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Fast Self-Triggered MPC for Constrained Linear
Systems with Additive Disturbances
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Abstract—This paper proposes a robust self-triggered model
predictive control (MPC) algorithm for a class of constrained
linear systems subject to bounded additive disturbances, in which
the inter-sampling time is determined by a fast convergence
self-triggered mechanism. The main idea of the self-triggered
mechanism is to select a sampling interval so that a rapid
decrease in the predicted costs associated with optimal predicted
control inputs is guaranteed. This allows for a reduction in
the required computation without compromising performance.
By using a constraint tightening technique and exploring the
nature of the open-loop control between sampling instants, a
set of minimally conservative constraints is imposed on nominal
states to ensure robust constraint satisfaction. A multi-step open-
loop MPC optimization problem is formulated, which ensures
recursive feasibility for all possible realisations of the disturbance.
The closed-loop system is guaranteed to satisfy a mean-square
stability condition. To further reduce the computational load,
when states reach a predetermined neighbourhood of the origin,
the control law of the robust self-triggered MPC algorithm
switches to a self-triggered local controller. A compact set
in the state space is shown to be robustly asymptotically
stabilized. Numerical comparisons are provided to demonstrate
the effectiveness of the proposed strategies.

Index Terms—Model predictive control, self-triggered control,
fast convergence, robustness.

I. INTRODUCTION

MODEL predictive control (MPC) has been developed
and successfully applied to a large number of

applications with slow dynamics, such as chemical engineering
[1], financial engineering [2] and supply chain management
[3], due to its ability to effectively handle constraints and
to provide desirable performance. However, as advanced
control strategies for constrained optimal control problems,
MPC algorithms, for computational reasons, are in general
not suitable for fast dynamic systems such as aircraft
and electromechanical processes. This is because an MPC
optimization problem with constraints on inputs and states has
to be solved online at each time step, which makes it difficult
to meet real-time computing requirements for systems with
small sampling intervals. Hence the computational burden of
the standard periodically-triggered MPC strategy should be
reduced to cater for such systems. A considerable reduction
of overall computation can be achieved by sampling and
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updating control inputs in an aperiodically-triggered fashion,
while the computational complexity of the optimization
problems formulated at sampling instants is similar to that
of standard MPC problems. Aperiodic implementation implies
that systems will be controlled in open loop between sampling
instants. As a result, the trade off between the reduction of the
number of control updates and desirable control performance
has become a new challenge for MPC of fast dynamic systems,
especially if the system to be controlled is subject to unknown
disturbances.

Two main types of aperiodically-triggered schemes, event-
triggered and self-triggered control, have attracted much
attention in recent decades (see [4], [5]). The difference
between them is that the former requires continuous
monitoring of system states to decide when a control task
should be triggered, while in the latter the next sampling
instant is predetermined at the current time based on only the
current state measurement. Self-triggered MPC strategies have
been investigated in [6], [7] for unconstrained and undisturbed
systems, in [8] for undisturbed systems with constraints, and
in [9], [10] for disturbed systems without constraints on states
or inputs.

In this paper, we focus on discrete-time linear systems
where bounded additive disturbances and constraints on states
and inputs are taken into account. The aim is to achieve a
reduction in the time-average computation, while guaranteeing
real-time operation and rapid convergence. To this end, we
propose a self-triggered control strategy based on robust
MPC (RMPC). Other results on RMPC-based self-triggered
control schemes can for example be found in [11], [12],
[13], [14], [15]. In [11], a robust tube MPC approach [16]
is used to prevent constraint violations, despite the effect of
additive disturbances. The inter-sampling time is maximized
subject to constraints on the cost functions of a set of
optimization problems parameterized by the length of the
inter-sampling time. The feasible optimization problem with
the longest inter-sampling time is selected, and control inputs
are obtained by solving it. Based on homothetic Tube MPC
[17], an alternative self-triggered MPC scheme is devised
in [12] to stabilize systems with disturbances. Instead of
the fixed form of cost functions in [11], the inter-sampling
time is included in the cost function as a decision variable.
At each sampling instant, the maximal permissible inter-
sampling time and the optimal control input sequence are
obtained by solving multiple optimization problems until a
feasibility condition ceases to hold. Similarly, the authors
of [13] also treat the inter-sampling time as a part of the
cost function. The self-triggered MPC algorithm in [13] for



MANUSCRIPT 2

disturbed systems combines the self-triggered mechanism in
[12] with the constraint tightening technique for robustness
in [18]. Although the ideas to determine the maximal length
of the inter-sampling time in [11], [12], [13] are appealing,
one has to note that these control schemes require much more
computation at each sampling instant than standard MPC with
periodic sampling. Therefore, they are impracticable for fast
dynamic systems.

The main contribution of this paper is to address the issue
of excessive computation at sampling instants in [11], [12],
[13] by proposing a novel robust MPC algorithm with a fast
convergence self-triggered mechanism. Inspired by [14], [15],
the sampling interval is determined as the maximum period
over which a bound on the predicted cost corresponding to
the optimal predicted control inputs is decreasing. However,
unlike [14], [15], we minimize this bound (i.e. maximize
the reduction in cost) to determine an inter-sampling time.
Although this may lead to a shorter inter-sampling time
compared with [14], [15], the algorithm in this paper can
provide a reduction in the number of time steps for states
to converge, and therefore achieve a reduction in the time-
average number of optimization problems to be solved. More
importantly, to reduce the potential closed-loop performance
loss due to open-loop control between sampling instants, an
infinite-horizon problem is considered at each sampling instant
instead of a finite-horizon one as in [14], [15]. Moreover, we
apply a closed-loop control paradigm to self-triggered MPC,
which has the advantage of reducing the conservativeness in
constraint handling over the open-loop MPC employed in [14],
[15]. The setup of this paper addresses new challenges in
the formulation of tractable infinite-horizon MPC optimization
problems with recursive feasibility. In particular, decisions
relating to the length of the inter-sampling period affect the
predicted control strategies that could be employed at a future
time step. To address this problem, we analyse the propagation
of the effects of disturbances along predicted input/state
trajectories by considering the fact that measurements will
be obtained at an unknown future sampling instant. The
paper’s approach constructs a set of minimally conservative
constraints that ensure robust constraint satisfaction and
recursive feasibility for any allowable inter-sampling time.
After states converge to a terminal region, a local state
feedback controller is applied in [14] to stabilize the system.
In contrast to [14], we propose a local self-triggered feedback
controller and a corresponding self-triggered mechanism such
that system states converge to a robustly positively invariant
(RPI) set. The RPI set is parameterized in terms of a scalar
parameter which enables us to balance the size of this set with
the average inter-sampling time.

Compared with previous work on RMPC-based self-
triggered control [11], [12], [13], [14], [15], three key
features of the self-triggered MPC algorithms proposed in
this paper are that (i) the optimization problem formulated
at sampling instants has similar computational complexity to
that of a periodically-triggered MPC algorithm; (ii) recursive
feasibility over an infinite horizon can be ensured in the
self-triggered framework; (iii) the new algorithms have a
relatively low susceptibility to adverse effects of delays

in computation. These features make the algorithms more
suitable for constrained systems with limited computational
resources and short sampling intervals, and they can therefore
be used as an enabler of MPC on fast dynamic systems.
We show that the proposed algorithms constitute a significant
advance in self-triggered MPC algorithms by providing an
order of magnitude reduction in computation without an
appreciable affect on performance.

The remainder of this paper is organized as follows. The
problem formulation is given in Section II. In Section III, a
multi-step open-loop MPC optimization problem with a finite
number of deterministic constraints is formulated. In Section
IV, a self-triggered mechanism is designed and a robust
self-triggered MPC algorithm is proposed. The properties of
this algorithm are developed in Section V. In Section VI, a
robust self-triggered MPC with a local controller is designed
to further reduce computation. Section VII contains some
discussions. A numerical example is provided in Section
VIII to highlight the merits of the proposed algorithms in
comparison with a periodically-triggered RMPC and [13]. We
conclude in Section IX.

Notation: Let N, Rn, and Rm×n be the set of non-negative
integers, n-dimensional Euclidean space, and the set of m×n
real matrices, respectively. Let I be the identity matrix with
appropriate dimensions and 0 be a vector or a matrix with
zero entries. For q, s ∈ N and q < s, let N<q , N≤q , N>q ,
N≥q , and N[q,s] be the sets {r ∈ N | r < q}, {r ∈ N | r ≤ q},
{r ∈ N | r > q}, {r ∈ N | r ≥ q}, and {r ∈ N | q ≤
r ≤ s}, respectively. Given two sets X ,Y ⊆ Rn and a matrix
A ∈ Rm×n, AX := {Ax | x ∈ X}. The Minkowski set
addition is defined by X ⊕Y := {x+ y | x ∈ X , y ∈ Y} and
the Minkowski (Pontryagin) set difference by X 	Y := {z ∈
Rn | {z}⊕Y ⊆ X}. Given a sequence of sets Xi ⊆ Rn for i ∈
N[a,b] with a, b ∈ N, define ⊕bi=aXi :=

{∑b
i=a xi | xi ∈ Xi

}
.

By convention, the set is {0} if a > b. For a matrix W ∈
Rn×n, let W � 0 denote that W is a positive definite matrix
and ‖W‖ denote its 2-norm. Given a matrix W � 0 and
a vector x ∈ Rn, ‖x‖ denotes the Euclidean norm and we
define ‖x‖2W := xTWx. The operators λmin(·) and λmax(·)
denote the smallest and the largest eigenvalues of a matrix,
and x(tk + i|tk) denotes the i-step-ahead predicted value of x
at time tk.

II. PROBLEM SETUP

Consider the following discrete-time linear time-invariant
system with additive disturbances

x(t+ 1) = Ax(t) +Bu(t) + w(t), t ∈ N, (1)

where x(t) ∈ RNx , u(t) ∈ RNu are the system state and
the control input respectively. The disturbance input w(t) ∈
W ⊂ RNx is unknown but bounded. The set W is a compact
convex polytope containing the origin in its interior and the
disturbances w(t) for t ∈ N are independent. The pair (A,B)
is assumed to be stabilizable. The system (1) is subject to
constraints

(x(t), u(t)) ∈ Ξ, t ∈ N, (2)
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where Ξ is a compact convex polytope. For convenience
of illustration, only one of the constraints defining (2) is
considered in the sequel, which is given by

Fx(t) +Gu(t) ≤ `, t ∈ N, (3)

where F ∈ R1×Nx , G ∈ R1×Nu are row vectors and ` ∈ R is
a constant. For the other constraints in (2), the same constraint
handling can be performed separately.

Our aim is to construct an MPC algorithm, which can
robustly stabilize the system without violating constraints,
while achieving a low frequency of control updates without
much loss in convergence rate of the system state. To achieve
such objectives, we combine an RMPC framework with a
fast convergence self-triggered condition. Under this condition,
system states can be driven into a neighbourhood of the origin
in a short time, without the need to solve an MPC optimization
problem at every time step.

In particular, let tk, k ∈ N, be the sampling instant when
an MPC optimisation problem is to be solved, and let

tk+1 = tk +M(x(tk)), k ∈ N,

where t0 = 0 and M(·) : RNx → N[1,N ] is a state-dependent
sampling function with N ∈ N≥1. For simplicity, we use
Mk instead of M(x(tk)) in the sequel. We decompose the
predicted actual state x(tk + i|tk) into a nominal part and
an uncertain part, denoted by z(tk + i|tk) and e(tk + i|tk)
respectively, that is x(tk+i|tk) = z(tk+i|tk)+e(tk+i|tk). The
predicted control input sequence at time tk, {u(tk+ i|tk), i ∈
N}, is formulated as

u(tk + i|tk)

=

{
Kz(tk + i|tk) + c(tk + i|tk), i ∈ N≤N−1

Kx(tk + i|tk), i ∈ N≥N
(4)

where c(tk + i|tk) is the decision variable, feedback gain K
is fixed and designed as the unconstrained LQ-optimal for
the quadratic cost defined in Section III-D, and the predicted
nominal state z(tk + i|tk) evolves as

z(tk + i+ 1|tk) = Φz(tk + i|tk) +Bc(tk + i|tk), i ∈ N, (5)

with the initial condition z(tk|tk) = z(tk) = x(tk), Φ :=
A+BK, and c(tk + i|tk) = 0 for i ∈ N≥N . At any sampling
instant tk, for a given system state x(tk), the inter-sampling
time Mk and a sequence of control inputs {u(tk + i|tk), i ∈
N≤N−1} are determined online. The first Mk elements of the
control sequence are then applied at the time steps tk, tk +
1, . . . , tk + Mk − 1. At the next sampling instant tk+1, this
process is repeated using the knowledge of the system state
x(tk+1).

Remark 2.1: The input parameterisation u(t) = Kx(t)+c(t)
is widely used in RMPC problems and it is convenient to
construct an augmented autonomous MPC formulation [19].
A requirement is that the system state is measurable at
every time step. However, in the self-triggered framework,
the first few elements of a predicted control input sequence
are applied in an open-loop fashion and during that time
interval state measurements may not be available. To make the

control inputs deterministic and implementable in the open-
loop phase, the predicted actual states x(tk+i|tk) are replaced
in the predicted control law (4) by their predicted nominal
counterparts z(tk + i|tk) for i ∈ N≤N−1. For all prediction
time steps i ∈ N≥N , we set c(tk + i|tk) = 0 so that the fixed
feedback law u(tk + i|tk) = Kx(tk + i|tk) is adopted and
hence the number of decision variables is finite.

III. MULTIPLE-STEP OPEN-LOOP MPC OPTIMIZATION
FORMULATION

In this section, an infinite-horizon MPC optimization
problem is developed to define the control input sequence
that is applied to the system (1) between sampling instants.
The main challenge when formulating the MPC optimization
in the self-triggered setup is that the predicted control inputs
applied in an open-loop fashion are required to ensure robust
constraint satisfaction for the closed-loop system. Furthermore,
since MPC optimizations are solved in an aperiodic way,
another challenge is to make the constraints in the MPC
optimization recursively feasible for all possible future inter-
sampling times. To remedy these, in Section III-A, by applying
elements of the input sequence obtained at each sampling
instant in an open-loop fashion, we give conditions to ensure
constraint satisfaction over an infinite prediction horizon.
In Section III-B, these constraints are further modified to
guarantee recursive feasibility by considering that feedback
is present at a certain time in the future. A finite number of
constraints, which is equivalent to the constraints derived in
Section III-B, is obtained in Section III-C and the multi-step
open-loop optimization used in the self-triggered MPC scheme
is formulated in Section III-D.

A. Constraint Satisfaction by Predictions
For a given system state x(tk) at sampling instant tk, the

constraints on predicted states and control inputs are given by

Fx(tk + i|tk) +Gu(tk + i|tk) ≤ `, i ∈ N. (6)

The predicted dynamics (5) can be described equivalently by
the augmented autonomous state space model

p(tk + i+ 1|tk) = Ψp(tk + i|tk), i ∈ N,

where

p(tk|tk) :=

[
x(tk)
c(tk)

]
, p(tk + i|tk) :=

[
z(tk + i|tk)
T ic(tk)

]
,

c(tk) :=
[
cT (tk|tk) cT (tk + 1|tk) · · · cT (tk +N − 1|tk)

]T
,

Ψ:=

[
Φ BE
0 T

]
, E :=

[
I 0 · · · 0

]
, T :=


0 I 0
...

. . .
...

0 0 I
0 0 0


so that Tc(tk) :=

[
cT (tk + 1|tk) · · · cT (tk +N − 1|tk) 0

]T
.

In this description, z(tk + i|tk) =
[
I 0

]
Ψip(tk|tk) and (6)

is then transformed into another form

HΨip(tk|tk) ≤

{
`− Fe(tk + i|tk), i ∈ N≤N−1

`− (F +GK)e(tk + i|tk), i ∈ N≥N
(7)
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with

H :=
[
F G

] [ I 0
K E

]
.

The uncertain component e(tk + i|tk) in (7) evolves for
i ∈ N according to

e(tk + i+ 1|tk)

=

{
Ae(tk + i|tk) + w(tk + i|tk), i ∈ N≤N−1

Φe(tk + i|tk) + w(tk + i|tk), i ∈ N≥N
(8)

with e(tk|tk) = e(tk) = 0. Let the set of all possible
realizations of e(tk + i|tk) be

Ri :=

{
ARi−1 ⊕W, i ∈ N[1,N ]

ΦRi−1 ⊕W, i ∈ N≥N+1

, R0 := {0},

which can be rewritten as

Ri =

{
⊕i−1
j=0A

jW, i ∈ N[1,N ]

⊕i−N−1
j=0 ΦjW ⊕ Φi−NRN , i ∈ N≥N+1

, R0 ={0}.

Conditions on p(tk|tk) to ensure robust satisfaction of (6)
under the predicted control law (4) are stated as follows.

Lemma 3.1: At any sampling instant tk, k ∈ N, and for a
given state x(tk), the constraint (6) is satisfied for all possible
disturbances w ∈ W if and only if decision variable c(tk)
satisfies the constraint

HΨip(tk|tk) ≤ `− hi, i ∈ N, (9)

where the sequence {hi, i ∈ N} is defined as

hi :=

max
e∈Ri

Fe, i ∈ N≤N−1

max
e∈Ri

(F +GK)e, i ∈ N≥N

=



i−1∑
j=0

max
w∈W

FAjw, i ∈ N≤N−1

i−N−1∑
j=0

max
w∈W

(F +GK)Φjw

+
N−1∑
j=0

max
w∈W

(F +GK)Φi−NAjw, i ∈ N≥N .

Proof: From (7), by considering e(tk + i|tk) ∈ Ri,
necessary and sufficient conditions for the satisfaction of (6)
for all possible future disturbance sequences are given by the
tightened constraint (9) on p(tk|tk).

The maximization defining hi is performed by solving a set
of linear programming (LP) problems. These LP problems are
independent of the information available at time tk, and hence
the values of hi can be computed offline.

B. Recursively Feasible Constraints

Although the constraint in Lemma 3.1 is derived by
considering worst-case values of the uncertain components of
Fx(tk+i|tk)+Gu(tk+i|tk) over all admissible disturbances,
it cannot ensure the existence of a feasible c(tk+1) at time
tk+1. This is because two different controllers are applied in
different stages of the infinite prediction horizon as shown
in Fig. 1. Specifically, constraint (9) ensures the satisfaction

Fig. 1. Illustration of predicted input sequences at time tk (above) and tk+1

(below). The red and green shading illustrates time steps at which different
predicted control strategies are employed.

of Fx(tk + i|tk) + Gu(tk + i|tk) ≤ ` at time tk for
i ∈ N[N,Mk+N−1] under the controller u(tk + i|tk) =
Kx(tk + i|tk), whereas for the same prediction time steps,
the constraint Fx(tk + i|tk+1) + Gu(tk + i|tk+1) ≤ ` at
time tk+1 is required to be satisfied under the controller
u(tk + i|tk+1) = Kz(tk + i|tk+1) + c(tk + i|tk+1). To ensure
that the ‘tail’ of c(tk), namely TMkc(tk), is a feasible choice
for c(tk+1), constraint (9) needs to be further modified.

Theorem 3.1: At sampling instant tk, if the constraint (9) is
replaced with

HΨip(tk|tk) ≤ `− gi, i ∈ N, (10)

where the sequence {gi, i ∈ N} is defined by g0 := 0 and for
i ∈ N≥1

gi :=



max

{
hi, max
m∈N[1,i]

{
max
e∈Rm

(F+GK)Φi−me+gi−m

}}
,

i ∈ N[1,N−1]

max
m∈N[1,N]

{
max
e∈Rm

(F +GK)Φi−me+ gi−m

}
,

i ∈ N≥N

then:

(i) the satisfaction of (6) is ensured at sampling instant tk;
(ii) constraint (10) remains feasible at all sampling instants

tk+1, tk+2, . . .

Proof: From Lemma 3.1, the result in (i) can be
guaranteed if gi ≥ hi for all i ∈ N. For i ∈ N≤N−1, this
is obvious, whereas for i ∈ N≥N we have

gi ≥ max
e∈RN

(F +GK)Φi−Ne+ gi−N ≥ hi, (11)

where the last inequality follows from the second equation of
the definition of hi, for i ∈ N≥N ,

hi =

i−N−1∑
j=0

max
w∈W

(F +GK)Φjw + max
e∈RN

(F +GK)Φi−Ne,

and from

gj ≥ max
w∈W

(F +GK)Φj−1w + gj−1 for all j ∈ N≥1. (12)
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Summing both sides of (12) from j = 1 to j = i−N gives,
for i ∈ N≥N ,

gi−N ≥
i−N−1∑
j=0

max
w∈W

(F +GK)Φjw.

To show (ii), we introduce a candidate solution c̄(tk+1) :=
TMkc(tk) at time tk+1. We will prove that c̄(tk+1) is a
feasible solution for (10) at sampling instant tk+1. Denote
by p̄(tk+1) = [xT (tk+1) c̄T (tk+1)]T the augmented state
corresponding to c̄(tk+1). Since, by definition, x(tk+1) =
z(tk+1|tk) + e(tk+1|tk) for any Mk ∈ N[1,N ], we have

p̄(tk+1) =

[
z(tk+1|tk)
TMkc(tk)

]
+

[
e(tk+1|tk)

0

]
= p(tk+1|tk) +

[
e(tk+1|tk)

0

]
.

Hence, proving the satisfaction of HΨip̄(tk+1) ≤ `− gi, i ∈
N, is equivalent to proving the satisfaction of the constraint

H

(
ΨMk+ip(tk|tk) +

[
Φie(tk+1|tk)

0

])
≤ `− gi, i ∈ N,

(13)

by taking into account p(tk+1|tk) = ΨMkp(tk|tk).
Furthermore, due to e(tk+1|tk) ∈ RMk

, constraint (13) can
be ensured if the following condition is satisfied

HΨMk+ip(tk|tk) ≤ `− max
e∈RMk

(F +GK)Φie− gi, i ∈ N.

(14)

From the definition of the sequence {gi, i ∈ N}, it follows
that for i ∈ N

gMk+i ≥



max
m∈N[1,i+Mk]

{
max
e∈Rm

(F +GK)Φi+Mk−me

+gi+Mk−m

}
, i ∈ N≤N−Mk

max
m∈N[1,N]

{
max
e∈Rm

(F +GK)Φi+Mk−me

+gi+Mk−m

}
, i ∈ N≥N−Mk+1

≥ max
e∈RMk

(F +GK)Φie+ gi.

Therefore the satisfaction of the constraint

HΨMk+ip(tk|tk) ≤ `− gMk+i, i ∈ N,

at sampling instant tk ensures that (14) is satisfied. Hence
there exists at least one feasible solution at sampling instant
tk+1 such that (10) is satisfied. This implies the feasibility of
(10) at all subsequent sampling instants if (10) is feasible at
sampling instant tk.

Note that the sequence {gi, i ∈ N} is monotonically non-
decreasing for i ∈ N≤N−1 while not necessarily monotonic
for i ∈ N≥N . Also, as i → ∞, there exists a limit for this
sequence due to the strict stability of Φ.

C. A Finite Set of Constraints

Although the control input sequence (4) depends on a finite-
dimensional decision variable, the number of constraints in
(10) is infinite because of the infinite prediction horizon.
To reduce this infinite set of constraints to a finite one, we
extend the approach proposed in [20] to the current context
of aperiodically-triggered MPC. The following result provides
a method of determining the minimum number of linear
constraints that define a feasible set identical to that of (10).

Theorem 3.2: If gi < ` for all i ∈ N, then the constraints in
(10) over the infinite prediction horizon i ∈ N are equivalent
to a finite number of constraints

HΨip(tk|tk) ≤ `− gi, i ∈ N≤N̂ , (15)

where N̂ ∈ N≥N is such that HΨN̂+ip(tk|tk) ≤ ` − gN̂+i

holds for all i ∈ N[1,N ] and all p(tk|tk) satisfying (15).
Proof: Let Xj := ∩ji=0{p(tk|tk) | HΨip(tk|tk) ≤ `−gi},

j ∈ N≥N . Then X∞ := limj→∞ Xj denotes the set of all
p(tk|tk) such that (10) is satisfied for all i ∈ N. By definition
we have XN ⊇ XN+1 ⊇ XN+2 ⊇ · · · ⊇ X∞. Therefore, the
condition of the theorem that p(tk|tk) ∈ XN̂+i holds for all i ∈
N[1,N ] if p(tk|tk) ∈ XN̂ , is equivalent to XN̂ = XN̂+N . This
implies XN̂ = X∞, as we demonstrate next. First note that if
p(tk|tk) ∈ XN̂ and XN̂ = XN̂+N , then we have p(tk|tk) ∈
XN̂+N and hence HΨip(tk|tk) ≤ `− gi for all i ∈ N≤N̂+N .
Therefore, for all m ∈ N[1,N ], it holds that

HΨjΨmp(tk|tk) ≤ `− gj+m
≤ `− gj − max

e∈Rm

(F +GK)Φje

for all j ∈ N≤N̂+N−m. Then we have, for all m ∈ N[1,N ],

HΨj

(
Ψmp(tk|tk) +

[
e
0

])
≤ `− gj ,

∀j ∈ N≤N̂+N−m, ∀e ∈ Rm,

and hence

Ψmp(tk|tk) +

[
e
0

]
∈ XN̂+N−m, ∀e ∈ Rm, m ∈ N[1,N ].

(16)
From (16) and the observation that XN̂ = XN̂+1 = · · · =
XN̂+N implies XN̂+N−m = XN̂+N−m+1 for all m ∈ N[1,N ],
we obtain

HΨN̂+N+1p(tk|tk)

≤ `− max
m∈N[1,N]

{
max
e∈Rm

(F +GK)ΦN̂+N+1−me

+gN̂+N+1−m

}
= `− gN̂+N+1.

It follows that, if p(tk|tk) ∈ XN̂ and XN̂ = XN̂+N , then
p(tk|tk) ∈ XN̂+N+1 and hence XN̂ = XN̂+N+1. This
argument can be repeated to show that XN̂ = XN̂+N+j for
all j ∈ N≥1 and hence XN̂ = X∞ holds. This implies that
the constraints in (10) for all i ∈ N are satisfied if and only if
(15) is satisfied, with N̂ selected as stated in the theorem.
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Remark 3.1: The smallest value for N̂ ∈ N≥N satisfying
the conditions of Theorem 3.2 can be computed by solving at
most (N̂ −N + 1)N LP problems, namely for n ∈ N[N,N̂ ]

max
p

HΨn+ip+ gn+i

subject to HΨjp+ gj ≤ `, ∀j ∈ N≤n,

for i ∈ N[1,N ]. Clearly the value of N̂ does not depend
on the system state, and this procedure can therefore be
performed offline. Furthermore, from Theorem 4.1 in [20], N̂
is necessarily finite if Ψ is strictly stable and the pair (Ψ, H)
is observable.

D. Optimization Problem Formulation

The infinite horizon cost function to be minimized is defined
as

J(x(tk), c(tk)) :=

∞∑
i=0

(
‖z(tk + i|tk)‖2Q + ‖Kz(tk + i|tk)

+c(tk + i|tk)‖2R
)
, (17)

where Q � 0, R � 0 are weighting matrices. From Theorem
2.10 in [19], the cost function (17), with K being the
unconstrained LQ-optimal, can be transformed into a quadratic
form of the current state x(tk) and the decision variable c(tk)

J(x(tk), c(tk)) = ‖x(tk)‖2Wx
+ ‖c(tk)‖2Wc

, (18)

where Wx � 0 is the solution of the algebraic Riccati equation

Wx = ATWxA+Q−ATWxB(BTWxB +R)−1BTWxA,
(19)

and

Wc=


BTWxB +R 0 · · · 0

0 BTWxB +R · · · 0
...

...
. . .

...
0 0 · · · BTWxB +R

 .
(20)

Hence, for a given state x(tk) at sampling instant tk, the
minimization of the cost (17) is equivalent to the minimization
of ‖c(tk)‖2Wc

.
Using the results above, at any sampling instant tk, the

optimization problem P(x(tk)) given a state x(tk) is then
summarized as

min
c(tk)

J(x(tk), c(tk)) = ‖x(tk)‖2Wx
+ ‖c(tk)‖2Wc

(21a)

subject to

p(tk|tk) =

[
z(tk|tk)
c(tk)

]
, z(tk|tk) = x(tk), (21b)

p(tk + i|tk) = Ψp(tk + i− 1|tk), ∀i ∈ N[1,N̂ ], (21c)

Hp(tk + i|tk) ≤ `− gi, ∀i ∈ N≤N̂ . (21d)

The optimal solution for P(x(tk)) is denoted by c∗(tk), and
z∗(tk + i|tk) and J(x(tk), c∗(tk)) denote the corresponding
predicted nominal state trajectory and the cost respectively.

IV. FAST SELF-TRIGGERED MPC ALGORITHM

A fast convergence self-triggered mechanism is first derived
in this section and a self-triggered MPC algorithm is then
proposed to achieve the control goal described in Section II.

After solving (21) at a sampling instant tk, the system is
controlled under the optimal control input sequence u∗(tk +
i) = Kz∗(tk + i|tk) + c∗(tk + i|tk) in an open-loop fashion
until the next sampling instant tk+1. Hence no computation is
required in the time interval N[tk+1,tk+Mk−1]. However, it is
worth noting that the reduction in computation is achieved by
sacrificing the closed loop control performance.

To deal with this issue, we propose a fast convergence self-
triggered mechanism to determine the inter-sampling time Mk

through consideration of the convergence rate and stability
analysis. This makes it possible to achieve fast convergence
of the closed-loop system, while maintaining the advantages
of the self-triggered controller. The main idea is at each
sampling instant tk to compute Mk ∈ N[1,N ] such that
J(x(tk + Mk), c∗(tk + Mk)) − J(x(tk), c∗(tk)) reaches the
minimum under the optimal predicted control input sequence.
The detailed expression for J(x(tk + Mk), c∗(tk + Mk)) −
J(x(tk), c∗(tk)) is expressed in terms of Mk in Theorem 4.1.

Theorem 4.1: If the optimal control inputs u∗(tk + i) =
Kz∗(tk + i|tk) + c∗(tk + i|tk) are applied to (1) for i ∈
N≤Mk−1 in an open-loop fashion, then the optimal cost
J(x(tk+1), c∗(tk+1)) obtained by solving P(x(tk+1)) based
on the new state x(tk+1) satisfies

J(x(tk+1), c∗(tk+1))− J(x(tk), c∗(tk))

≤ f(Mk, x(tk), c∗(tk)), (22)

where

f(Mk, x(tk), c∗(tk)) := −
Mk−1∑
i=0

‖ET ic∗(tk)‖2S

+ [‖z∗(tk +Mk|tk)‖Wx
− ‖x(tk)‖Wx

+ γ(Mk)]
2

+2‖x(tk)‖Wx
[‖z∗(tk +Mk|tk)‖Wx

− ‖x(tk)‖Wx
+ γ(Mk)]

(23)

with γ(Mk) := maxe∈RMk
‖e‖Wx

and S := BTWxB+R � 0.
Proof: By the reasoning in the proof of Theorem 3.1,

specifically considering that c̄(tk+1) = TMkc∗(tk) is a
feasible solution at sampling instant tk+1, we have

c∗T (tk+1)Wcc
∗(tk+1)

=

N−1∑
i=0

c∗T (tk+1 + i|tk+1)Sc∗(tk+1 + i|tk+1)

≤
N−1∑
i=0

c̄T (tk+1 + i|tk+1)Sc̄(tk+1 + i|tk+1)

=

N−1∑
i=Mk

c∗T (tk + i|tk)Sc∗(tk + i|tk)

= c∗T (tk)Wcc
∗(tk)−

Mk−1∑
i=0

c∗T (tk + i|tk)Sc∗(tk + i|tk)

= c∗T (tk)Wcc
∗(tk)−

Mk−1∑
i=0

(ET ic∗(tk))TS(ET ic∗(tk))(24)
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where the first inequality follows from the optimality of
c∗(tk+1) at sampling instant tk+1. Then, the difference of the
optimal costs between any two successive sampling instants
satisfies

J(x(tk+1), c∗(tk+1))− J(x(tk), c∗(tk))

≤ ‖x(tk+1)‖2Wx
− ‖x(tk)‖2Wx

−
Mk−1∑
i=0

‖ET ic∗(tk)‖2S . (25)

Further, by the definition of γ(Mk), it holds that

‖x(tk+1)‖2Wx
− ‖x(tk)‖2Wx

= [‖x(tk+1)‖Wx
− ‖x(tk)‖Wx

]2 + 2‖x(tk)‖Wx
[‖x(tk+1)‖Wx

−‖x(tk)‖Wx
]

≤ [‖z∗(tk +Mk|tk)‖Wx
− ‖x(tk)‖Wx

+ γ(Mk)]2

+2‖x(tk)‖Wx
[‖z∗(tk +Mk|tk)‖Wx

− ‖x(tk)‖Wx
+ γ(Mk)].

(26)

Hence, bounding (25) with (26) yields (22).
By Theorem 4.1, one may select the interval Mk such

that the bound on J(x(tk+1), c∗(tk+1)) − J(x(tk), c∗(tk))
is minimized. Therefore, the fast convergence self-triggered
mechanism is formulated as follows for k ∈ N

Mk := argmin
M∈N[1,N]

f(M,x(tk), c∗(tk)). (27)

We now summarize the fast self-triggered MPC algorithm
in Algorithm 1.

Algorithm 1 Fast Self-triggered MPC
Offline:
Choose weighting matrices Q, R, and prediction horizon
N . Determine N̂ satisfying the condition of Theorem 3.2,
compute constraint parameter gi for i ∈ N≤N̂ . Calculate
Wx and Wc by (19)–(20) and design K as the unconstrained
LQ-optimal gain.
Online:

1: Initialize tk = 0 and k = 0.
2: At time tk, measure the current state x(tk) of system (1).
3: Solve the optimization problem P(x(tk)) in (21) to obtain

c∗(tk).
4: Choose the inter-sampling time Mk according to (27).
5: Apply u∗(tk + i) = Kz∗(tk + i|tk) + c∗(tk + i|tk) to the

system (1) for i ∈ N≤Mk−1.
6: At time tk +Mk, set tk+1 = tk +Mk, k ← k + 1.
7: Go to step 2.

By implementing Algorithm 1, the resulting closed-loop
system is

x(t+ 1) = Ax(t) +Bu∗(t) + w(t), (28)
u∗(t) = Kz∗(t|tk) + c∗(t|tk), (29)

for t ∈ N[tk,tk+Mk−1] and k ∈ N. The optimal perturbation
sequence c∗(tk) and the inter-sampling time Mk are only
calculated at sampling instants {tk, k ∈ N}. At other time
steps, no computation of the MPC optimization problem takes
place.

Fig. 2. Illustrative sketch of two self-triggered mechanisms inspired by the
reduction in optimal costs. Black line is the optimal cost trajectory under (27),
in which the sampling instant tk is determined by maximizing the difference
J(x(tk−1), c

∗(tk−1)) − J(x(tk), c
∗(tk)). Grey line is the optimal cost

trajectory under the self-triggered mechanism of [14], in which the sampling
instant t′k is determined when J(x(t′k), c

∗(t′k))−J(x(t′k−1), c
∗(t′k−1)) <

0 is violated.

Remark 4.1: Some comparisons may be made with [14],
which is a self-triggered MPC scheme for continuous systems
without disturbances and state constraints. The self-triggered
mechanism in [14] is also inspired by the reduction in optimal
costs, and the inter-sampling time M is determined using the
criterion that the optimal cost-to-go after M time-steps of
open-loop control should not exceed the optimal cost at the
current time. In contrast to [14], in this paper, we determine the
next sampling instant by selecting the inter-sampling time M
such that the optimal cost-to-go reaches a minimum after M
time-steps of open-loop control. The basic ideas of these two
self-triggered mechanisms are sketched in Fig. 2. It is to be
expected that the inter-sampling time under the self-triggered
mechanism in [14] is larger than the one obtained under
Algorithm 1. However, intuitively, the time-average number of
optimization problems to be solved under Algorithm 1 might
be similar to that under [14], since Algorithm 1 is likely to
provide a faster convergence of system states to the origin.

V. PROPERTIES OF FAST SELF-TRIGGERED MPC
ALGORITHM

In this section, we derive the control theoretic properties
of Algorithm 1, including recursive feasibility, constraint
satisfaction and mean-square stability.

For a given state x(tk), let D(x(tk)) := {c(tk) ∈
RNuN | (21b) − (21d) in P(x(tk)) hold} denote the set
of all feasible solutions of P(x(tk)). If D(x(tk)) 6= ∅, the
optimization problem P(x(tk)) is feasible. Theorem 5.1 shows
that the multi-step open-loop MPC optimization problem (21)
is recursively feasible and the constraint (3) is satisfied along
closed-loop trajectories.

Theorem 5.1: (Recursive feasibility and constraint
satisfaction) Provided that the optimization problem P(x(t0))
is feasible at time t0, i.e. D(x(t0)) 6= ∅, then for the
closed-loop system (28)–(29) under Algorithm 1, it holds that
(i) D(x(tk)) 6= ∅ for all tk and all k ∈ N;

(ii) Fx(t)+Gu(t) ≤ ` for all possible realizations of w(t) ∈
W , t ∈ N.
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Proof: By Theorem 3.1 (ii), the assumption that P(x(t0))
is feasible at the initial time implies that all subsequent
optimization problems P(x(tk)) are feasible, which proves
(i). The second part of the statement follows directly from
Theorem 3.1 (i) and the recursive feasibility implied by (i).

The following lemma, which is derived from l2 stability
theory, will be required to establish mean-square stability in
Theorem 5.2.

Lemma 5.1: Consider a closed-loop system

x(t+ 1) = Φx(t) +Bc(t) +Dw(t), t ∈ N. (30)

If Φ is strictly stable, then the states of (30) satisfy the bound
∞∑
t=0

‖x(t)‖2 ≤ ‖x(0)‖2P + α1

∞∑
t=0

‖c(t)‖2 + α2

∞∑
t=0

‖w(t)‖2,

for some matrix P � 0 and some scalars α1, α2 > 0.
Proof: See [19], page 85.

The following theorem establishes the mean-square stability
of the closed-loop system under Algorithm 1.

Theorem 5.2: (Mean-square stability) Provided P(x(t0)) is
feasible at time t0, the closed-loop system (28)–(29) under
Algorithm 1 satisfies the following properties for all possible
realisations of w(t) ∈ W , t ∈ N,
(i) c(t)→ 0 as t→∞;

(ii) there exists an α > 0 satisfying the mean-square stability
condition

lim
m→∞

1

m

m∑
t=0

‖x(t)‖2 ≤ αw̃, (31)

where w̃ := maxŵ∈T ‖ŵ‖2 and T :=W⊕(−BK⊕N−2
j=0

AjW).
Proof: We first show the convergence of the perturbation

sequence {c(t), t ∈ N}. By the reasoning in the proof of
Theorem 4.1, particularly by (24), it holds that

c∗T (tk+1)Wcc
∗(tk+1) ≤ c∗T (tk)Wcc

∗(tk)

−
Mk−1∑
i=0

(Eĉ(tk + i))TS(Eĉ(tk + i)) (32)

with ĉ(tk + i) := T ic∗(tk) for i ∈ N≤Mk−1. Summing both
sides of (32) over k = 0, 1, . . . gives

∞∑
k=0

Mk−1∑
i=0

(Eĉ(tk + i))TS(Eĉ(tk + i)) ≤ c∗T (0)Wcc
∗(0)

− lim
k→∞

c∗T (tk)Wcc
∗(tk),

which implies
∞∑
t=0

cT (t)Sc(t) ≤ c∗T (0)Wcc
∗(0), (33)

where c(t) is the actual perturbation signal used to define the
control input at time step t. Hence, we have that c(t)→ 0 as
t → ∞ by taking into account the facts that c∗T (0)Wcc

∗(0)
is finite and S � 0.

We will next prove that the closed-loop system satisfies
the mean-square stability condition. Denote ŵ(t) := w(t) −

BKe(t), and e(t) for t ∈ N[tk,tk+1−1] as the deviation between
the actual state x(t) and the optimal nominal state z∗(t|tk) in
the open loop interval [tk, t]. Then, for all t ∈ N[tk,tk+1−1]

and k ∈ N, the closed-loop system (28)–(29) can be rewritten
as

x(t+ 1) = Ax(t) +BKz∗(t|tk) +Bc∗(t|tk) + w(t)

= Φx(t) +BEĉ(t) + ŵ(t). (34)

Since Φ is strictly stable due to the assumption on K, by
Lemma 5.1, it follows that there exists some matrix P � 0
and positive scalars δ, α satisfying
∞∑
t=0

‖x(t)‖2 ≤ ‖x(0)‖2P + δ

∞∑
t=0

‖Eĉ(t)‖2 + α

∞∑
t=0

‖ŵ(t)‖2

≤ ‖x(0)‖2P +
δ

λmin(S)

∞∑
t=0

‖Eĉ(t)‖2S + α

∞∑
t=0

‖ŵ(t)‖2

≤ ‖x(0)‖2P +
δ

λmin(S)
c∗T (0)Wcc

∗(0) + α

∞∑
t=0

‖ŵ(t)‖2,

(35)

where the last line follows from (33). As the maximal length
of the open-loop phase is N − 1, it holds that e(t) ∈ RN−1,
and hence the polytopic set T = W ⊕ (−BK ⊕N−2

j=0 AjW)
contains all possible realizations of ŵ(t) for any t ∈ N. Let w̃
denote the maximum of ‖ŵ(t)‖2 over T . Then, the satisfaction
of mean-square stability condition (31) follows from (35) and
the fact that c∗T (0)Wcc

∗(0) is finite.

VI. FAST SELF-TRIGGERED MPC WITH A LOCAL
CONTROLLER

From Theorem 5.2 (i), we show that as t → ∞, the MPC
law (29) converges asymptotically to the control law given by

u∗(t) = Kz∗(t|tk), (36)

and hence the closed-loop system of (34) becomes

x(t+ 1) = Φx(t) + ŵ(t). (37)

In order to further reduce the required computation, one
alternative control strategy is to switch the MPC law to (36)
after states reach a terminal set X . In particular, we define a
terminal set

X := {x | (F +GK)Φix ≤ `− gi, i ∈ N≤N̂}, (38)

which is derived from (15) by letting c(tk) = 0. Theorem 6.1
states that, if a state trajectory enters X , it will stay in the set
thereafter and satisfy constraint (3) under the control law (36)
without needing to solve the MPC optimization problem.

Theorem 6.1: (Robust positive invariance of X ) The
terminal set X is RPI for the system (37) and constraint (3).

Proof: Assume that the state trajectory x(t) first reaches
X at time tk′ . From Theorem 3.2 and the assumption x(tk′) ∈
X , it follows that for i ∈ N≤N̂ and m ∈ N[1,N ]

(F +GK)Φi+mx(tk′) = (F +GK)Φiz(tk′ +m|tk′)
≤ `− gi+m ≤ `− gi − (F +GK)Φie(tk′ +m|tk′),
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and therefore (F +GK)Φix(tk′+m) ≤ `−gi. Hence, x(t) ∈
X for all t ∈ N[tk′+1,tk′+1]. By induction, we have x(t) ∈
X for all t ∈ N≥tk′ . The satisfaction of constraint (3) in X
follows directly from Theorem 3.1.

Now we reconsider the self-triggering criterion inside the
terminal set X . For x(tk) ∈ X , and in particular if x(tk) is
close to the origin, the value of f(M,x(tk),0) is dominated
by the value of γ(M). Since γ(M) is increasing with M , the
self-triggering condition (27) may therefore result in a small
sampling interval Mk close to 1. To obtain a larger sampling
interval, a different policy for deciding Mk is employed in a
neighborhood of the origin X ∩ X (ε), where X (ε) is a level
set of the cost J(x(tk),0) defined by

X (ε) := {x | ‖x‖2Wx
≤ ε}, ε ≥ ε0, (39)

ε0 :=
max
w∈W

‖w‖2Wx[
1−

√
λmax

(
W
− 1

2
x ΦTWxΦW

− 1
2

x

)]2 .

Specifically, for x(tk) outside the set X ∩X (ε), the triggering
mechanism (27) is employed, but once x(tk) reaches X ∩
X (ε), to avoid a high sampling rate, the triggering mechanism
switches to

Mk := max
{
M ∈ N[1,N ] |J(x(tk),0)+f(M,x(tk),0) ≤ ε

}
.

(40)
The proposed fast self-triggered MPC with a local controller

is summarized in Algorithm 2.

Algorithm 2 Fast Self-triggered MPC with a Local Controller
Offline:
Perform the offline step of Algorithm 1 and construct sets
X and X (ε) according to (38)–(39).
Online:
Perform the online steps of Algorithm 1 except for steps 3
and 4, which are modified to

3: If x(tk) ∈ X , then set c∗(tk) = 0. Otherwise, solve the
optimization problem P(x(tk)) in (21) to obtain c∗(tk).

4: If x(tk) ∈ X ∩X (ε), then choose the inter-sampling time
Mk according to (40). Otherwise, choose Mk according
to (27).

Lemma 6.1 demonstrates the robust positive invariance of
X (ε) under a static periodic LQ-optimal control law.

Lemma 6.1: If ε ≥ ε0 holds, then the set X (ε) in (39) is
RPI for the system x(t+ 1) = Φx(t) +w(t) with w(t) ∈ W .

Proof: This can be shown if it holds that

max
x∈X (ε),w∈W

‖Φx+ w‖2Wx
≤ ε. (41)

Specifically, by the triangle inequality, we have

max
x∈X (ε),w∈W

‖Φx+ w‖Wx ≤ max
x∈X (ε)

‖Φx‖Wx + max
w∈W

‖w‖Wx ,

where

max
x∈X (ε)

‖Φx‖Wx = ε
1
2

√
λmax

(
W
− 1

2
x ΦTWxΦW

− 1
2

x

)
.

Therefore, condition (41) is satisfied if ε ≥ ε0.

Remark 6.1: If the disturbance set W is ellipsoidal, e.g.
W = {w | ‖w‖2V ≤ 1} with V � 0, then ε ≥ ε0

is sufficient as well as necessary for X (ε) to be RPI for
x(t + 1) = Φx(t) + w(t), w(t) ∈ W . Moreover, for this
case, the quantity maxw∈W ‖w‖2Wx

in ε0 becomes

max
w∈W

‖w‖2Wx
= λmax

(
V −1Wx

)
.

In order to derive closed-loop stability of Algorithm 2, some
technical results are established.

Lemma 6.2:
(i) f(1, x,0) ≤ 0 if ‖x‖2Wx

≥ ε0.
(ii) J(x,0) + f(1, x,0) ≤ ε for all x ∈ X (ε) if and only if

ε ≥ ε0.
Proof: From the proof of Lemma 6.1 and the fact that

γ(1) = maxw∈W ‖w‖Wx , we have maxx∈X (ε) ‖Φx‖Wx +

γ(1) ≤ ε
1
2 if and only if ε ≥ ε0. Hence, if ‖x‖2Wx

≥ ε0,
then we have ‖Φx‖Wx + γ(1) ≤ ‖x‖Wx , which is equivalent
to f(1, x,0) = (‖Φx‖Wx + γ(1))

2 − ‖x‖2Wx
≤ 0.

For (ii), it follows from J(x,0) = ‖x‖2Wx
that J(x,0) +

f(1, x,0) ≤ ε if and only if ‖Φx‖Wx
+ γ(1) ≤ ε

1
2 , which is

true for all x ∈ X (ε) if and only if ε ≥ ε0.
Lemma 6.2 (ii) provides a guarantee that the set on the

right-hand side of (40) is non-empty whenever x(tk) ∈ X ∩
X (ε). Also ε = ε0 is the minimum value of ε for which this
guarantee holds.

Theorem 6.2: (Ultimate boundedness) Under Algorithm
2, the state x(t) of the closed-loop system asymptotically
converges to X ∩ X (ε) as t → ∞ for any disturbances with
w(t) ∈ W , t ∈ N.

Proof: Suppose that the current state x(tk) is outside X .
Theorem 5.2 shows that x(tk) asymptotically converges to the
RPI set X as tk →∞. Assume that at a certain time tk′ with
tk′ > tk, the state x(tk′) enters X\X (ε), i.e., ‖x(tk′)‖2Wx

>
ε ≥ ε0 and c(tk′) = 0. Then from Lemma 6.2 (i) and self-
triggered mechanism (27) adopted in X\X (ε), it follows that

f(Mk′ , x(tk′),0) ≤ f(1, x(tk′),0) < 0,

and further that

‖x(tk′+1)‖2Wx
≤ ‖x(tk′)‖2Wx

+ f(Mk′ , x(tk′),0)

< ‖x(tk′)‖2Wx
.

This implies the convergence of the state trajectory x(tk) to
X (ε). Therefore, we have x(tk) → X ∩ X (ε) as tk → ∞.
Once the state x(tk) reaches X ∩ X (ε), Mk is chosen
according to (40) such that ‖x(tk+1)‖2Wx

≤ J(x(tk),0) +
f(Mk, x(tk),0) ≤ ε, which, together with Theorem 6.1, gives
the robust positive invariance of X ∩ X (ε) under Algorithm
2. Therefore, it can be concluded that x(t) → X ∩ X (ε) as
t→∞.

Theorem 6.2 implies that the state trajectory converges to
the intersection of sets X and X (ε), where X has the property
that constraint (3) is satisfied under (36) and X (ε) is a level set
of the MPC cost. The parameter ε defining X (ε) is a tuning
knob of Algorithm 2, which allows a balance between the
asymptotic bound on the MPC cost function and the average
sampling frequency.
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VII. DISCUSSION

In this section, some beneficial features, applications,
drawbacks, and triggering behavior of the proposed self-
triggered MPC strategy are discussed in detail.

A. Computational complexity

The computation of γ(M) for M ∈ N[1,N ] in (23) requires
the solution of a sequence of Quadratic Programming (QP)
problems. Each of these QPs requires the maximization of a
convex quadratic function subject to linear constraints, and
hence is nonconvex; however, such QP problems can be
efficiently and reliably solved using commercially available
software [21], [22], [23]. We also note that the computation
of γ(M),M ∈ N[1,N ], is independent of the decision variable
c∗(tk) and the actual state x(tk), and can therefore be
performed offline.

The inter-sampling time Mk is calculated online by (27), but
once c∗(tk) is obtained, f(M,x(tk), c∗(tk)) is then a function
with only one variable, M , taking values in {1, 2, . . . , N}.
Solving (27) requires significantly less computational load
to determine the inter-sampling time than solving up to N
optimization problems at each sampling instant as in [11], [12],
[13]. Hence, the self-triggered scheme (27) is more practical
from a computational perspective.

B. Multiple constraints handling

The constraint set considered in this paper, that is (x, u) ∈
Ξ, with Ξ being a compact convex polytope, can be treated
equivalently by combining the conditions required by each of
the constraints separately. Specifically, in general (x, u) ∈ Ξ if
and only if Fx+Gu ≤ l, where F ∈ RNc×Nx ,G ∈ RNc×Nu ,
l ∈ RNc is a vector with elements equal to `, and the inequality
applies elementwise. Following the approach of Section III-A,
the constraints Fx(tk + i|tk) +Gu(tk + i|tk) ≤ l, i ∈ N, are
satisfied for all possible disturbances w ∈ W if and only if
decision variable c(tk) satisfies the constraints

HΨip(tk|tk) ≤ l− hi, i ∈ N, (42)

where the sequence {hi, i ∈ N} is defined as

hi :=

max
e∈Ri

Fe, i ∈ N≤N−1,

max
e∈Ri

(F + GK)e, i ∈ N≥N .

Here the maximization of a vector-valued function is to be
performed elementwise, so that hi denotes the vector in RNc

with jth element h(j)
i equal to maxe∈Ri

F (j)e for i ∈ N≤N−1

and maxe∈Ri
(F (j) +G(j)K)e for i ∈ N≥N , where F (j) and

G(j) are the jth rows of the matrices F and G respectively.
Therefore, the constraints in (42) can be written equivalently
as

H(j)Ψip(tk|tk) ≤ `− h(j)
i , i ∈ N, j ∈ N[1,Nc],

with H(j) :=
[
F (j) G(j)

] [ I 0
K E

]
. Thus the feasible set for

(42) is the intersection of the feasible sets for the constraints
F (j)x(tk + i|tk) +G(j)u(tk + i|tk) ≤ `, i ∈ N, j ∈ N[1,Nc].

C. Applications in fast dynamic systems

The self-triggered MPC algorithms in [11], [12], [13]
require N optimization problems to be executed within
one time step, while this requirement is not necessary for
Algorithms 1 and 2. In Algorithms 1 and 2, instantaneous
optimizations are desirable but not vital in terms of constraint
satisfaction. Due to the feasibility guarantee provided in
Section III-B, constraints will be satisfied for any length of
a sampling interval between 1 and N . Therefore, under the
circumstance that instantaneous optimizations are not possible
at a sampling instant tk, the algorithms in this paper could be
modified to allow the whole interval [tk, tk−1 +N ] rather than
just one time step for computation if computational delays are
bounded by a certain level; and then, during this time interval,
the optimal predicted inputs u∗(tk|tk−1), . . . , u∗(tk−1 +N −
1|tk−1) calculated at sampling instant tk−1 can still be applied
to the system to satisfy the constraints, while compromising
some of the performance. However, for algorithms in [11],
[12], [13], no readily available inputs can be applied at
time tk without instantaneous optimizations. Consequently,
the algorithms proposed in this paper offer a clear benefit
compared with [11], [12], [13], when computational delays are
present, which make them suitable for fast dynamic systems.

D. Conservativeness in constraint handling

Clearly the algorithms proposed here have constraints that
are at least as conservative as [11], [12], [13] because: (a) we
require that a single predicted control sequence can ensure
constraint satisfaction for all Mk between 1 and N ; (b) we
impose additional constraints to enforce recursive feasibility
in Theorem 3.1. If the constraint tightening parameters satisfy
gi = hi, which would seem likely when the eigenvalues of Φ
are close to zero, then the recursive feasibility constraints do
not introduce any extra conservativeness. On the other hand,
we do not seem to be able to avoid the conservativeness
of (a), which is the price to pay for requiring the solution
of fewer optimization problems per time-step (see Section
VII-A) and allowing for uncertainty in the time required
to perform one full optimization cycle (see Section VII-C).
The conservativeness has the drawback of imposing an upper
bound on the maximal prediction horizon N . In the practical
implementation, the largest possible value for N is determined
offline such that the feasible set for the MPC optimization
(21) is non-empty. This can be ensured only if ` > gi for all
i ∈ N≤N̂ or if ` > ḡ := sup{gi, i ∈ N}. From the expression
for gi in Theorem 3.1, where Φ is by assumption a strictly
stable matrix, it follows that maxe∈Rm

(F + GK)Φi−me
converges to 0 as i → ∞, thereby ensuring the convergence
of gi (g∞ := limi→∞ gi) and the existence of ḡ. Note that,
for i ∈ N[1,N−1], the sequence of gi is monotonically non-
decreasing and, for i ∈ N≥N , gi is the maximum over
m ∈ N[1,N ]. Therefore, a smaller N implies a smaller ḡ,
which is more likely to satisfy ` > ḡ. One computationally
tractable way of determining N is given in Algorithm 3, which
is performed offline.
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Algorithm 3 Determining Prediction Horizon N
1: Set N = 1.
2: Compute the sequence {gi, i ∈ N[1,T ]} with prediction

horizon N , where T is sufficiently large such that
differences of consecutive elements at the end of this
sequence are very small (for example, smaller than ε =
10−12).

3: Compute g̃ := max{gi, i ∈ N[1,T ]}, which is almost
equivalent to ḡ as defined above.

4: If g̃ < `, then increase N by 1 and go back to step 2;
otherwise the current value of N−1 is the largest one can
use.

E. Dependence of the triggering behavior on states

While the exact dependence of the triggering behavior
on system parameters is an open question, it seems that
lower sampling frequencies coincide with system states
away from the origin. More specifically, at each sampling
instant, after sampling x(tk) and solving (21) for c∗(tk),
f(M,x(tk), c∗(tk)) in (27) can be viewed as the sum of
a quadratic functional and a monotonically non-increasing
function in M denoted c(M) := −

∑M−1
i=0 ‖ET ic∗(tk)‖2S <

0. We denote the quadratic functional by f̄(s) := s2(M) +
2bs(M), where s(M) := ‖z∗(tk +M |tk)‖Wx

−‖x(tk)‖Wx
+

γ(M) and b := ‖x(tk)‖Wx . Due to the non-negativity
of ‖z∗(tk + M |tk)‖Wx + γ(M), we can see that f̄(s) is
monotonically increasing in s.

On one hand, when x(tk) is close to the origin, elements
of c∗(tk) and z∗(tk + M |tk) would be quite small. Then it
is likely that the variations of f(M,x(tk), c∗(tk)) and s(M)
with M are dominated by f̄(s) and by γ(M) respectively.
This would imply that f(M,x(tk), c∗(tk)) is increasing with
M , and hence that Mk tends to be close to 1. On the other
hand, when x(tk) is relatively large, since the decrease rate
of ‖z∗(tk + M |tk)‖Wx with M is probably higher than the
increase rate of γ(M), larger M generally implies smaller
s(M), which leads to the decrease of f(M,x(tk), c∗(tk)), and
then Mk is more likely to be close to N .

VIII. NUMERICAL EXAMPLES

To show the performance of the proposed algorithms,
comparisons are made with the traditional time-triggered MPC
and self-triggered tube MPC (STTMPC) in [13]. Consider a
system as in [13] and [24]

x(t+ 1) =

[
1.1 1
0 1.2

]
x(t) +

[
0.5
1

]
u(t) + w(t), t ∈ N,

where the disturbance sequence {w(t), t ∈ N} is independent
with identically uniformly distributed elements w(t) ∈ W =
[−0.25, 0.25]2 (generated using the Matlab rand function).
The state and input constraints are defined by |x(t)| ≤ 115 and
|u(t)| ≤ 20 (here the inequality sign ≤ and absolute value | · |
apply elementwise to vectors). The cost weights are chosen as

Q =

[
0.5 0
0 1

]
and R = 0.1, and K in (4) is computed

as the corresponding unconstrained optimal feedback gain
K = [−0.6023,−1.3667]. Furthermore, by (19)–(20), we have

Fig. 3. The sets X (c1ε0) for c1 = 1, 10, 20, 50, 100 and the terminal set
X .

Wx =

[
1.5810 0.4654
0.4654 1.3332

]
and Wc = 2.2939I . We choose

N = 8 satisfying gi < ` for all i ∈ N and calculate N̂ = 25 by
Theorem 3.2. The set X (ε) is calculated as X (ε) = X (c1ε0)
with ε0 = 7.0775 and different values of c1. By Lemma 6.1,
the set X (c1ε0) is RPI for the system x(t+1) = Φx(t)+w(t)
with w(t) ∈ W , if c1 ≥ 1. Fig. 3 shows the sets X (c1ε0)
for c1 = 1, 10, 20, 50, 100 and the terminal set (38), and
c1 = 20 is chosen in subsequent simulations. The simulations
are implemented in Matlab R2017a with CVX [25] and Gurobi
solver [23].

Stability and constraint satisfaction: In the time-triggered
algorithm, the inter-sampling time is fixed to Mk = 1 and
the predicted control input sequence u(t + i|t) = Kx(t +
i|t)+ c(t+ i|t) with c(t+ i|t) = 0 for i ∈ N≥N is adopted. In
[13], two additional parameters – the size of terminal set and a
tuning parameter β in the self-triggered mechanism – also have
effects on closed-loop performance and average inter-sampling
time. For comparison, the same terminal sets X ∩ X (20ε0)
are used in Algorithm 2 and STTMPC of [13] with β = 1.75
(as chosen in [13]). For the same initial condition x(0) =
[−140 30]T and the same disturbance sequence, Algorithm
1, Algorithm 2, the corresponding time-triggered algorithm,
and STTMPC of [13] are each implemented for a simulation
length of Trun = 20 steps. The resulting state-space trajectories
are shown in Fig. 4–Fig. 7 with the dashed lines being state
constraint bounds and the ellipses being the sets X ∩X (20ε0).
As shown in Fig. 5, the triggering mechanism switches from
(27) to (40) at time step t = 8, which is the first time that the
input sequence is updated after the state has entered the set X∩
X (20ε0). In Fig. 8, the evolution of each element of the system
state is depicted. From these figures, it is clear that the state
trajectories under these four schemes satisfy state constraints
at all time steps and converge to a neighborhood of the origin
with a comparable convergence speed. Fig. 9 plots the input
trajectories of four schemes and shows the satisfaction of input
constraints by aperiodically executing control tasks.

Average inter-sampling time: In Fig. 4–Fig. 7, we highlight
the sampling instants by red markers and enlarge the region
X ∩ X (20ε0) to show the sampling reduction. The average
time between sampling instants is M̄ = 1.58 for Algorithm



MANUSCRIPT 12

-140 -120 -100 -80 -60 -40 -20 0 20

-20

-10

0

10

20

30

40

50

60

-0.4 -0.2 0 0.2

-0.5

0

0.5

Fig. 4. State trajectory of the closed loop system under Algorithm 1 and the
set X ∩ X (20ε0).
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Fig. 5. State trajectory of the closed loop system under Algorithm 2 and the
set X ∩X (20ε0). Red solid circles represent the sampling instants under (27)
and red solid squares represent the sampling instants under (40).

1, M̄ = 3.8 for Algorithm 2, and M̄ = 1.54 for STTMPC,
which lead to 36.7%, 73.7% and 35.1% fewer control updates
respectively when compared with the time-triggered RMPC
algorithm with M̄ = 1. It can also be observed in Fig. 4
that using Algorithm 1, the inter-sampling time is always
equal to one when the system is close to the origin. The
reason for the frequent triggering is related to the fact that
f(M,x(tk), c∗(tk)) in (27) is dominated by the increasing
function γ(M) when x(tk) is close to zero, but as shown
in Fig. 5, this problem is addressed under Algorithm 2 by
introducing a triggering condition with a tuning parameter ε
in a neighborhood of the origin.

Performance and computational load: Consider the cost
averaged over 20 time steps as a control performance index

Jperf =
1

Trun

Trun−1∑
t=0

[‖x(t)‖2Q + ‖u(t)‖2R].
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Fig. 6. State trajectory of the closed loop system under the time-triggered
RMPC algorithm and the set X ∩ X (20ε0).
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Fig. 7. State trajectory of the closed loop system under STTMPC algorithm
of [13] and the set X ∩ X (20ε0).

The performance costs are compared as follows: Jperf =
1501.9 for Algorithm 1, Jperf = 1502.8 for Algorithm 2,
Jperf = 1490.7 for time-triggered RMPC, and Jperf =
1497.2 for STTMPC. For this example, Algorithm 1,
Algorithm 2, and STTMPC reduce the required number
of control updates without significant loss in performance
when compared with the time-triggered scheme, and the
performance cost is around 0.3% less for STTMPC than for
Algorithm 1 and Algorithm 2. However STTMPC requires
much longer online computation times at sampling instants
than when Algorithm 1 or Algorithm 2 is employed (Table
I). The average computation time per time-step before t = 8
(after which control law (36) is applied in Algorithm 2
without solving optimization problems) when STTMPC is
used is almost 15 times longer than that when Algorithm 1
or Algorithm 2 is employed.

Effect of the parameter ε in Algorithm 2: To analyze the
effect of ε = c1ε0, we implement Algorithm 2 with initial
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TABLE I
COMPUTATION TIMES AT EACH SAMPLING INSTANT BEFORE t = 8

Algorithms
Computation times (sec)

Average
t = 0 t = 1 t = 2 t = 3 t = 4 t = 5 t = 6 t = 7

Algorithms 1 and 2 0.58 0 0 0 0.53 0 0 0 0.14

Time-triggered MPC 0.61 0.59 0.58 0.57 0.55 0.59 0.68 0.55 0.59

STTMPC of [13] 4.91 0 0 0 4.14 3.51 3.79 0 2.04

TABLE II
RELATIONSHIP BETWEEN AVERAGE INTER-SAMPLING TIME AND THE SIZE OF X (c1ε0)

c1 1.0 2.0 5.0 10.0 15.0 20.0 50.0 70.0 80.0 100.0
Average inter-sampling time (steps) 2.11 3.00 3.96 4.95 4.95 5.82 6.60 7.62 7.62 7.62
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Fig. 8. Evolution of the state trajectories in time under Algorithm 1, Algorithm
2, the time-triggered RMPC algorithm and STTMPC algorithm of [13].
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Fig. 9. Input trajectories under Algorithm 1, Algorithm 2, the time-triggered
RMPC algorithm and STTMPC algorithm of [13].

condition x(0) = [0 0]T , Trun = 100, and different values
of c1, and evaluate the average inter-sampling time and the
asymptotic bound. Table II shows that the average inter-
sampling time increases with c1. This is due to the fact from
(40), that a larger predicted optimal cost at next sampling
instant is allowed when a larger c1 is used, thereby leading
to a larger sampling interval. On the other hand, increasing ε

increases both the asymptotic bound on the MPC cost and the
asymptotic bound, X ∩ X (ε), on the system state. Therefore,
the parameter ε can be used to make a trade-off between the
control performance and the usage of computational resources,
and can be tuned to fit practical setups.

IX. CONCLUSION AND FUTURE WORK

This paper proposes a self-triggered formulation of MPC
for linear systems with additive disturbances subject to hard
constraints. The inter-sampling time is determined through a
fast convergence self-triggered mechanism to maximize the
difference between the optimal predicted costs at consecutive
sampling instants. Constraint satisfaction is ensured by
using worst-case predictions of the future states and control
inputs to construct suitable tightened constraints, which are
applied to the nominal predicted trajectories. The resulting
MPC optimization problem guarantees constraint satisfaction
and recursive feasibility, despite the presence of additive
disturbances. The closed-loop system is stable in a mean-
square sense. To further reduce the amount of computation,
a local self-triggered control law is implemented in a terminal
set, which ensures the convergence of states to an RPI set.
Relative to periodically-triggered MPC schemes, the proposed
algorithms realize a significant reduction in the number of
control updates without appreciably affecting performance.
Simultaneously they avoid bursts in computation at sampling
instants, thus providing a significant improvement over
existing RMPC-based self-triggered control algorithms. Future
work will consider how the fast self-triggered framework can
be reformulated for the case of continuous-time systems and
nonlinear systems.
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