

scatterplots of the empirical rank distribution for classes 4 and 9 shown in Fig. 5 indicate a 340 

very strong positive correlation between Lur and Lvr with a small upper tail dependence. 341 

Following the procedure presented in Gyasi-Agyei (2011), a single parameter bivariate 342 

copula was sought and the Gumbel copula emerged as the best. The Gumbel copula is 343 

defined as: 344 

1/
( , ) exp [ log( )] [ log( )]C u v u v     (9) 345 

where parameter ≥1. Generation of pair values (u,v) from the copula requires the h-function 346 

given as (Aas et al., 2009): 347 

1/ 11( , ) 1( / ) ( , ) log( ) log( ) log( )C u vh v u C u v u v u
u u

  (10) 348 

which should be numerically inverted to obtain the inverse of the h-function (h-1). The 349 

generation process based on the probability integral transform (e.g., Salvadori et al. 2007) 350 

begins by drawing u and x from a uniform distribution ~U(0,1)  and setting 1 /v h x u . 351 

This is followed by the estimation of the quantiles of Lur and Lvr using their margins 352 

determined in the previous section. Fig. 5 (right) depicts the variation of the copula parameter 353 

with temperature (correlation = 0.985), indicating the dependence is stronger at the lower 354 
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temperatures. The gofCopula function of R package copula (Kojadinovic and Yan, 2010) 355 

based on the Cramer–von Mises Sn statistic was used to assess the goodness of fit of the 356 

Gumbel copula. p-values for all classes (0.416, 0.338, 0.380, 0.086, 0.014, 0.100, 0.063, 357 

0.172, 0.489, 0.570, 0.305, in order of increasing temperature) indicate that  all classes passed 358 

at the 5% significance level, with the exception of class 5 which failed at the 5% but passed 359 

at the 1%.  360 

   361 

5. APPLICATION 362 

It is important to critically examine the relationship between the radar-derived and the 363 

gauge-derived correlogram parameters of the major and minor axes. For easy depiction of 364 

trends, the data were grouped into 10 bins of equal size based on the quantiles of the gauge-365 

derived correlogram parameters (Lug and Lvg), maximum daily temperature (Tm) and the 366 

location parameter ( ) of the BCPE distribution. The means of the binned data are shown as 367 

blue solid circles in Fig. 6.  368 

As observed in Fig. 6 (top left panel), only 6.5% of Lug values exceeded their radar 369 

counterparts, and the percentage for Lvg (not shown) was slightly higher at 9.6%. 370 

Interestingly, for the collocated-derived parameters (Luc and Lvc), the percentages were 0.2% 371 

for Luc and 0.3% for Lvc, also exhibiting smaller variance with apparent stronger positive 372 

correlation (Fig. 6, bottom left panel). With respect to the daily maximum temperature (Fig. 373 

6, middle panels), the correlogram axes parameters tend to decrease as the temperature 374 

increases. The perception that convective rainfall that normally occurs on hotter days towards 375 

the upper end of the temperature spectrum tends to be showery and have limited horizontal 376 

extent, and thus shorter correlation length, is supported by this observation. The combined 377 

effect of the gauge-derived parameters and temperature used to estimate the location 378 
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parameters of the BCPE distribution is shown in the right panels of Fig. 6 which indicate a 379 

strong positive correlation with the correlogram parameters. It is important to emphasise that 380 

the estimated coefficients of the covariates were all significant as the p-values of the null 381 

hypothesis that they do not contribute were less than 0.001.  382 

Extremes are very important for flood studies, so the data were ranked according to 383 

the within-day maximum gauge reading and the top 20 extremes were examined for a 384 

possible trend. They are shown as red triangles in Fig. 6. There are no apparent specific 385 

features of the extreme wet days as they are scattered all over the plots, other than to say that 386 

they tend to be confined between 21oC and 31oC although there are fewer wet days below 387 

21oC. Other features of the extreme events are presented in Table 4. Even the types of 388 

marginal distribution of the rainfall amounts reflect quite well the overall distribution shown 389 

in Table 5, Log-Normal (29%) and Log-Logistic (22%) dominating the gauged data and Log-390 

Logistic accounting for over 75% of the radar data.  391 

In order to understand the adequacy of the copula modelling component, Lug, Lvg and 392 

Tm were used as inputs to sample the radar-derived counterparts from the copula-based joint 393 

distribution, as well as the radar-derived direction for the 918 wet days, labelled Lus, Lvs and 394 

s and termed copula-derived parameters. This was repeated 100 times and, for each set, the 395 

Kolmogorov–Smirnov (K-S) test was used to compare the radar-derived and the copula-396 

derived values. For the bivariate linkage between Lur and Lvr, 2D K-S test (Press et al., 2007) 397 

was employed as discussed in Gyasi-Agyei and Pegram (2014). Table 6 shows the 398 

cumulative distribution of the p-values and the adequacy of the modelling effort is 399 

exemplified as all p values were in excess of 0.01, and only Lvr had 5% p-values lower than 400 

0.05. In statistical terms, the assumptions that the copula-derived and the radar-derived 401 

variables come from the same underlying distribution cannot be rejected at the 1% 402 

significance level. With this confidence, the copula-derived correlogram parameters were 403 
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used to perform the ordinary kriging interpolation, which is a precursor for the desired 404 

application of conditional simulation of daily rainfields. 405 

The mathematics behind the ordinary kriging interpolation method is well 406 

documented in the literature (e.g., Cressie, 1993), and requires no introduction here. R 407 

package gstat (Pebesma, 2004) was used to perform the ordinary kriging. It needs to be 408 

mentioned that gstat uses the effective length -log(0.05)R uL L , anisotropy ratio =Lv/Lu, 409 

and the direction gstat is measured from the north (+J) and increases clockwise, requiring the 410 

transformation: 411 

90- ,  <= 90
 =  

270- ,  > 90gstat      (11) 412 

The parameter set (LR, gstat, ) were used to define the 2D anisotropic exponential variogram 413 

that was required by gstat for kriging. Since we are dealing with normal scores having a 414 

variance value of 1, the correlogram is the same as the covariance. Therefore, the variogram 415 

V (i, j) equals 1-R (i, j) where R (i, j) is defined in Eq. (4), the nugget being 0. 416 

Cross-validation methodology (leave-one-out and 10-fold) was used to evaluate the 417 

performance of the copula-derived correlogram parameters in reproducing the gauged 418 

rainfall. The ordinary kriging was carried out for each day using three sets of correlogram 419 

parameters:  420 

 gauge-derived: Lug, Lvg, g  421 

 radar-derived:  Lur, Lvr, r  422 

 copula-derived: Lus, Lvs, s 423 

Only the results for the leave-one-out are presented as the 10-fold results were very close. 424 

Performance statistics of interest were the root-mean-square-error (RMSE), mean-bias (MB), 425 

and mean-absolute-bias (MAB) defined as:  426 
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where VO(k) and VE(k) are the observed and estimated mean values for gauge station k in mm. 430 

A very important statistic is the mean standard deviation (SD) in the Gaussian domain 431 

produced by ordinary kriging. SD defines the uncertainty associated with the mean estimates 432 

as the higher the SD the higher the errors at the unobserved locations.  433 

Scatter plots of RMSE and SD are shown in Fig. 7 for the calibration period (2009-434 

01-01 to 2015-06-30). With respect to the mean estimates, all correlogram parameter sources 435 

produced very similar results, hence statistics of RMSE, MB and MAB were equally 436 

predicted. For this reason, comparison of the performance statistics of MB and MAB are not 437 

shown. Kriging is generally quite robust to changes in the variogram, so the similarity of 438 

these mean dependent statistics is not surprising. What is very clear is that the gauge-derived 439 

correlogram parameters yielded higher SD, and hence greater uncertainty. In reality, only 440 

7.2% of the gauge-derived SDs were lower than those of the radar-derived values, and 6.6% 441 

were lower than the copula-derived correlogram parameters. Noting a K-S test p-value of 442 

0.094 (passing 5% significance level), the distribution of SD generated by the radar-derived 443 

parameters was indistinguishable from that generated by the copula-derived parameters, 444 

indicating that the copula-based model for sampling the correlogram parameters is working 445 

very well.  Here too the scatter of the top 20 extreme wet days, shown as red triangles in Fig. 446 

7, do not appear to follow a specific trend, suggesting the methodology is good for all types 447 

of rainfall within the region.  448 
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For the validation phase, all rainfall data within the two time periods were examined 449 

for both the square region and the catchment. Using the same criteria for selecting the wet 450 

days, there were 1314 and 1061 wet days, respectively, during the earlier and later time 451 

periods for the square region, while the catchment had 1231 and 989 wet days, respectively. 452 

Leave-one-out cross-validation results presented in Fig. 8 show the same patterns as the 453 

calibration phase presented in Fig. 7. The mean estimate dependent performance statistics 454 

were produced similarly for both the gauge-derived and copula-derived correlogram 455 

parameters. With respect to SD, the gauge-derived parameters produced lower values in 8.4% 456 

and 5.7% of the cases during the time periods for the square region, and 18.8% and 13.5% for 457 

the catchment. Again, the top 20 extreme wet days are scattered all over the plots without a 458 

discernible pattern, and Table 7 shows some characteristics of the extreme wet days during 459 

the earlier time period.  460 

In order to understand the implications of reduced SD on rainfall predictions we 461 

examined the estimates of the rainfall on 3 of the 20 extreme wet days. The distribution of the 462 

observed daily amounts were:  463 

 2011-01-11, Gamma (shape= 1.8897, rate= 0.03015), median rainfall = 51.4 mm 464 

 2013-01-28, Log-Logistic (shape= 0.2997, scale= 5.215), median rainfall = 184 mm 465 

 2014-03-28, Log-Logistic (shape= 0.2028, scale=  4.758), median rainfall = 116.6 466 

mm 467 

For a given normal distribution mean M from NM and SD from NSD, ten thousand normal 468 

quantiles were drawn from -1(M=NM, SD=NSD), where NSD is a set from 0 to 0.5 at 469 

intervals of 0.05 and NM is a set of values between -3 and 3. These normal quantiles were 470 

converted into rainfall values in mm using Eq. (2). For each value of SD, the median rainfall 471 

standard deviation (RSD), 90% and 99% prediction limits (PL) were estimated. Fig. 9 shows 472 

the boxplots of the results as well as the variation of the rainfall statistics with SD.  There is a 473 
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very strong nearly linear relationship between SD and RSD. The slopes of the plots of the 3 474 

days, being 41.5, 94.0 and 39.0, can be interpreted as the percent reduction in RSD for 1% 475 

reduction in SD. It needs to be noted that the percentage reduction is dependent on the 476 

distribution of the day and the individual site value as shown in Fig. 10. Translation of the 477 

reduction in SD to PL is simply M±SD -1[(1+PL)/2]. What this analysis shows is that the use 478 

the most correct correlogram of radar data, which tends to have longer correlation lengths, 479 

leads to smaller SD and in turn reduces the errors associated with the predicted values. In a 480 

nutshell, the use of radar correlogram parameters is to reduce the uncertainty associated with 481 

the conditional simulations that rely on SD through kriging. Example results of leave-one-out 482 

cross validation of one set of copula-derived correlogram parameters for one low and one 483 

extreme wet day within the catchment are shown in Fig. 11. The normal quantiles (Qp) of the 484 

appropriate probability (p) were used to define the 90% prediction limits (Q0.05, Q0.95), and 485 

then converted into rainfall estimates in mm using Eq. (2).  486 

In summary, the process of sampling the ‘radar-like’ correlogram parameters from 487 

gauge-derived estimates are the following. 488 

 For a given day, gather all the observed daily rainfall and maximum temperature 489 

readings within the region of interest. 490 

 Estimate the mean of maximum daily temperature of the day by inverse weighted 491 

distance method. 492 

 Fit a 2-parameter marginal distribution to the rainfall values to convert rainfall to 493 

Gaussian values, with special treatment of the zeroes. 494 

 Develop a correlogram table for the Gaussian values and fit the 2D anisotropic 495 

exponential function to determine the gauge-derived values of the major and minor 496 

axes correlation lengths. 497 
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 Sample the ‘radar-like’ correlogram direction from the second order harmonic 498 

distribution. 499 

 Sample the ‘radar-like’ correlogram major and minor axes correlation lengths from 500 

the copula-based joint distribution that has Box-Cox power exponential margins and 501 

Gumbel copula, using the gauge-derived correlogram parameters and the mean of 502 

maximum daily temperature as covariates. 503 

  504 

6. CONCLUDING REMARKS 505 

This paper is the third in a series by the authors (Gyasi-Agyei and Pegram, 2014; 506 

Gyasi-Agyei, 2016) seeking to establish a link between the spatial structure of radar and 507 

gauge rainfall for improved simulation of daily rainfields conditioned on the limited gauged 508 

data for regions with or without radar records. While spatial gauged data records spans over 509 

100 years, radar data are limited worldwide and only a few stations have data in excess of 10 510 

years. Availability of such long rainfields will enhance catchment hydrological models for 511 

understanding the effects anthropogenic activities have on the transport of sediments, 512 

nutrients and inhibiting herbicides from catchments to the GBR for example.  513 

918 wet days within the period of 2009-01-01 to 2015-06-30 were used to calibrate 514 

the model for a 128 km by 128 km region within the Mt. Stapylton, near Brisbane, weather 515 

radar station coverage area. The square region and the Brisbane river catchment (13,533 km2) 516 

were used for validation for two non-overlapping time periods (2000-01-01 to 2008-12-31 517 

and 2009-01-01 to 2015-06-30). For the earlier time period, the number of wet days was 1314 518 

and 1231 for the square region and catchment, respectively. Considering all data in the later 519 

period irrespective of radar information, the numbers were 1061 and 989. A 2D analytical 520 

exponential function was fitted to the gauge and radar data correlogram separately and their 521 
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parameters (major and minor axis lengths, and direction) compared. The established link 522 

between the gauge-derived and radar-derived correlogram parameters were evaluated through 523 

ordinary kriging, using leave-one-out cross-validation and performance statistics. The 524 

following are the concluding summary points. 525 

 The introduced harmonic distribution fits the independent radar correlogram direction very 526 

well (correlation = 0.967), and can also be used for any data exhibiting multiple peaks and 527 

troughs in the density. 528 

 The highly positively skewed distribution of the radar-derived correlogram axes 529 

parameters are best modelled by Box-Cox power exponential with the gauged-derived 530 

parameters and maximum daily temperature significantly influencing the location, while 531 

only the gauge-derived parameters have an effect on the skewness, the scale and kurtosis 532 

being constants. 533 

 Gumbel copula with temperature dependent parameter fits the joint distribution of the 534 

radar-derived correlogram axes parameters very well, with an average p-value of 0.27. 535 

 It was observed that the gauged-derived major axis length was lower than the radar-536 

derived values in 93.5% of cases, and the minor axis values in 90.4% of cases during the 537 

calibration period for the square region. The percentages were 99.8% and 99.7% for the 538 

collocated-derived values. A shorter correlation length implies the correlation decays 539 

quickly and farther locations may not have direct influence. This leads to an increase in 540 

the errors associated with the estimates of the unobserved locations. 541 

 The correlogram axes parameters tend to decrease with increasing temperature. This is 542 

evidence of convective rainfall that normally occurs on hotter days and has limited 543 

horizontal extent. 544 
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 With regards to the daily rainfall amounts distribution, the dominant ones were Log-545 

Normal (29%) and Log-Logistic (22%) for the gauged data, and over 76% of Log-Logistic 546 

for the radar data. 547 

 K-S test (1D for marginal distributions and 2D for the joint distribution) used to compare 548 

100 sets of copula-derived and radar-derived correlogram parameters indicated that the 549 

assumption of them coming from the same distribution could not be rejected at the 1% 550 

significance level. In fact, only the minor axis length had 5% of p-values lower than 0.05. 551 

 The gauged-derived, radar-derived and copula-derived correlogram parameters reproduced 552 

the mean estimates very well, and thus the mean dependent performance statistics of 553 

RMSE, MB and MAB were similarly predicted. 554 

 The main differences in the gauged-derived, radar-derived and copula-derived 555 

correlogram parameters were in the SD performance statistics that reflect the uncertainty 556 

in the estimates. In 92.8% of cases, the radar-derived correlogram parameters produced 557 

SDs lower than their gauge-derived counterparts, and with the copula-derived parameters 558 

it increased marginally to 93.4%. It is interesting to note that the distribution of the SD 559 

generated by the radar-derived and the copula-derived correlogram parameters could not 560 

be distinguished with a K-S test p-value of 0.093, a testimony of the quality of the copula 561 

model. 562 

 Considering the gauge-derived and copula-derived correlogram parameters during the 563 

validation phase, the same pattern in terms of the performance statistics were observed. 564 

However, the percentage cases by which the gauge-derived sets produced higher SD were 565 

91.6% and 94.3% for the first and second time periods for the square region, and 81.2% 566 

and 86.5% in the case of the catchment. 567 
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 Extreme wet days, selected by within-day maximum gauge reading, do not seem to follow 568 

a discernible pattern as the top 20 wet days were found to be fairly widely distributed over 569 

the parameters’ ranges for both the calibration and validation time periods. 570 

 It has been demonstrated that 1% reduction in the Gaussian quantile SD can cause over 571 

39% reduction in the uncertainty associated with the median rainfall estimate, and in 572 

general the percentage reduction depends on the distribution of the day and the actual 573 

amount at a given site.  574 

 The main advantage of using the most correct radar correlogram parameters is thus to 575 

reduce the uncertainty associated with the conditional simulations that rely on SD through 576 

kriging. 577 

The next stage of the research is to use Gómez-Hernández and Journel (1993) joint sequential 578 

simulation of multi-Gaussian fields methodology to simulate conditional random fields, and 579 

then convert to rainfall for the water quality modelling of the GBR. Effects of the gauge 580 

network density on the correlogram parameters is worth investigating. Other radar locations 581 

should be analysed to ascertain whether the developed relationships are region specific or not.  582 
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Fig. 1. Study area: red solid irregular boundary defines the Brisbane river catchment; red 

dashed boundary defines the 20 km buffer; blue dots are the daily gauges inside the 

catchment boundary and the green dots are those within its 20 km buffer; violet square 

boundary defines the 128 km x 128 km region within the range of Mt. Stapylton (near 

Brisbane) weather radar station (red solid circle), Australia; black dots are gauges within the 

square region but not used as catchment data; red triangles  are the temperature stations.    

Fig. 2. Properties of the 2D anisotropic exponential model; the displayed contours are at 0.05, 

0.1, 0.2 and 0.6 correlations; the parameters are; =120o, Lu=30km, Lv=18km, an=1, and 

LR=90km shown as blue dashed line. 

Fig. 3. The left panel shows the radar rainfall (mm) of 2009-04-05, red dot indicates the 

location of Mt. Stapylton weather radar; and right panel compares the fitted correlogram (red) 

with the empirical correlogram (white); radar-derived parameters were =128.5o, Lur=38.2km, 

Lvr=19.2km; correlation = 0.976. 

Fig. 4. Comparison of radar-derived correlogram parameters and fitted (curve) probability 

density functions; left panel is for the Harmonic distribution fitted to the direction ( r); 

middle and right panels are for the Box-Cox power exponential (BCPE) distribution fitted to 

major (Lur) and minor (Lvr) axis lengths; correlation: r= 0.967, Lur=0.993, Lvr=0.988. 

Fig. 5.  Bivariate rank distribution of the radar-derived correlogram major (Lur) and minor 

(Lvr) axes lengths, and the variation of the Gumbel copula parameter with temperature 

(correlation = 0.985). 

Figure captions
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Fig. 6. Variation of the radar-derived correlogram parameters with the covariates; red 

triangles are the top 20 extreme wet days; green dashed lines are perfect agreement; blue 

solid circles are the mean of the binned data. 

Fig. 7. Leave-one-out cross-validation for the square region between 2009-01-01 and 2015-

06-30: comparison of RMSE (left panels) and mean standard deviation SD (right panels) of 

radar-derived, gauge-derived and copula-derived correlogram parameters; blue lines are 

perfect agreement; red triangles are the top 20 extreme wet days. 

Fig. 8. Leave-one-out cross-validation for 2000-01-31 to 2008-12-31: comparison of the 

mean standard deviation (SD) using gauge-derived and copula-derived correlogram 

parameters; blue lines are perfect agreement; red triangles are the top 20 extreme wet days. 

Fig. 9. Upper panels: sensitivity of simulated median rain to Gaussian quantile standard 

deviation (SD); lower panels: variation of simulated median rain SD to the Gaussian quantile 

SD and the effect on the prediction limits (PL) for 3 events of different median rainfall 

amounts. 

Fig. 10. Variation of the slope of the Gaussian quantile standard deviation (SD) versus 

simulated rainfall standard deviation (RSD) and the rainfall amount; the median values are 

indicated in dotted lines.  

Fig. 11. Leave-one-out cross-validation for Brisbane River catchment: comparison of the 

median estimates (solid blue line) and the observed values (red diamonds within the Brisbane 

river catchment and black triangles within its buffer zone) for one set of sampled correlogram 

parameters. The blue dashed lines represent the 90% prediction limits; gauge numbers are in 

increasing order of the median prediction for easy visualisation. 
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Fig. 1. Study area: red solid irregular boundary defines the Brisbane river catchment; red 
dashed boundary defines the 20 km buffer; blue dots are the daily gauges inside the 
catchment boundary and the green dots are those within its 20 km buffer; violet square 
boundary defines the 128 km x 128 km region within the range of Mt. Stapylton (near 
Brisbane) weather radar station (red solid circle), Australia; black dots are gauges within the 
square region but not used as catchment data; red triangles  are the temperature stations.    
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Fig. 1. Study area: red solid irregular boundary defines the Brisbane river catchment; red 
dashed boundary defines the 20 km buffer; blue dots are the daily gauges inside the 
catchment boundary and the green dots are those within its 20 km buffer; violet square 
boundary defines the 128 km x 128 km region within the range of Mt. Stapylton (near 
Brisbane) weather radar station (red solid circle), Australia; black dots are gauges within the 
square region but not used as catchment data; red triangles  are the temperature stations.    
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Fig. 2. Properties of the 2D anisotropic exponential model; the displayed contours are at 0.05, 
0.1, 0.2 and 0.6 correlations; the parameters are; =120o, Lu=30km, Lv=18km, an=1, and 
LR=90km shown as blue dashed line. 
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Fig. 3. The left panel shows the radar rainfall (mm) of 2009-04-05, red dot indicates the 
location of Mt. Stapylton weather radar; and right panel compares the fitted correlogram (red) 
with the empirical correlogram (white); radar-derived parameters were =128.5o,
Lur=38.2km, Lvr=19.2km; correlation = 0.976. 

Figure_3



Page 4 of 11

Fig. 4. Comparison of radar-derived correlogram parameters and fitted (curve) probability 
density functions; left panel is for the Harmonic distribution fitted to the direction ( r); 
middle and right panels are for the Box-Cox power exponential (BCPE) distribution fitted to 
major (Lur) and minor (Lvr) axis lengths; correlation: r= 0.967, Lur=0.993, Lvr=0.988.
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Fig. 5.  Bivariate rank distribution of the radar-derived correlogram major (Lur) and minor 
(Lvr) axes lengths, and the variation of the Gumbel copula parameter with temperature 
(correlation = 0.985). 
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Fig. 6. Variation of the radar-derived correlogram parameters with the covariates; red 
triangles are the top 20 extreme wet days; green dashed lines are perfect agreement; blue 
solid circles are the mean of the binned data. 
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Fig. 7. Leave-one-out cross-validation for the square region between 2009-01-01 and 2015-
06-30: comparison of RMSE (left panels) and mean standard deviation SD (right panels) of 
radar-derived, gauge-derived and copula-derived correlogram parameters; blue lines are 
perfect agreement; red triangles are the top 20 extreme wet days. 

Figure_7
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Fig. 8. Leave-one-out cross-validation for 2000-01-31 to 2008-12-31: comparison of the 
mean standard deviation (SD) using gauge-derived and copula-derived correlogram 
parameters; blue lines are perfect agreement; red triangles are the top 20 extreme wet days. 

Figure_8



Page 9 of 11

Fig. 9. Upper panels: sensitivity of simulated median rain to Gaussian quantile standard 
deviation (SD); lower panels: variation of simulated median rain SD to the Gaussian quantile 
SD and the effect on the prediction limits (PL) for 3 events of different median rainfall 
amounts. 
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Fig. 10. Variation of the slope of the Gaussian quantile standard deviation (SD) versus 
simulated rainfall standard deviation (RSD) and the rainfall amount; the median values are 
indicated in dotted lines.  
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Fig. 11. Leave-one-out cross-validation for Brisbane River catchment: comparison of the 
median estimates (solid blue line) and the observed values (red diamonds within the Brisbane 
river catchment and black triangles within its buffer zone) for one set of sampled correlogram 
parameters. The blue dashed lines represent the 90% prediction limits; gauge numbers are in 
increasing order of the median prediction for easy visualisation. 
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Table 1 

Basic statistics of the 918 wet days analysed between 2009-01-01 and 2015-06-30 within the square region (GAU
– collocated) 

 

 total 
number of 
gauges 

wetted area ratio (rain >= 
1mm) 

average wet gauge 
amount (mm) (rain >= 
1mm) 

maximum wet gauge 
amount (mm) 

numbe
rain >

GAU COL RAD GAU COL RAD GAU COL RAD GAU 
min 147 0.05 0.00 0.01 1.76 0.00 1.08 10.00 0.40 2.30 9 
mean 176 0.59 0.45 0.45 11.43 8.28 8.64 55.62 28.91 45.18 103 
max 200 1.00 1.00 1.00 208 126 124 653 342 467 197 
 

  

All Tables
Click here to download Table: Tables_R1.docx
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Table 2 

Pearson correlation between the radar-derived correlogram parameters and other variables for the square region: 
06-30  

 

 variable Lur Lvr r 
Lur 1.000 0.902 -0.036 
Lvr 0.902 1.000 -0.088 

r -0.036 -0.088 1.000 
Lug 0.297 0.299 -0.065 
Lvg 0.289 0.320 -0.103 

g 0.066 0.050 0.154 
Luc 0.867 0.835 -0.033 
Lvc 0.839 0.903 -0.064 

c 0.039 -0.039 0.461 
Tm -0.210 -0.235 0.028 
MAG 0.067 0.031 -0.034 
MAX 0.028 -0.006 -0.062 
NWG -0.007 -0.029 0.024 
WAR -0.006 -0.029 0.018 
MWG 0.070 0.031 -0.036 

 

last subscript: r – radar, g – gauge, c – collocated; Tm – maximum temperature; Lu – major axis length; Lv – mino
direction; MAG – mean amount of rainfall of all gauges; MAX – maximum amount of rainfall of all gauges; NW
WAR –wetted area ratio of all gauges; MWG – mean amount of rainfall of wet gauges  
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Table 3 

Estimated linear link function coefficients of parameters of the Box-Cox power exponential (BCPE) distribution 
correlogram axes lengths for the square region 

 

 

 

linear eqn 
component 

Lur Lvr 
Estimate Std. Error Estimate Std. Error 

log( ):m1 3.9705 0.0973 3.6556 0.0992 
log( ):m2 0.0134 0.0014 0.0182 0.0017 
log( ):m3 -0.0202 0.0033 -0.0224 0.0034 
log( ) -1.0058 0.0222 -0.9435 0.0203 

:n1 -0.6348 0.1807 -0.7609 0.1476 
:n2 0.0243 0.0075 0.0310 0.0079 

log( ) 0.7921 0.0758 0.9720 0.0794 
 

Lur – radar major axis length; Lvr – radar minor axis length;  - location parameter;  - scale parameter;  - skewn
parameter 
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Table 4   Top 20 extreme wet days (with good radar data) properties between 2009-01-01 and 2015-06-30 within

Date MAX MAG MWG WAR Temp Lur Lvr r Lug Lvg 
2013-01-28 653.0 207.8 207.8 1.000 27.8 57.3 17.1 84.1 20.4 10.2 1
2010-02-07 372.0 103.2 103.2 1.000 27.1 26.3 20.3 109.3 25.8 16.9 1
2009-05-21 362.4 92.9 93.4 0.995 20.8 68.6 42.1 36.5 15.3 11.4 3
2013-01-31 350.0 9.0 15.8 0.567 28.1 29.4 20.9 132.0 30.4 27.3 1
2012-01-25 340.3 140.5 140.5 1.000 26.2 87.2 57.2 101.8 48.8 34.2 7
2012-01-26 338.8 30.1 31.2 0.965 30.4 35.3 26.3 133.0 31.5 29.5 1
2014-03-28 319.4 127.3 127.3 1.000 28.5 43.3 24.0 125.2 20.4 13.5 1
2011-01-12 308.8 52.3 52.6 0.994 29.2 28.8 24.2 149.6 51.1 33.4 8
2014-12-28 292.0 37.7 37.9 0.994 25.3 43.7 33.9 0.6 32.9 27.7 4
2015-01-24 291.0 70.2 73.4 0.956 30.1 82.5 71.2 105.2 14.5 13.6 1
2010-10-11 281.0 72.8 73.6 0.989 21.4 47.8 40.4 67.0 25.8 19.1 5
2011-01-11 280.0 61.9 62.7 0.989 27.6 74.9 58.0 91.9 26.5 17.6 7
2010-10-12 274.0 24.8 25.3 0.978 22.5 43.9 29.1 124.9 15.3 9.9 1
2015-01-27 270.0 7.6 17.3 0.433 30.6 42.7 29.0 135.2 17.4 13.8 1
2010-02-08 267.0 26.8 27.6 0.974 29.4 25.6 11.6 15.8 19.7 11.4 6
2015-02-21 258.0 63.3 63.8 0.994 26.2 84.4 72.4 71.8 18.7 16.3 1
2015-05-02 252.4 118.3 118.3 1.000 24.8 70.6 59.7 38.8 17.9 10.4 1
2009-05-22 249.0 19.2 25.0 0.767 23.5 23.3 15.7 8.1 50.7 40.8 1
2015-02-23 245.6 11.5 15.4 0.749 29.6 42.4 27.0 127.5 17.2 13.7 1
2014-03-31 236.0 5.3 6.2 0.855 28.8 22.8 16.3 100.2 17.1 17.1 1

last subscript: r – radar, g – gauge; Lu – major axis length; Lv – minor axis length;  – correlogram direction; Tem
DIST – marginal distribution; MAG – mean amount of rainfall of all gauges; MAX – maximum within-day rainf
ratio of all gauges; MWG – mean amount of rainfall of wet gauges; LL – Log-Logistic; KA – Kappa; GP – Gene
LN – Log-Normal; WE – Weibull; GA – Gamma   
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Table 5 

Distribution of the marginal distributions over the 918 wet days for the period 2009-01-01 to 2015-06-30 for the 

 

  

distribution Gamma Generalised Pareto Gumbel Kappa Log-Logistic Log
gauge 111 99 23 109 202 
radar 37 31 3 16 699 
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Table 6 

Distribution of Kolmogorov–Smirnov (K-S) test p-values comparing the radar-derived and copula-derived correlog

 

 

 cumulative 
probability 

minimum 5% 25% 50% 75% maxim

Lur-Lvr 0.484 0.539 0.606 0.666 0.735 0.8
r 0.118 0.265 0.517 0.787 0.885 0.9

Lur 0.020 0.104 0.285 0.463 0.711 0.9
Lvr 0.011 0.045 0.146 0.334 0.480 0.9
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Table 7 Top 20 extreme wet days’ properties between 2000-01-01 and 2008-12-31 within the catchment  

Date MAX MAG MWG WAR Temp Lug Lvg g 
2008-11-20 250.0 88.6 88.6 1.000 29.2 29.5 12.9 168.6 
2000-11-01 224.0 10.6 12.3 0.859 25.8 56.6 45.5 139.8 
2001-03-10 218.0 31.6 40.7 0.775 30.0 37.3 20.2 108.0 
2004-03-06 191.8 90.0 92.2 0.977 26.4 32.1 24.1 65.2 
2001-02-02 190.8 87.6 88.5 0.989 25.2 29.1 19.6 135.4 
2004-11-08 174.8 27.4 30.0 0.914 27.1 47.8 42.0 116.0 
2007-11-24 174.4 33.6 34.8 0.966 25.0 41.7 19.7 65.0 
2003-02-04 170.0 29.4 30.1 0.978 22.9 87.1 66.3 32.9 
2003-02-25 170.0 24.1 24.9 0.966 26.3 61.4 53.9 93.5 
2008-11-21 149.0 12.7 15.0 0.847 30.6 33.3 30.1 178.5 
2000-10-31 139.4 20.7 21.0 0.988 22.5 70.6 56.1 171.5 
2001-11-12 136.8 24.8 27.2 0.913 28.4 36.8 28.4 118.3 
2001-03-11 133.0 14.2 17.3 0.818 27.8 40.1 29.6 94.2 
2005-10-25 131.4 20.0 20.7 0.966 29.8 42.3 35.7 154.8 
2004-01-15 131.2 36.5 36.5 1.000 27.1 20.9 14.1 117.4 
2008-06-03 130.0 44.4 44.4 1.000 23.0 45.8 39.1 72.2 
2004-01-31 126.0 6.6 9.4 0.703 33.1 27.4 14.9 162.6 
2006-02-13 124.0 14.7 16.4 0.891 32.4 23.3 20.7 105.6 
2008-02-04 122.0 27.3 27.3 1.000 26.5 17.7 13.2 84.3 
2001-03-12 121.0 5.3 13.0 0.402 29.2 31.8 23.6 148.7 

 

DISTg – gauged distribution; LL – Log-Logistic; KA – Kappa; GP – Generalised Pareto; GU – Gumbel; LN – Log-Normal; WE – Wei
axis length; Lvg – gauge minor axis length; g – correlogram direction; Temp – maximum temperature; MAG – mean amount of rainfal
within-day rainfall amount; WAR –wetted area ratio of all gauges; MWG – mean amount of rainfall of wet gauges; LL – Log-Logistic;
Pareto; GU – Gumbel; LN – Log-Normal; WE – Weibull; GA – Gamma 



ys analysed between 2009-01-01 and 2015-06-30 within the square region (GAU – gauged; RAD – radar; COL 

rea ratio (rain >= average wet gauge 
amount (mm) (rain >= 
1mm) 

maximum wet gauge 
amount (mm) 

number of gauges with 
rain >= 1 mm 

COL RAD GAU COL RAD GAU COL RAD GAU COL RAD 
0.00 0.01 1.76 0.00 1.08 10.00 0.40 2.30 9 0 166 
0.45 0.45 11.43 8.28 8.64 55.62 28.91 45.18 103 78 7450 
1.00 1.00 208 126 124 653 342 467 197 198 16384 



radar-derived correlogram parameters and other variables for the square region: data from 2009-01-01 to 2015-

 variable Lur Lvr r

Lur 1.000 0.902 -0.036 
Lvr 0.902 1.000 -0.088 

r -0.036 -0.088 1.000 
Lug 0.297 0.299 -0.065 
Lvg 0.289 0.320 -0.103 

g 0.066 0.050 0.154 
Luc 0.867 0.835 -0.033 
Lvc 0.839 0.903 -0.064 

c 0.039 -0.039 0.461 
Tm -0.210 -0.235 0.028 
MAG 0.067 0.031 -0.034 
MAX 0.028 -0.006 -0.062 
NWG -0.007 -0.029 0.024 
WAR -0.006 -0.029 0.018 
MWG 0.070 0.031 -0.036 

e, c – collocated; Tm – maximum temperature; Lu – major axis length; Lv – minor axis length;  – correlogram 
of rainfall of all gauges; MAX – maximum amount of rainfall of all gauges; NWG – number of wet gauges;
auges; MWG – mean amount of rainfall of wet gauges   



efficients of parameters of the Box-Cox power exponential (BCPE) distribution fitted to the radar-derived 
square region 

linear eqn 
component 

Lur Lvr

Estimate Std. Error Estimate Std. Error 
log( ):m1 3.9705 0.0973 3.6556 0.0992 
log( ):m2 0.0134 0.0014 0.0182 0.0017 
log( ):m3 -0.0202 0.0033 -0.0224 0.0034 
log( ) -1.0058 0.0222 -0.9435 0.0203 

:n1 -0.6348 0.1807 -0.7609 0.1476 
:n2 0.0243 0.0075 0.0310 0.0079 

log( ) 0.7921 0.0758 0.9720 0.0794 

– radar minor axis length;  - location parameter;  - scale parameter;  - skewness parameter;  - kurtosis 



ys (with good radar data) properties between 2009-01-01 and 2015-06-30 within the square region

AG MWG WAR Temp Lur Lvr r Lug Lvg g DISTr DISTg

7.8 207.8 1.000 27.8 57.3 17.1 84.1 20.4 10.2 105.7 LL LL 
3.2 103.2 1.000 27.1 26.3 20.3 109.3 25.8 16.9 120.4 LL LN 
2.9 93.4 0.995 20.8 68.6 42.1 36.5 15.3 11.4 34.3 LL LN 
.0 15.8 0.567 28.1 29.4 20.9 132.0 30.4 27.3 129.8 LL GP 
0.5 140.5 1.000 26.2 87.2 57.2 101.8 48.8 34.2 77.4 LL WE 
0.1 31.2 0.965 30.4 35.3 26.3 133.0 31.5 29.5 127.3 WE LN 
7.3 127.3 1.000 28.5 43.3 24.0 125.2 20.4 13.5 117.5 LL LL 
2.3 52.6 0.994 29.2 28.8 24.2 149.6 51.1 33.4 88.4 LL LL 
7.7 37.9 0.994 25.3 43.7 33.9 0.6 32.9 27.7 42.6 LL LL 
0.2 73.4 0.956 30.1 82.5 71.2 105.2 14.5 13.6 164.4 LL LL 
2.8 73.6 0.989 21.4 47.8 40.4 67.0 25.8 19.1 50.1 LL WE 
.9 62.7 0.989 27.6 74.9 58.0 91.9 26.5 17.6 79.1 LL GA 

4.8 25.3 0.978 22.5 43.9 29.1 124.9 15.3 9.9 101.0 LL KA 
.6 17.3 0.433 30.6 42.7 29.0 135.2 17.4 13.8 149.3 LL GP 
6.8 27.6 0.974 29.4 25.6 11.6 15.8 19.7 11.4 62.1 LL LN 
3.3 63.8 0.994 26.2 84.4 72.4 71.8 18.7 16.3 129.6 LL GU 
8.3 118.3 1.000 24.8 70.6 59.7 38.8 17.9 10.4 107.2 LL GA 
9.2 25.0 0.767 23.5 23.3 15.7 8.1 50.7 40.8 149.1 LL GP 
.5 15.4 0.749 29.6 42.4 27.0 127.5 17.2 13.7 153.7 LL LL 
.3 6.2 0.855 28.8 22.8 16.3 100.2 17.1 17.1 134.1 LL LN 
e; Lu – major axis length; Lv – minor axis length;  – correlogram direction; Temp – maximum temperature; 
AG – mean amount of rainfall of all gauges; MAX – maximum within-day rainfall amount; WAR –wetted area 
n amount of rainfall of wet gauges; LL – Log-Logistic; KA – Kappa; GP – Generalised Pareto; GU – Gumbel; 
ll; GA – Gamma   



ributions over the 918 wet days for the period 2009-01-01 to 2015-06-30 for the square region 

mma Generalised Pareto Gumbel Kappa Log-Logistic Log-Normal Weibull 
1 99 23 109 202 263 111 

7 31 3 16 699 52 80 



irnov (K-S) test p-values comparing the radar-derived and copula-derived correlogram parameters, 100 repetitions.  

mulative 
bability 

minimum 5% 25% 50% 75% maximum 

-Lvr 0.484 0.539 0.606 0.666 0.735 0.836 
0.118 0.265 0.517 0.787 0.885 0.998 
0.020 0.104 0.285 0.463 0.711 0.999 
0.011 0.045 0.146 0.334 0.480 0.912 



s’ properties between 2000-01-01 and 2008-12-31 within the catchment 

MAX MAG MWG WAR Temp Lug Lvg g DISTg

250.0 88.6 88.6 1.000 29.2 29.5 12.9 168.6 LL 
224.0 10.6 12.3 0.859 25.8 56.6 45.5 139.8 KA 
218.0 31.6 40.7 0.775 30.0 37.3 20.2 108.0 LN 
191.8 90.0 92.2 0.977 26.4 32.1 24.1 65.2 GA 
190.8 87.6 88.5 0.989 25.2 29.1 19.6 135.4 GU 
174.8 27.4 30.0 0.914 27.1 47.8 42.0 116.0 LN 
174.4 33.6 34.8 0.966 25.0 41.7 19.7 65.0 WE 
170.0 29.4 30.1 0.978 22.9 87.1 66.3 32.9 LN 
170.0 24.1 24.9 0.966 26.3 61.4 53.9 93.5 KA 
149.0 12.7 15.0 0.847 30.6 33.3 30.1 178.5 LL 
139.4 20.7 21.0 0.988 22.5 70.6 56.1 171.5 LN 
136.8 24.8 27.2 0.913 28.4 36.8 28.4 118.3 GU 
133.0 14.2 17.3 0.818 27.8 40.1 29.6 94.2 WE 
131.4 20.0 20.7 0.966 29.8 42.3 35.7 154.8 KA 
131.2 36.5 36.5 1.000 27.1 20.9 14.1 117.4 LN 
130.0 44.4 44.4 1.000 23.0 45.8 39.1 72.2 WE 
126.0 6.6 9.4 0.703 33.1 27.4 14.9 162.6 KA 
124.0 14.7 16.4 0.891 32.4 23.3 20.7 105.6 WE 
122.0 27.3 27.3 1.000 26.5 17.7 13.2 84.3 GA 
121.0 5.3 13.0 0.402 29.2 31.8 23.6 148.7 LN 

-Logistic; KA – Kappa; GP – Generalised Pareto; GU – Gumbel; LN – Log-Normal; WE – Weibull; GA – Gamma; Lug – gauge major 
gth; g – correlogram direction; Temp – maximum temperature; MAG – mean amount of rainfall of all gauges; MAX – maximum 
ted area ratio of all gauges; MWG – mean amount of rainfall of wet gauges; LL – Log-Logistic; KA – Kappa; GP – Generalised 

mal; WE – Weibull; GA – Gamma 



 Radar correlogram better predicts the spatial structure than gauged correlogram. 
 A second-order harmonic distribution is used to model radar correlogram direction. 
 Copula joint distribution for radar correlogram axes length parameters. 
 Gauged correlogram and temperature as covariates for predicting radar correlogram. 
 Uncertainty is reduced in over 90% cases using radar 2D correlogram parameter sets.  

 

*Highlights (3 to 5 bullet points (maximum 85 characters including spaces per bullet point)


