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Lattices with hierarchical architectures exhibit unique geometric and mechanical properties compared
with single scale ones. While numerous research efforts have focused on hierarchical strut lattices, hier-
archical sheet lattices have yet to be studied in detail. This paper proposes a systemic framework includ-
ing geometric design, finite element modelling, additive manufacturing, and mechanical testing for
hierarchical sheet triply periodic minimal surface (TPMS) lattices such that the lattice walls comprise suc-
cessively smaller scale TPMS architectures. Geometric properties including relative densities and volume-
specific surface areas of hierarchical lattices are analytically calculated and verified via numerical calcu-
lations. The compressive properties of 2-order sheet Gyroid lattices are investigated with finite element
simulations and experimentally validated using micro-selective laser melting fabricated stainless-steel
specimens. Geometric analysis shows that hierarchical sheet lattices have great potential to achieve a
wide range of controllable geometric properties including hierarchical porosities, ultralow densities,
and significantly enlarged surface areas. Simulation results indicate that 2-order lattices have superior
buckling strength over single scale lattices at ultralow densities. At moderate densities, 2-order lattices
exhibit reduced modulus and strength, but more stable failure behaviour. With these unique combina-
tions of geometric and mechanical properties, hierarchical sheet TPMS designs are shown to be desirable
structural configurations for biomedical scaffolds.
� 2021 The Author(s). Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND
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1. Introduction

Cellular structures exhibit lightweight and multifunctional
properties in a wide range of research fields targeting mechanical,
thermal, biomedical, and acoustic applications [1–4]. The concept
of cellular structures is bioinspired, as firstly described by R.
Hooke’s discovery of cell-like structures in woods [1]. The design
concept has been inspiring the creation of numerous engineered
strut, shell, and plate lattices with extreme properties which are
not achievable by bulk materials [5–12].

A next level inspiration offered by nature is the existence of
hierarchical structures in many biological structural materials
[13,14]. Hierarchical structures exhibit architectures spanning
across different length scales. Bones, composed of hierarchical
and multi-material structures spanning from nano-scale to
macro-scale, exhibit unique properties such as superior fracture
toughness, lightweight and transport functions [15–18]. In terms
of man-made structures, the Eiffel tower is one of the classic exam-
ples of macroscopic hierarchical design with advantages including
reduced material usage and structural advantages [19]. The diffi-
culties in fabrication of designs at meso- or smaller scales have
hindered the uptake and further investigation of engineered hier-
archical structures in the past. With the rapid development of
large-scale and high-resolution additive manufacturing (AM) tech-
nologies, meso-, micro-, and nano-scale hierarchical lattice struc-
tures are now attracting increasing research exposure [20–23].

Two typical hierarchical structures are (1) fractal-like (architec-
tures are self-similar across length scales) and (2) semi-self-similar
(different architectures across length scales may occur). Based on
this design concept and a large library of lattice structures
including laminates, hexagon, triangle, square, Kagome in two-
dimensional (2D), and cube, octet, octahedron in three-
dimensional (3D), numerous self-similar and semi-self-similar
hierarchical structures have been developed. For example, hierar-
chy was created by replacing the nodes of 2D hexagons with smal-
ler scale hexagons [22,24], or by replacing the struts of lattices by
smaller scale lattices [20,21,23,25–32]. Hierarchies of rank lami-
nates were produced by successive laminations across multiple
length scales [33,34].

With various design methods for hierarchical lattices being
available, it is interesting to investigate their structure–property
relationships. Numerical and experimental efforts have been con-
ducted to explore the mechanical properties of hierarchical lattices
and compare these with their single scale counterparts [19–21,23
,26,27,32,35,36]. One of the advantages of hierarchical designs is
the enhanced buckling strength [19,25,26,36]. Since the failure of
ultralow density lattices is generally dominated by strut buckling,
hierarchical lattices exhibit higher overall strength than single
scale low density lattices. In addition, hierarchical designs increase
the design space as the structure at each level of hierarchy has its
independent parameters, enabling an expanded range for tai-
lorable and optimized mechanical properties including stiffness,
strength, toughness, and Poisson’s ratio [19,26,27,32,35]. Both
numerical [22] and semi-analytical [27] investigations show that
the in-plane stiffness of 2D bending-bending lattices increases
with hierarchy. In contrast, for stretching-stretching dominated
lattices, introducing hierarchies reduces the stiffness [26,27]. Hier-
archical lattices made of first order nano hollow struts were shown
to experimentally exhibit superior reconvertibility under large
compressive strains through first order beam elastic buckling
[20]. Zheng et al. [21] tested bending-stretching hierarchical lat-
tices made of hollow struts and observed a high tensile elasticity
over 20% for lattices with thin-walled first order hollow beams.
Rank-6 laminates exhibit optimal bulk modulus in the case of 3D
2

[33,34,37]; however, different from the above-mentioned open cell
lattices, the closed cell geometry introduce difficulties in
fabrication.

Recently, smooth sheet triply periodic minimal surface (TPMS)
structures have attracted significant attention in the fields of por-
ous biomedical scaffolds. The geometric design, mechanical prop-
erties, fabrication and scaffold applications of single scale TPMS
structures have been extensively studied [12,38–47]. TPMS scaf-
folds are promising to mimic the doubly curved pore curvature,
pore size, Young’s modulus, anisotropic stiffness, and permeability
of trabecular bones to a great degree [44,48–50]. Experimentally,
studies on hierarchical bone scaffolds with regular macro- and
stochastic micro-porosities indicated their advantages on bone
regeneration over single scale scaffolds [51–54]. However, there
are only a few studies on the design and mechanical properties
of hierarchical TPMS structures. Recursive intersection Boolean
operations for implicit functions of hierarchical TPMS structures
were developed to generate 3D solid models [55]. In order to
improve the numerical efficiency, algorithms generating 2D slices
instead of 3D models of hierarchical TPMS structures were devel-
oped, which are suited for AM due to the layer-by-layer manner
of fabrication [55,56]. However, there is no geometric modelling
method reported for 3D surface models of hierarchical sheet TPMS
structures which facilitates finite element (FE) analysis. The
mechanical properties of hierarchical sheet TPMS structures have
therefore yet to be investigated synergistically through validated
simulations and experiments.

The advances of AM technologies in this decade have greatly
facilitated the development of multifunctional materials and
devices through the expanded geometric freedom, improved preci-
sion, and the development of novel materials [57,58]. However, the
fabrication of hierarchical lattices remains challenging because
fabrication of both large-scale and high-resolution complex struc-
tures is required. The recently developed micro-/nano-scale and
large area AM systems enable the realization of hierarchical struc-
tures. Large area projection micro-stereolithography [21] two-
photon lithography direct laser writing [59,60] and femtosecond
projection direct laser writing [61] for example, are powerful tools
to fabricate micro-/nano- scale structures. These AM technologies
significantly facilitate the experimental investigation of hierarchi-
cal lattices with minimum feature sizes several orders of magni-
tude smaller than their overall dimensions. In meso- and micro-
scales, the fabrication of hierarchical lattices is possible for AM sys-
tems with a large build size to minimum feature size ratio such as
commercial polymeric systems with large build sizes [23]. With
recent development of micro-selective laser melting (SLM) tech-
niques, the achievable feature size is down to 100 mm [62], thereby
also enabling the fabrication of metallic hierarchical lattices.

In this paper, we propose a geometric design, FE modelling, AM
processing, and mechanical characterization framework of numer-
ically characterising and experimentally validating hierarchical
sheet TPMS lattices. Hierarchies are generated by recursively intro-
ducing smaller scale sheet TPMS structures within Gyroid (one
type of TPMS) walls. The geometric modelling method is imple-
mented using a combined marching tetrahedron (MT) and march-
ing triangles (MTRI) algorithm. The proposed design method is
used to generate both solid and surface hierarchical lattices, with
self-similar and semi-self-similar, uniform and graded wall thick-
ness. The geometric properties, including relative densities and
volume-specific surface areas, of hierarchical Gyroid lattices are
calculated analytically and numerically. Stainless steel specimens
with wall thicknesses of 100–150 mm, relative densities of 0.031–
0.071, and length ratios of 5 and 8 are fabricated by a custom-
built micro-SLM system and tested under compression loading.
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The mechanical properties of 2-order sheet Gyroid lattices with
respect to design parameters are investigated by FE modelling with
shell formulations and uniaxial compression tests. The synergistic
topological, geometric, and mechanical properties of hierarchical
sheet Gyroid lattices are shown to result in a superior design
framework for porous biomedical scaffolds.

2. Geometric modelling

2.1. Design methodology

In this paper, we adopt the following naming conventions for
hierarchical structures [20,26]: the solid walls at the smallest
length scale are considered as the 0-th order, and the characteristic
length, i.e. unit cell length, increases with increasing hierarchical
order. The i-th order structures refer to single scale structures at
the i-th length scale, represented as Ui; the n-order hierarchical
structure refers to structures including n orders of hierarchies, rep-
resented here as Uhn.

The proposed hierarchical design methodology is evaluated for
sheet Gyroid structures, which is one type of TPMS, based on a
recursive method. With prescribed unit cell length and wall thick-
nesses/relative densities, a hierarchical sheet Gyroid unit cell is
created by filling its walls with smaller scale sheet Gyroid struc-
tures, with solid walls as the basic structural element.

The geometry of a single scale sheet Gyroid structure at the i-th

order length scale is represented by its midsurface U
�
i ¼ 0, which is

given by an implicit function known as periodic nodal surface
approximation [63]

U
�
i ¼ cos xixð Þ sin xiyð Þ þ cos xiyð Þ sin xizð Þ

þ cos xizð ÞsinðxixÞ; i ¼ 1;2; � � � ð1Þ
where xi = 2p/Li, and Li is the unit cell length. The sheet Gyroid
structure is constructed by offsetting from the midsurface on both
sides. Then, all material points of the shell structure can be
described by the following implicit function:

Ui ¼ U
�
i

2
� ci2; i ¼ 1;2; � � � ð2Þ

This equation represents a solid shell structure, with its solid
domain represented by Ui < 0 and its boundary by Ui ¼ 0 (Fig. 1
(b)). The wall thickness (offset distance) is controlled by ci, which
also determines the relative density of the i-th order structure. A
length ratio at the i-th length scale is defined as ri = Li/Li-1, where
L0 can be considered as the wall thickness of the first order
structure.

It should be noted that the term ci in Eq. (2) represents an alge-
braic offset, which may not yield a constant geometric offset nor-
mal to the midsurface in the case that rUij j varies significantly
from rUij j ¼ 1 over the whole midsurface. Thus, one could choose

Ui ¼ U
�
i

2
� ci rU

�
i

��� ���� �2
instead to reduce approximation errors from

the constant wall thickness ci. This was not attempted in our work.
For the nodal approximation of other TPMS such as Primitive, Dia-
mond, I-WP, readers are referred to references [3,42,63].

A 2-order hierarchical TPMS structure is generated by a maxi-
mum operator, which fills in the 2nd order Gyroid walls with the
first order Gyroid structure (Fig. 1 (c-f)):

Uh2 ¼ maxðU1;U2Þ ð3Þ
where Uh2 is the implicit function of the 2-order hierarchical
structure. This operation can be repeated to create higher order
hierarchical structures. To generate a hierarchical surface, U1 is
3

replaced by U
�
1 and surfaces are only generated in the regions of

U2 < 0 (Fig. 1 (c)). An n-order hierarchical structure, Uhn, is then
created based on the (n-1)-order hierarchical structure, Uh(n-1),
and the n-th order single scale structure, Un,

Uhn ¼ maxðUhðn�1Þ;UnÞ ð4Þ
where Uh1 ¼ U1

Geometric properties such as relative densities and surface area
of hierarchical sheet Gyroid structures are determined by multiple
design parameters including the relative density, unit cell length
and surface type at each length scale. Based on above design
methodology, the relative density of a n-order hierarchical sheet

Gyroid structure, q
�
hn, is given by

q
�
hn ¼

Yn

i¼1
q
�
i ð5Þ

where q
�
i is the relative density of the i-th order single scale

structure.
Volume-specific surface area is another geometric property of

hierarchical structures that is of interest because the hierarchical
design can exhibit increased surface areas. The volume-specific

surface area of an n-order hierarchical structure, A
�
hn, can be

derived based on that of the corresponding (n-1)-order hierarchical

structure, A
�
hðn�1Þ, by

A
�
hn ¼ A

�
hðn�1Þq

�
n þ A

�
nq
�
hðn�1Þ ð6Þ

where A
�
n denotes the volume-specific area of the n-th order single

scale structure. It is noted that A
�
n / 1=Ln and A

�
h1 ¼ A

�
1. The first

term in Eq. (6) represents the surface area of internal surfaces of
the (n-1)-order hierarchical structure (Fig. 1 (d)) and the second
term represents the surface area of boundary surfaces of the n-th
order structure (Fig. 1 (e)).

The volume-specific area of hierarchical sheet Gyroid structures
can be calculated in a recursive manner by using Eq. (6). Consider-
ing a simplified case of self-similar hierarchical structures with

constant length ratios, r, and relative densities, q
�
i, at each order

of hierarchy, we have the volume-specific area of single scale
structures scaling with 1/r, by

A
�
n ¼ A

�
1=rn�1 ð7Þ

and

A
�
hn ¼ q

�
iA
�
h n�1ð Þ þ A

�
1 q

�
i=r

� �n�1
ð8Þ

where A
�
1 depends on the length scale L1 and the surface area

of sheet Gyroid structures, which can be measured through

numerical methods. The general term of A
�
hn normalized by A

�
1 is

computed as

A
�
hn=A

�
1 ¼ q

�
i

n�1
1þ 1

r
þ 1
r2

þ � � � þ 1
rn�1

� �
¼ q

�
i

n�1 1� 1=rn

1� 1=r
ð9Þ

For 2-order and 3-order hierarchical sheet Gyroid structures,
the volume-specific surface areas are simplified based on Eq. (9)
by expressing

A
�
h2=A

�
1 ¼ q

�
i 1þ 1

r

� �
ð10Þ

A
�
h3=A

�
1 ¼ q

�
i

2
1þ 1

r
þ 1
r2

� �
ð11Þ
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2.2. Numerical implementation

The max operation in Eqs. (3–4) can be implemented by various
numerical methods. Boolean operations on 3D objects on different
length scales is feasible; however, this method is computational
expensive especially for hierarchical structures [56]. A recursive
Boolean method on implicit functions (Eqs. (1–4)) was developed
in [55] and the 3D solid models were extracted using the marching
cubes (MC) method; however, the discontinuity of the max opera-
tion can lead to rough and noisy boundaries and even defects
(point connections and intersected triangles) at the intersections
between Un and Uhðn�1Þ, while a sharp and neat ‘‘cut” is desirable.
These imperfections can be mitigated by refining the discretiza-
tion, but could not be fully addressed. In addition, MC cannot gen-

erate hierarchical TPMS surface models, i.e.,U1 is replaced by U
�
1 in

the first order structure, because MC on Eqs. (1–3) results in closed
solid models rather than open surfaces.
Fig. 1. Design flowchart of a 2-order sheet Gyroid unit cell. (a) The cube occupied by a u
Gyroid surface model. (d) Internal surfaces and (e) boundary surfaces of the 2-order sheet
of (d) and (e).

4

To address these limitations, we develop a numerical method
based on combined MT and MTRI algorithms to recursively gener-
ate smaller scale structures inside Gyroid walls based on Eqs. (1–
4). MT is an algorithm similar to MC to extract iso-surfaces in form
of a triangular (or polygonal) mesh from implicit functions defined
in a discretised domain [64–67]. The difference is that MT allows
for tetrahedral discretization, which results in greater design free-
dom on design domains than MC which requires cuboid discretiza-
tion. Since the macro-scale Gyroid structure cannot be discretised
by regular cuboids, the generation of smaller scale structures
inside the macro-scale Gyroid structures requires the greater
design freedom of MT. The combined MT and MTRI algorithm
results in defect-free 3D surface and solid models of hierarchical
sheet Gyroid structures with moderate computational costs com-
pared to Boolean operations on 3D objects. It should be noted that
the 2D slice method [55,64] is more numerically efficient for the
purpose of fabrication with AM. The advantage of the proposed
nit cell. (b) The 2nd order Gyroid unit cell with the tetrahedral mesh. (c) The 2-order
Gyroid solid model. (f) The 2-order sheet Gyroid solid model which is a combination
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method is therefore its ability to generate defect-free 3D surface
and solid models required for numerical simulation approaches
as well as 3D AM.

The design flowchart is illustrated in Fig. 1 with a 2-order sheet
Gyroid unit cell as an example. Fig. 1 (a) shows the cube occupied
by the hierarchical unit cell. The 2nd order sheet Gyroid structure is
generated in the unit cell using the MC algorithm as MC is efficient
to extract iso-surfaces in a cuboid domain. To generate the 1st order
structures inside the 2nd order structure, MT is necessary instead of
MC. To conduct MT, the 2nd order structure is meshed with tetra-
hedron elements (Fig. 1 (b) inset). The details of the MT algorithm
are described in appendix A. In this work, two types of hierarchical
structures are generated, namely hierarchical surfaces and solid

models. Conducting MT on Eq. (1) (U
�
1 ¼ 0) results in a 2-order

Gyroid surface (Fig. 1 (c)) which can be used for finite element sim-
ulations. Conducting MT on Eq. (2) (U1 ¼ 0) generates the solid
model of the 2-order hierarchical structure (Fig. 1 (d)). However,
only the 1st order surfaces inside the 2nd order structure
(U2 < 0 and U1 ¼ 0) are generated, while the 1st order surfaces
on the boundary of the 2nd order structure (U2 ¼ 0 and U1 � 0)
are not, leaving a gap shown in Fig. 1 (d). The missing surfaces
Fig. 2. Generation of solid and surface models of hierarchical Gyroid structures. 1-order
model; 2-order (d) solid model, (e) tetrahedra mesh (30 million elements), (f) surface m

5

are identified as the surfaces on the boundary of the 2nd order
structure and with U1 � 0. In this work, the boundary surfaces
are generated by MTRI algorithm (shown in Fig. 1 (e)), which
extracts a triangular (or polygonal) mesh from a triangulated sur-
face (detailed in Appendix B). The combined internal and boundary
surfaces form a closed solid model of a hierarchical structure (Fig. 1
(f)). So finally, the combined MT and MTRI can generate hierarchi-
cal solid structures or surfaces with desired boundaries defined by
the maximum operator in Eq. (4). Repeating this process generates
higher orders of hierarchy.

The whole process except the tetrahedral mesh generation is
developed within MATLAB�. The final hierarchical structures are
exported as stereolithography (STL) files. The geometric properties
including volume and surface area of hierarchical structures are
numerically evaluated on the STL representation. It should be
noted that mesh processing may be needed depending on the pur-
pose of geometric models. For example, remeshing of the surface
model is necessary to improve mesh quality for FE analysis. Trian-
gle reduction processes can dramatically reduce the number of tri-
angles and the size of STL file, which is favourable for 3D printing
processes. The most time-consuming step in the whole process is
(single scale) (a) solid model, (b) tetrahedra mesh (4 million elements), (c) surface
odel; 3-order (g) solid and (h) surface models.
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the tetrahedral mesh generation. Tetrahedral meshing can be done
by commercial software packages (such as materialise 3-matic�,
Hypermesh�, and Simpleware�). In this paper, Simpleware was
used to generate tetrahedral mesh with qualities suited for FE anal-
ysis; however, such high-quality mesh is not necessary for MT.
Therefore, the mesh generation process can be improved for better
numerical efficiency and this is considered as our future works.

Hierarchical lattices in literature include self-similar (fractal-
like) or semi-self-similar (structures at different length scales are
dissimilar). This concept is also supported by the proposed method
for hierarchical TPMS structures by changing the implicit functions
of TPMS Eqs. (1–2). In addition, wall thickness grading can be
incorporated by replacing the constant, ci, by a spatially varying
function [43,68], leading to an extremely versatile approach well
suited for a wide range of design strategies.
2.3. Geometric model of hierarchical sheet Gyroid solid structures and
surfaces

A large numerical test matrix of hierarchical structures is gener-
ated to evaluate the geometric properties. The geometric design
starts from a solid cube with a uniform cubic mesh. A 1-order (sin-
gle scale) Gyroid solid structure with a unit cell length of 20 mm
and a relative density of 0.4 is generated by MC, as shown in
Fig. 2 (a). The solid model is then meshed by 4 million tetrahedral
elements with an average edge length of 0.19 mm (see Fig. 2 (b)).
From the tetrahedral mesh, a 2-order hierarchal solid structure is
generated by MT and MTRI (see Fig. 2 (d)) with L2 = 20 mm,

L1 = 5 mm and q
�
2 ¼ q

�
1 ¼0.4. To create a 3-order hierarchical struc-

ture, the generated 2-order solid hierarchical structure is meshed
by 30 million tetrahedral elements with an average edge length
of 0.074 mm (Fig. 2 (e)). Again, we keep the length ratio of 4 and
relative density of 0.4 for the 1st order structure, corresponding

to L3 = 20 mm, L2 = 5 mm, L1 = 1.25 mm, and q
�
3 ¼ q

�
2 ¼ q

�
1 ¼0.4.
Fig. 3. Triangular mesh of the 2-order Gyroid surface in Fig. 2 (f).

6

The 3-order hierarchical solid Gyroid structure is shown in Fig. 2
(g).

This process can be repeated to create more orders of hierarchy;
however, increasing hierarchy will significantly increase computa-
tional costs due to the excessive number of elements required. An
estimation indicates that increasing one order of hierarchy can
lead to an increase of the tetrahedral element number by a factor

of r3i q
�
i to maintain the ratio of mesh resolution to the minimum

unit cell length, as the number of elements per volume scales with

ri
3 and the total volume scales with q

�
i. Due to the computational

limitations, 3D hierarchical structures with more than 3 orders
are therefore not analysed in this work. Generation of 2D slices
of hierarchical structures aimed at 3D AM can significantly
improve the computational efficiency [55,56]; however, 3D geo-
metric models of hierarchical TPMS structures are necessary for
the purpose of FE analysis. From this perspective, the proposed
3D geometric modelling method shows its uniqueness. In addition,
3D solid FE models of hierarchical structures are computationally
demanding due to the span of length scales and the small wall
thickness. Therefore, the shell formulation based on surface models
is preferred for FE analysis of hierarchical TPMS structures.

Using the design flow in Fig. 1 and Eq. (1), 2-order and 3-order
surface models are generated from the single scale and 2-order
tetrahedral mesh, as shown in Fig. 2 (f, h), respectively. The single
scale Gyroid surface is shown in Fig. 2 (c). The triangulated surfaces
generated by MC andMT algorithms may be of poor quality includ-
ing large aspect ratios, as well as very large and small angles. Sur-
face remeshing is hence conducted using Simpleware for FE
analysis with shell formulation. One of the remeshed models of
the 2-order Gyroid surface is shown in Fig. 3. The triangular shell
mesh has an average edge length of 0.19 mm, which can be used
for FE analysis directly.
Fig. 4. The relative densities of sheet TPMS lattices with respect to parameter c.

Table 1
Relative densities of hierarchical sheet Gyroid lattices with q

�
i = 0.4.

r 2-order 3-order

Eq. (5) 0.160 0.064
2 0.160 0.069
4 0.160 0.062
6 0.159 –
8 0.157 –
10 0.155 –
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2.4. Relative density and surface area

The relative density of a single scale sheet TPMS lattice is con-
trolled by parameter ci in Eq. (2) and is independent of the unit cell
length. Fig. 4 shows the relative densities of single scale Gyroid and
Primitive structures with respect to c. The relative density of the
hierarchical structure is given by Eq. (5).

To validate Eqs. (5) and (9–11), we consider hierarchical sheet
Gyroid structures with constant relative densities and length ratios
at each level of hierarchy. The numerically calculated relative den-
sities from 3D STL models are compared with Eq. (5) in Table 1 for
length ratios ranging from 2 to 10. The results show that the rela-
tive densities of hierarchical lattices are independent of length
ratios and reduce rapidly with orders of hierarchy. The normalized
volume-specific surface areas calculated from Eqs. (9–11) and 3D
STL models are compared in Table 2. The numerically calculated
relative densities and volume-specific surface areas show a good
agreement with the derived analytical formulas, with a maximum
error < 8% and 6% for relative density and volume-specific surface
area, respectively. The discrepancy may be attributed to triangular
discretization errors for small unit cell lengths which accumulate
with orders of hierarchy.

For the case that the 1st order dimensions L1 and A
�
1 are fixed. It

can be seen from Table 2 that A
�
hn=A

�
1 are always smaller than 1,

indicating that the volume-specific surface decreases with the
order of hierarchy. This is because the volume-specific area
decreases with increasing the unit cell length, as per Eq. (7). In this
case the volume-specific surface area of the 1st order single scale
structure results in the maximum value.
Table 2
Normalized volume-specific area A

�
hn=A

�
1 of hierarchical sheet Gyroid lattices with

q
�
i = 0.4. The surfaces at the boundary of the macro unit cube do not count.

r 2-order 3-order

A
�
h2=A

�
1

Eq. (10) A
�
h3=A

�
1

Eq. (11)

2 0.606 0.600 0.295 0.280
4 0.499 0.500 0.212 0.210
6 0.464 0.467 – –
8 0.447 0.450 – –
10 0.441 0.440 – –

Fig. 5. Contour plots of normalized volume-specific surface area of hierarchical Gyroid st
(a) 0.2 and (b) 0.4.

7

In another scenario the macro-scale dimensions, i.e., Ln and A
�
n,

are fixed, increasing the orders of hierarchy introduces structures
at smaller length scales and potentially increases surface areas.
The volume-specific surface area of hierarchical TPMS structures

normalized by A
�
n is given by,

A
�
hn=A

�
n ¼ q

�
i
n�1 rn � 1

r � 1
ð12Þ

The contour plots of logðA
�
hn=A

�
nÞwith respective to length ratios,

r, and orders of hierarchy, n, are shown in Fig. 5 for relative densi-

ties q
�
i ¼ 0.2 and 0.4. The bold contours labelled with 0 indicate

A
�
hn ¼ A

�
n. Rapidly increased volume-specific surface areas of hierar-

chical structures can be achieved by increasing length ratios and
orders of hierarchy. The gradients of the contours reveal that the
steepest increasing direction is achieved by simultaneously
increasing length ratios and orders of hierarchy. Another extreme
case is that for a small relative density and a small length ratio,

e.g., q
�
i= 0.2 and r < 4 in Fig. 5 (a), where increasing the order of

hierarchy leads to a reduction of volume-specific surface area.
Therefore, the surface areas of hierarchical structures can be tai-
lored from rapid increase to decrease by parametric design and
optimization.
3. Experimental and simulation methodology

3.1. Micro-selective laser melting

Gas atomized spherical 316L stainless steel powders supplied
by AMC Powders Co., Ltd., Beijing were used for the micro-SLM
printing process. The powder size ranged from 5 mm to 22.5 mm
with an average diameter of 13.3 mm. The chemical composition
(wt.%) of the powder particles was given as 12.60% Ni, 17.70% Cr,
2.67% Mo, 0.73% Si, 1.64% Mn, 0.027% C, 0.010% P, 0.15% Cu, and
Fe (balance). All powders were dried for 4 h at 393 K before the
experiment.

An in-house developed micro-SLM system was employed for
the experiment. The laser spot size is 15 mm. Specific details
regarding the system can be found in a previous publication [62].
All thin-walled lattices were fabricated with a power of 60 W
and a scanning speed of 600 mm/s. The layer thickness utilized
in the experiment was 10 mm. Due to the thin-walled features,
ructures logðA
�
hn=A

�
nÞ with constant relative densities at each level of hierarchy q

�
i of



Fig. 6. Illustration of laser scanning paths (solid line) of thin-walled lattices with
different thicknesses.
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the scanning strategy used during the printing process was based
on contour scanning. The different thicknesses of the thin-walled
structure were achieved via different hatch spacings between the
scanning lines, as shown in Fig. 6. These process parameters and
scanning strategies result in wall thicknesses between 100 and
150 mm.
Fig. 7. As-printed 2-order sheet Gyroid lattices with L2 = 20 mm, q
�
2=0.4, (left) r2 = 5,

and (right) r2 = 8. The arrows indicate the building direction. Scale bar: 10 mm.
3.2. Experimental test matrix of hierarchical lattice specimens

Two hierarchical sheet Gyroid lattice designs were selected for
experiments: the 2nd order cell length L2 = 20 mm, the 2nd order

relative density q
�
2 ¼0.4, the 1st order cell lengths were (1)

L1 = 4 mm (length ratio r2 = 5) and (2) L1 = 2.5 mm (length ratio
r2 = 8). The experimental lattice configurations are detailed in
Table 3. For each lattice unit cell, specimens with three wall thick-
nesses were fabricated through the control of laser scanning
parameters. Three specimens were fabricated and tested for each
wall thickness. Given the wall thickness range of 100–150 mm,
the corresponding r1 ratios are within 16.7–40. Single scale sheet
Gyroid lattices with a cell length of 4 mm and the thinnest wall
thickness were fabricated for comparison.

The dimensions of all lattice cores are 20 � 20 � 20 mm3,
including a unit cell and 5 � 5 � 5 cell tessellations for hierarchical
and single scale lattices, respectively. Two face plates with a thick-
ness of 0.5 mm were added to the lattice cores for the purpose of
experimental test alignment with the compression plates. The den-
sity of the printed stainless steel was measured by the Archimedes’

method. The relative densities q
�
of the lattice cores were measured

by the dry weight method, in which the weight of face plates was
excluded. The average wall thicknesses, h, were then calculated by

the relation h ¼ q
�
V=S, where S and V denote the mid-surface area

and the volume occupied by the lattice core, respectively. Since S is
considered constant for the same lattice design and is evaluated
from the STL models, the wall thickness is linear to the relative
density.
Table 3
Details of the printed sheet Gyroid lattices.

Design Relative density,
measured [-]

Wall thickness,
calculated [lm]

Young’s Modulus,
exp load [GPa]

Young’s
exp unlo

2-order, r2 = 5 0.031 ± 0.001 98 0.205 ± 0.010 0.307 ±
0.036 ± 0.000 111 0.278 ± 0.009 0.383 ±
0.044 ± 0.000 139 0.332 ± 0.024 0.485 ±

2-order, r2 = 8 0.051 ± 0.002 102 0.441 ± 0.063 0.697 ±
0.056 ± 0.002 112 0.519 ± 0.058 0.774 ±
0.071 ± 0.000 142 0.755 ± 0.026 1.093 ±

Single scale 0.081 ± 0.001 105 1.668 ± 0.086 2.933 ±

8

The as-printed 2-order sheet Gyroid lattices are shown in Fig. 7 .
The measured density of stainless steel is 7.96 g/cm3. The mea-
sured relative densities of all 2-order specimens are in the range
of 0.031–0.071 (also listed in Table 3), showing the potential of
using the developed hierarchical design strategy to achieve lattices
with ultralow densities.

3.3. Compression tests

Compression tests were conducted by an Instron 5982 universal
test machine with a 10 kN load cell and displacement control with
a crosshead speed of 1.3 mm/min. All tests were stopped at 10 kN
load having achieved complete densification. Compressive dis-
placements, d, were measured via the crosshead displacement.
The machine compliance was also measured, and the crosshead
displacement was corrected using the series spring model.

To measure the Young’s modulus of lattices more accurately, all
specimens were loaded to 500 or 1000 N depending on the
strength of lattices, which is below the first stress peak, and
unloaded with the same speed. The unloading slope was used to
calculate the Young’s modulus. The loading stress–strain curves
are likely to be subjected to misalignment and local yielding, with
both factors contributing to an underestimation of the Young’s
modulus. The practice of unloading was adopted in many experi-
mental studies to mitigate underestimations from misalignment
and local yielding [9,69]. Therefore, the unloading slope is expected
to result in more accurate Young’s modulus measurements of lat-
tices, free of misalignment, local yielding, and machine
compliance.

The 0.2% offset strength was used to characterise the strength of
lattices in experiments. The deformations of lattices were recorded
by a camera with a frequency of 1 Hz. The macroscopic stress, r,
and strain, e, of lattices were calculated by r = F/Aface and e = d/
H, where F, Aface, and H denote the compression force, face area,
and height of the specimen’s core region, respectively.
Modulus,
ad [GPa]

Young’s Modulus, FE
[GPa]

0.2% offset strength,
exp [Mpa]

0.2% offset strength,
FE [Mpa]

0.017 0.380 1.407 ± 0.032 1.638
0.010 0.473 1.690 ± 0.050 2.048
0.017 0.685 2.199 ± 0.064 2.963
0.011 0.758 2.952 ± 0.110 3.230
0.025 0.878 3.068 ± 0.088 3.737
0.018 1.254 3.994 ± 0.051 5.295
0.052 3.762 9.725 ± 0.359 14.419
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3.4. Finite element (FE) modelling details

FE simulations were conducted using Abaqus/Standard 2019 to
study the uniaxial compressive Young’s modulus and strength of
single scale and hierarchical sheet Gyroid lattices along the z-
direction. The unit cell of the lattice core was meshed with linear
triangular shell elements with the average element size smaller
than 1/20 of the 1st order cell length using the method of generat-
ing hierarchical surfaces described in section 2. Single scale and 2-
order Gyroid lattices were investigated in terms of relative densi-
ties and length ratios in this work. Due to significantly increased
computational cost, 3-order lattices are not included in FE
simulations.

Geometric and material nonlinearities were included in all FE
models. 316L stainless steel was modelled by an isotropic elas-
tic–plastic material model, with a Young’s modulus of 202 GPa, a
Poisson’s ratio of 0.3, a 0.2% offset yield strength of 653 MPa, and
isotropic hardening behaviour shown in Fig. C1. The data was col-
lected from in-house standard tensile tests of specimens fabricated
by the micro-SLM system based on ASTM E8/E8M (details are
shown in Appendix C).

Two types of boundary conditions were studied in FE simula-
tions. The first one mimics the experimental conditions: nodes
on side faces were allowed to move freely, all degrees-of-
freedom (dofs) of nodes on the lower (-z) face were constrained,
and all dofs except the translational dof along the z-direction, uz,
of nodes on the upper (+z) face were constrained. A compressive
maximum displacement uz of 0.4 mm was applied for nodes on
the upper face. This boundary condition investigates the perfor-
mance of lattices as structures, and numerical results are compared
to experimental outcomes for validation of the simulation
approach. To account for the influence of surface roughness of
printed specimens on mechanical properties, the wall thicknesses
in this FE model were reduced by 26 lm, which is twice the aver-
age powder size in the micro-SLM process [39].

The second boundary condition represents a periodic boundary
condition (PBC) of lattice unit cells, which was used to investigate
the properties of lattices arranged as infinitely repeated metamate-
rials. The manufacturing imperfections were not included in this
case as the purpose of these simulation studies is the derivation
of general observations for properties of hierarchical lattices and
comparisons for a given density. The PBC of uniaxial loading for
shell models is given in Eq. (13), which constrains both transla-
Fig. 8. Convergence study of single scale Gyroid lattices. (a) Stress–strain curves. (b)You
indicating convergence to 1.0 for an increasing number of cells.
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tional and rotation dofs of each pair of nodes located on the oppo-
site faces (described by superscript + and -):

uþ
i � u�

i ¼ ei Xþ
i � X�

i

� �
; i ¼ x; y; z ð13Þ
hþi � h�i ¼ 0; i ¼ x; y; z

where uþ
i , u

�
i , h

þ
i ; h

�
i , and Xþ

i ;X
�
i denote the translational, rotation

dofs and the locations of the node pair, respectively. The macro-
scale normal strains of lattices are represented by ei. Eq. (13)
describes the relation of nodes located inside each face of the unit
cell cube; for the nodes located on the edges and vertices, the rela-
tions should be superposed according to the face pairs that the
nodes belong to. To implement Eq. (13) in Abaqus, the equation
constraint was used through Python scripting, and the macro-
scale strains ex, ey, ez were coupled with reference points. It should
be noted that Eq. (13) requires an identical mesh on each face pair.
However, in this work the mesh was not always identical after the
remeshing process. To implement PBC on such mesh, we created
regular located reference points as pseudo nodes coupled with
mesh nodes, and then Eq. (13) was applied on the reference points.
Based on the preliminary study, 15 reference points were created
along each dimension which resulted in reasonable continuity of
displacement and stress fields at cell boundaries. To apply the uni-
axial compression load along the z-direction, a strain of ez = 0.02
was imposed through displacement control on the reference point,
while ey and ez were unknown. Readers are referred to [70,71] for
more details of PBC.

It is noted that the results of the first boundary condition will
converge to those of PBC for a large enough number of multiple cell
arrays [72] although the results on the unit cell model can differ
significantly. Maskery et. al. investigated the convergence of
Young’s modulus of diamond lattices [73]. The results indicated
that the Young’s modulus asymptotically approached an upper
bound with increasing cell number, and the 4 � 4 � 4 lattice
arrangement showed a good convergence to the upper bound.
We conducted a convergence study for single scale Gyroid lattices
with an 1� 1� 1 to 6 � 6� 6 cell arrangements constrained by the
first boundary condition (see Fig. 8 (a)). The results were compared
with the unit cell model with PBC, and indicated that both the
Young’s modulus and 0.2% offset strength of cell array models con-
verged to the PBC results with increased cell number (Fig. 8 (b)). A
4 � 4 � 4 lattice arrangement was shown to achieve at least 90% of
ng’s modulus and 0.2% offset strength normalized by the properties of PBC model,



Fig. 9. (a) The stress–strain curves of representative 2-order hierarchical sheet Gyroid lattices and the single scale counterparts with similar wall thicknesses. (b) The
enlarged view of loading–unloading region of selected curves in (a). The relative densities of lattices are labelled along curves.
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the properties of the PBC model. Therefore, the unit cell model
with PBC was proven to be an efficient and effective way to inves-
tigate the small and finite strain properties of lattices as infinitely
repeated metamaterials.
4. Results and discussion

4.1. Experimental characterisation

The stress–strain curves of representative single scale and 2-
order Gyroid lattices with different relative densities are shown
in Fig. 9. All curves feature a linear elastic region, a stress plateau
and a densification region. The stiffness and stress plateaus
increase with increasing relative densities. Fig. 9 (b) shows the
enlarged view of loading–unloading region for small strain values.
The loading slope does not show a distinct linear region; instead,
the slope gradually increases due to the increasing contact area
with the compression plates caused by small misalignments and
non-flat surfaces during initial loading, and then decreases due to
simultaneously occurring local yielding. The Young’s modulus
determined from the loading slope is therefore likely an underesti-
mation with large variations due to the experimental test set-up.
The unloading slopes show a distinct linear region and are consid-
ered insensitive to misalignment and local yielding, therefore lead-
ing to a more accurate measurement of the Young’s modulus of
lattices.

Following the first stress peak, the stresses of single scale lat-
tices decrease by more than 20%, followed by stress fluctuations
in the stress plateau. In contrast, the stresses of 2-order lattices
show negligible stress reductions and feature relatively flat stress
plateaus. The stress reduction is even smaller for the 2-order lat-
tices with a larger length ratio. The differences of stress–strain
behaviour can be attributed to the different failure deformation
mechanisms. The failure modes of low-density single scale Gyroid
lattices feature a single shear band and the collapse of an entire
diagonal layer (Fig. 10 (c)), associated with rapid stress reductions.
Fig. 10. Failure deformations of 2-order sheet Gyroid lattices with (a) r2 = 5, (b)
r2 = 8, and (c) the single scale counterpart.
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In contrast, the failure deformations of 2-order lattices are domi-
nated by the 1st order shell compression and bending and the 2nd

order shell bending without the development of global shear bands
(Fig. 10 (a, b)). It is therefore demonstrated that the hierarchical
designs help to suppress the formation of shear bands through
the whole structure, leading to a more stable failure behaviour
and a flat stress plateau at ultralow densities.
4.2. Finite element model validation

The Ashby plot for the relative Young’s modulus E/Es, where Es
represents the Young’s modulus of the solid AM base material, is
shown in Fig. 11. In this work, we calculate the experimental stiff-
ness from both loading and the unloading slopes as shown in
Table 3 and Fig. 11 (a, b). The Young’s moduli of the loading slopes
of single scale Gyroid lattices with higher relative densities (0.15–
0.25) from the authors’ previous work [39] are also included for
comparison (Fig. 11 (a)). 2-order lattices exhibit smaller relative
Young’s moduli than single scale ones. Power function fitting
results of Young’s moduli from the loading slope show that the fit-
ted exponents of single scale and 2-order lattices are similar. The
fitted trend lines are mostly parallel to each other with the ones
of single scale lattices slightly greater than those of 2-order ones.

The loading moduli are about 56%-73% of the unloading coun-
terparts depending on the flatness of each specimen and increasing
contact with the compression plates. No clear dependency
between the loading/unloading modulus ratio of the lattice struc-
ture and its dependency on the relative density was observed.
The Young’s moduli from the unloading slope are higher than from
the loading slope (Fig. 11 (a, b) and Table 3) since the misalignment
and local yielding are eliminated. With the more accurate mea-
surement of the Young’s modulus during unloading, the fitted
exponents of 2-order lattices are closer to 1. Fig. 11 (b) shows that
2-order lattices have smaller Young’s moduli than the single scale

lattices. The unloading data of single scale lattices with q
�
greater

than 0.15 are not available.
The FE-predicted Young’s moduli of 2-order lattices are com-

pared with unloading moduli in Fig. 11 (b). The surface roughness
of printed specimens does not contribute to the stiffness, and the
effect is included via a shell thickness reduction of 26 lm. The FE
results slightly overestimate the Young’s moduli of the 2-order lat-
tices with r2 = 8, with a maximum difference of 15%. For 2-order
lattices with r2 = 5, the overestimations on the Young’s modulus
are higher (24%-41%).



Fig. 11. Young’s modulus of single scale and 2-order sheet Gyroid lattices. (a) relative Young’s modulus E/Es from loading slope vs relative density q
�
, (b) relative Young’s

modulus E/Es from unloading slope vs relative density q
�
. Trendlines are fitted to experimental data. FE results utilize boundary conditions representing the experimental test

set-up.
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The Ashby plots of the 0.2% offset strength r0.2%/ry, where ry

represents the yield strength of the constitutive material, are
shown in Fig. 12 (a). 2-order Gyroid lattices exhibit smaller 0.2%
offset strength values compared to the single scale ones. The
0.2% offset strength-to-modulus ratios of all lattices generally fall
onto the same trend line as highlighted in Fig. 12 (b). The FE pre-
dicted 0.2% offset strength is also compared with experimental
results in Fig. 12. The FE predictions overestimate the strength
by 9%-35% for 2-order lattices. The overestimation of mechanical
properties of 2-order lattices is more pronounced for r2 = 5, which
may be attributed to the fact that lattices with smaller relative
densities are more sensitive to manufacturing imperfections. To
further increase the accuracy of FE models for the lower densities,
manufacturing imperfections such as thickness variations and sur-
face deviations should be incorporated in the model.
4.3. Metamaterial properties

The unit cell FE models with PBC are used to investigate the
mechanical properties of lattices utilized as metamaterials. No
manufacturing imperfections are introduced in this model. The
2nd order cell length L2 is fixed at 20 mm. The 2nd order relative

density q
�
2 is considered as one of the design parameters varying

from 0.1 to 0.5. The 1st order cell length L1 is considered as another
design parameter in the range of 2–10 mm, which is equivalent to
a length ratio r2 within 2–10. The thickness of the 1st order shell is
considered as the independent variable to ensure that the relative

density of 2-order Gyroid lattices q
� ¼ q

�
h2 varies in a wide range.

The Young’s modulus and 0.2% offset strength of each combination

of q
�
2 and r2 are calculated, and the Ashby plots of relative Young’s

modulus, E/Es, and 0.2% offset strength, r0:2%=ry are shown in
Fig. 13. The mechanical properties of single scale Gyroid lattices
with the same cell length of 20 mm are also calculated as
reference.

The relative Young’s modulus E/Es is plotted in Fig. 13 (a). For a
fixed ratio r2, the curves of the relative Young’s modulus increase

with increasing q
�
2. 2-order lattices with small r2 or q

�
2 include

poorly connected 1st order structures, which in turn results in a
remarkably low stiffness. With an increase of the 2nd order relative

density q
�
2, the Young’s modulus increases, and the curves show a
11
convergence trend. The curves of 2-order lattices with r2 = 5 are

almost identical for q
�
2 = 0.4 and 0.5. The Young’s modulus of lat-

tices with r2 = 10 shows the same convergence trend for q
�
2 = 0.3

and 0.4. For a large q
�
2, the scaling slope (1.20) of E/Es to q

�
of 2-

order lattices is close to 1, indicating a close to linear scaling law.
The Young’s moduli of single scale Gyroid lattices also exhibit a
near linear scaling relation (1.08) and outperform the 2-order lat-
tices, as can be seen in Fig. 13 (a). The stiffness results indicate that
both single scale and 2-order Gyroid lattices exhibit stretching-
dominated behaviour, and hierarchies reduce the Young’s modulus
for stretching-dominated structures.

The relative 0.2% offset strength r0:2%=ry of 2-order lattices
shows a similar trend to the relative Young’s modulus. The
strength increases and tends to converge with increasing 2nd order

relative densities q
�
2 for a fixed r2 (Fig. 13 (b)). At low to moderate

relative densities, both the single scale and 2-order lattices with

large q
�
2 exhibit close to linear scaling for strength (1.04 and

1.17), which agrees with stretching-dominated behaviour. When
reducing relative densities, the scaling slope of single scale lattices
changes quite distinctively to 2.39, while the scaling slopes of 2-
order lattices increase gradually.

The change of slope is attributed to the change in failure mode
from material yielding at moderate densities to elastic/plastic
buckling of walls at low densities. The finite strain deformations
corresponding to both failure modes are shown in Fig. 14. The sin-
gle scale Gyroid lattices display smooth distributed stresses at the
relative density of 0.1 corresponding to yield failure (Fig. 14 (a)); in
contrast at much lower relative density of 0.005, the buckling fail-
ure results in localized shell wrinkling for the same compressive
strain (Fig. 14 (b)). The 1st buckling eigenmode from the linear
buckling analysis agrees with the nonlinear compression analysis
(Fig. 14 (c, d), validating the shell buckling failure of single scale
lattice at ultralow densities. The 2-order Gyroid lattices with

q
�
= 0.1 and 0.005 exhibit similar deformation and stress distribu-

tions at finite compression strain (Fig. 14 (a-c)). The linear buckling
analysis shows that the first ten buckling eigenmodes are highly
localized to the 1st order shell buckling with similar buckling
eigenvalues (Fig. 14 (d)). Since the highly localized failure has
minor influence on the global strength, the hierarchical lattices
have higher resistance against buckling at ultralow densities.



Fig. 13. FE results with PBC. (a) Relative Young’s modulus and (b) relative 0.2% offset strength with respect to the relative density of sheet Gyroid lattices.

Fig. 12. Mechanical properties of single scale and 2-order sheet Gyroid lattices. (a) relative 0.2% offset strength r0.2%/ry versus relative density q
�
, and (b) relative 0.2% offset

strength r0.2%/ry vs relative Young’s modulus E/Es (unloading). Trendlines are fitted to experimental data. FE results utilize boundary conditions representing the
experimental test set-up.
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The yield failure behaviour features a linear slope of r0:2%=ry to

q
�
for stretching-dominated structures, while the buckling failure

exhibits a larger slope. The linear buckling study on P surfaces
showed that linear buckling failure featured a scaling slope of 2.5
[72]. The transition relative density of failure modes depends both
on structural details and material properties. Considering the prop-
erties of stainless steel in this work, the transition relative density
of single scale Gyroid lattices is around 0.005–0.01. Since the 2-
order lattices with smaller r1 ratios have higher buckling strength,
they exhibit a lower relative density for the failure mode transition

point. As a result, the 2-order lattices with large r2 and q
�
2 outper-

form single scale lattices in terms of strength at relative
densities < 0.005.
12
Fig. 15 investigates the relative Young’s modulus and yield
strength of 2-order lattices with respect to length ratios for differ-
ent relative densities. For 2-order Gyroid lattices with small r2,
both modulus and strength are remarkably low due to incomplete
1st order lattice cells. The properties show a trend of convergence
with increasing r2. The properties with r2 = 5 and 8 are above
80% and 90% of those with r2 = 10, respectively. For the relative
densities of 0.1 and 0.01, both the Young’s modulus and strength
of 2-order lattices are smaller than single scale ones.

However, at the relative density of 0.005, the 2-order lattice
with large length ratios outperform single scale ones in terms of
strength due to the change of failure modes. Increasing the length
ratio reduces the feature size, and therefore increases surface areas



Fig. 14. Yield and buckling deformations of single scale and 2-order Gyroid lattices. (a-d) Single scale sheet Gyroid lattice. (e-h) 2-order sheet Gyroid lattice withq
�
2 = 0.3 and

r2 = 10.

Fig. 15. (a) Relative Young’s modulus and (b) relative 0.2% offset strength of 2-order Gyroid lattices with respect to length ratio r2 for different relative densities. The q
�
2 of the

2-order lattices is 0.4. Dashed lines represent the properties of the corresponding single scale lattices.
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and manufacturing difficulties. The 2-order lattices with r2 = 5 and
8 are selected in this work for fabrication as a balance of mechan-
ical performance and manufacturability. In fact, the mechanical
properties of the tested structures with r2 = 5 and 8 fall along the
similar trend lines. In the case of scaffolding applications, which
require target surface areas and pore sizes, the length ratios should
be selected based on the geometric properties, the mechanical
properties, and aspects of manufacturability.
13
4.4. Discussions of mechanical properties

Both simulation and experimental results show that 2-order
sheet Gyroid lattices exhibit reduced Young’s modulus and
strength compared to the single scale lattices at moderate relative
densities. The results agree with the semi-analytical calculations
based on the homogenization of hierarchical lattices for Young’s
modulus and strength of plastic yielding [27,36]:
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Ehn

Es
¼

Yn
i¼1

C1iq
�
i
n1i ð14Þ
ðr0:2%Þhn
ry

¼
Yn
i¼1

C2iq
�
i
n2i ð15Þ

For self-similar stretching dominated lattices whose exponents
n1 and n2 are 1 and coefficients C1 and C2 are <1, increasing the
orders of hierarchy reduces the relative Young’s modulus and
strength. Here, simulation results from this work and literature
show that single scale sheet (or hollow-wall [74]) Gyroid lattices
exhibit in-plane stretching/compression/shear over out-of-plane
bending behaviour as well as nearly linear scaling relations of
Young’s modulus and yield strength due to the doubly curved
geometries, and therefore Eqs. (14, 15) predict reduced properties.
Similar reductions of 2D and 3D stretching dominated strut lattices
are also reported in literature, e.g. for 2D triangular and Kagome
lattices, and 3D Octet-truss lattices [20,25–27]. In contrast, bend-
ing dominated lattices exhibit enhanced Young’s modulus and
strength with increasing hierarchy [26,27]. The different effects
of hierarchy on stretching and bending dominated lattices are
attributed to hierarchical walls/struts exhibiting greater bending
stiffness via the second moment of area, while reducing the
axial/in-plane stiffness due to the penalty introduced by micro-
architectures compared to the solid structural members of the
same weight. The former determines the properties of bending
dominated lattices, while the latter determines those of stretching
dominated lattices. Again due the enhanced bending stiffness, hier-
archical lattices also exhibit improved buckling strength at ultra-
low densities for both stretching and bending dominated lattices
Fig. 16. Density/wall thickness graded 2-order hierarchical Gyroid structures with
length ratio r2 = 4. (a) Graded structures in the 2nd order and (b) hierarchical
structures with uniform structures in the 1st order. (c) Uniform structures in the 2nd

order and (d) hierarchical structures with graded structures in the 1st order. Shaded
regions in (b, d) indicate the shapes of (a, c), respectively.
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as investigated in [25–27,75]. In summary, hierarchical designs
can achieve a wide region of controllable properties as shown in
Fig. 13 due to the enhanced design space.

4.5. Extension of design freedom

Further design freedom can be obtained with the proposed
design algorithm by introducing graded properties. Wall thickness
and density grading are widely used design strategies to reach tar-
get property distributions such as biomedical implants with biomi-
micry, and to achieve optimal performance such as structural
optimization [42,64,68,76,77]. Further design freedom and func-
tions are achievable by integrated material development and struc-
tural design [78]. According to Eq. (2), the average wall thickness
and relative density of sheet TPMS lattice structures are correlated,
and grading can be controlled by a spatially varying parameter c.
The correlations between parameter c and relative densities of
Primitive and Gyroid structures were shown in Fig. 4. In hierarchi-
cal designs, wall thickness grading can be incorporated in each
level of hierarchy. Taking the 2-order Gyroid lattice as an example,
graded wall thicknesses in the 1st and 2nd order length scale are
shown in Fig. 16 with grading along a linear direction. Other types
of thickness grading can be achieved by calculating the nodal val-
ues of c in Eq. (2) of cubic, tetrahedral, and triangular elements for
MC, MT, and MTRI algorithms, respectively, by using analytical
expressions or interpolation from a discrete field.

Lastly, semi-self-similar hierarchical designs may be explored
for future work. These designs include different lattice topologies
across different length scales, exhibiting more geometric freedom
[21,27,79]. For example, the combination of stretching and bending
dominated lattice topologies in hierarchical strut lattices. Within
the proposed method, this group of hierarchical designs can be
achieved by replacing Eqs. (1, 2) by the equations of other types
of TPMS. Considering Primitive and Gyroid structures, 2-order
Gyroid of Primitive and Primitive of Gyroid structures (naming
Fig. 17. 2-order hierarchical semi-self-similar structures. (a) The 2nd order Prim-
itive structure. (b) Primitive of Gyroid structure with a length ratio of r2 = 4. (c) The
2nd order Gyroid structure. (d) Gyroid of Primitive structure with a length ratio of
r2 = 8.
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rule: [the 2nd order structure] of [the 1st order structure]) are
shown in Fig. 17.

5. Design conclusions and application outlook

In this paper we develop and validate a systematic design, FE
simulation, AM process and testing framework for hierarchical
sheet Gyroid lattices. The geometric design freedom of the pro-
posed design method includes the surface type, unit cell size, rela-
tive density (wall thickness), as well as thickness/density grading
and semi-self-similar designs. In addition, analytical formulas are
developed to calculate the relative density and volume-specific
area of hierarchical sheet Gyroid structures.

Hierarchical sheet structures can achieve a wide range of con-
trollable geometric properties including multiscale porosities, sig-
nificantly increased surface areas, and ultralow relative densities.
We show via simulations and experiments that the mechanical
properties can be tailored by design parameters such as the rela-
tive density and length ratio at each level of hierarchy, resulting
in a range of achievable properties and changes in failure mecha-
nisms. Additionally, experimental results show that 2-order lat-
tices exhibit stable failure behaviour with a flat stress plateau.

FE simulations with PBC indicate that both single scale and 2-
order Gyroid lattices exhibit stretching-dominated behaviour and
near linear scaling relations of Young’s modulus and yield strength
with relative density. 2-order Gyroid lattices have reduced Young’s
modulus and yield strength at moderate densities compared to the
single scale ones. At ultralow densities, where strength is domi-
nated by buckling failure, the 2-order lattices exhibit localized 1st

order shell buckling behaviour and outperform the single scale
ones in terms of buckling strength.

While a wider range of industry sectors might benefit from
these established properties, we envisage the proposed hierarchi-
cal design method to boost the current sheet TPMS-based bone
scaffold design strategies by introducing multi-scale porosities,
increased surface areas, and low Young’s modulus while keeping
the biomimetic curvature of sheet TPMS structures.
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Appendix A. Generation of Gyroid structures using marching
tetrahedra (MT) algorithm

MT is an algorithm to extract iso-surfaces in form of a triangular
(or polygonal) mesh from implicit functions. MT requires a tetrahe-
dral discretization and determines triangles for each tetrahedron.
As a tetrahedron has four nodes, each tetrahedron in MT has
24 = 16 possible configurations and 3 patterns due to symmetry
as shown in Fig. A1. Because the greater geometric freedom of
tetrahedra discretization than cubic mesh, MT is suited for gener-
ating internal structures from an arbitrary complex design domain,
for example, generating internal Gyroid structures in macroscopic
structures of any shapes. As MC can only generate internal struc-
tures from a cuboid domain, MT is used to create hierarchical
structures from non-cuboid and complex domains such as a
macroscopic Gyroid structure.

Appendix B. Generation of Gyroid structures using marching
triangles (MTRI) algorithm

MTRI algorithm extracts triangular (or polygonal) mesh from a
planner or 3D triangular discretization. Since a triangle has three
the triangles (shaded) generated by MT.



Fig. B1. Four patterns of a triangle and the triangles (shaded) generated by MTRI.

Fig. C1. The representative stress–strain curve of stainless steel 316L.

L. Zhang, Z. Hu, Michael Yu Wang et al. Materials & Design 209 (2021) 109931
nodes, each triangle in MT has 23 = 8 possible configurations and 4
patterns due to symmetry as shown in Fig. B1 . To fill the gaps
shown in Fig. 1 (d), the boundaries in a form of triangular mesh
of the 2nd order structure are extracted from the tetrahedra mesh.
Then Eq. (2) is used to evaluate nodal values and surfaces of the 1st

order structure on the boundaries are generated using MTRI algo-
rithm, as shown in Fig. 1 (d). The combined internal and boundary
surfaces form a watertight solid model of a 2-order structure (Fig. 1
(e)).

Appendix C. In-house standard tensile test

The in-house standard tensile tests were conducted based on
ASTM E8/E8M. Three tensile test specimens were fabricated by
the same micro-SLM system used for printing the TPMS lattices.
The tensile test specimens have a gauge length of 20 mm, a thick-
ness of 2 mm, and a width of 8 mm. The tensile strain rate of 10-3 /s
was applied through displacement control. The tensile strain was
measured via the video extensometer of the Instron 5982 universal
test machine. A representative true stress–strain curve is shown in
Fig. C1.
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