
Alexandria Engineering Journal (2021) xxx, xxx–xxx
HO ST E D  BY

Alexandria University

Alexandria Engineering Journal

www.elsevier.com/locate/aej
www.sciencedirect.com
A systematic study for determining the optimal

relaxation time in the lattice Boltzmann method at

low Reynolds numbers
* Corresponding author.

E-mail address: mansoor.jadidi@griffithuni.edu.au (M. Jadidi).

Peer review under responsibility of Faculty of Engineering, Alexandria

University.

https://doi.org/10.1016/j.aej.2021.06.037
1110-0168 � 2021 THE AUTHORS. Published by Elsevier BV on behalf of Faculty of Engineering, Alexandria University.
This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

Please cite this article in press as: M. Jadidi et al., A systematic study for determining the optimal relaxation time in the lattice Boltzmann method at low R
numbers, Alexandria Eng. J. (2021), https://doi.org/10.1016/j.aej.2021.06.037
Mansoor Jadidi a,*, Michael J. Simmonds b, Abdolrahman Dadvand c, Geoff Tansley a
aSchool of Engineering, Griffith University, QLD, Australia
bMenzies Health Institute Queensland, Griffith University, QLD, Australia
cFaculty of Mechanical Engineering, Urmia University of Technology, Urmia, Iran
Received 5 February 2021; revised 22 April 2021; accepted 13 June 2021
KEYWORDS

LBM;

Optimal relaxation time;

Poiseuille flow;

Micro-channel;

Low Reynolds number
Abstract In the lattice Boltzmann method (LBM), the relaxation time plays a significant role in the

accuracy of simulation. However, there has been little attention directed toward evaluating the opti-

mal relaxation time in literature. This paper proposes a systematic approach for the determination

of the optimal relaxation time - particularly for very-low Reynolds (Re) number flows as analogues

for blood flow in micro-vessels. The LBM with D2Q9 lattice model is used to simulate Poiseuille

flow in a micro-channel and its accuracy is verified against the analytical solution. It was found that

for a given number of grid points in the y-direction, the value of optimal relaxation time predicted

analytically differs from that obtained from the numerical solutions. This indicates that the analyt-

ical relaxation time should be corrected when used in the LBM code.
� 2021 THE AUTHORS. Published by Elsevier BV on behalf of Faculty of Engineering, Alexandria

University. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/

licenses/by-nc-nd/4.0/).
1. Introduction

Many numerical methods, such as finite difference method

(FDM), finite volume method (FVM) and finite element
method (FEM) that have been widely used in the field of Com-
putational Fluid Dynamics (CFD), require mesh. Solving

moving boundary problems by these methods is very challeng-
ing and time-consuming due to the need for the dynamic (mov-
ing) mesh [1,2]. An alternative to alleviate this issue is the
boundary element method (BEM) requiring less computa-
tional time to generate mesh. Despite this advantage, the dis-

cretization of the surfaces in three-dimensional problems
(even for simple geometries) can still be a cumbersome task
[2]. Meshless methods such as smoothed particle hydrodynam-
ics (SPH), multiquadric radial basis functions (MQ-RBF), and

finite pointset method (FPM) are alternative methods to over-
come this problem. On the other hand, lattice Boltzmann
method (LBM) is rapidly gaining popularity in simulating sim-

ple and complex fluid flows. The LBM is a representative the-
ory established at the mesoscopic scale. The main advantages
of the LBM over conventional CFD methods include easy

handling of complex geometries and boundary conditions
and efficient implementation for parallel computation [3,4].
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Fig. 1 D2Q9 lattice model.
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The parallelisation of LBM means that this method can be
easily used in parallel processor computers [5]. The major
drawback of the LBM approach is its inflexibility to employ

irregular/non-uniform meshes [4]. The comparison between
the lattice-Boltzmann equation (LBE) and the Navier–Stokes
equation indicates that the former is derived from a first-

order partial differential equation (PDE) but the latter uses
second-order PDEs. Furthermore, the Navier–Stokes equation
needs to solve a Poisson equation for pressure while in the

LBM pressure is simply obtained from an equation of state
[6,7].

The LBM has been successfully used to simulate a broad
range of fluid flow problems including micro-flow in porous

media, multiphase flows (e.g., micro-electro-mechanical system
and fuel cells), magneto-hydrodynamic flows (e.g., micro-
pumps, micro-valves) and biological microfluidics (e.g., blood

flow in vessels and air-flow in lungs) [3,7–9].
Most numerical methods use adjustable parameters such as

the Courant–Friedrichs–Lewy (CFL) condition in FDM and

FVM, and the shape parameter in the MQ-RBF to achieve
respectively stability and higher accuracy when solving a
PDE [10,11]. Similarly, in the LBM the accuracy, stability

and computational cost depend largely on the value of the
relaxation time s as a basic dimensionless parameter [4,5].
The highest accuracy occurs when s takes its optimum
valuesopt, which can be obtained when the relative error of

the LBM model is minimum. Despite numerous researches,

there has been a lack of attention to the optimal relaxation
time in the literature. Zhao [12] reported an optimal relaxation
time of 0.809 for a two-dimensional lid-driven cavity flow.

Krüger et al. [13] investigated the optimum values of the relax-
ation time in a laminar 3D Poiseuille flow at Reynolds (Re)
numbers of 1, 10, and 100. They set up a series of simulations
based on an analytical relationship. This relationship includes

four relevant dimensionless parameters: the relaxation time,
the number of grid points in the channel’s height directionN,
the Re number and the Mach (Ma) number. They considered

Re number fixed and chose an appropriate Ma number and
then set up a series of simulations for differentN. Finally, they
determined the minimum error, which can be calculated by

varying N and thuss. In addition, they used two types of
boundary conditions: periodic boundary conditions for the
flow driven by a constant body force and fully developed

boundary conditions at inlet and outlet. They also recom-
mended the value of the optimal relaxation time of approxi-
mately 0.9 for most simulations.

The motivation of the present work is to model the blood

plasma as a simple Poiseuille flow in a micro-channel using
LBM. Secomb and Pries [14] reported that in a capillary, typ-
ical values for diameter and blood velocity are 10 mm and

1.0 mm/s (giving Re ¼ 0:001), which are comparable to the
diameter of 10 mm and the velocity of 1000 mm/s (giving
Re ¼ 2000) associated with human’s large arteries. It should

be noted that the findings of the present work could be gener-
alized to such low Re number flows. A uniform velocity profile
is specified at the inlet. At the outlet, a Neumann boundary
condition is specified so that the velocity gradient in the x-

direction is set to zero. This results in a developed flow with
parabolic velocity profile at outlet. Here, we propose an
approach that is different from that described by Krüger

et al. [13]. For a given Re number, the simultaneous effects
ofNx,Ny (the number of grid points in the x and y-directions)

and s on the relative error are investigated.
The present paper comprises two sections. The first section

presents the new approach proposed for systematically obtain-

ing the optimal values of the relaxation time at very-low Re
numbers (0:01 � Re � 2). The second section investigates the
relationship between the analytical and numerical relaxation

time values.

2. Lattice-Boltzmann method

In this section, the lattice Boltzmann equation (LBE) and the
boundary conditions are given and discussed.

2.1. Lattice Boltzmann equation

The LBM, originally introduced in 1980 s, has been utilised to
model the incompressible flow governed by the Navier-Stokes
equations and widely developed as a numerical solver in CFD

[15]. The LBE is derived from the Boltzmann’s kinetic theory
of gases. From the standpoint of the kinetic-molecular theory,
gases/fluids are considered a collection of small particles in

which each particle moves in a different direction and under-
goes streaming and collision processes [16]. In the streaming
step, the fluid particles propagate to their new neighbouring

cells according to their previous velocities. However, in the col-
lision step, the fluid particles collide with each other and their
velocities change according to a set of collision rules [17,6]. The
widely used two-dimensional lattice model (also used in the

present work) is D2Q9 model with 9 velocity directions (see
Fig. 1).

In general, the Boltzmann transport equation is written as

@f

@t
þ c!� rf ¼ X fð Þ ð1Þ

where f denotes the particle distribution function, c! is the
particle velocity and X is the collision operator. The distribu-
tion function f indicates the probability of finding a particle

at time t and positionx moving with velocity c!. The
Bhatnagar-Gross-Krook (BGK) approximation for the colli-
sion operator (i.e., the single-relaxation-time approximation)
is given as [3–6,16,17]

X fð Þ ¼ � fi x; tð Þ � feqi x; tð Þ
s

: ð2Þ
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In this equation, fi x; tð Þis the density distribution function
at point x and time t, s is the dimensionless relaxation time,
and feqi ðx; tÞ is the equilibrium distribution function. The den-

sity distribution function fi x; tð Þis the primary variable and can
be described as the mass density of a given particle moving in a

particular direction [18].
Equation (2) shows that the distribution function relaxes

about its equilibrium state at a single rate s. During the colli-

sion step, the rate of change in the distribution function f is
controlled by this operator [19,20]. In other words, the role
of the collision operator is to regulate the interactions between

particles. Combining Eqs. (1) and (2), the Boltzmann transport
equation (1) becomes

@f

@t
þ c!� rf ¼ � fi x; tð Þ � feqi ðx; tÞ

s
ð3Þ

This equation is the heart of LBM. Equation (3) is dis-
cretized in space and time on a regular lattice with lattice spac-

ing Dxand lattice timing Dt as

fi xþ ciDt; tþ Dtð Þ ¼ fi x; tð Þ � Dt
s

fi x; tð Þ � feqi x; tð Þ� �
; i

¼ 0; 1; � � � ; 8: ð4Þ
The equilibrium distribution function for D2Q9 lattice

model is derived from the Taylor series expansion of the
Maxwell-Boltzmann distribution [3–6,21,22] and is given by

feqi ¼ qwi 1þ u!� c!i

c2s
þ 1

2

u!� c!i

c2s

� �2

� u!� u!
2c2s

" #
ð5Þ

where u!¼ ðu; vÞ is the fluid velocity. In addition, wi is the
direction-based weighting coefficient, cs is the lattice speed of
sound and ci denotes the lattice speed in i direction, which

for D2Q9 lattice model (Fig. 1) are defined respectively as

wi ¼
4=9; i ¼ 0

1=9; i ¼ 1; 2; 3; 4

1=36; i ¼ 5; 6; 7; 8

8><
>: ð6Þ

c2s ¼
Dx2

3Dt2
ð7Þ

ci ¼
0; i ¼ 0

c cos i�1
2
p

� �
; sin i�1

2
p

� �� �
; i ¼ 1; 2; 3; 4

c cos 2i�9
4
p

� �
; sin 2i�9

4
p

� �� �
; i ¼ 5; 6; 7; 8

:

8><
>: ð8Þ

In Eq. (8) c ¼ Dx=Dt is the lattice speed.
The weighting factors are needed to weight each distribu-

tion function. The distribution function associated with the

particle residing on the siteði ¼ 0) possesses the highest weight
among the others. A distribution function streaming a short
distance should have a higher weight than that streaming to

a longer distance. The distribution functions streaming the
same distance should have the same weight regardless of their
direction. In addition, the sum of all weighting factors should

be one. The weighting factors are chosen in such a manner as
to conserve the isotropy of the lattices for each lattice direc-
tion. Besides, the sound speed of the lattice should be properly
calculated within the isotropy constraints [5]. Finally, the

direction-based weighting coefficients depend on the lattice
model rather than the flow direction.
The macroscopic characteristics of the fluid flow such as

density qand velocity u! at a certain position can be obtained

as,

q ¼
X8

i¼0

fi; q u!¼
X8

i¼0

fici ð9Þ

and the macroscopic pressure p is obtained from the follow-

ing equation of state

p ¼ qc2s ð10Þ
In the LBM, the fluid kinematic viscosity.#is expressed as a

function of Dx;Dt ands. It can be determined when deriving
the incompressible Navier-Stokes equations from the LBM

using the Chapman-Enskog expansion [23],

# ¼ 1

3
s� 1

2

� � ðDxÞ2
Dt

ð11Þ

The numerical stability of LBM simulation requires that

s > 1=2. This condition guarantees that the fluid viscosity #
is always positive. Theoretically, the LBE is mainly used to
simulate incompressible flows (i.e., Ma ¼ umax=cs < 1=3, where
umax is the maximum fluid velocity). If accurate results are
desired, Ma < 0:1 is a well-chosen incompressible limit [4,5].

In LBM the physical parameters with physical units are

converted into their counterparts with lattice units. The follow-
ing relations are used to convert the lattice spacing (DxL;DyL)
into the physical spacing (DxP;DyP) in a two-dimensional
domain:

Nx ¼ LP

DxP

¼ LL

DxL

ð12Þ

Ny ¼ HP

DyP
¼ HL

DyL
ð13Þ

Here, the subscripts L and P denote a parameter in lattice
and physical units, respectively. In addition, Nx is the number

of grid points in the x-direction and Ny is the number of grid

points in the y-direction and L and H are the physical length

and width of the two-dimensional domain, respectively. The
relationships between the kinematic viscosity and the velocity
in the physical and lattice units can be written as,

DtP
DxP

2
¼ #L

#P

ð14Þ

uL
uP

¼ DtP
DxP

ð15Þ

To verify these conversions, the lattice and physical Re

numbers should be equal (ReL ¼ ReP) [6,17,24]. In the physical
units system, the characteristic length is not necessarily equal
to the number of grid points. In the LBM, however, Dxand
Dt are set to unity (Dx ¼ Dt ¼ 1Þ implying that the character-
istic lengths in the x and y directions are equal to the number
of grid points in these directions (Nx;Ny), respectively. For this

reason, the Re number in the lattice unit can be written as

ReL ¼ NyumaxL=#L ð16Þ
where umaxL represents the maximum velocity in lattice unit.

Substituting Eq. (11) into Eq. (16) and using the Ma number

definition yields,
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sA ¼
ffiffiffi
3

p
Ny

	 
Ma

Re
þ 0:5 ð17Þ

Here, sA denotes the analytical relaxation time. In the

LBM, the numerical accuracy depends on many factors includ-
ing the simulation parameters, proper numerical boundary
conditions, and the collision operator. This study uses the

single-relaxation-time approximation as the collision operator.
According to Eq. (17) for a given boundary condition, the four
parameters ofsA,Ny,Ma number and Re number play an

important role in the accuracy of the simulation [13].
2.2. Boundary conditions

Like in any other fluid flow computations, proper implementa-
tion of boundary conditions is very important in LBM. Imple-

mentation of the boundary conditions in LBM is not as
straightforward as in Navier-Stokes equations because there
is no one-to-one mapping between the particle distributions

and the macroscopic quantities given at the boundary [25].
The macroscopic quantities such as u and p must be converted
to distribution functions fi at the boundaries [5]. In the numer-
ical simulation of flows in infinitely long channels, an artificial

open boundary is required at outflow. If the outflow condition
is not properly chosen, unwanted effects of the outflow condi-
tion (e.g. pressure waves) might reflect back into the computa-

tional domain and lead to unrealistic results [25]. In the
numerical methods for solving the Navier-Stokes equations
such as FDM and FEM, much attempt has been made to pre-

scribe practically reasonable outflow boundary conditions.
Some of the most widely applied ones are the Neumann
boundary condition, the Neumann-type ‘‘do-nothing condi-

tion” and the zero normal shear stress (no-friction) boundary
condition. Another class of frequently used outflow condition
are the so-called convective boundary conditions. For an elab-
orate discussion on these boundary conditions and their imple-

mentation in LBM, one may refer to [25–29].
The most widely used outflow boundary condition in LBM

simulations is extrapolation, which operates directly on the

distribution functions [30].
The boundary conditions used in the present study are the

no-slip boundary condition at the walls, the uniform velocity

profile at inlet and the extrapolation at outlet, which are
described below.
- No-slip boundary condition at the wall

The most popular scheme to model the no-slip boundary
condition in LBM is the bounce-back scheme. As the name
reflects, in this scheme when a fluid particle moves toward a
Fig. 2 Illustration of bounce-back scheme at the bottom an
stationary wall it reflects back to the flow domain in its in-
coming direction (see Fig. 2) [6,16].

As can be seen from Fig. 2, after streaming, the distribution

functions f4,f7 and f8 at the bottom boundary are known, but
f2, f5 and f6 remain undetermined. The unknown values can be
obtained as

f2 ¼ f4

f5 ¼ f7

f6 ¼ f8

8><
>: ð18Þ

Similarly, at the top boundary, the unknown distribution
functions f4, f7 and f8 are determined as

f4 ¼ f2

f7 ¼ f5

f8 ¼ f6

8><
>: ð19Þ

- Inlet and outlet boundary conditions

In many practical applications, the velocity boundary con-

dition at inlet/outlet is determined. As mentioned above, in the
LBM, this type of boundary condition cannot directly be used.
Zou and He [31] proposed a method to convert the velocity

into the distribution functionsfi.
For example, consider the distribution functions at the inlet

boundary (Fig. 3) with prescribed velocityU
!

in ¼ u; vð Þ. Based
on this figure, after the streaming step, the distribution func-
tions f0, f2,f3, f4, f6 and f7 are known but f1, f5 and f8 are

unknown and must be obtained.
The unknown values are given by

f1 ¼ f3 þ 2
3
qu

f5 ¼ f7 � 1
2
f2 � f4ð Þ þ 1

6
quþ 1

2
qv

f8 ¼ f6 þ 1
2
f2 � f4ð Þ þ 1

6
qu� 1

2
qv

8><
>: ð20Þ

From the relations in (20) and q ¼ P8
i¼0

fi, the density q at

inlet can be obtained as,

q ¼ 1

1� u
ðf0 þ f2 þ f4 þ 2 f3 þ f6 þ f7ð Þ½ � ð21Þ

For the outlet boundary condition, a first order extrapola-

tion scheme is used for the distribution functions.

3. Numerical solution

The D2Q9 LBM model is used to simulate incompressible vis-
cous Poiseuille flow through a 2D micro-channel. An in-house
generated code (written in MATLAB software-R2017a, Math-
d top walls of the micro-channel in the D2Q9 model [17].



Fig. 3 Velocity boundary condition at the inlet [16].
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Works, Natick, MA, USA) is developed to implement the
model. Numerical solutions are compared with the corre-
sponding analytical solutions. It shall be shown that the ana-

lytical relaxation time is not always the optimal option for
the numerical simulations. In addition, the deviation of the
numerical relaxation time s from the analytical one is

discussed.
Fig. 4 illustrates the schematic of the 2D channel used in

this study where L and H are the physical length and width

of the channel, respectively.
In this study, the bounce-back (no-slip) boundary condition

is imposed on the top wall (y ¼ H) and the bottom wall

(y ¼ 0). According to Fig. 4, a uniform velocity profile is spec-
ified at the inlet and a zero-gradient for velocity is specified at
the outlet.

The LBM is solved in two key and distinct steps, namely,

streaming and collision, which are respectively related to the
left-hand side and the right-hand side of Eq. (4) and are writ-
ten as

Streamingstep : fi xþ ciDt; tþ Dtð Þ ¼ f�i x; tþ Dtð Þ ð22Þ

Collisionstep : f�i x; tþ Dtð Þ

¼ fi x; tð Þ � Dt
s

fi x; tð Þ � feqi x; tð Þ� � ð23Þ
Fig. 4 Schematic of th
where fi and f�i represent the pre-collision and post-collision

states of the distribution function [1,5]. The relative error
between the analytical and numerical solutions is calculated

using the L2-norm as,

Error ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

Ny

X
j

ðu Nx; jð Þ � uAðjÞ
umax

Þ
2

vuut ð24Þ

Here, uAis the analytical solution of the velocity profile

across the micro-channel given by [32]

uAðyÞ ¼ 4umaxð y
H

� y2

H2
Þ ð25Þ

where umax represents the maximum velocity in the micro-

channel.

4. Systematic approach for determination of the optimal

relaxation time in LBM

In order to achieve the optimal relaxation time and the corre-
sponding optimal number of grid points in the x-direction and

y-direction at the very-low Re numbers considered in the pre-
sent work, a systematic procedure is proposed. The detailed
procedure is presented in Fig. 5 as an algorithm, which con-
tains four loops. The optimum value of the relaxation time is

determined in the fourth loop.
In the following, the proposed procedure is explained in

more detail by applying it to a Poiseuille flow whereRe ¼ 0:01.
The results are summarised in Table 1. It should be noted that
this approach can be applied to different flow scenarios and is
not limited to the example given here. As mentioned above, the

LBM uses a regular grid in the fluid domain so thatDxL ¼ DyL
and for simplicity, these values are set to unity
(DxL ¼ DyL ¼ 1). The physical dimensions of the length LP

and the width HP of the channel should remain unchanged.

However, in the lattice scale, the changes in LLand HL are pro-
portional to Nx andNy. Hence, according to Eq. (12) and Eq.

(13), as LPand HP are fixed, DxP and DyP change in inverse
proportion to Nx andNy. It is evident that low values of Nx

and Ny (i.e., coarse grid) can lead to an increase in the numer-

ical error. For this reason, it is wise to start with appropriate
values of Nx andNy.
e 2D channel model.



Fig. 5 Algorithm to find the optimal relaxation time and the corresponding optimal number of grid points in the x and y directions.

Table 1 Typical data of sopt and Errmin for Re = 0.01.

Re = 0.01

Nx Ny s Errmin Ny1 = 50

s1 = 1.25

Nx�opt = 150

s1 = 1.25

Nx�opt = 150

Ny�opt = 51

20 20 150 0.00440 Nx1 Errmin Ny1 Errmin s1 Errmin

50 50 5 0.00410 30 0.03600 47 0.000870 1.20 0.000055

100 50 1.5 0.00048 50 0.00870 48 0.000570 1.21 0.000047

150 50 1.25 0.00014 100 0.00130 49 0.000310 1.22 0.000043

200 100 2 0.00240 150 0.00014 50 0.000140 1.23 0.000042

250 50 1.125 0.00078 200 0.00046 51 0.000053 1.24 0.000043

400 100 0.75 0.00100 250 0.01687 52 0.000088 1.25 0.000053

600 200 0.8 0.00098 300 0.01326 53 0.000160 1.27 0.000079

800 200 0.75 0.00081 500 0.00192

600 0.00204

800 0.00415

1000 0.00252

1500 0.00058

2000 0.00149

a: Loop 1 b: Loop 2 c: Loop 3 d: Loop 4
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To begin with, in Loop 1, the process is initiated with
Nx ¼ 20 andNy ¼ 20, which are kept fixed while s changes.

Following this, the minimum relative error Errmin based on

Eq. (24) is determined. In the next step, this process is repeated
for new values of Nx andNy. Finally, among this data, the low-

est value of the calculated Errmin is selected. In this step,s1; Nx1

and Ny1 corresponding to the lowest Errmin are determined and

transferred to the second loop. It is observed from Table 1a



Fig. 6 Effect of the number of points in the x-direction on the

minimum relative error.
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that Errmin ¼ 0:00014 is the lowest value among the rest of the
data in Loop 1, which is associated with s1 ¼ 1:25, Nx1 ¼ 150
andNy1 ¼ 50. These values are transferred to the next loop

(i.e., Loop 2).

In Loop 2, Nx1is changed while Ny1 and s1 are fixed at their

values transferred from Loop 1 (i.e., Ny1 ¼ 50 ands1 ¼ 1:25)

and theErrmin is calculated for different values ofNx1. The pro-

cess is repeated until the lowest Errmin is achieved (Table 1b).
In this example, fors1 ¼ 1:25 andNy1 ¼ 50, the lowest Errmin

occurs forNx1 ¼ 150, which is referred to asNx�opt. Fig. 6 shows

the variations of Errmin with respect to Nx1 for fixed Ny1 ¼ 50

and s1 ¼ 1:25 at Re ¼ 0:01. As observed in this figure, Errmin

decreases sharply from Nx1 ¼ 30 to Nx1 ¼ 150 because the
truncation error reduces due to the mesh refinement. After-
wards the error increases sharply again. The non-

monotonicity of the error function in Fig. 6 may be attributed
to the fact that the error is not a function of the grid size only
but on the relaxation time as well. Therefore, different mini-

mum relative errors Errmin are obtained for different values
ofNx1. However, the main objective is to pursue the optimal
relaxation time sopt for which the minimum relative error is

the lowest.
In Loop 3, Nx�opt ¼ 150 and s1 ¼ 1:25 remain unchanged at

their values transferred from the Loop 2 and the number of

points in the y-direction Ny1 is varied. A small change in Ny1
Fig. 7 Effect of relaxation time on the m
is made for which the value of Errmin is calculated. The process
is repeated until the lowest Errmin is achieved (Table 1c). In this
example, fors1 ¼ 1:25, the lowest value of Errmin occurs

forNy1 ¼ 51, which is identified as the final value ofNy�opt.

In Loop 4, Nx�opt ¼ 150and Ny�opt ¼ 51remain unchanged

at their values transferred from the Loop 3 but the value of

the relaxation time s1 is changed slightly. Small changes in s1
are made until the lowest value of Errmin is obtained (see
Table 1d). In this example, for Nx�opt ¼ 150 and Ny�opt ¼ 51

the lowest Errmin occurs ats1 ¼ 1:23, which is identified as

the final value ofsopt. It should be noted that the same proce-

dure was employed for the rest of the Re numbers, i.e., 0.05,

0.1, 1, and 2 considered in the present work.
Fig. 7 represents the effect of the relaxation time s1 on the

minimum relative error Errmin at Re ¼ 0:01. According to this

figure, there is an optimum value of the relaxation time (asso-
ciated with the lowest relative error), which is obtained to be
sopt ¼ 1:23 in the present case.

5. Results and discussion

This section first focuses on the numerical results for the Poi-
seuille flow at different low Re numbers. For different Re num-
bers different optimal relaxation times are obtained. Then the

relationship between the numerical and analytical relaxation
times are obtained.

5.1. Optimal relaxation time for Poiseuille flow at different Re
numbers

Fig. 8 depicts the dimensionless x-component velocity profile,

u=umax, at the micro-channel outlet for Re ¼ 0:01. The results
of the numerical solution are in good agreement with the ana-
lytical solution (the relative error between the numerical and

analytical solutions obtained from Eq. (24) is 4:2� 10�5).

Fig. 9 shows the dimensionless x-velocity profile across the
micro-channel width at different locations along the micro-
channel. In this figure x denotes the distance (in lattice units)

measured from the inlet of the channel. According to this fig-
ure, the velocity profile changes in the developing region but
inimum relative error at Re = 0.01.



Fig. 8 Comparison between the analytical and numerical

velocity profile at the micro-channel outlet for Re = 0.01

(s ¼ 1:23, Nx ¼ 150, Ny ¼ 51).

Fig. 9 Velocity profile in the developing and fully developed

regions in the micro-channel at Re = 0.01 where x denotes the

distance (in lattice units) from the micro-channel inlet (s ¼ 1:23,

Nx ¼ 150, Ny ¼ 51).

Fig. 10 Effect of the number of points in the x-direction on the

minimum relative error for different Re numbers

(s ¼ 1:23;Ny ¼ 51Þ.

Fig. 11 Effect of the number of grid points in the y-direction on

the minimum relative error for different Re numbers (s ¼ 1:23,

Nx ¼ 150).
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an unchanged parabolic profile is achieved in the developed
region (x > 100).

Fig. 10 depicts variations of the minimum relative error
Errmin versusNx for different Re numbers of 0.01, 0.05, 0.1, 1
and 2. It can be seen that for all the Re numbers considered,
there is a sharp decrease in the value of Errmin until Nx reaches

150, but after this value, the error gradually increases for Re
numbers of 0.01, 0.05 and 0.1 but fluctuates for Re ¼ 1 and
2. The fluctuations in the error for higher Re numbers of 1

and 2 may be interpreted as follows. The standard LBM
is mainly used for the simulation of nearly incompressible
(i.e., low Ma number) flows. By increasing the Re number

while keeping s fixed, the Ma number and hence the error
increases. In addition, since the error depends strongly on
the relaxation time, keeping s at 1.23 (which is associated with

Re ¼ 0:01) increases the error for Re numbers deviating
remarkably from Re ¼ 0:01. The important point to note here
is that for all Re numbers the minimum relative error occurs
atNx ¼ 150.
Fig. 11 shows changes in the minimum relative error as a

function ofNy for Re numbers of 0.01, 0.05, 0.1, 1, and 2. Here

Nx and s are fixed at 150 and 1.23, respectively. Overall, there
is a descending trend in the numerical error until Ny reaches 51

for all Re numbers considered. Afterwards, the error gradually
increases for Re numbers of 0.01, 0.05 and 0.1, while for Re
numbers of 1 and 2, the error varies with a steeper slope. In

addition, the difference between the error for the coarse mesh
ðNy ¼ 51Þ and that for the finer mesh ðNy ¼ 54Þ is due to the

relaxation time rather than the truncation error. In other
words, in the LBM, the correct choice of the relaxation time,
which depends on the number of grid points in the y-

direction (Eq. (17)) has a significant effect on the error.
Fig. 12 compares the variations of the x-component veloc-

ity u profile for Re = 0.01 and different relaxation times

whereNx ¼ 150 and Ny ¼ 51. As can be seen, a slight change

in s causes significant error in the velocity profile. Only the

velocity profile for s ¼ 1:23 agrees with the analytical result
because the lowest minimum relative error occurs for
s ¼ 1:23 as shown in Fig. 7.

The simultaneous effects of the relaxation time s and the
number of points in y-direction Ny on the minimum relative

error Errmin for Re = 0.01 are presented in a 3D graph shown
in Fig. 13. The lowest minimum relative error coincides with
Ny ¼ 51 and s ¼ sopt ¼1.23. To sketch this graph, first s is kept
fixed at a specific value whileNy changed between 50 and 60

and the minimum relative error Errmin is determined. This pro-
cess is repeated for different s values ranging from 0.75 to 1.5.

Finally, among these data the lowest value of the minimum rel-



Fig. 12 Comparison of the velocity profile for different relaxation times at Re = 0.01. (Nx ¼ 150, Ny ¼ 51).
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ative error is selected, which is associated with the optimal
relaxation time sopt.

Furthermore, the simultaneous effects of Nx and Ny on the

minimum relative error Errmin for Re = 0.01 and sopt ¼ 1:23 is

represented in a 3D graph shown in Fig. 14. The lowest value
of the minimum relative error occurs at Ny ¼ 51 andNx ¼ 150.

In summary, the best results for all the Re numbers consid-
ered in the present work are achieved according to Table 2.

Interestingly, it can be seen from this table that in this range
of Re numbers, the values of 150 for Nx and 51 for Ny remain

unchanged. However, different optimal relaxation times of
1.23, 0.65, 0.57, 0.89 and 0.69 can be achieved for Re numbers

of 0.01, 0.05, 0.1, 1 and 2, respectively.
The minimum relative errors for Re numbers of 0.01, 0.05

and 0.1 are one order of magnitude smaller than those for

Re = 1 and Re = 2. Moreover, the optimal relaxation time
sopt ¼ 0:89 obtained here agrees quite well with sopt ¼ 0:9

found by Krüger et al. [13] for Re = 1. This substantiates
the validity of the procedure proposed in the present work.
Lo

Fig. 13 Simultaneous effects of the relaxation time s an
5.2. Relationship between the analytical and numerical
relaxation times

In this section, it will be shown that the analytical value of
the relaxation time does not always give rise to the most

accurate results. According to Eq. (17), the analytical relax-
ation time sA changes linearly withMa=Re. The present
numerical results also represent a linear relationship between

the numerical relaxation time sN and Ma=Re but with a dif-
ferent slope from the analytical one as shown in Fig. 15.
According to this figure, the numerical relaxation time sN
can be written as

sN ¼ 57:682ð ÞMa

Re
þ 0:5 ð26Þ

where the R2 value from the regression is obtained to be

equal to 1.0. According to Table 2, the values of Ny for differ-

ent Re numbers are the same (Ny ¼ 51) so that Eq. (26) can be

rewritten as
west 

d Ny on the minimum relative error for Re = 0.01.



Lowest 

Fig. 14 Simultaneous effects of Nx and Ny on the minimum relative error for Re = 0.01.

Table 2 Optimal values ofNx, Ny and s for different Re numbers.

Re = 0.01 Re = 0.05 Re = 0.1 Re = 1 Re = 2

Nx�opt 150 150 150 150 150

Ny�opt 51 51 51 51 51

sopt 1.23 0.65 0.57 0.89 0.69

Errmin 4:2� 10�5 5:3� 10�5 4:5� 10�5 4:0� 10�4 4:0� 10�4

Fig. 15 Numerical and analytical diagrams for the relaxation

time versus Ma/Re.

Fig. 16 Linear relationship (28) between the numerical and

analytical relaxation times.
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sN ¼
ffiffiffiffiffiffiffiffiffiffiffi
1:279

p
Ny

	 
Ma

Re
þ 0:5 ð27Þ

Combining Eq. (17) and Eq. (27), the following relation can
be obtained, which is also depicted in Fig. 16,

sN ¼ 0:65ð ÞsA þ 0:17 ð28Þ
According to this relation, a linear relationship is observed

between sN andsA (Fig. 16). This means that using sA in the
LBM code will result in a higher numerical error and hence
it should be corrected according to Eq. (28). For example,
according to this correction formula, sN ¼ 0:82 is obtained
forsA ¼ 1. This formula is valid for 0:01 � Re � 2 and
Ma=Re � 0:02. It should be noted that this formula might

change if the boundary conditions change.

6. Conclusion

In order to achieve the highest numerical accuracy in LBM,
the value of the relaxation time s must be optimal. Despite
the numerous papers on the LBM, none has adequately char-
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acterised the optimal relaxation time. Therefore, a reliable and
systematic study is required to accurately obtain the optimal
relaxation time. In this study, the optimal values of the relax-

ation time and the corresponding optimal number of grid
points in the x-direction and y-direction for low Re number
Poiseuille flow in a microchannel are obtained using two-

dimensional LBM with D2Q9 lattice model.
Different values of the optimal relaxation times of 1.23,

0.65, 0.57, 0.89 and 0.69 are obtained for the different Re num-

bers of 0.01, 0.05, 0.1, 1, and 2, respectively. It is interesting,
however, to note that in this range of Re number, the number
of grid points Nx ¼ 150 and Ny ¼ 51 does not change. The

validity of this method is verified by comparing the numerical
results against the analytical solution. Moreover, the optimal

relaxation time sopt ¼ 0:89 obtained here for Re ¼ 1 agrees

quite well with sopt ¼ 0:9 found by Krüger et al. [13] substan-

tiating the validity of the procedure proposed in the present

work.
In addition, for a fixed number of grid points in the y-

direction, the numerical s-Ma/Re diagram deviates from the

analytical one. It, thus, follows that the analytical relaxation
time must be corrected when employed in the LBM code. This
correction is based on a linear relationship between the numer-

ical relaxation time and the analytical one, which is valid for
0:01 � Re � 2 and Ma=Re � 0:02 but may change with the
boundary conditions.
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