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Integration of satellite geodetic observations for regional geoid modeling using  66 

remove-compute-restore technique 67 

 68 

Abstract: Advanced satellite geodetic systems have contributed to improving knowledge on 69 

changes in global gravity fields in recent years. These systems offer profound opportunities in 70 

the determination of a high-precision, high-resolution gravimetric geoid models in data 71 

deficient regions. However, due to the absence of research competence in some regions, these 72 

conventional datasets have not been implemented to update the obsolete reference frames 73 

which have been in use in these regions. This study introduces the well-known Remove-74 

Compute-Restore (RCR) technique in modeling a gravimetric geoid model for a large data 75 

deficient region in West Africa (Nigeria) using two sets of long and short wavelength data (a) 76 

EGM2008 (long) + Airborne gravimetric observation (AGO) dataset (short) (b) EGM2008 77 

(long) + Terrestrial gravimetric undulation (TGU) dataset (short). This therefore resulted in 78 

obtaining two sets of resultant RCR-gravimetric details whose statistics comparative 79 

assessments are produced in the body of this work. The RCR-determined gravimetric geoid 80 

model showed a strong relationship with the observed terrestrial data. The goodness of fit for 81 

the orthometric height correlation between the computed gravimetric geoid and the terrestrial 82 

data is 97.87%. Strong relationships between the computed model and the other height 83 

models determined from the primary data are also observed. The difference between the 84 

Flury and rummel geoid-based model and the Heiskanen and moritz model in the geoid-quasi 85 

geoid separation phase shows the importance of implementing the ‘rigorous modeling 86 

technique’ for geoid quasi-geoid separation instead of the approximation method. However, 87 

the discrepancy between both models can be overlooked in a case of low accuracy geoidal 88 

operations. The RCR-based Fast Fourier Transform (FFT), and the least squares modified 89 
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stokes (LSMS) was used in the quasi-geoid determination of the study region. Using the 1-90 

parameter fit, the modified Stokes integral (FFT(b)) outperformed the LSMS model with a 91 

root mean square (rms) difference of 0.6cm, while the LSMS outperformed both the 92 

unmodified (FFT(a)) and the modified (FFT(b)) Stokes integral using the 4-parameter fit with 93 

a rms difference of 0.5cm. The use of both models in this study created a better perception of 94 

the quasi-geoid differential analysis, and a more refined understanding of their interaction 95 

with the satellite based quasi geoid. 96 

 97 

Remove-Compute-Restore, Stokes integral, Fast Fourier Transform (FFT), GRACE 98 

 99 

1. Introduction 100 

The science of geodesy attempts to create a disturbance-free surface to serve as a reference 101 

frame for height measurements. The 'Precise Geoid Model (PGM)',which is represented by 102 

the equipotential surface at the mean sea level of a hypothetical ocean is one of such 103 

frames.Several procedures for height determination exist. Leveling is the most common with 104 

the PGM as its datum. It is a significant aspect of the direct method of geoidal determination 105 

where geodetic elevation determination between points is carried out with the application of 106 

orthometric correction. Regardless of the precision degree in this method, it is almost 107 

impracticable in certain regions such as rain forested areas with geologically complex 108 

undulations and topography. This is relatively the case in large coastal West African sub 109 

regions like Nigeria. 110 

The indirect method on the other hand determines the PGM by computing absolute values of 111 

the geoidal undulation N, either directly or relatively to an existing model. Nigeria suffers 112 

from a poorly defined geodetic control and geoidal model as highlighted in some reports (see, 113 

e.g.,Omogunloye, 2010; Ezeigbo, 1990). This has resulted in low accuracy of geoidal data, 114 

difficulty in the execution of near and offshore construction works due to a deficient land-sea 115 

datum connection and has necessitated the adoption of various height systems that are 116 

incompatible to each other. This has caused most hydrographic, engineering, and geodetic 117 

projects to be referenced either to the ellipsoid or other arbitrary heights, which do not 118 

represent the actual geoidal surface of Nigeria. Therefore, this study attempts to design a 119 

more convenient geoidal surface of the region thereby replacing the traditional and obsolete 120 

height determination techniques to a more fitting and conventional method. This agrees with 121 

the satlevel techniques being applied by other countries (e.g., Adam et al, 2012), which use 122 

geodetic satellite systems to determine geoidal undulation and consequently geoidal model of 123 

their respective surfaces. 124 

The PGM is useful in the study of the earth's interior mass distribution, sea surface 125 

topography and its underlying forces, ocean circulation as well as providing an acceptable 126 

transformation frame between Global Navigation Satellite System (GNSS) based heights 127 

(ellipsoidal heights) and gravity-based heights (orthometric heights). 128 

The determination of global and regional geoid models with accuracy level of 1cm alongside 129 

its temporal variations has been made feasible (e.g., Tscherning et al., 2000). It is largely 130 

attributed to the sustained advancement and homogenous accuracy of the dedicated gravity 131 

satellite missions, which is equipped with on board GPS receivers and highly precise inter-132 

satellite and accelerometry instrumentation. Its operation on a low earth orbit provides the 133 
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means to observe the earth's gravitational field with a very high spatial resolution and 134 

temporal variability. Advanced geodetic satellite systems such as the; CHAMP (CHAllenging 135 

Minisatellite Payload, 2000-2010), GOCE (Gravity field and steady-state Ocean Circulation 136 

Explorer, 2009-2013) and the twin satellites of the GRACE (Gravity Recovery and Climate 137 

Experiment, 2002-2017) missions can determine diminutive accelerations caused by gravity 138 

variations thus improving our knowledge of the earth's gravity field (e.g., Floberghagen et 139 

al., 2011; Reigber et al., 2002; Tapley et al., 2004). The GRACE satellites, which is 140 

equipped with a K-band microwave ranging system and high-precision accelerometers is the 141 

latest of satellite geodetic investments aimed at providing accurate observations of global 142 

gravity fields and the changes resulting in surface mass variations(e.g., Ndehedehe et al., 143 

2016,2017).   144 

Apart from the rapid changes noticed over the decades in the efforts to meet today’s 145 

demand for a 1cm geoid model, past studies have shown how surface mass variations can 146 

introduce errors into the computed geoidal heights and reduced gravity. For example, 147 

Bajracharya and Sideris (2005) applied the density information, topographic isostatics 148 

gravimetric reductions schemes and Residual Terrain Model (RTM) reductions to the 149 

helmerts geoid computational process to achieve a smooth gravity interpolation rather than 150 

use the normal bouger reduction. Isik et al., (2021) attempted to elucidate the repeatability of 151 

gravity potential values as International Height Reference System (IHRS) coordinates with 152 

the least squares modification of Stokes and Hotine formulas in Colorado using homogenous 153 

datasets. Bajracharya (2003) on the other hand executed a numerical exploration of rugged 154 

areas in the Canadian rockies to ascertain gravimetric geoid solutions based on the rudzki 155 

inversion scheme, RTM, helmerts second method of condensation and topographic-isostatic 156 

reduction methods of Airy-Heiskanen (AH) and Pratt-Hayford (PH).Omang et al., (2000) 157 

investigated the RTM remove compute restore technique to generate the geoid and the 158 

classical helmerts condensation technique for the quasi-geoid determination while using 159 

EGM96 as a reference; and determined that small systematic difference exists in areas with 160 

irregular topographic mass density distribution. Sjoberg (2005) showed that a significant 161 

improvement is achieved by removing and restoring a residual topographic effect, which 162 

favorably smoothes the gravity anomaly to be integrated in stokes formula while applying the 163 

remove-compute-restore (RCR) technique in regional gravimetric geoid determination. 164 

Omang and Forsberg (2005) implemented the RCR technique in quasi geoid 165 

determination by applying the classical Stokesian integration through a regularization of the 166 

topographic masses explained by Sjöberg (2005). They utilized the EGM96 as a low degree 167 

geoid contribution to develop a geoid model. Sjöberg (2005) attempted to justify the need for 168 

very small residual gravity anomalies to minimize the corrections and adjustments necessary 169 

in implementing the RCR technique. Therefore in contrast to this adopted EGM96 applied by 170 

Omang and Forsberg (2000) and Kiliçoğlu et al., (2011), the ITG-GRACE03S based 171 

EGM2008 global model provides a generally accepted ‘higher order field’ with the lowest 172 

degree parameters currently and produce a better attempt in the derivation of a 1cm geoid 173 

model in Nigeria, West Africa using the gravimetric procedure. The absence of an accurate 174 

geoid model in the study region has hampered the feasibility and accuracy of certain physical 175 

projects, as construction projects relating to the vertical datum are either tied to a TBM with 176 

arbitrary values, or referenced to the ellipsoid which is very wrong practice. Therefore, to 177 
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explore the capabilities of space based geoidal information, airborne (AGO) and terrestrial 178 

(TGU) gravimetric data, we propose the development of a gravimetric geoid model using a 179 

twin RCR procedure as the main aim of this study. 180 

From these highlighted studies, as well as the pioneering studies of Vincent and 181 

Marsh (1974) and Rapp and Rummel (1975),we find a relatively stronger argument 182 

suggesting that geoidal height determination with accuracy of 1cm necessitates the 183 

adjustment of the present classical techniques for geoid/quasigeoidal height determination, 184 

and very precise gravimetric and digital terrain model of the region. Irrespective of the 185 

numerous methods which could be used in geoid/quasi geoid determination such as 186 

gravimetric, astro-gravimetric, astrogeodetic (e.g., van et al., 2021;Abd-Elmotaal and 187 

Kühtreiber, 2021; Joseph et al., 2021),4-parameter similarity datum shift, zanletnyik 188 

Hungarian model among others, the gravimetric method with the application of the stokes 189 

solution still remains the most common and reliable system for ground gravity analysis due to 190 

its cognizance of gravity anomaly data (e.g.,Abd-Elmotaal and Kühtreiber, 2021;Işık et al., 191 

2021; Ashry et al., 2021; Erol and Erol, 2021; Goyal et al., 2021). 192 

However, in this study, we capitalize on the use of the RCR technique in tandem with 193 

high frequency terrestrial and airborne gravimetric information to determine the geoidal 194 

height of Nigeria. In addition to the gravity data and disturbances obtainable, it allows the 195 

application of the second boundary value problem of potential theory. In terms of geometric 196 

complexity, the topographic surface is very complex and even though the ground gravity 197 

method tends to consider it as a lipschitz boundary (e.g.,Holota 2000), it makes the boundary 198 

value problem very difficult to solve, whereas the airborne gravimetry surface is epitomized 199 

by known smooth flight trajectories easily estimated by the surface of a geocentric ellipsoid, 200 

which allows for an easier solution to its boundary value problem.  201 

Although ground gravity data are generally more accurate, they experience quality impedance 202 

because of inconsistency, height misinformation and instrumentation effects. But airborne 203 

gravimetry provides data, which leads to a more consistent sample of gravity information 204 

about a specific region, and since the observation noise of airborne gravity is analogous to 205 

white noise (e.g., Bruton, 2000), the obtained data must be filtered to eliminate the high 206 

frequency observation (HFO) noise prior to its use for geoidal determination. However, it is 207 

important to note the major impedance of the airborne gravimetry procedure, which is the 208 

low pass filter undergone by the recorded signal in a bid to kill HFO noise as a result of GPS 209 

data and flight undercurrents (e.g., Novak et al., 2002).  The properties of the ground data and 210 

airborne gravimetry are listed in Novak et al., (2002) who reviewed their specifications, 211 

differences and significance when applied in geoidal height determination. 212 

To analyze geoidal height determination of the study area with the remote sensing data 213 

obtained from airborne gravimetric procedure, it is crucial to adopt a global geopotential 214 

model (EGM2008) providing long wavelengths information, an airborne gravity data 215 

surrounding the region depicting a high-resolution Digital Elevation Model (DEM) of the 216 

region (short wavelengths) as well as a terrestrial gravimetric data (short wavelengths).We 217 

decided to apply both terrestrial and airborne gravimetric details as shortwave information 218 

independently to correlate between the terrestrial based geoidal model and the airborne based 219 

geoidal model. This yielded twin RCR-gravimetric geoid models, i.e., the terrestrial and 220 

airborne models.  Regardless of the extreme statistical similarity of the two models, the 221 
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terrestrial still outperformed the airborne model. Therefore, when we state RCR-derived 222 

gravimetric geoid model in the body of this study, we are referring to the terrestrial based 223 

model. The specific objectives of this study are: (i) using a synthetic geopotential model, 224 

airborne gravimetric data and terrestrial geoidal information to mathematically determine a 225 

geoidal model for our study area (ii) re-evaluating the terrestrial and airborne gravity details 226 

in order to avoid duplicity of data points, and (iii) computing the necessary gravity variables 227 

useful for the determination of the geoid model of the study area. 228 

Although the technique employed in this study is well-known, the peculiarities of the study 229 

region warranted this study. These peculiarities which include, (i) a complex geological 230 

terrain and (ii) a poorly defined vertical reference frame justified its adoption, as well as the 231 

capabilities of the Stoke’s integral to absorb these peculiarities. This framework could 232 

provide insights to guide future model developments in the region.  233 

 234 

2. Data and Methods 235 

2.1 Study Area 236 

The study region is Nigeria, which lies between 4 to 14 degrees of the northern latitudes, and 237 

3 to 15 degrees of the eastern longitudes. Having been subjected to weathering and erosion 238 

for a very long time, the study region has a characteristic landscape of extensive level plains 239 

interrupted by sporadic orogenic episodes. The average elevation pattern of the study region 240 

consists of a gradual rise from the coastal plains to the northern savanna regions, generally 241 

reaching an elevation of 600 to 700m (Fig. 1). Nigeria as a developing country is still plagued 242 

with creating an acceptable geoidal reference system. This has made it practically difficult for 243 

a geodetic connection to be made between land and sea datums in the region. As a result, this 244 

necessitated the adoption of different height systems in relation to construction, 245 

monumentation, and bathymetric operations in the near and offshore zone of our coastal 246 

waters. These adopted height systems, however, are incompatible with each other, creating a 247 

duplicity of height frames, thus defeating the goal of uniformity and efficient transformation 248 

in reference datum operations (e.g., Kalu et al., 2021a).   249 

 250 
Fig 1: Distribution of gravity stations and elevation features over the study area. (a) spread of surface gravity 251 

points with the heights of gravimetric quasi-geoid computational points (b) map of the study area showing 252 
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distribution of elevation data based on ETOPO2 global 2-minute gridded resolution from National Oceanic and 253 

Atmospheric Administration (NOAA) available from ESRI Redland, CA.  254 

Data is available from: https://www.researchgate.net/figure/Map-of-Nigeria-and-its-geopolitical-zones-North-255 

Central-Benue-FCT-Kogi-Kwara_fig1_256614605 [accessed 22 Apr, 2020] 256 

 257 

2.2Global Geopotential model (Earth Gravitation Model 2008) 258 

The EGM2008 is a set of geopotential coefficients used in a spherical harmonic expansion to 259 

establish global potential surface that coincides with the mean sea level (MSL). This surface 260 

fluctuates above and below the reference ellipsoid (WGS84). The EGM2008 was developed 261 

by a least squares permutation of the ITG-GRACE03S gravitational model and its related 262 

error covariance matrix, where the gravitational information was gotten from a global set of 263 

area-mean free-air gravity anomalies defined on a 5 arc-minute equiangular grid (e.g., Pavlis 264 

et al., 2012). The grid was modeled by merging terrestrial, altimetry-derived, and airborne 265 

gravity data. The EGM2008 is complete to degree and order 2159, with supplemented 266 

coefficients up to degrees 2190 and order 2159. It is provided in a 2.5' × 2.5' grid. In this 267 

study, point values of free-air gravity anomalies (Δg) up to degree 180 were used in the 268 

development of the gravimetric geoid model of the study region. It could be argued that the 269 

removal and subsequent restoration of this parameter in the RCR technique justifies the 270 

application of the less accurate basic formula and corrections, given that the Stokes integral 271 

applied in this study operates only on residual gravity anomalies (Sjöberg, 2005).In addition, 272 

similar to Featherstone (2004), Omang et al., (2000)and Sjoberg (2005), this global 273 

geopotential model will serve as a reference and an observational dataset in the remove-274 

compute-restore (RCR) technique of the Nigeria’s geoid determination. 275 

 276 

2.3Terrestrial (TGU) and Airborne (AGO) gravimetric data 277 

Nigerian Geological Survey Agency (NGSA) provided the terrestrial bouger gravity data 278 

used in this study. Forty unevenly distributed gravity base stations were established across the 279 

study area. A gravity base station at Nkalagu was used including the base station at the 280 

general post office Enugu as controls. This third order gravimetric survey was tied to 281 

IGSN’71 through PGNN. As published by NGSA, the common corrections applied to this 282 

gravimetric survey include latitude, tidal, altitude, free air, bouger, terrain and drift 283 

corrections. This is the first out of the two shortwave datasets applied in the RCR method. 284 

Airborne gravimetry as a method for gravity field modeling is part of the geodetic 285 

boundary-value problem. This problem comprises the determination of the surface of the 286 

earth and/or its external gravity field from observations on or close to the surface of the earth. 287 

Successively, the free air and bouger gravity anomalies were computed in order to determine 288 

the smallest error deviations and model a more relatable quasi-geoid of the study region (Fig. 289 

1). Besides the satisfaction for theoretical demands of geoidal computations, this data was 290 

necessary to supply the second short wavelength information which would be applied to the 291 

RCR procedure in modeling the geoid. It also provides an avenue to determine a high-292 

resolution digital elevation model (DEM) of the study region to smooth and de-smooth the 293 

obtained RCR geoid solution. The airborne gravimetric dataset used in this study was 294 

obtained from the NGSA. The agency applied reductions and corrections to the original 295 

dataset. These corrections include, drift correction, latitude, elevation, terrain/topography, 296 
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free air, bouger, and Eotvos. The aircraft was flown with a nominal ground speed of 297 

440km/hr at an average altitude of 800m (geodetic height). Two ground static GPS stations 298 

were launched within the study area in order to facilitate differential kinematic positioning of 299 

the aircraft. The collected GPS coordinates were processed based on the reference frames of 300 

GRS80 and ITRF2008. The aircraft maintained an average precision of horizontal and 301 

vertical positions at ~5cm and ~9cm respectively obtained at a 95% confidence level. A flight 302 

line spacing of 5km at adjacent data lines and 65km at adjacent cross lines and a tie line 303 

spacing of ~3km in the Northeast-Southwest direction was obtained. The total RMS (root 304 

mean square) error of the cross over discrepancies is estimated to be 3.5 mGal (Table 1). In a 305 

bid to reduce the high frequency noises, an along track time-domain Gaussian filter of 120s 306 

was applied to the airborne gravimetric data (Okpoli and Akingboye, 2019).It was necessary 307 

to however, re-grid these obtained datsets to a 2.5' × 2.5' in order to match with the 308 

EGM2008 dataset which is the corresponding long wavelength data.  309 

In order to fully obtain the geoidal details of mountainous regions and other complex 310 

terrains in the study region which was an original problem in this study, we decide to apply 311 

these two gravimetric datasets independently but in collaboration with the corresponding long 312 

wavelength dataset used in this study (EGM2008) in the implementation of the RCR 313 

technique. Finally, the gravimetric undulation was computed using the good old Stokes-314 

integralin conjunction with accurately determined absolute gravity data (Heiskanen and 315 

Mortiz, 1967).  316 

2.4 The Grace Gravity Model 05 (GGM05) 317 

The GGM05 is a global earth gravity model based on the analysis of ten years of GRACE in-318 

flight data, spread between January 2003 and May 2013 (Ries et al., 2016). Its application in 319 

this study is warranted as an independent assessment tool to the EGM2008 geoidal model 320 

given that both models have already been merged in the EGM2008 using the least squares 321 

technique. However, to corroborate the main gravity anomalies (EGM 2008) used for this 322 

study, gravity anomalies computed from JPL release 5 from the Jet Propulsion Lab (JPL) 323 

using the direct approach processing strategy at a maximum degree of 60 was adopted just for 324 

this purpose (e.g., Jean et al., 2018; Watkins and Yuan, 2012). Gravity anomalies with time 325 

can be derived from the long-term analysis of satellite orbits, from dedicated gravity satellite 326 

missions like GRACE, which was employed in this study. This mission provides time series 327 

of monthly gravity field solutions from which the mass redistribution in the earth's interior 328 

and exterior can be computed (Kalu et al., 2021b). Due to its mode of operation, the GRACE 329 

mission yields a static gravity field, which can be substantially improved in the long and 330 

medium part, and modeled up to spherical degree and order 150 to 180, with accuracies of 10 331 

to 30 𝜇𝑚𝑠−2 for the gravity anomalies and 0.1m for the geoid ('cm accuracy' for the geoid 332 

segment until degree 100). GRACE outputs have been used in the study of regional gravity 333 

field recovery, evaluation of temporal variations of geoidal heights and the impact of vertical 334 

structures and potential errors in the atmospheric field (Castro and Freitas, 2021; Eicker et 335 

al., 2009; Gruber et al., 2009). For the purpose of spectral consistency, this data was 336 

regridded to 2.5' × 2.5' in order to align with the other datasets. 337 

 338 

2.5 GPS-leveling datasets 339 
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The orthometric heights of forty (40) common points in the Minna datum across Nigeria was 340 

provided by the Office of the Surveyor General of the Federation (OSGoF), Federal Republic 341 

of Nigeria for this exercise. The accuracy of the framework using the Model N1 validation 342 

procedure espoused by Uzodinma and Ehigiator-Irughe (2013) showed a deviation of -343 

2.07cm (Table 1) which was considered reasonable for use as a validation network in our 344 

analysis. The heights obtained here were not part of the original modeling exercise. This 345 

decision was to avoid influence on the remotely sensed data, which were to be used for the 346 

local geoid development.  347 

 348 

Table 1. Summary of the longwave, short wave and validation datasets used in this study 349 

Data Wave 

Type 

Spatial 

res. 

Temporal  

Res. 

Coverage Model 

Accuracy 

Source 

EGM 2008 Long  2.50 × 2.50 - Global ±1.1 to ±1.5 
arc-seconds 

National Geospatial-Intelligence 
Agency (NGA) 

TGU Short  - Monthly Nigeria 0.08m Nigerian Geological Survey 

Agency (NGSA) 
AGO Short  2.50 × 2.50 Monthly Nigeria 3.5mGal Nigerian Geological Survey 

Agency (NGSA) 

GGM05 Long 1.00 × 1.00 Monthly Global 0.1m Centre for Space Research 

(CSR), The University of Texas, 

Austin 

GPS-

LEVELING 

Short 

(validatio

n) 

- - Nigeria -2.07cm Office of the Surveyor 
General of the Federation 

(OSGoF), Federal Republic 

of Nigeria 
 350 

 351 

3. Methodology 352 

3.1 The Remove-Compute-Restore technique 353 

The broad principle of geoid determination using the RCR technique suggests the removal of 354 

both topography and low-degree gravity signals before the compute phase, which is restored 355 

after the Stoke’s integration (Fig. 2). Also, the Stoke’s integral is truncated to a limited region 356 

𝜎0 around the computation point. Therefore, in the approximations that come after, we 357 

assume that 𝜎0 is a spherical cap of spherical rectangle 𝜓0. Several techniques exist in 358 

executing this procedure, however for this purpose of this study, we are going to discuss the 359 

residual terrain modeling (RTM) alone.  360 

 361 
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 362 
Fig 2: Flowchart showing the procedure for gravimetric geoid modeling based on the Stoke integral RCR 363 

technique.  364 

 365 

3.1.1 Residual Terrain Modelling 366 

This method is based on the quasi geoid height determination through analytical 367 

continuations (Sjöberg, 2005), where the geoid height is gotten by adding the correction 368 

obtained from Heiskanen and Moritz (1967, p. 327).Therefore, the RCR model for the height 369 

anomaly is, 370 

𝜉𝑅𝐶𝑅 =
𝑅

4𝜋𝑔�̅�

∬ 𝑆(𝜓)
.

𝜎0
× [∆𝑔𝑑 − ∆𝑔𝑅𝑇𝑀 + (ℎ𝑝 − ℎ)

𝛿(∆𝑔−∆𝑔𝑅𝑇𝑀)

𝛿ℎ
] 𝑑𝜎 + 𝜉𝑑 + 𝜉𝑅𝑇𝑀       (1) 371 

Where,R represents the mean radius of the earth, 𝑔𝑒̅̅ ̅ is the normal gravity evaluated on the 372 

surface of the reference ellipsoid (as stipulated by Brun’s formula), 𝑆(𝜓) is the Stoke’s 373 

function with argument 𝜓 as the spherical angle, ∆𝑔 is the surface gravity anomaly, and h is 374 

the topographic elevation over the reference ellipsoid.  375 

∆𝑔𝑑 = Δ𝑔 − Δ𝑔𝑑 = Δ𝑔 − ∑ Δge
EGM08𝑑

𝑒=2              (2) 376 

represents the residual gravity anomaly derived after removing the EGM2008 derived gravity 377 

anomaly (Δ𝑔𝑑), to degree 2190 and order 2159 which is denoted by d in equ (1 and 2) above, 378 
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while 𝜉𝑑 represents the corresponding low degree quasi geoid height values derived from the 379 

EGM model. However, this gradient term under the Stokes integral was neglected in this 380 

study. To optimize the RCR estimator, the planar approximation is implemented for the 𝜉𝑅𝑇𝑀  381 

Δ𝑔𝑅𝑇𝑀 = 2𝜋𝜇(ℎ − ℎ𝑑) − 𝑐𝑄               (3) 382 

Where ℎ𝑑 represents the low-degree spherical harmonic representation of topography of the 383 

study region and the parameters of 𝑐𝑄 which represents the terrain correction can be derived 384 

from Sjöberg, 2005, eqn. 9a. which is applied in the planar approximation. Therefore, 385 

𝜉𝑅𝑇𝑀 =
𝜇

𝑔�̅�

∫ ∫
(ℎ−ℎ𝑑)

𝑃𝐷

∞

−∞

∞

−∞
∆𝑥∆𝑦             (4) 386 

Where, PD represents the planar distance. Therefore, the RCR estimator becomes, 387 

𝜉𝑅𝐶𝑅 =
𝑅

4𝜋𝑔�̅�

∬ 𝑆(𝜓)
.

𝜎0
× [∆𝑔𝑑 + 𝑐𝑄 − 2𝜋𝜇(ℎ − ℎ𝑑)]𝑑𝜎 + 𝜉𝑑 + 𝜉𝑅𝑇𝑀          (5) 388 

Also, the Stoke’s integral is evaluated with a planar approximation.  389 

When removing the gravity anomalies indicated by the maximum available expansion of the 390 

low frequency model (geopotential), it becomes difficult to compute the truncation bias 391 

which was determined due to the effect of residual gravity anomalies over the remainder of 392 

the study region. Therefore, the resulting truncation error must be ignored. However, Sjöberg, 393 

2005provided details as to the effects and possible computations expected from including the 394 

truncation error but this is not explained in this study.  395 

3.1.2 Overall Considerations of an old technique in a new era  396 

To improve rapidity, the RCR technique employs the Fast Fourier Transform (FFT) in its 397 

computations. The one and four parameter fits can be used without initiating approximations 398 

to the Stoke’s integral. However, the conventional planar approximations inevitably introduce 399 

bias. As shown in section 3.1.1, the RCR technique is too crude to grant a precise 400 

determination of a geoidal model in this conventional era. However, we must argue that this 401 

technique could rationalize less accurate topographic approximations because (i) the residual 402 

gravity anomaly is implemented by the Stoke’s integral rather than the total gravity anomaly 403 

signal, (ii) Its use can be limited to a particular study region as implemented in this study 404 

which is certainly important for long wavelength effects in the terrestrial gravity anomaly. 405 

So, we must agree that the use of these residual gravity anomalies is expedient especially 406 

interpolating and smoothing the gravity anomaly dataset used in the Stoke’s integral. 407 

Nevertheless, we must maintain a religious consistency between the RCR procedure and the 408 

RTM in order not to create additional errors to the estimation process. 409 

 410 

3.2Gravimetric geoid computation 411 

Gravimetric geoid determination requires that the surface of the study region be sufficiently 412 

covered with gravity observations. However, due to existing sparse gravity net and a non-413 

uniform gravity distribution around every computation point, gravity approximation becomes 414 

inevitable to fill gaps using extrapolated values (Featherstone et al., 1998). In this study, we 415 

also briefly tried to experiment the computation efficiency and accuracy between the RCR-416 

based Fast Fourier Transform (FFT), and the least squares modified stokes (LSMS) formula. 417 

Where the RCR-based FFT has been earlier explained, the LSMS formula is used in the 418 

computation of a gravimetric geoid. The LSMS model includes the adjustment of the kernel 419 

function with additive corrections to compensate for the combined topographic distribution, 420 
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downward continuation, the ellipsoid and atmospheric variations. To derive this geoidal 421 

undulation, we employed an additional combination of the parameter estimator as applied by 422 

Ågren et al. (2009), 423 

𝜁 =
𝑅

4𝜋𝑔𝑒̅̅̅̅
∬ 𝑆𝑑(𝜓)

.

𝜎
Δ𝑔𝑑𝜎 +

𝑅

2𝑔𝑒̅̅̅̅
∑ (𝑆𝑛 + 𝑄𝑛

𝑀)Δ𝑔𝑛
𝐸𝐺𝑀

+ 𝛿𝜁𝐶𝑂𝑀𝐵 + 𝛿𝜁𝐷𝑊𝐶 + 𝛿𝜁𝐴𝑇𝑀
𝐶𝑂𝑀𝐵 +𝑑

𝑛=2424 

𝛿𝜁𝐸𝐿𝐿            (6) 425 

where; R represents the mean radius of the earth, 𝑔𝑒̅̅ ̅ is the mean of the earth’s normal gravity, 426 

𝑑𝜎 is the differential area on the geoid, 𝑆𝑑(𝜓) is the modified Stoke’s function between the 427 

computation and integration points, Sn represents the modification specification, and d is the 428 

maximum degree of the EGM, 𝑄𝑛
𝑑, Δ𝑔𝑛

𝐸𝐺𝑀
 represents the Molodensky truncation 429 

coefficients and the Laplace surface harmonic of the gravity anomaly determined by the 430 

EGM of degree n, respectively. The RHS of eqn. 6depicts the four additive corrections, 431 

which includes the combined topographic effect (𝛿𝜁𝐶𝑂𝑀𝐵), the downward continuation effect 432 

(𝛿𝜁𝐷𝑊𝐶 ), atmospheric (𝛿𝜁𝐴𝑇𝑀
𝐶𝑂𝑀𝐵) and ellipsoidal corrections (𝛿𝜁𝐸𝐿𝐿). The formulas for these 433 

corrections can be found in Ågren et al. (2009). 434 

Given the large discretization errors that occur when the stokes quadrature (Eqn. 6) is used in 435 

the estimation of gravity anomalies on the rough physical surface, the RCR technique 436 

provides a technical by-pass through its application of the smoothing topographic corrections. 437 

This, therefore, allows us to apply the low wave-length dataset. Regardless of the hindering 438 

factor of a dense anomaly grid required for rough mountainous regions, a huge advantage of 439 

the least squares modified stokes formula is the evident impact of the applied additive 440 

corrections (Eqn. 6), whose sum equals that of the errors obtained from the quasi-geoid, 441 

therefore when these uncertainties cancel out, no corrections are applied at all (Ågren et al., 442 

2009). 443 

3.3Determination of the geoidal undulation  444 

The RCR has been a well-tested technique in the determination of quasi-geoid undulation (N) 445 

from the Stokes theorem (as applied in this study). The compute step (Fig. 2) leads to the 446 

removal of terrain effect to arrive at the residual geoid obtained from the residual gravity 447 

data. To optimize the quasi-geoid N values, we processed free-air gravity anomalies 448 

according to their wavelengths. The EGM2008 was used in modeling the long wavelength 449 

(low frequency) components of gravity and the corresponding undulations, taking into 450 

account the topographic masses in relation to the low frequency obtained here, whereas the 451 

short wavelength (high frequency) is modeled using detailed terrestrial and airborne 452 

gravimetry. During the remove step-phase one, the short frequency components of the earth’s 453 

gravity field are subtracted from the observed free air gravity anomalies (Δ𝑔𝑇𝐺𝑈)(Fig. 2) 454 

using the signals from EGM2008 (Δ𝑔𝑆𝐺𝑀). In the phase two of the remove step, the 455 

intermediate wavelength dataset obtained from the airborne gravimetry is removed (Δ𝑔𝐴𝐺𝑂). 456 

By computing the residual terrain correction, the short wavelength of the topographic effect is 457 

then modeled and as well removed from ΔgTGU. This concluded the remove step as it gave 458 

rise to residual gravity anomalies represented as, 459 

Δ𝑔𝑟𝑒𝑠 =  Δ𝑔𝑇𝐺𝑈 − Δ𝑔𝑆𝐺𝑀 − Δ𝑔𝑅𝑇𝐶      (7) 460 

The modified Stoke’s integral (see Eqn. 6), using the residual gravity (Δ𝑔𝑟𝑒𝑠) obtained in eqn 461 

7, is however, used in the compute step to obtain the residual height anomalies (𝜁𝑟𝑒𝑠).  462 
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The topographic high frequency components (𝜁𝑅𝑇𝐶) of the height anomaly obtained from both 463 

terrestrial and airborne gravimetric procedure (Δ𝑔𝐴𝐺𝑂) together with the corresponding long 464 

wavelength components coming from EGM2008 (Δ𝑔𝑆𝐺𝑀), are then computed and appended 465 

to the residual height anomaly, in order to determine the gravimetric model of the height 466 

anomaly in the restore phase. 467 

The geoid undulation N can be procured from the height anomaly 𝜁 byHeiskanen and Moritz 468 

(1967, Eqs. (8–102)),  469 

(𝜁 − 𝑁)𝑚 = −Δ𝑔𝐵 𝑔𝑎𝑙  𝐻𝑘𝑚      (8) 470 

where ζ is the height anomaly, and N the geoid undulation expressed in meters, ∆gB is the 471 

Bouguer anomaly in gal and H is the orthometric height in km. Given that the region of 472 

interest (Fig. 1) under consideration is relatively flat, eqn.8 should be accurate enough for the 473 

purpose of this study. 474 

An extension of eqn. 8leads us to a geoid-quasi geoid separation term computed by Flury and 475 

Rummel(2009), 476 

𝑁 − 𝜁 = Δ𝑔𝐵𝑂 𝐻

�̅�𝑒
+

1

�̅�𝑒
(𝑉𝑃0

𝑇𝑂𝑃 − 𝑉𝑃
𝑇𝑂𝑃)    (9) 477 

Δ𝑔𝐵𝑂 = Δ𝑔 − 2𝜋𝐺𝜌0𝐻 + 𝑔𝑃
𝑇𝐶      (10) 478 

where, Δ𝑔𝐵𝑂 is the refined Bouguer gravity anomaly, H is the orthometric height,�̅�𝑒 is the 479 

mean normal gravity, G is the universal constant of gravitation, 𝜌0 is the average density of 480 

topographic masses, while 𝑉𝑃0
𝑇𝑂𝑃  and 𝑉𝑃

𝑇𝑂𝑃 are the gravitational potentials of the topographic 481 

masses evaluated at the computation point and conversely, its projection surface on the geoid. 482 

𝑔𝑃
𝑇𝐶however, represents the terrain correction evaluated at the computation point. 483 

 484 

4. Results and discussions 485 

4.1 Geoid-quasi geoid separation  486 

Irrespective of the relatively mild geologically terrain of our study region, it’s important to 487 

deal with the process of geoid determination very carefully, especially the transformation 488 

from height anomalies (quasi-geoid) to geoidal heights. Eqn. 9 and 10 are used in the 489 

computation of the geoid-quasigeoid separation term. The approach espoused by Flury and 490 

Rummel (2009) judiciously accounts for the topographic mass attraction to the mean gravity 491 

along the plumbline, and differs from the model derived byHeiskanen and Moritz (1967) 492 

(Jiang et al., 2020) 493 

 494 

Table 2: Statistics of the geoid-quasi geoid separations (unit:m) 495 

Geoid-quasigeoid separation Min Max Mean Std 

Heiskanen and moritzmodel (Eqn. 8) -2.3860 1.6890 0.2047 ±0.7903 

Flury and rummel model (Eqn. 9-10) -1.7810 1.8291 0.2051 ±0.6164 
𝟏

�̅�𝒆

(𝑽𝑷𝟎
𝑻𝑶𝑷 − 𝑽𝑷

𝑻𝑶𝑷) 
-0.8867 0.9101 0.0040 ±0.0083 

 496 

in the term of 
1

�̅�𝑒
(𝑉𝑃0

𝑇𝑂𝑃 − 𝑉𝑃
𝑇𝑂𝑃). The geoid-quasi geoid operations based on the two models 497 

were computed using a 2.5minute SGM data using the rectangular prism algorithm. With the 498 

combination of the SGM, AGO and TGU, two geoid models were determined (Table 2), the 499 

first implied a rigorous geoid-quasi geoid separation technique (Eqn. 9-10), and the other an 500 
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approximation of the conventional separation method (Eqn. 8). In a comparative statistic 501 

shown in Table 2, it is discovered that the accuracy of the Flury and rummel geoid-based 502 

model outperformed the Heiskanen and moritz model with a 12.7% accuracy level.  503 

 504 

Table 3: Descriptive statistics of differences between RCR-derived gravimetric anomalies and primary data 505 

undulations(unit:m) 506 

Parameter Min Max Mean Std 

Terrestrial Undulation -8.2005 4.8150 -0.9259 ±2.3622 

Airborne Gravimetry -7.8155 6.8521 -0.3867 ±2.4474 

EGM2008 -8.9915 8.5411 -0.5914 ±3.0750 

 507 

  508 

 509 
Fig. 3.Overlay plot of satellite gravity model (EGM 2008), airborne and terrestrial gravity data. 510 

 511 

This, therefore, accounts for the necessity of implementing the rigorous modeling of geoid-512 

quasi geoid separation instead of using the approximation method postulated in Eqn. 8 for a 513 

region like Nigeria.  514 

 515 

4.2 Quasi-geoid differential analysis 516 

In order to test the performance of the FFT against the LSMS method of quasi geoid 517 

determination, a comparative assessment between the computed (Eqns. 5-6) and observed 518 

quasi geoids (Fig. 1a) of forty points spread across the study area is carried out. 519 

 520 

Table 4: comparative assessment of quasi-geoid models against 40 GPS-leveling residual points using a 1 and 4 521 

parameter fit. FFT(a) indicates the use of the Stokes integral in its original state (see Heiskanen and Moritz, 522 

1967), while FFT(b) indicates the modified Stokes integral applying for the FFT (Eqns. 1, 5) (units: m) 523 

Quasi-geoid models Parameter no.    Min  Max  Mean Std 

FFT (a) 1 

4 

-0.1705 

-0.0098 

0.0922 

0.0898 

-0.4375 

-0.0001 

1.0286 

1.0220 
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FFT (b) 1 

4 

-0.1285 

-0.0100 

0.0793 

0.0801 

-0.4199 

-0.0001 

1.0165 

1.0160 

LSMS 1 

4 

-0.1811 

-0.0045 

0.1211 

0.1001 

-0.9709 

-0.0001 

1.0198 

0.9865 

 524 

Using the 1 parameter fit as a gauge, the two models agree well with the GPS-leveling points 525 

in the order of 4 – 5cm (Table 4). This is consistent with the quasi-geoid differential analysis 526 

carried out by Yildiz et al. (2012) over the Auvergne test area, where the validation between 527 

the three derived quasi-geoid models (FFT, LSC and LSMS) and the quasi geoid model based 528 

on the GPS-levelling points yielded a 3 – 3.5cm accuracy using the 1-parameter fit. However, 529 

the surge in mean difference noticed in Table 4 is because of the varied reference frames used 530 

in the quasi-geoid observed and computed parameters. The observed attempted to make a 531 

relatively accurate representation of the region’s gravity field. Nevertheless, an improvement 532 

in the agreement between FFT derived quasi geoid and the GPS-leveling points is noticed 533 

when the modification of the Stokes integral is applied in FFT (b). Using the 1 parameter fit 534 

to assess the differences between the gravimetric and GPS-levelling quasi geoidal heights, the 535 

FFT (b) performs better than the LSMS method with a root mean square difference of 0.6cm. 536 

It is presumed that the optimal performance of FFT (b) is because of the introduction of the 537 

spherical stokes kernel during the modification process (see eqn. 2). 538 

 539 

 540 

 541 
Fig. 4: Classical linear regression analysis for the primary data used in this study. The correlation of 542 

determination (R2), as well as the regression coefficient (𝛽) obtained between them shows a significant amount 543 

of relation between them and validated their use in this study. (unit: m) 544 

 545 
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 546 
Fig 5. Bouger anomaly map of the study region. The axis unit is in (mGal) depicting the corresponding gravity 547 

anomalies of the respective regions.   548 

 549 

In order to explore the propensity of the anomalies between the observed and computed 550 

quasi-geoid models after a 1 parameter fit, the difference between the quasi-geoid models and 551 

the quasi-geoid heights of GPS-leveling is performed in order to verify their goodness of fit 552 

and accuracy. The anomaly pattern of the two models is highly similar and didn’t display any 553 

systematic tendencies that suggest poor correlation (Table 4).  554 

Using the 4-parameter transformation to model the anomalies between the gravimetric quasi 555 

geoid models and the GPS-leveling quasi geoid heights on the forty observation points (Fig. 556 

1a), better estimates are achieved.  557 

The 4-parameter fit used for this assessment corresponds to the approximation of the zero and 558 

first spherical harmonics degree terms, and is given by Heiskanen and Moritz, (1967) as;  559 

𝜁𝐺𝑃𝑆−𝑙𝑒𝑣𝑒𝑙𝑖𝑛𝑔 − 𝜁𝐺𝑟𝑎𝑣𝑖𝑚𝑒𝑡𝑟𝑖𝑐 − 𝜖 = 𝑥1 + 𝑥2𝑐𝑜𝑠𝜙𝑐𝑜𝑠𝜆 + 𝑥3𝑐𝑜𝑠𝜙𝑐𝑜𝑠𝜆 + 𝑥4𝑠𝑖𝑛𝜙 (14) 560 

Where, x1, x2, x3 and x4 represents the four parameters, 𝜙, 𝜆 represent the compartment 561 

latitude and longitude values respectively. The observation equation method was applied to 562 

eqn. 14in order to use it for the comparative assessment of four term fits as opposed to the 1 563 

parameter fit that estimates only the x1term.Conversely, in the 4-parameter fit, the LSMS 564 

model outperformed the two FFT models with a root mean square difference of 0.5cm. This 565 

can be said to be a result of the absorption of the significant systematic slope in the 4-566 

parameter fit, which led to a better fit of the LSMS than the FFT model (Yildiz et al., 2012). 567 

The resultant standard deviations, mean values, minimum and maximum parameters of the 568 

quasi-geoid differences between the both methods can be extrapolated from Table 4. The 569 

standard deviation of the differences between the FFT method without the application of the 570 

modified Stokes integral (FFT (a)) and the LSMS model is app. 1m.  571 

 572 
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 573 
Fig. 6. A spectral view of the RCR-derived gravimetric undulation against the primary data 574 

 575 

 576 

 577 
Fig.7. A spatial representation of geoidal undulation from the primary data showing (a, b) satellite-based 578 

observation (EGM2008), and GRACE gravity anomalies respectively, (c) 800m altitude airborne gravimetric 579 

details (Fig. 5), and (d) terrestrial gravimetric undulation  580 

 581 

Further investigations between the two quasi geoid models indicate a trend in their spatial 582 

discrepancies. The difference between the quasi-geoid model obtained from FFT(a) and from 583 

the LSMS model indicate an upward slope in the northern part of the study region. This could 584 
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be attributed to the inherent periodicity assumption in FFT(a), and an assumption of zero 585 

errors in the LSMS model.  586 

Irrespective of the good relationship between these two models, the existent differences 587 

however could be because of data gaps, or the geological complexity of the study region. 588 

Nevertheless, we discover that a potential error source between the two models could be from 589 

the implementation of the Stokes integral in eqn. 5. The quasi-geoid is computed only with 590 

the reduced surface gravity anomalies, whereas, the first term of the Molodensky expansion 591 

technique is overlooked totally. Another possibility could be due to the sparseness of the 592 

gravity points. Ideally, the LSMS model require a comparatively dense surface gravity 593 

anomaly grid (Yildiz et al., 2012), computed using the observed gravity anomaly grid with 594 

the use of the RCR technique (Fig. 2). In this study, the data points were only forty and were 595 

not gridded for the purpose of the analysis due to the adopted by-pass explained in eqn. 6. 596 

Therefore, it can be argued that the sparse points contributed to the lag between the two 597 

models.  598 

 599 

 600 
Fig. 8: linear correlation and regression analysis between the RCR-computed gravimetric geoidal undulation 601 

against different datasets used in the modeling exercise. (a) shows the strongest fit due to its proximity in the 602 

estimation of the regional geopotential surface in the absence of gravity. (unit: m) 603 

 604 

Furthermore, a comparison of the two models was made against the quasi geoid obtained 605 

from the satellite gravity data (EGM2008). The differences between the quasi-geoid models 606 

obtained by the FFT(a) are relatively large throughout the study region, however, the 607 

differences reduce in relatively flat regions when the satellite model is assessed against 608 

FFT(b), but remains the same in regions with steep topographic details. The differences 609 

between the LSMS derived quasi geoid model was similar to the result obtained with the FFT 610 

based quasi-geoid model.  611 

 612 



19 

 

4.3 Gravimetric geoid validation  613 

The accuracy of the RCR-derived gravimetric geoid was assessed through a liner assessment 614 

between the computed geoid and the three observed datasets (Fig. 6,7), which formed part of 615 

the original modeling procedure. From the classical linear regression carried out in Fig. 8, it 616 

is determined that the RCR-derived gravimetric geoid maintained the highest linear 617 

agreement with the terrestrial geoidal undulation (Fig 8a), while the least correlated dataset is 618 

the satellite gravimetric geoidal parameters (Fig. 8c). This was to be expected given that the 619 

best description of the topographic details of the region can be obtained through the process 620 

of leveling. This has been extensively supported by studies undertaken in different locations 621 

over their corresponding regional quasi-geoid model assessments, such as the Auvergne test 622 

area (Yildiz et al., 2012), Jeddah region (Borghi et al., 2020), Turkey (Kiliçoğlu et al., 2011), 623 

and Colorado (Jiang et al., 2020). The latter also obtained  results that aligns with  ours in 624 

their comparative assessment of gravimetric geoid models. The work by  Jiang et al., (2020) 625 

reported that the GOCO06S+Terrestrial geoid model outperformed the EGM2008 with a 626 

3mm standard deviation index. The authors further demonstrated the merit of the rigorous 627 

modeling of geoid-quasi geoid separation procedures rather than approximations by reporting 628 

an 8.6% increase in accuracy of the Flury and rummel geoid-based model over the Heiskanen 629 

and moritz model, which is consistent with our own study (Table 2) especially given the 630 

topographic homogeneity of the two study regions (i.e. Nigeria and Colorado). 631 

 632 

 633 
Fig. 9: error analysis of the existing geoid height difference between the RCR derived gravimetric geoid and the 634 

observation datasets. (units are in m) 635 

 636 

Therefore, the gravimetric geoid which attempts to imitate the undulations of the observation 637 

dataset having the least deviation with the topographic details of the study region, maintained 638 

the terrestrial geoidal dataset as the best fit (Figs. 8a, 9a, 10a).  639 

 640 
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Table 5: Descriptive statistics of difference between the airborne and terrestrial RCR-derived gravimetric 641 

geopotential model (units: m) 642 

Parameter Min Max Mean Std 

RCR-derived Terrestrial Gravimetric 

geoid 

-35.2372 0.4669 -19.6486 ±6.3610 

RCR-derived Airborne Gravimetric 

geoid 

-37.5512 0.0819 -20.1878 ±6.4786 

 643 

A potential mode to improve the accuracy determined in correlating the RCR-determined 644 

gravimetric geoid model with the terrestrial undulation will be to model the terrestrial data 645 

based on the local vertical reference frame. However, this was not applied since the region 646 

lacked such a frame. However, the best assumption was to tie the level to a temporary 647 

benchmark (TBM) with an arbitrary value, in a bid to produce a model with minimum 648 

deviation between the astronomic and geodetic framework. The geoid height difference 649 

analysis projected in Fig. 9 corroborates the linear regression analysis between the RCR-650 

derived gravimetric geoid and their observation datasets in Fig. 8. The satellite gravimetric 651 

geoid dataset (Fig. 9c) experienced a minimum value of -9 and a maximum value of 8.5, 652 

making it the dataset with the highest in-range distance. The terrestrial (Fig. 9a,10a) and 653 

airborne gravimetric (Fig. 9b,10b) datasets produced in-range distances of 13 and 14.7 654 

respectively and correlation coefficients of 97.87% and 96.33% (Figs. 10a-b) respectively, 655 

which differs significantly from the satellite gravimetric dataset (Figs. 9c, 10c). The relatively 656 

poor correlation between the RCR-derived gravimetric geoid model and the satellite 657 

gravimetric dataset (EGM2008) can be attributed to the fact that the satellite geodetic 658 

reference frame is the WGS84 ellipsoid which provides comparatively average fit to the 659 

region of interest when compared to the precise leveling undertaken in the same region. The 660 

positive correlation between the RCR-computed gravimetric geoid and the primary datasets 661 

signified by the regression coefficient is demonstrated in Figs. 4,8,10 662 

 663 
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Fig. 10: reduced major axis regression fit between the RCR-computed gravimetric geoid and the (a) Terrestrial 664 

derived orthometric height (H=h-N), (b) Airborne derived orthometric height, (c) EGM2008 derived orthometric 665 

height. The undulation of a, b and c are based on the global vertical reference frame (units: m) 666 

 667 

 668 
Fig. 11. Error bar analysis showing degree of relationship between the computed geoidal model and the 669 

observation datasets with their respective descriptive statistics of difference  670 

 671 

The reduced major axis regression analysis method is employed in Fig. 10 to show the degree 672 

of relationship between the orthometric height derived from the computed and observed 673 

dataset. The terrestrial dataset maintained a correlation coefficient of 97.87% showing that 674 

the RCR-determined gravimetric geoid has a strong relationship with the raw topographic 675 

data (Fig. 6). From Table 5, the terrestrial and airborne gravimetric geoid models maintain a 676 

relatively close standard deviation in correlation and undulation analysis. However, the 677 

terrestrial model outperformed the airborne model minutely (Table 5). This shows that 678 

proximity and reference frames play key roles in the accuracy of geoidal information of 679 

surface on the earth. In Fig. 11, the error bar analysis explains the degree of discrepancy that 680 

exists between the RCR-computed gravimetric geoid (Fig. 9) and the primary datasets used in 681 

the study (Fig. 3, 7). The data gotten in from Table 3 and 4 holds a strong agreement in 682 

validating the accuracy level achieved between the computed gravimetric geoid and the 683 

terrestrial dataset, and since the airborne gravimetric dataset (Fig. 5, 7) provided strong 684 

frequency data augmentation to the terrestrial dataset (Fig. 3), this improved the results and 685 

enhanced the relationships in the correlation (Table 3-4, and Figs. 8-11). The gravimetric 686 

geoid determined from this study has undergone rigorous regression and correlation analysis 687 

(Figs. 4,8,10) especially with the parameters achieved from the descriptive statistics in Table 688 

3 and 5. Also, the consistency of our RCR-derived gravimetric geoid and the ISG-derived 689 

AFRgeo2019 gravimetric geoid model in (i) significant agreement between the model 690 

datasets and the GPS/leveling results (ii) computation of residual height anomalies converted 691 

to geoidal heights from our derived model, and (iii) the coherency of our local geoid 692 
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estimates with areas having similar topographic frameworks with our study area is not hidden 693 

(Abd-Elmotaal et al., 2020). Therefore, we argue that our gravimetric geoid model aligns 694 

with the International Services for the Geoids (ISG) baselines and can be useful in further 695 

geodetic operations within the study region. 696 

 697 

Start a new paragraph to summarize the current state of regional geoid modelling using the 698 

new papers from this journal. Focus on algorithms and data, which are the central theme of 699 

this paper. Then tie the summary to ISG and the services they provide and our important they 700 

are or suggest what improvements need to be made to existing algorithms on geoid 701 

modelling. These are just suggestions; you may have a better idea. Provide a major take away 702 

as well as the limitations of the current work here and future research directions. Be elaborate 703 

and very articulate about this. 704 

 705 

5. Conclusion 706 

This study has implemented the RCR technique which is regarded as a well-tested technique 707 

in regional gravimetric geoid determination over a data deficient region like Nigeria. 708 

However old, it remains a viable technique in regional geoid determination due to its 709 

peculiarities explained in the earlier chapters of this study. A total of 40 points were used in 710 

this exercise, each spread at a reasonable distance from the other. The terrestrial gravimetric 711 

heights of the 40 points were tied to theIGSN’71 through PGNN, after which the surface 712 

gravity of these points were obtained using the airborne gravimetric procedure. This helped in 713 

strengthening the sparse points and augmented the impact of the shortwave parameter in the 714 

stokes integral, as well as helped in the development of a digital terrain model of the study 715 

region. Satellite information from the global satellite gravity model (EGM2008) was also 716 

implemented in this study in order to optimize the parameters gotten from the long 717 

wavelength observation.  718 

As the name implies, the RCR technique contains three major phases which includes the 719 

removal phase, the computation phase, and the restoration phase. In this study, the free-air 720 

gravity anomalies are modelled according to their wavelengths. The long wavelength (low 721 

frequency) components of gravity anomalies are modeled with the use of the global satellite 722 

gravimetric data (EGM2008) which is based on the WGS84 ellipsoid, whereas the short 723 

wavelength (strong frequency)components are analyzed using a the terrestrial and airborne 724 

gravimetric dataset discretely. The first phase (remove step), involves the removal of the long 725 

wavelength components of the earth’s gravity field from the observed free air anomalies 726 

using signals gotten from the satellite geoid model. Using the method of residual terrain 727 

correction in order to account for the topographic masses of the study region, the short 728 

wavelength observations (i.e., the terrestrial and airborne gravimetric details) are also taken 729 

into account. In the second phase (compute step), the residual gravity is used in obtaining the 730 

quasi-geoid details through a modified stokes integral as applied in this study. The RCR-731 

derived gravimetric geoid model was computed for the satellite obtained long wavelength 732 

component with the terrestrial gravimetric details (RCR-derived Terrestrial geoidal model), 733 

and the same satellite obtained long wavelength component with the airborne gravimetric 734 

details as a second short wavelength parameter (RCR-derived Airborne geoidal model) was 735 

computed and added to the residual height anomaly, in order to obtain the gravimetric quasi-736 
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geoid. The third phase (restore step) included the sampling of two models (Flury and 737 

Rummel model and the conventional Heiskanen and Moritz) in establishing the most efficient 738 

model in the geoid-quasigeoid separation technique. The FR model showed a 12.7% accuracy 739 

over the HM model, thus validating the need to implement the rigorous computation step 740 

over the approximation step in a geoidal complex region such as Nigeria.   741 

The contributions of the airborne gravity data to geoid modeling can be quantified based on 742 

its original and resampled gravity dataset. This however, improved but doesn’t outperform 743 

the modeling of the RCR-based gravimetric geoid especially when validated against the 744 

terrestrial gravimetric component. In the determination of goodness of fit between the 745 

computed and observed model, the relationship between the computed and terrestrial based 746 

geoid components was highest with a 75.64% agreement, while the satellite-based component 747 

correlated the least with 51.27% agreement. The orthometric height relationship showed a 748 

better fit as the RCR-based gravimetric geoid against terrestrial components recorded a 749 

97.87% correlation, while against the satellite-based components; a correlation of 95.16% 750 

was achieved. This was to be expected given that the raw terrestrial observations provide the 751 

best estimate of the geopotential surface of the region’s gravity field.   752 

The degree of agreement achieved in this study can be concluded to be generally 753 

acceptable, regardless of the impedance caused by the non-uniformity of topographic mass 754 

density distribution in the study area, which is considered as a general disturbing factor 755 

accompanied with the task of geoid/quasi geoid determination of any region. 756 

Nevertheless, the RCR-derived gravimetric geoid model obtained in this study could serve as 757 

a basis for geodetic or engineering projects as well as a foundation for further research on the 758 

geoidal framework of Nigeria.  759 
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