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Abstract
This paper proposes a new Multi-Objective Equilibrium Optimizer (MOEO) to handle complex optimization problems,
including real-world engineering design optimization problems. The Equilibrium Optimizer (EO) is a recently reported
physics-based metaheuristic algorithm, and it has been inspired by the models used to predict equilibrium state and
dynamic state. A similar procedure is utilized in MOEO by combining models in a different target search space. The
crowding distance mechanism is employed in the MOEO algorithm to balance exploitation and exploration phases as the
search progresses. In addition, a non-dominated sorting strategy is also merged with the MOEO algorithm to preserve the
population diversity and it has been considered as a crucial problem in multi-objective metaheuristic algorithms. An
archive with an update function is used to uphold and improve the coverage of Pareto with optimal solutions. The
performance of MOEO is validated for 33 contextual problems with 6 constrained, 12 unconstrained, and 15 practical
constrained engineering design problems, including non-linear problems. The result obtained by the proposed MOEO
algorithm is compared with other state-of-the-art multi-objective optimization algorithms. The quantitative and
qualitative results indicate that the proposed MOEO provides more competitive outcomes than the different algorithms.
From the results obtained for all 33 benchmark optimization problems, the efficiency, robustness, and exploration ability to
solve multi-objective problems of the MOEO algorithm are well defined and clarified. The paper is further supported with
extra online service and guideline at https://premkumarmanoharan.wixsite.com/mysite.
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1. Introduction

Engineering optimization is focused on finding the best solution
for a specific engineering problem. In the past, it would take a
lot of repetitive trials to design a technology framework. This
implies that a developer would have to develop a prototype to re-
view various designs to find a suitable one. For example, in order
to find a car’s best shape, a developer wants to formulate mul-
tiple iterations of the vehicle with a body change and the mea-
surement of wind resistance in a tunnel. Evidently, such a proce-
dure is quite costly and involves significant human input in both
design and testing. Because of the unavoidable mistakes cre-
ated by humans, the design process was also very inefficient. To
solve such complex issues, an automated problem-solving tech-
nique can be used to find the best design, and that’s where op-
timization algorithms come into the picture. The optimization
approaches instruct the computer to determine effective prob-
lem solutions for the defined problem. The key benefits are less
cost, less human interaction, and lower error. However, an opti-
mization algorithm needs to be built to solve all the problems.
The deterministic and stochastic are the two main categories of
optimization approaches (Giesen et al., 2012; Luenberger & Ye,
2015). Linear programming, non-linear programming, and New-
ton’s method are the most frequently recommended determin-
istic approaches. These methods generally need gradient infor-
mation or problem derivatives to explore the solution space and
determine the problem solution. These approaches can solve the
problems using a linear-search space approach, although they
are liable to local optimal stagnation while handling non-linear
and non-convex real-world problems (Faramarzi et al., 2020). A
different set of initial designs, modifications, or hybridization
algorithms is employed to overcome these limitations (Fara-
marzi & Afshar, 2012; Premkumar et al., 2021b). Another option
to the traditional methods is stochastic approaches, which are
the same as the metaheuristic approaches, generating random
initial solutions and using random initial solutions during fur-
ther iterations. These approaches are employed to search the
solutions globally to find optimal or near-optimal solutions.

The benefits of metaheuristics include gradient-free nature,
flexibility, simplicity, and independence of the problem nature
(Mirjalili et al., 2014; Premkumar et al., 2020). Physical and evo-
lutionary concepts and animal behaviour are the inspiration
for the growth of metaheuristics. Also, metaheuristics, being
stochastic, do not require derivative information of the problem,
independent of the type of the problem. This behaviour con-
trasts with conventional approaches that usually involve thor-
ough knowledge about the problem (Jangir, 2018; Jangir & Jangir,
2018a; Premkumar et al., 2021d). This freedom to the problem na-
ture makes them an appropriate instrument for finding optimal
solutions for any optimization problem without apprehensions
about its constraints and search space. The additional advantage
is their flexibility, which permits the methods to address any
problem without significantly modifying the algorithm’s com-
position. The problems are considered as a black box with out-
put and input states in metaheuristics, and this characteris-
tic enables them as prospective applicants to solve real-world
problems. Besides, compared to the deterministic behaviour of
mathematical approaches, the metaheuristic approaches gen-
erally gain from stochastic operators. As a result, the local opti-
mum probability is minimized. This feature also makes the algo-
rithm free from the initial random solutions. Nowadays, meta-
heuristic algorithms have become more popular and have a sub-
stantial interest in their capability to discover the global search
space in feasible time and independence from the type of prob-

lem (Laghari et al., 2013; Gunantara, 2018; Wong & Ming, 2019;
Rana et al., 2020).

Irrespective of the metaheuristic classifications, they are typ-
ically counted as optimization approaches. The optimization ap-
proaches have been primarily used in the previous works to
discover the optimal solutions for the problem parameters to
minimize or maximize the fitness function. If the optimization
problem has single fitness to be optimized, the algorithm is la-
belled as a single-objective algorithm. In all single-objective op-
timization, the researchers found only one global solution. How-
ever, in multi-objective optimization, more than one conflict-
ing objective must be optimized for the given problem simul-
taneously. However, the multi-objective optimization procedure
is more complicated than the single-objective procedure. There
are various multi-objective techniques to solve multi-objective
problems, as follows (Mirjalili & Dong, 2020; Premkumar et al.,
2021c):

1. Priori approaches;
2. Posteriori approaches;
3. Interactive approaches.

In the priori technique, all objectives are combined into a
single objective. This procedure can be accomplished by as-
signing a weight for all objectives depending on their signif-
icance. A single-objective algorithm is engaged in finding the
global solution after combining multiple objectives. However,
the priori method has numerous disadvantages, such as the
non-availability of weight factor if there is no decision maker.
The algorithm needs to be run several times to calculate mul-
tiple Pareto optimal solutions, and the weight factors must be
altered to obtain the Pareto optimal front. In this case, even a
uniform change in the weight factors does not ensure a uni-
formly distributed Pareto front (PF). Finally, the usage of pos-
itive weights in the aggregation method makes them unsuit-
able for obtaining the PF for the non-convex problems. In a pos-
teriori approach, the problem formulation is maintained, and
the algorithm is used to determine the best compromise solu-
tion among the defined objectives. This ends in determining the
solution set termed as Pareto optimal solution. Posteriori ap-
proaches first find a collection of non-dominated solutions with-
out incorporating the Diversity Maintenance (DM) preference in-
formation and then enable the DM to choose the best option
from among non-dominated alternatives that were first identi-
fied. These techniques benefit from obtaining a suitable solution
without specifying the values of preference parameters, which
is a significant advantage. The process of decision making is
needed once the optimization procedure selects the best solu-
tions. During the optimization process, the involvement of the
decision makers is crucial in the interactive approaches. As part
of interactive techniques, the DM delivers preference informa-
tion in pairwise comparisons to the participants. When making
pairwise comparisons, the findings are employed to predict the
preference parameters through the use of an interactive inter-
face. Similar to the posteriori technique, the interactive solution
selection criteria emphasize the difficulty of expressing the pref-
erence parameters and therefore do not necessitate the speci-
fication of preference parameters. This way of multi-objective
optimization is also named as human-in-the-loop due to a hu-
man’s direct influence on the search space explored by an algo-
rithm (Deb, 2008; Liang et al., 2019; Rojas Gonzalez et al., 2020;
Sun et al., 2020b).

In recent decades, multi-objective evolutionary algorithms
have developed rapidly and are divided into four stages (Zhang
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Table 1: The phases of development of multi-objective optimization algorithms.

Duration Phase Typical algorithm

Before the 1990s First Vector Evaluated Genetic Algorithms (VEGA; Schaffer, 1984), Pareto theory with EAs (Goldberg
& Holland, 1988)

Early 1990s Second Multi-Objective Genetic Algorithm (MOGA; Fonseca & Fleming, 1993), NSGA (Srinivas & Deb
1994), Niched Pareto Genetic Algorithm (NPGA; Horn et al., 1994), etc.

1999 to 2002 Third Strength Pareto Evolutionary Algorithm (SPEA; Zitzler & Thiele, 1999), PAES (Knowles & Corne,
2000), Pareto Envelope-based Selection Algorithm (PESA; Corne & Knowles, 2000), PESA-II
(Corne et al., 2001), NSGA-II (Deb et al., 2002a), etc.

Starting from 2003 Fourth Multi-Objective Evolutionary Algorithm Based on Decomposition (MOEA/D; Zhang & Li, 2007),
NSGA-III (Deb & Jain, 2014), MOPSO (Coello Coello & Lechuga, 2002), Regularity Model-Based
Multi-Objective Estimation of Distribution Algorithm (RM-MEDA; Zhang et al., 2008), etc.

& Xing, 2017). The classification of multi-objective optimization
is presented in Table 1. As mentioned in the No Free Lunch
(NFL) theory, no algorithm can solve all the problems with
equal efficiency (Wolpert & Macready, 1997). There is always a
need for a new algorithm or an enhanced version of the exist-
ing algorithm. Although, in the recent past, numerous multi-
objective optimization approaches are reported in the literature,
such as Non-Dominated Sorting Genetic Algorithm Version-II
(NSGA-II; Deb et al., 2002a), Multi-Objective Particle Swarm Opti-
mization (MOPSO; Coello Coello & Lechuga, 2002; Coello Coello
et al., 2004), Strength Pareto Evolutionary Algorithm Vresion-2
(SPEA2; Zitzler et al., 2001), Non-Dominated Sorting Grey Wolf
Optimization (Premkumar et al., 2022), Pareto Archived Evolu-
tion Strategy (PAES; Knowles & Corne, 1999), Multi-Objective Ant
Lion Optimization (Mirjalili et al., 2017b), Multi-Objective Multi-
Verse Optimization (Mirjalili et al., 2017a), Multi-Objective Moth
Flame Optimization (MOMFO; Jangir, 2018), Multi-Objective Grey
Wolf Optimization (Mirjalili et al., 2016), Non-Dominated Sorting
Ions Motion Algorithm (Buch & Trivedi, 2020), Multi-Objective
Grasshopper Optimization Algorithm (Mirjalili et al., 2018),
Multi-Objective Whale Optimization Algorithm (MOWOA; Jan-
gir & Jangir, 2017), Multi-Objective Arithmetic Optimization Al-
gorithm (Premkumar et al., 2021a), and Multi-Objective Plasma
Generation Algorithm (Kumar et al., 2021), for solving multi-
objective optimization problems, including real-world engineer-
ing design problems. In addition, indicator-based evolutionary
algorithms, such as Indicator & Crowding Distance-Based Evo-
lutionary Algorithm (IDBEA; Sun et al., 2020a), R2 indicator and
weight vector (Liu et al., 2020), and two-stage R2 indicator-based
evolutionary algorithm (Li et al., 2018), are proposed by various
researchers for solving multi-objective and many-objective op-
timization problems.

The statement suggested in the NFL theory motivated us to
develop a multi-objective version of the existing single-objective
Equilibrium Optimizer (EO; Faramarzi et al., 2020) algorithm.
The EO algorithm is inspired by physics, in which the dynamic
sink and source models were utilized to identify the equilib-
rium states. In this paper, the crowding-distance (CD) and non-
dominated sorting (NDS)-based approach is integrated into ex-
isting single-objective EO to develop a Multi-Objective Equilib-
rium Optimizer (MOEO). An indicator (such as CD) is frequently
utilized as a selection criterion for two non-dominated solu-
tions in the MOEO algorithm to improve the overall perfor-
mance. MOEO ensures diversity without the need for an ad-
ditional niching parameter. Elitism does not permit the dele-
tion of a Pareto optimal solution that has already been discov-
ered. Due to the fact that guaranteeing diversity is implicitly
parametrized in the fitness criteria, the convergence property
is not compromised when ensuring diversity. To ensure diver-

sity, distances between closest neighbours are evaluated, which
is a quick and easy method. NSGA-II suffers from a slower con-
vergence speed, particularly noticeable at the beginning of the
optimization process. As a result, the algorithm’s search capa-
bility must be improved significantly. A key objective is to use
an MOEO to accelerate the convergence of the NSGA-II algo-
rithm. It takes less time to solve complicated design problems
with MOEO than using other sophisticated algorithms encom-
passing the global search space and producing a well-distributed
PF.

The main contributions of this paper are listed as follows:

1. A new MOEO is developed by integrating the single-objective
EO algorithm with elitist non-dominant sorting and CD
mechanisms to maintain Pareto optimal dominance and im-
prove convergence and solution diversity.

2. The performance of the proposed MOEO algorithm is val-
idated on 12 unconstrained multi-objective benchmark
problems, such as IMOP1–IMOP8, and ZDT1–ZDT4 and 6
constrained multi-objective benchmark problems, such as
MW1–MW3, DOC1, and CF1–CF2.

3. The performance of MOEO is also validated on 15 real-world
constrained multi-objective engineering design problems in
the field of electrical, mechanical, and civil engineering.

4. Performance comparisons between the proposed MOEO and
other state-of-the-art algorithms using various performance
metrics for all selected optimization problems are carried
out.

5. Statistical tests are carried out to distinguish the proposed
MOEO algorithm over other selected algorithms.

The structure of the paper is organized as follows. Section
2 presents the basic definitions of multi-objective optimization
and basic descriptions of NDS and CD mechanisms. Section
3 presents the basic concept of the single-objective EO algo-
rithm and its mathematical modelling. In addition, it also dis-
cusses the development process of the MOEO by integrating NDS
and CD approaches. Section 4 discusses the simulation results
for benchmark functions and real-world optimization problems,
and finally, Section 5 concludes the paper.

2. Multi-Objective Optimization Problem
Definitions

This section presents the basic definitions of multiple-objective
optimization problems, such as Pareto optimal dominance,
Pareto optimality, Pareto optimal set, and Pareto optimal front.
In addition, the basic descriptions of the NDS and CD mecha-
nism are also presented.
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Figure 1: Illustration of parametric and objective spaces in multi-objective optimization (Premkumar et al., 2021a).

Figure 2: Illustrations of NDS and CD mechanisms: (a) NDS and (b) CD (Premkumar et al., 2021a).

2.1. Definitions

The definitions of the multi-objective optimization problem are
referred to from the literature (Zitzler et al., 2000) and given as
follows:

Def. 1. Pareto dominance:

∀i ∈ {1, 2, . . . , k} : fi (�x) ≤ fi (�y) ∧ ∃i ∈ {1, 2, . . . , k} : fi (�x) < fi (�y) . (1)

Def. 2. Pareto optimality:

/∃ �y ∈ X | F (�y) ≺ F (�x) . (2)

Def. 3. Pareto optimal set:

Ps := {x, y ∈ X | ∃F (�y) 
 F (�x)}. (3)

Def. 4. Pareto optimal front:

P f := {F (�x) |�x ∈ Ps}. (4)

2.2. Descriptions of NDS and CD mechanisms

As seen in Fig. 1, the objective space refers to a collection of non-
dominated solutions for a minimization problem or a maximiza-
tion problem, referred to as Pareto optimal solutions. The para-
metric space shows a set of dominated solutions for the same

problem. The relationship between the objective space and the
parametric space is known as the optimal PF.

Since the proposed MOEO is formulated by utilizing an elitist
NDS and the CD framework of NSGA-II, the basic functions of
NDS and CD are presented in this section (Deb et al., 2002a). The
various phases of the NDS framework are as follows:

1. Step 1 – Find the non-dominated solutions.
2. Step 2 – Apply the NDS approach.
3. Step 3 – Calculate the non-dominated ranking for all non-

dominated solutions.

Generally, the ranking process happens among two fronts.
The solution of the first front assigns an index called ‘0’ because
the solution is non-dominated. At the same time, the second
front solution is dominated by a minimum of one first front’s
solution. The ranking process is visualized in Fig. 2a, in which a
ranking of solutions that are not dominated by others is equal to
a ranking of solutions dominated by others. The CD framework
is illustrated in Fig. 2b, and it has been employed in MOEO to
maintain diversity among various solutions generated.

The CD is used to estimate the solution density around a spe-
cific solution in the population by calculating the average dis-
tance between two locations on each side of this location. By
utilizing the vertices that are closest to each other, this distance
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may be used to calculate an approximate perimeter for a cuboid.
According to Fig. 2b, the CD of the jth solution at its front is equal
to the average side length of the cuboid. The computation of CD
necessitates the sorting of the population according to the val-
ues of each objective function in increasing order of magnitude.
The boundary solutions for each objective function are allocated
an infinite distance value. In any other intermediate solution, a
distance is equal to the absolute normalized difference between
the function values of two neighbouring solutions. This calcula-
tion is repeated with the addition of further objective functions.
It is computed that the total CD value is equal to the sum of the
individual distance values corresponding to each objective. Be-
fore computing the CD, each objective function is normalized to
its mean.

3. Proposed MOEO

This section briefly introduces the concept of the basic single-
objective EO algorithm with its mathematical modelling. Fur-
ther, the development and implementation process of the MOEO
algorithm is explained.

3.1. EO

Faramarzi et al. (2020) proposed the concept behind a single-
objective EO in 2020. The algorithm is inspired by the complex
mass balance of the control volume, in which the mass balance
model is used. The mass balance equation keeps checking the
quantity of mass entering, leaving, and generating in a control
volume. The mass balance equation seeks the balanced state of
the system. The algorithm has quite a few benefits to be fitted
as a well-performing algorithm. These qualities include the ca-
pability to maintain an equilibrium between exploitation and
exploration, simple to apply, and maintaining diversity among
individual solutions. As a result, it has started gaining popu-
larity to solve many single-objective problems in the real world
(Abdel-Basset et al., 2020a). Here, the authors tend to propose
and examine the performance of the multi-objective EO algo-
rithm for solving the conflicting objectives. The modelling of
the single-objective EO algorithm is described in the subsequent
three phases.

3.1.1. Phase 1: initialization phase
In this phase, the algorithm uses a set of elements, where each
element characterizes the concentration trajectory that com-
prises the problem solution. The initial concentration vector is
created arbitrarily in the search space utilizing equation (5).

C initial
i = Cmin + randi (Cmax − Cmin) , i = 0, 1, 2, 3, . . . , n, (5)

where C initial
i denotes the particle’s concentration vector i ,

Cmin and Cmax are the lower and upper bounds of each design
variable, respectively, randi is a random number between (0, 1),
and the number of particles in a group is indicated by n.

3.1.2. Phase 2: equilibrium pool and candidates
Each metaheuristic algorithm attempts to achieve a desired
objective value depending on its nature. For example, Whale
Optimization Algorithm (WOA) searches for prey (Premkumar
& Sumithira, 2018) and Grasshopper Optimization Algorithm
(GOA) searches for a food source (Meraihi et al., 2021). On sim-
ilar lines, EO looks for the balanced state of the system. The
optimizer may arrive at the near-best solution of the prob-
lem while getting the equilibrium state. The algorithm does
not set the depth of concentration in the optimization proce-

dure that achieves the state of equilibrium. Therefore, it se-
lects the top four particles in the population at balance can-
didates plus an additional particle holding the average of the
best elements. These five equilibrium candidates assist the al-
gorithm in the exploitation and exploration stages. The first four
candidates strive for better exploration, while the fifth candi-
date holds average value and strives for enhancement in ex-
ploitation. A vector named equilibrium pool holds these five
candidates:

�Ceq,pool =
{

�Ceq(1), �Ceq(2), �Ceq(3), �Ceq(4), �Ceq(ave)

}
. (6)

3.1.3. Phase 3: updating the concentration
The concentration updating assists the algorithm in having a
reasonable equilibrium between exploration and exploitation.

�F = e−�λ(t−t0), (7)

where �λ is a random vector between [0, 1] considering varia-
tions in turnover rate, and t is reduced when the iteration count
is incremented as per equation (8).

t =
(

1 − I ter
Max iter

)(a2
I ter

Max iter )
, (8)

where I ter and Max iter are the current and maximum num-
ber of iterations, respectively, and a2 is a constant to regulate the
ability of exploitation. The term a1 is applied to enhance both the
exploration and exploitation of the algorithm as given in equa-
tion (9).

�t0 = 1
�λ ln

(
−a1sign (�r − 0.5)

[
1 − e−�λt

])
+ t (9)

When a1 is large, the preference is given to the exploration
than the exploitation capability. On the other hand, a2 is a con-
stant to regulate the ability of exploitation; the large value of a2

signifies a higher preference for exploitation over exploration.
The term �r denotes random vector between [0, 1]. The generation
rate is denoted as G, and it is used to enhance the exploitation
and is formulated as follows:

�G = �G0e−�k(t−t0), (10)

where �k is a random vector between [0, 1] and �G0 denotes the
initial value of the generation rate. The expression to calculate
the value of �G0 is given in equation (11).

�G0 = −−−→
GC P

(−→
Ceq − �λ �C

)
, (11)

−−−→
GC P =

{
0.5 r1, r2 ≥ G P
0, r2 < G P

, (12)

where r1 and r2 are the random numbers between 0 and 1,
respectively. In equation (12),

−−−→
GC P denotes the generation rate

control that regulates the rate applied to the updating process.
The probability of the

−−−→
GC P contribution can be calculated using

Generation Probability (G P ). To get the best balance between ex-
ploitation and exploration phases, the value of G P is selected as
0.8. Equation (13) is the updating rule of the basic EO:

�C = �Ceq +
(

�C − �Ceq

)
. �F +

�G
�λV

(
1 − �F

)
, (13)

where V is equal to 1 and �C denotes the updated positions.
Algorithm-I shows the pseudocode of the basic version of the EO
algorithm. The readers are encouraged to refer to the base paper
(Faramarzi et al., 2020) for more detailed explanations.
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Algorithm-I: Pseudocode of EO Algorithm

Initialize population of particles, i = 0, 1, 2, . . . n
Assign equilibrium candidates fitness a large number
Assign free parameters, such as a1 = 2; a2 = 1; GP = 0.8;
While Iter < Max iter do

For i = 1 to n do
Calculate the fitness value of ith particle

If fit(Ci ) < fit(Ceq1) then
Replace Ceq1 with Ci and fit(Ceq1) with fit(Ci )

Elseif fit(Ci ) > fit(Ceq1) & fit(Ci ) < fit(Ceq2) then
Replace Ceq2 with Ci and fit(Ceq2) with fit(Ci )

Elseif fit(Ci ) > fit(Ceq1) & fit(Ci ) > fit(Ceq2) & fit(Ci ) < fit(Ceq3) then
Replace Ceq3 with Ci and fit(Ceq3) with fit(Ci )

Elseif fit(Ci ) > fit(Ceq1) & fit(Ci ) > fit(Ceq2) & fit(Ci ) >

fit(Ceq3) & fit(Ci ) < fit(Ceq4) then
Replace Ceq4 with Ci and fit(Ceq4) with fit(Ci )

End if
End for

�Cave = ( �Ceq1 + �Ceq2 + �Ceq3 + �Ceq4)/4
Construct the equilibrium pool,
�Ceq,pool = { �Ceq1, �Ceq2, �Ceq3, �Ceq4, �Ceq(avg)}
Accomplish memory saving (if Iter > 1)
Assign t using equation (8)

For i = 1 to n do
Randomly choose one candidate randomly from �Ceq,pool

Generation random vectors, �λ and �r
Construct �F by equation (7)

Construct
−−−→
GC P by equation (12)

Construct �G0 by equation (11)
Construct �Gr by equation (10)
Update using equation (13)

End for
Iter = Iter + 1
End while

3.2. MOEO

3.2.1. Formulation of MOEO algorithm
In this paper, the MOEO algorithm can be used to maxi-
mize/minimize the problem. In general, the multi-objective op-
timization problems are represented as follows:

Min/Max, F (�x) = {
f1 (�x) , f2 (�x) , . . . , fo (�x)

}
Subject to : gi (�x) ≥ 0, i = 1, 2, . . . , m

hi (�x) = 0, i = 1, 2, . . . , p
Lbi ≤ xi ≤ Ubi , i = 1, 2, ..., n,

(14)

where { f1(�x), f2(�x), . . . , fo(�x)} represent different objective
functions, o denotes the number of objectives, gi (�x) represents
the inequality constraints, hi (�x) represents the equality con-
straints, m denotes the number of inequality constraints, p de-
notes the number of equality constraints, Lbi denotes the lower
bounds of each dimension, and Ubi denotes the upper bounds
of each dimension.

The search process in MOEO is very similar to EO, in which
the mass balance equation is used to develop solutions. An
archive has been developed into the algorithm in order to build
the multi-objective version of MOEO. This archive is selected as
similar to the PAES and MOPSO. It is a place to store the best solu-
tions so far. The current best solutions are saved in an archive,
and the leader selection mechanism is employed to select the
optimal solution from an archive. The procedure for the imple-
mentation phase of MOEO is discussed as follows, and from the

procedure, it is observed that the MOEO is a simple and straight-
forward multi-objective algorithm:

1. The formulation of the combined population, Rt = Po ∪ Pj, is
the first step in the implementation phase. The size of the
population, Rt, is 2N.

2. Based on non-dominated sorting scheme, the populations
are sorted.

3. Elitism is guaranteed as all the current and previous mem-
bers of the population are included in Rt.

4. Currently, the solutions belong to the non-dominated set, F1

is considered as the best solution in the collective popula-
tion. If the F1 size is smaller than N, then all members of the
F1 set are selected for the new population, Pi.

5. The remaining population members are selected from the
subsequent non-dominant fronts based on the ranking.
Therefore, set F2 set solutions are selected next, followed by
the set F3 solutions, and so on.

6. This process is continued until there are no more sets.

Generally, solution counts of all sets would be greater than
the size of the population. The population members are chosen
by sorting the last front solutions utilizing the operator called
crowded comparison ≺, in descending direction, and the opti-
mal solution is selected to fulfill the population slots. The im-
plementation procedure of the MOEO algorithm is depicted in
Fig. 3. In summary, the proposed MOEO algorithm contains the
subsequent phases, as discussed earlier:

1. Ascertaining NDS.
2. Applying NDS.
3. Computing non-dominated positioning of all NDS.

The crowding distance mechanism is used to keep up a de-
cent variety among the obtained solutions. The CD is given as
follows:

C Di
j = f i+1

j − f i−1
j

f max
j − f min

j

, (15)

where f min
j and f max

j are the minimum and maximum values
of jth objective function, respectively. The pseudocode of MOEO
is presented in Algorithm-II.

Algorithm-II – Pseudocode of the MOEO algorithm

Step 1: In solution space (S), initially generate random
population (Po)

Step 2: For the generated population (Po), examine objective
space (F)

Step 3: Sort the solutions based on the elitist NDS and
determine the fronts and non-dominated rank (NDR)

Step 4: For each front, find the CD
Step 5: The solutions Pj are updated using the EO
Step 6: Combine Po and Pj to generate Pi, which is equal to Po

∪ Pj

Step 7: For Pi, perform Step 2
Step 8: Based on NDR and CD, sort the Pi

Step 9: Replace Po with Pi for Npop first members of Pi

The optimization procedure begins with characterizing the
control bounds, together with a maximum number of itera-
tions/maximum number of generations (Max iter), termination
criteria, and search agents/population size (Npop). Besides, a ran-
domly generated parent’s population Po in attainable solution
space S is produced, and each objective function of the objective
vector F for Po is assessed. The NDS and CD strategies are applied
to Po. A new population, Pj, is obtained using EO and merged with
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Figure 3: Procedure of the MOEO algorithm based on NDS and CD mechanisms.

Po to get population, Pi. This Pi is sorted based on elitism NDS,
and it comes to know about the information, such as NDR and
CD. The best Npop solutions are amended to make another par-
ent population. Also, this procedure is repeated until the termi-
nation condition is encountered.

3.3. Computation complexity of the MOEO algorithm

The computational complexity of the MOEO algorithm is de-
noted in terms of space and time complexity. The proposed
MOEO algorithm is formulated by integrating the mechanisms
of NSGA-II; i.e. the mechanisms, such as NDS and CD, are se-
lected from NSGA-II. Therefore, the computational complexity
of the MOEO algorithm is O(MN2) (where N denotes the popu-
lation size and M denotes the number of objectives), which is
similar to NSGA-II. The space and time complexity of the MOEO
algorithm is reduced by using CD and NDS mechanisms.

4. Results and Discussions
4.1. Simulation set-up

In this section, the performance of the proposed MOEO algo-
rithm is validated for various benchmark test functions. The
benchmark functions are grouped into three different categories
and are given as follows:

1. Unconstrained benchmark functions, such as ZDT and
IMOP benchmarks with two-objective ZDT1–ZDT2 (uni-
modal), ZDT3–ZDT4 (unimodal/multimodal), ZDT6 (multi-
modal), and (IMOP1–IMOP8) (Zitzler et al., 2000a; Deb et al.,
2002b; Li & Zhang, 2009; Bui et al., 2011; Nguyen et al., 2014;
Panda & Pani, 2016; Zeng et al., 2016; Pradeep et al., 2021). The
unimodal functions (ZDT1–ZDT2) are appropriate for evalu-
ating the exploitation, and the multimodal function (ZDT6) is
appropriate for evaluating the exploratory phase. In this way,
the exploitation and exploration of MOE0 were assessed and
compared with competing algorithms.

2. Constrained benchmark function with two objectives, such
as MW1, MW2, MW3, DOC1, CF1, CF2, TNK, KITA, CONSTR,
OSY, and BNH (Srinivas & Deb 1994; Schott 2005; To & Korn,
1999; Li et al., 2014; Sadollah et al., 2015).

3. Various real-world non-linear constraint, mixed-integer de-
sign, continuous, and discrete multiple-objective optimiza-
tion problems, such as 4-bar, 10-bar, and 25-bar truss design,
pressure vessel design, continuous-gear train design, disk
brake design, multiple disk clutch brake design, tool spin-
dle design, I-beam design, welded beam design, car crash
design, speed reducer design, plug-in hybrid electric vehicle
(PHEV + EHV) design, isolated safety transformer, and BLDC
motor design (Kalyanmoy Ray & Liew, 2002; Jeong et al., 2005;
Kotinis, 2010; Mirzakhani Nafchi & Moradi, 2011; Deb & Datta,
2012; Yu et al., 2012; Monsef et al., 2019; Premkumar et al.,
2021b, c).

The performance metrics are very important for a fair com-
parison of the MOEO algorithm with the other multi-objective
algorithms (Tan et al., 2002). Therefore, the performance met-
rics of multi-objective algorithms are discussed as follows:

Spacing (SP) (Coello et al., 2004) �=
√√√√ 1

n − 1

n∑
i = 1

(
d̄ − di

)2
, (16)

Generational Distance (GD) (Sierra & Coello, 2005)

=
√∑no

i=1 d2
i

n
, (17)

Inverted Generational Distance (IGD) (Schott, 2005)

=
√∑nt

i=1 (d′
i )

2

n
, (18)

Spread (MS) (Tan et al., 2002) =
√√√√ o∑

i=1

max (d (ai , bi )), (19)

Pure Diversity Metric (PD) (Srinivas & Deb, 1994)

=
∑

H(i, j,...) �=0 m(h (i, j, . . .))∑
H(i, j,...)�=0 m(H (i, j, . . .))

, (20)

Hyper Volume (HV) (Srinivas & Deb, 1994)

= �
(∪s∈P F

{
s′ | s ≺ s′ ≺ snadir}) , (21)
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Table 2: Mean and STD values (GD) of all algorithms on the unconstrained test suites.

Problem M Da NSGAII MOEA/D MOPSO MOEO

IMOP1 2 10 2.2517e-5 (1.35e-5) 2.0920e-5 (4.75e-6) 2.3312e-5 (2.29e-5) 6.1814e-6 (2.50e-7)
IMOP2 2 10 3.1198e-5 (1.14e-5) 4.7195e-5 (1.27e-5) 7.0636e-5 (1.18e-5) 5.3619e-6 (2.36e-7)
IMOP3 2 10 4.0750e-5 (1.11e-5) 9.2054e-4 (9.43e-4) 8.9129e-4 (8.95e-4) 1.8149e-5 (9.45e-7)
IMOP4 3 10 2.3489e-4 (1.00e-4) 1.8628e-4 (2.67e-5) 2.6875e-4 (8.32e-5) 1.4691e-5 (3.56e-6)
IMOP5 3 10 6.8206e-4 (9.02e-5) 1.8292e-3 (2.22e-4) 1.7235e-3 (2.10e-4) 3.8713e-4 (4.18e-5)
IMOP6 3 10 9.0574e-4 (8.09e-5) 1.5020e-3 (1.01e-3) 1.1266e-3 (1.65e-3) 4.6562e-4 (2.74e-5)
IMOP7 3 10 1.0513e-3 (2.61e-4) 2.8534e-3 (1.73e-3) 5.0742e-3 (8.55e-3) 6.9499e-4 (2.39e-5)
IMOP8 3 10 8.3134e-3 (9.04e-4) 1.1895e-2 (1.10e-3) 1.0628e-2 (7.50e-4) 4.2475e-3 (5.06e-4)
ZDT1 2 30 1.5269e-4 (1.93e-5) 2.8470e-4 (3.76e-5) 1.1180e-4 (2.64e-5) 5.2078e-6 (3.12e-7)
ZDT2 2 30 1.1809e-4 (3.34e-5) 3.5953e-4 (4.26e-5) 9.0759e-5 (1.72e-5) 5.5566e-6 (7.08e-7)
ZDT3 2 30 7.2605e-5 (2.65e-5) 2.4531e-4 (5.83e-5) 6.5580e-5 (1.92e-5) 3.3539e-5 (6.07e-6)
ZDT4 2 10 3.2565e-5 (1.61e-5) 4.2527e + 0 (1.67e + 0) 4.4267e-2 (3.19e-2) 1.9581e-5 (1.67e-5)

aD denotes the dimension of the problems, and the bold letter indicates optimum best results.

Table 3: Mean and STD values (IGD) of all algorithms on the unconstrained test suites.

Problem M D NSGAII MOEA/D MOPSO MOEO

IMOP1 2 10 6.0253e-3 (2.18e-4) 1.9211e-2 (4.54e-3) 8.7369e-3 (1.38e-3) 1.0131e-1 (5.62e-3)
IMOP2 2 10 5.7538e-3 (2.74e-4) 4.1387e-2 (1.78e-2) 3.7847e-2 (4.91e-3) 5.8411e-3 (4.51e-4)
IMOP3 2 10 4.3560e-3 (1.12e-4) 6.5364e-2 (2.65e-2) 3.1410e-2 (1.15e-2) 6.1530e-3 (4.61e-4)
IMOP4 3 10 8.9147e-3 (3.11e-4) 2.9575e-2 (1.06e-2) 1.2864e-2 (1.24e-3) 4.2976e-2 (9.39e-3)
IMOP5 3 10 4.7580e-2 (4.49e-3) 6.3143e-2 (9.96e-3) 5.8387e-2 (7.08e-3) 5.6951e-2 (1.42e-3)
IMOP6 3 10 5.2353e-2 (4.82e-3) 2.1117e-1 (1.60e-1) 3.0488e-1 (1.22e-1) 4.6262e-2 (3.54e-4)
IMOP7 3 10 5.1059e-2 (7.51e-3) 2.2379e-1 (3.50e-1) 6.2715e-2 (8.65e-3) 4.7888e-2 (3.47e-4)
IMOP8 3 10 1.1024e-1 (5.14e-3) 1.5048e-1 (1.08e-2) 1.3380e-1 (7.19e-3) 1.0933e-1 (2.81e-3)
ZDT1 2 30 4.7757e-3 (1.15e-4) 4.9963e-3 (2.52e-4) 5.0398e-3 (3.59e-4) 3.8872e-3 (4.02e-7)
ZDT2 2 30 4.7668e-3 (1.48e-4) 5.5790e-3 (3.43e-4) 5.0380e-3 (1.20e-4) 3.8077e-3 (2.31e-7)
ZDT3 2 30 5.4376e-3 (2.76e-4) 5.5127e-3 (3.91e-4) 2.1825e-1 (2.14e-5) 5.2906e-3 (1.93e-4)
ZDT4 2 10 4.4713e-3 (1.92e-4) 7.0676e + 0 (1.65e + 0) 4.2643e-1 (3.23e-1) 3.9166e-3 (2.21e-5)

Diversity Metric (DM) (Srinivas & Deb, 1994)

= df + dl + ∑N−1
i=1

∣∣di − d̄
∣∣

df + dl + (N − 1) d̄
, (22)

Average Hausdorff Distance (Delta − P) (Srinivas & Deb, 1994)

= max (mean IGD, mean GD) , (23)

Coverage Metric (Srinivas & Deb, 1994) = � =
∑n

i=1 ψi

N
, (24)

ψi =

⎧⎪⎨
⎪⎩

1, i f Pi ∈ P F and αi−1 ≤ tan
f1 (x)
f2 (x)

≤ αn

0, Otherwise
, (25)

Coverage over Pareto Front Metric (CPF) (Srinivas & Deb, 1994)

= � =
∑n

i=1 ψi

N
, (26)

where no denotes the number of true Pareto sets (PS), nt
denotes the number of true Pareto optimal solutions, o denotes
the number of objectives, d̄ denotes the average of di , di and d′

i

specify the Euclidean distance, n denotes the number of attained
PS, di = min

j
(| f i

1(�x) − f j
1 (�x)| + | f i

2(�x) − f j
2 (�x)) for i, j = 1, 2,. . . , n, and

bi and ai denote minimum and maximum values in the ith ob-
jective, respectively. To prove the superiority of MOEO, the re-
sults obtained by the proposed MOEO and other multi-objective
algorithms, such as NSGAII, MOEA/D, MOPSO, SPEA2, IDBEA,
MOWOA, and MOMFO, are compared in terms of faster conver-
gence metrics, such as GD, Coverage, CPF, Runtime, MS, com-
bined uniformity-convergence-spread, such as HV, IGD, Delta-P,

and combined diversity spread, such as Spacing, DM, PD are dis-
cussed.

4.2. Constraint handling approach

A static penalty handling approach is utilized in this paper to
convert the constraint problem into the unconstrained problem.
A large penalty Pi is added with the objective function if any con-
straint is violated in the static penalty handling method. There-
fore, a static penalty mechanism is given as follows:

f j (X) = f j (X) +
p∑

i = 1

Pi max
{
gi (X) ,0

}

+
NC∑

i = p

Pi max
{∣∣hi (X)

∣∣ − δ,0
}
, (27)

where

f j (X) , j = 1,2, . . . , n are the objective function to be optimized (Minimization) ;

X = {x1, x2, . . . , xm} are design variables;

gi (X) ≤ 0, i = 1,2, . . . , p are inequality constraints;

hi (X) = 0, i = p + 1, . . . , NC are equality constraints;

δ is the tolerance of equality constraint.

The optimal PF attained by the proposed MOEO for the differ-
ent test suites is discussed in the subsequent section to observe
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Table 4: Mean and STD values (HV) of all algorithms on the unconstrained test suites.

Problem M D NSGAII MOEA/D MOPSO MOEO

IMOP1 2 10 9.8715e-1 (3.51e-5) 9.8748e-1 (1.85e-5) 9.8730e-1 (5.65e-5) 9.8507e-1 (1.09e-4)
IMOP2 2 10 2.3142e-1 (1.04e-4) 2.3002e-1 (1.50e-3) 2.3084e-1 (3.37e-4) 2.3123e-1 (4.63e-6)
IMOP3 2 10 6.5597e-1 (9.57e-5) 5.8204e-1 (3.60e-2) 6.3024e-1 (1.41e-2) 6.5544e-1 (1.51e-4)
IMOP4 3 10 4.3288e-1 (5.68e-4) 4.0413e-1 (1.58e-2) 4.3009e-1 (6.83e-4) 4.1444e-1 (3.82e-3)
IMOP5 3 10 4.5650e-1 (3.47e-3) 4.7955e-1 (3.29e-3) 4.7540e-1 (1.64e-2) 4.4421e-1 (1.28e-3)
IMOP6 3 10 5.0898e-1 (3.20e-3) 4.1027e-1 (8.61e-2) 3.6622e-1 (6.36e-2) 5.1228e-1 (4.27e-4)
IMOP7 3 10 4.9824e-1 (7.68e-3) 4.1481e-1 (1.59e-1) 4.9172e-1 (8.71e-3) 5.2309e-1 (7.39e-4)
IMOP8 3 10 4.6331e-1 (2.70e-3) 4.2664e-1 (9.17e-3) 4.4534e-1 (7.30e-3) 4.9456e-1 (1.22e-3)
ZDT1 2 30 7.1925e-1 (1.43e-4) 7.1738e-1 (4.35e-4) 7.1873e-1 (4.48e-4) 7.2029e-1 (3.63e-6)
ZDT2 2 30 4.4406e-1 (1.89e-4) 4.4057e-1 (6.02e-4) 4.4346e-1 (2.20e-4) 4.4501e-1 (9.92e-6)
ZDT3 2 30 5.8286e-1 (1.07e-4) 5.8198e-1 (4.49e-4) 5.8297e-1 (1.85e-4) 7.0478e-1 (1.40e-5)
ZDT4 2 10 7.1970e-1 (2.81e-4) 0.0000e + 0 (0.00e + 0) 3.1413e-1 (2.05e-1) 7.1996e-1 (1.24e-4)

Table 5: Mean and STD values (SPACING) of all algorithms on the unconstrained test suites.

Problem M D NSGAII MOEA/D MOPSO MOEO

IMOP1 2 10 7.5042e-3 (2.78e-4) 2.9252e-2 (5.06e-3) 8.3869e-2 (3.07e-3) 3.6531e-3 (1.78e-4)
IMOP2 2 10 7.9549e-3 (1.11e-3) 4.9518e-2 (1.50e-2) 1.0934e-2 (1.37e-3) 3.9014e-3 (2.06e-4)
IMOP3 2 10 7.3701e-3 (3.06e-4) 7.7544e-2 (2.30e-2) 1.2747e-2 (1.98e-3) 2.1291e-7 (5.21e-7)
IMOP4 3 10 1.6394e-2 (1.01e-3) 5.4535e-2 (2.10e-2) 4.3252e-2 (1.68e-2) 9.6801e-8 (1.63e-7)
IMOP5 3 10 3.7455e-2 (4.86e-3) 3.1247e-2 (9.22e-4) 6.8061e-2 (6.99e-3) 1.5249e-2 (5.94e-3)
IMOP6 3 10 5.1083e-2 (5.21e-3) 4.2478e-2 (1.80e-2) 8.4392e-2 (4.17e-3) 1.2601e-2 (1.99e-2)
IMOP7 3 10 4.3972e-2 (1.15e-2) 4.6611e-2 (2.83e-2) 6.7881e-2 (3.39e-3) 1.2522e-3 (2.02e-3)
IMOP8 3 10 9.3452e-2 (8.04e-3) 9.6299e-2 (1.02e-2) 1.4543e-1 (5.17e-3) 4.9973e-2 (4.22e-3)
ZDT1 2 30 7.5488e-3 (7.04e-4) 3.0578e-3 (4.19e-4) 1.0052e-2 (9.54e-6) 1.7327e-3 (1.49e-4)
ZDT2 2 30 7.1759e-3 (9.68e-4) 3.4383e-3 (6.63e-4) 4.2196e-3 (3.16e-6) 1.7970e-3 (1.73e-4)
ZDT3 2 30 7.8239e-3 (7.10e-4) 3.8326e-3 (2.20e-4) 1.3068e-2 (7.19e-5) 2.6708e-3 (1.88e-4)
ZDT4 2 10 7.0804e-3 (1.01e-3) 1.0296e + 0 (5.07e-1) 1.0013e-2 (5.04e-5) 1.6657e-3 (2.02e-4)

Table 6: Mean and STD values (SPREAD) of all algorithms on the unconstrained test suites.

Problem M D NSGAII MOEA/D MOPSO MOEO

IMOP1 2 10 4.4642e-1 (3.10e-2) 4.4386e-1 (5.22e-2) 1.4352e + 0 (2.07e-2) 4.2084e-1 (1.83e-2)
IMOP2 2 10 4.9179e-1 (7.78e-2) 6.3312e-1 (1.25e-1) 2.8627e-1 (1.90e-2) 7.2245e-1 (3.44e-2)
IMOP3 2 10 5.7656e-1 (4.90e-2) 9.6359e-1 (2.13e-1) 3.8311e-1 (1.64e-2) 8.2617e-1 (1.80e-1)
IMOP4 3 10 4.7486e-1 (4.88e-2) 1.0000e + 0 (4.85e-7) 1.3803e + 0 (9.24e-2) 4.2195e-1 (5.68e-2)
IMOP5 3 10 4.7785e-1 (5.65e-2) 6.9024e-1 (4.58e-2) 1.0714e + 0 (8.76e-2) 3.9459e-1 (3.73e-2)
IMOP6 3 10 6.1007e-1 (3.95e-2) 9.2036e-1 (1.26e-1) 1.0139e + 0 (5.04e-2) 5.4239e-1 (6.57e-2)
IMOP7 3 10 5.0357e-1 (6.91e-2) 6.4278e-1 (2.01e-1) 6.2811e-1 (9.65e-2) 4.9871e-1 (4.54e-2)
IMOP8 3 10 4.6671e-1 (1.01e-2) 4.3856e-1 (4.65e-2) 9.7019e-1 (1.40e-1) 4.3210e-1 (5.19e-2)
ZDT1 2 30 4.2385e-1 (5.16e-2) 1.4937e-1 (2.33e-2) 2.9035e-1 (8.51e-5) 3.5713e-1 (6.06e-2)
ZDT2 2 30 4.0025e-1 (7.06e-2) 1.6394e-1 (2.18e-2) 1.4184e-1 (1.38e-4) 3.8849e-1 (3.82e-2)
ZDT3 2 30 4.2432e-1 (5.97e-2) 1.9970e-1 (7.66e-3) 3.2383e-1 (6.90e-3) 3.6033e-1 (3.08e-2)
ZDT4 2 10 4.0809e-1 (8.08e-2) 1.0733e + 0 (8.34e-2) 8.9965e-1 (1.74e-2) 2.8877e-1 (3.85e-3)

the qualitative results. To observe the consistent optimum re-
sults, each algorithm is run for 30 individual runs. The popula-
tion size or search agent for all algorithms is 100, and the max-
imum number of iterations is limited to 1000. The number of
function evaluations (FEs) is restricted to 100 000. The only sen-
sitive parameter of the MOEO algorithm is GP, and it has been
selected as 0.8. The other algorithmic parameters of all other
algorithms are selected based on the values mentioned in the
respective base papers.

4.3. Simulation results for various benchmark
problems

First, the performances of the proposed MOEO algorithm and
other algorithms, such as MOPSO, NSGA-II, and MOEA/D, are val-
idated for unconstraint benchmark problems. Different results
obtained by all the optimizers on unconstrained multi-objective
test suites are listed in Tables 2–12. The best optimum results
are represented with bold letters. As seen in all tables, it is
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Table 7: Mean and STD values (COVERAGE) of all algorithms on the unconstrained test suites.

Problem M D NSGAII MOEA/D MOPSO MOEO

IMOP1 2 10 2.2833e-1 (3.66e-2) 9.5833e-1 (7.53e-3) 8.7833e-1 (3.71e-2) 5.3333e-2 (3.44e-2)
IMOP2 2 10 2.9000e-1 (1.79e-2) 9.8833e-1 (1.17e-2) 9.7000e-1 (3.10e-2) 6.0791e-2 (1.09e-2)
IMOP3 2 10 2.3500e-1 (4.64e-2) 9.5333e-1 (2.73e-2) 8.4667e-1 (5.47e-2) 1.7195e-2 (5.99e-3)
IMOP4 3 10 5.5833e-1 (8.91e-2) 9.9167e-1 (1.17e-2) 9.5000e-1 (3.79e-2) 3.3333e-3 (8.16e-3)
IMOP5 3 10 3.0333e-1 (5.50e-2) 8.6333e-1 (3.27e-2) 7.0500e-1 (7.66e-2) 3.3658e-2 (1.59e-2)
IMOP6 3 10 4.1833e-1 (4.88e-2) 6.8833e-1 (2.63e-1) 3.4667e-1 (3.02e-1) 4.3084e-2 (2.07e-2)
IMOP7 3 10 3.3833e-1 (4.22e-2) 6.5000e-1 (3.11e-1) 6.1000e-1 (6.75e-2) 4.0441e-3 (6.27e-3)
IMOP8 3 10 6.6000e-1 (4.77e-2) 8.0500e-1 (3.02e-2) 7.2000e-1 (2.53e-2) 4.5759e-2 (1.14e-2)
ZDT1 2 30 3.8833e-1 (5.74e-2) 1.0000e + 0 (0.00e + 0) 9.0333e-1 (4.84e-2) 1.0167e-1 (5.00e-2)
ZDT2 2 30 2.5667e-1 (5.92e-2) 1.0000e + 0 (0.00e + 0) 9.3833e-1 (3.19e-2) 1.7833e-1 (1.04e-1)
ZDT3 2 30 3.1000e-1 (3.35e-2) 1.0000e + 0 (0.00e + 0) 7.6667e-1 (9.14e-2) 1.6333e-1 (4.89e-2)
ZDT4 2 10 7.4167e-1 (3.54e-1) 1.0000e + 0 (0.00e + 0) 1.0000e + 0 (0.00e + 0) 9.9500e-1 (8.37e-3)

Table 8: Mean and STD values (CPF) of all algorithms on the unconstrained test suites.

Problem M D NSGAII MOEA/D MOPSO MOEO

IMOP1 2 10 6.6025e-1 (1.15e-2) 7.2499e-1 (2.85e-2) 6.7963e-1 (1.71e-2) 2.8879e-1 (3.19e-3)
IMOP2 2 10 6.3878e-1 (4.45e-2) 6.4468e-1 (4.43e-2) 5.6752e-1 (2.36e-2) 8.0227e-1 (1.10e-2)
IMOP3 2 10 6.1892e-1 (2.46e-2) 5.0083e-1 (7.61e-2) 5.2108e-1 (6.48e-2) 8.2048e-1 (5.94e-3)
IMOP4 3 10 7.8249e-1 (3.93e-2) 9.2355e-1 (2.14e-2) 8.4276e-1 (3.24e-2) 2.1902e-1 (6.81e-2)
IMOP5 3 10 4.5191e-1 (4.11e-2) 4.4180e-1 (4.05e-2) 4.3919e-1 (2.47e-2) 3.0229e-1 (5.27e-2)
IMOP6 3 10 5.1763e-1 (3.59e-2) 3.0941e-1 (2.38e-1) 1.7126e-1 (2.08e-1) 3.1372e-1 (3.89e-2)
IMOP7 3 10 3.3773e-1 (3.85e-2) 2.3300e-1 (1.41e-1) 3.2602e-1 (4.45e-2) 4.3273e-1 (3.15e-2)
IMOP8 3 10 5.1455e-1 (3.18e-2) 4.0582e-1 (5.23e-2) 4.6876e-1 (6.31e-2) 4.3778e-1 (7.93e-2)
ZDT1 2 30 6.6912e-1 (2.40e-2) 8.6673e-1 (1.41e-2) 6.9158e-1 (2.44e-2) 8.7123e-1 (1.24e-4)
ZDT2 2 30 6.7485e-1 (3.85e-2) 8.6235e-1 (1.09e-2) 6.6055e-1 (1.56e-2) 9.0380e-1 (2.34e-4)
ZDT3 2 30 7.1144e-1 (3.71e-2) 8.8307e-1 (1.20e-2) 7.5660e-1 (2.55e-2) 8.3101e-1 (8.89e-3)
ZDT4 2 10 6.8419e-1 (4.67e-2) 0.0000e + 0 (0.00e + 0) 4.1960e-1 (2.36e-1) 8.6969e-1 (1.79e-3)

Table 9: Mean and STD values (Delta-P) of all algorithms on the unconstrained test suites.

Problem M D NSGAII MOEA/D MOPSO MOEO

IMOP1 2 10 6.0253e-3 (2.18e-4) 1.9211e-2 (4.54e-3) 8.7369e-3 (1.38e-3) 1.0131e-1 (5.62e-3)
IMOP2 2 10 5.7538e-3 (2.74e-4) 4.1387e-2 (1.78e-2) 3.7847e-2 (4.91e-3) 5.8411e-3 (4.51e-4)
IMOP3 2 10 4.3560e-3 (1.12e-4) 6.5364e-2 (2.65e-2) 3.1410e-2 (1.15e-2) 6.1530e-3 (4.61e-4)
IMOP4 3 10 8.9147e-3 (3.11e-4) 2.9575e-2 (1.06e-2) 1.2864e-2 (1.24e-3) 4.2976e-2 (9.39e-3)
IMOP5 3 10 4.7580e-2 (4.49e-3) 6.3143e-2 (9.96e-3) 5.8387e-2 (7.08e-3) 5.6951e-2 (1.42e-3)
IMOP6 3 10 5.2353e-2 (4.82e-3) 2.1117e-1 (1.60e-1) 3.0488e-1 (1.22e-1) 4.6262e-2 (3.54e-4)
IMOP7 3 10 5.1059e-2 (7.51e-3) 2.2379e-1 (3.50e-1) 6.3151e-2 (9.65e-3) 4.7888e-2 (3.47e-4)
IMOP8 3 10 1.1024e-1 (5.14e-3) 1.5048e-1 (1.08e-2) 1.3380e-1 (7.19e-3) 1.0933e-1 (2.81e-3)
ZDT1 2 30 4.7757e-3 (1.15e-4) 4.9963e-3 (2.52e-4) 5.0398e-3 (3.59e-4) 3.8872e-3 (4.02e-7)
ZDT2 2 30 4.7668e-3 (1.48e-4) 5.5790e-3 (3.43e-4) 5.0380e-3 (1.20e-4) 3.8077e-3 (2.31e-7)
ZDT3 2 30 5.4376e-3 (2.76e-4) 5.5127e-3 (3.91e-4) 2.1825e-1 (2.14e-5) 5.2906e-3 (1.93e-4)
ZDT4 2 10 4.4713e-3 (1.92e-4) 1.0763e + 1 (3.05e + 0) 4.3491e-1 (3.21e-1) 3.9166e-3 (2.21e-5)

evident that the proposed MOEO algorithm provides optimum
best results for most of the unconstrained test functions. The
performance of the proposed MOEO algorithm is compared in
terms of the performance indicators, as discussed earlier. The
proposed MOEO algorithm exhibits optimum best uniform con-
verge (Metrics Spacing, DM, and Delta-P), faster convergence
(Metrics GD, Coverage, CPF, and Runtime), and spread (Spread,
HV, PD, and DM). The obtained PF and the qualitative results of
the proposed MOEO algorithm are illustrated in Figs 4 and 5. The
results show that Pareto optimal solution on obtained PF has
well distributed across all the multi-objective problems.

Secondly, the proposed MOEO algorithm and other algo-
rithms are validated for constraint benchmark problems and
real-world engineering problems with multi-objectives. Various
results obtained by all the algorithms on constrained multi-
objective test suites and real-world problems are shown in Ta-
bles 13–23. A static penalty constraint handling technique is
used to solve the constraint optimization problems as described
in Section 4.2. As seen in all tables, it is evident that the proposed
MOEO algorithm provides optimum best results for most of the
constraint test functions and real-world engineering problems.
The proposed MOEO algorithm exhibits optimum best uniform
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Table 10: Mean and STD values (DM) of all algorithms on the unconstrained test suites.

Problem M D NSGAII MOEA/D MOPSO MOEO

IMOP1 2 10 6.7365e-1 (8.76e-3) 5.4075e-1 (2.89e-2) 6.2457e-1 (2.98e-2) 2.9295e-1 (3.06e-3)
IMOP2 2 10 7.0332e-1 (1.52e-2) 8.2925e-1 (2.30e-2) 7.8455e-1 (1.02e-2) 7.8260e-1 (7.58e-3)
IMOP3 2 10 8.0113e-1 (1.70e-2) 5.6802e-1 (8.69e-2) 6.6363e-1 (5.96e-2) 8.7411e-1 (2.15e-2)
IMOP4 3 10 7.8443e-1 (8.71e-3) 7.5437e-1 (4.01e-2) 7.6881e-1 (2.02e-2) 4.9485e-1 (3.72e-2)
IMOP5 3 10 8.0847e-1 (9.18e-3) 8.4846e-1 (1.23e-2) 8.2683e-1 (1.10e-2) 5.5655e-1 (1.16e-2)
IMOP6 3 10 6.7712e-1 (2.21e-2) 6.5023e-1 (4.72e-2) 6.0033e-1 (3.57e-2) 3.3889e-1 (1.94e-2)
IMOP7 3 10 7.7232e-1 (1.27e-2) 6.3520e-1 (3.09e-1) 3.6843e-2 (1.33e-2) 7.8154e-1 (9.92e-3)
IMOP8 3 10 9.2987e-1 (1.46e-2) 8.2476e-1 (2.12e-2) 8.0797e-1 (1.69e-2) 5.6789e-1 (7.88e-2)
ZDT1 2 30 8.1525e-1 (8.43e-3) 8.6715e-1 (1.51e-2) 8.0575e-1 (1.92e-2) 9.0220e-1 (0.0e + 0)
ZDT2 2 30 8.2637e-1 (2.29e-2) 8.7332e-1 (1.21e-2) 8.0923e-1 (2.55e-2) 8.8928e-1 (3.72e-3)
ZDT3 2 30 9.9227e-1 (8.46e-3) 9.9227e-1 (8.46e-3) 9.8970e-1 (1.26e-2) 1.000e + 0 (0.0e + 0)
ZDT4 2 10 8.1823e-1 (2.36e-2) 4.3541e-1 (1.13e-1) 7.1045e-1 (1.57e-1) 9.0220e-1 (0.0e + 0)

Table 11: Mean and STD values (PD) of all algorithms on the unconstrained test suites.

Problem M D NSGAII MOEA/D MOPSO MOEO

IMOP1 2 10 6.5210e + 2 (7.60e + 1) 6.2547e + 2 (3.88e + 1) 3.8913e + 2 (1.49e + 1) 6.6468e + 2 (2.19e + 2)
IMOP2 2 10 1.2239e + 3 (2.47e + 2) 9.4649e + 2 (1.68e + 2) 9.6624e + 2 (2.91e + 1) 1.0996e + 3 (1.95e + 2)
IMOP3 2 10 1.4480e + 3 (4.23e + 2) 1.3113e + 3 (2.50e + 2) 1.3324e + 3 (3.20e + 2) 1.3942e + 3 (2.90e + 2)
IMOP4 3 10 1.1203e + 5 (8.70e + 3) 1.0484e + 5 (6.59e + 3) 9.0939e + 4 (1.31e + 4) 1.1247e + 5 (1.47e + 4)
IMOP5 3 10 1.8115e + 5 (2.23e + 4) 1.6904e + 5 (7.40e + 3) 1.1771e + 5 (1.69e + 4) 1.8163e + 5 (1.89e + 4)
IMOP6 3 10 3.5981e + 4 (7.30e + 4) 8.5271e + 4 (4.67e + 4) 3.6041e + 4 (3.91e + 3) 1.2097e + 5 (8.69e + 3)
IMOP7 3 10 1.8918e + 2 (1.57e + 2) 1.1948e + 5 (6.72e + 4) 9.9553e + 4 (8.15e + 3) 1.4550e + 5 (1.29e + 4)
IMOP8 3 10 8.6385e + 4 (5.10e + 3) 1.9541e + 5 (1.57e + 4) 8.8798e + 4 (1.36e + 4) 2.1080e + 5 (1.92e + 4)
ZDT1 2 30 1.6524e + 3 (7.81e + 1) 1.5932e + 3 (1.07e + 2) 1.0104e + 3 (1.50e + 1) 1.7151e + 3 (2.82e + 2)
ZDT2 2 30 1.8533e + 3 (2.69e + 2) 1.8361e + 3 (3.06e + 2) 1.5997e + 3 (2.39e + 1) 1.9013e + 3 (3.82e + 2)
ZDT3 2 30 1.5181e + 3 (2.52e + 2) 1.6244e + 3 (2.20e + 2) 1.5245e + 3 (1.18e + 2) 1.5901e + 3 (2.57e + 2)
ZDT4 2 10 1.7971e + 3 (1.87e + 2) 1.7916e + 3 (3.88e + 2) 1.0837e + 3 (4.20e + 1) 1.7223e + 3 (3.55e + 2)

Table 12: Mean and STD values (RUNTIME) of all algorithms on the unconstrained test suites.

Problem M D NSGAII MOEA/D MOPSO MOEO

IMOP1 2 10 6.7639e + 0 (4.22e-1) 9.9440e + 0 (3.93e-1) 1.1420e + 1 (1.07e+0) 6.1747e + 0 (4.07e-1)
IMOP2 2 10 6.3101e + 0 (3.14e-1) 1.1315e + 1 (6.39e-1) 1.0865e + 1 (4.59e-1) 5.8252e + 0 (2.84e-1)
IMOP3 2 10 6.4071e + 0 (3.88e-1) 1.1114e + 1 (6.26e-1) 1.0894e + 1 (4.22e-1) 7.3681e + 0 (1.45e-1)
IMOP4 3 10 7.3090e + 0 (3.98e-1) 1.9103e + 1 (1.11e 0) 1.1373e + 1 (6.33e-1) 6.4631e + 0 (3.21e-1)
IMOP5 3 10 7.4470e + 0 (3.20e-1) 2.0989e + 1 (8.72e-1) 1.1650e + 1 (5.08e-1) 7.1151e + 0 (4.47e-1)
IMOP6 3 10 7.2103e + 0 (3.34e-1) 1.6688e + 1 (2.14e+0) 1.1609e + 1 (6.67e-1) 6.7023e + 0 (3.39e-1)
IMOP7 3 10 7.2801e + 0 (3.78e-1) 1.2239e + 1 (6.95e-1) 1.1611e + 1 (5.53e-1) 6.9550e + 0 (5.15e-1)
IMOP8 3 10 7.2889e + 0 (4.75e-1) 1.0403e + 1 (4.97e-1) 1.1806e + 1 (5.77e-1) 6.5422e + 0 (3.16e-1)
ZDT1 2 30 6.9352e + 0 (3.17e-1) 1.2037e + 1 (6.70e-1) 1.1529e + 1 (5.36e-1) 6.4704e + 0 (3.64e-1)
ZDT2 2 30 7.0770e + 0 (1.23e-1) 1.0964e + 1 (5.23e-1) 1.1451e + 1 (5.11e-1) 6.4734e + 0 (4.21e-1)
ZDT3 2 30 7.0027e + 0 (3.83e-1) 9.1504e + 0 (5.36e-1) 1.1532e + 1 (5.18e-1) 6.3889e + 0 (3.10e-1)
ZDT4 2 10 6.3486e + 0 (2.64e-1) 7.1081e + 0 (3.83e-1) 1.1185e + 1 (7.47e-1) 6.1045e + 0 (5.05e-1)

converge (Metrics Spacing, DM, and Delta-P), faster convergence
(Metrics GD, Coverage, CPF, and Runtime), and spread (Spread,
HV, PD, and DM). The obtained PF and the qualitative results of
the proposed MOEO algorithm are illustrated in Figs 6–9. The
results show that Pareto optimal solution on obtained PF has
well distributed across all the multi-objective problems. The re-
sults also show how the MOEO algorithm can handle the static
penalty constraints and find Pareto optimal solutions in differ-
ent feasible regions.

Finally, the MOEO results on multi-objectives with differ-
ent civil/mechanical/electrical streams of engineering design
problems are given in Tables 13–23. These case studies are

the most challenging employed due to highly non-linear con-
straints, and therefore, these case studies are considered in
this paper to test the algorithm. It is proved that the proposed
MOEO algorithm can solve problems effectively, and the per-
formance results of MOEO are presented in tables, and the
best PF obtained is illustrated in figures. The qualitative re-
sults are shown in Figs 6–9; it is proved that the MOEO al-
gorithm has features, such as faster convergence (Metrics GD,
Coverage, CPF, Runtime), spread (Spread), combined uniformity-
convergence-spread (HV, IGD, Delta-P), and combined diversity
spread (Spacing, DM, and PD) on real-world engineering design
problems.
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Figure 4: Qualitative results obtained by the MOEO algorithm for unconstrained problems: (a) IMOP1, (b) IMOP2, (c) IMOP3, (d) IMOP4, (e) IMOP5, and (f) IMOP6.

4.4. Summary

First, the proposed MOEO and other algorithms are validated
for unconstraint benchmark problems. Tables 2–12 list the best
Mean and STD values, represented as Mean (STD) obtained by

all selected algorithms for 12 unconstrained problems. From
Table 2, it is observed that out of 12 unconstrained problems,
the MOEO obtained the best GD-Metric values for all 12 prob-
lems that prove the convergence quality of the MOEO than other
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Figure 5: Qualitative results obtained by the MOEO algorithm for unconstrained problems: (a) IMOP7, (b) IMOP8, (c) ZDT1, (d) ZDT2, (e) ZDT3, and (f) ZDT4.

algorithms. To assess the quality of estimates to the PF obtained
by the MOEO, Table 3 lists the IGD-Metric values. From Table 3,
it is observed that the MOEO holds the best results for 7 prob-
lems out of 12 cases. To demonstrate the high-volume solutions

enclosed near PF, Table 4 lists the HV-Metric values. The pro-
posed MOEO produces the best results for 7 cases out of 12 cases,
and the NSGA-II, MOEA/D, and MOPSO hold the best results
for 3, 2, and 0, respectively. To demonstrate the non-dominated
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Table 13: Mean and STD values (GD) of all algorithms on constrained and engineering design problems.

Problem M Da NSGAII MOEA/D MOPSO MOEO

MW1 2 15 4.7633e-5 (3.96e-6) 1.0418e-5 (1.71e-6) NaN (NaN) 1.0264e-2 (8.54e-4)
MW2 2 15 3.0317e-3 (2.51e-3) 6.5364e-4 (6.62e-4) 5.1982e-2 (6.66e-2) 1.7145e-1 (9.85e-2)
MW3 2 15 3.3317e-4 (8.98e-5) 3.9468e-4 (2.89e-4) 5.6604e-4 (2.88e-5) 1.9260e-5 (9.86e-6)
DOC1 2 6 6.1515e-1 (4.57e-1) NaN (NaN) NaN (NaN) 5.7138e-4 (1.98e-4)
CF1 2 10 6.6626e-3 (3.24e-3) 3.3545e-3 (0.00e+0) 5.7057e-4 (9.88e-4) 5.8339e-10 (4.44e-10)
CF2 2 10 2.8883e-3 (2.13e-3) 1.0759e-2 (6.48e-3) 2.6168e-3 (1.05e-4) 1.4892e-2 (1.16e-2)
4-bar truss 2 4 1.7996e-2 (1.11e-3) 1.6388e-2 (1.65e-4) 1.7376e-2 (5.44e-4) 1.7585e-2 (1.09e-3)
10-bar truss 2 10 3.6565e-1 (1.48e-2) 6.1329e+0 (4.68e+0) 6.3323e-1 (6.45e-2) 3.2811e-1 (3.60e-2)
25-bar truss 2 8 3.5054e-1 (3.02e-2) 1.2208e+1 (1.12e+1) 1.7451e+0 (3.16e-1) 2.2956e-1 (2.35e-2)
Welded beam 2 4 1.2275e-3 (1.62e-4) NaN (NaN) NaN (NaN) 1.1908e-3 (3.59e-5)
I-beam design 2 4 2.3874e-2 (2.28e-3) 1.5835e-1 (7.02e-2) 4.7675e-2 (3.55e-3) 2.3877e-2 (1.95e-3)
Gear train 2 4 6.2461e-3 (4.89e-3) 4.6809e-2 (4.84e-2) 8.0704e-4 (7.13e-5) 2.5289e-2 (2.26e-2)
Pressure vessel 2 4 1.8916e 3 (9.99e+1) NaN (NaN) NaN (NaN) 1.8159e+3 (1.07e+2)
Disk brake 2 4 8.8575e-4 (1.92e-4) NaN (NaN) NaN (NaN) 7.6285e-4 (6.66e-5)
Speed reducer 2 7 1.5301e-1 (8.43e-3) NaN (NaN) NaN (NaN) 1.5567e-1 (1.16e-2)
Tool spindle 2 4 3.6072e+1 (1.56e+0) 5.5647e+2 (3.59e+2) 1.0916e+2 (7.43e+1) 3.4409e+1 (1.43e+0)
Multiple brake 2 5 1.9035e-4 (3.62e-5) 2.3960e-15 (2.18e-16) 7.1320e-16 (0.0e+0) 7.0332e-16 (9.78e-17)
Car crash 3 5 1.2407e-2 (1.73e-3) 2.0055e-2 (7.54e-3) 2.5885e-2 (2.28e-2) 8.6479e-3 (1.97e-3)
BLDC motor 2 5 2.0633e-4 (2.06e-5) NaN (NaN) NaN (NaN) 1.9514e-4 (2.36e-5)
Safety txmer 2 7 4.2344e-4 (3.88e-5) NaN (NaN) NaN (NaN) 3.9920e-4 (2.65e-5)
PHEV 3 6 9.6780e-5 (5.14e-6) NaN (NaN) NaN (NaN) 1.0387e-4 (1.48e-5)

aD denotes the dimension of the problems, and the bold letter indicates optimum best results.

Table 14: Mean and STD values (IGD) of all algorithms on constrained and engineering design problems.

Problem M D NSGAII MOEA/D MOPSO MOEO

MW1 2 15 3.7746e-3 (3.04e-3) 3.3666e-3 (6.81e-7) NaN (NaN) 3.7039e-1 (2.11e-11)
MW2 2 15 3.4543e-2 (2.55e-2) 1.2885e-2 (7.74e-3) 1.8032e-1 (1.61e-1) 4.9754e-1 (3.77e-1)
MW3 2 15 5.8074e-3 (3.75e-4) 5.0907e-2 (7.55e-4) 5.4428e-2 (1.23e-3) 3.7046e-1 (9.28e-5)
DOC1 2 6 6.1165e+0 (4.55e+0) NaN (NaN) NaN (NaN) 7.0236e-3 (1.15e-3)
CF1 2 10 2.1971e-2 (7.15e-4) 4.9184e-1 (0.00e+0) 5.5456e-1 (2.64e-1) 1.0151e-2 (1.60e-3)
CF2 2 10 3.8406e-2 (1.24e-2) 2.9465e-2 (7.66e-4) 2.6460e-2 (4.50e-3) 6.7197e-3 (2.36e-3)
4-bar truss 2 4 1.9099e+0 (5.50e-2) 1.7451e+0 (3.44e-4) 1.8172e+0 (1.07e-1) 1.4730e + 0 (1.02e-2)
10-bar truss 2 10 3.3204e+1 (1.91e+0) 4.8101e+3 (1.57e+3) 1.1024e+2 (1.50e+1) 2.7450e + 1 (2.75e-1)
25-bar truss 2 8 6.4343e+0 (2.06e-1) 2.5095e+2 (1.18e+1) 2.5992e+1 (1.83e+0) 5.1320e + 0 (6.17e-2)
Welded beam 2 4 1.1386e-1 (1.46e-3) NaN (NaN) NaN (NaN) 9.4562e-2 (2.12e-3)
I-beam design 2 4 2.5012e+0 (1.34e-1) 1.1637e+2 (3.57e-2) 9.4968e + 0 (2.51e+0) 2.0065e + 0 (2.65e-2)
Gear train 2 4 6.5462e-2 (2.43e-3) 3.5683e-1 (6.28e-2) 6.5799e-2 (4.37e-3) 5.4386e-2 (1.87e-3)
Pressure vessel 2 4 2.0750e+5 (1.70e+3) NaN (NaN) NaN (NaN) 1.5698e + 5 (2.41e + 3)
Disk brake 2 4 1.2393e-1 (1.21e-1) NaN (NaN) NaN (NaN) 4.2684e-2 (4.87e-4)
Speed reducer 2 7 1.1181e+1 (4.08e-1) NaN (NaN) NaN (NaN) 9.2229e + 0 (6.08e-2)
Tool spindle 2 4 5.1576e+3 (1.69e+3) 6.8726e+5 (3.57e+2) 6.6150e+5 (5.01e+4) 3.1717e + 3 (2.50e + 1)
Multiple brake 2 5 6.3172e-3 (3.03e-4) 7.7309e-1 (1.65e-3) 6.7811e-1 (0.00e + 0) 2.7940e-3 (1.54e-5)
Car crash 3 5 9.4271e-1 (8.63e-1) 1.1262e+0 (2.50e-1) 1.5018e+0 (6.81e-1) 3.2162e-1 (7.18e-2)
BLDC motor 2 5 3.1311e + 0 (1.76e-4) NaN (NaN) NaN (NaN) 3.1307e + 0 (1.17e-3)
Safety txmer 2 7 1.1351e-1 (2.74e-2) NaN (NaN) NaN (NaN) 5.4643e-2 (7.17e-4)
PHEV 3 6 2.3159e-3 (4.21e-5) NaN (NaN) NaN (NaN) 1.7864e-3 (7.24e-5)

solutions spacing quality, Table 5 lists the SPACING-Metric val-
ues. The proposed MOEO holds the best values for all selected
unconstrained problems, which means that the spacing qual-
ity of the non-dominated solutions produced by MOEO is better
than all selected algorithms. To prove how the non-dominated
solutions are well distributed, Table 6 lists the SPREAD-Metric
values. The proposed MOEO produces the best result for 7 cases
out of 12 cases, and the NSGA-II, MOEA/D, and MOPSO hold the
best results for 0, 2, and 3, respectively. To prove the proportion
of points in a Pareto set estimate, Table 7 lists the COVERAGE-
Metric values. The MOEO holds the best results for 11 cases
out of 12 cases, proving the quality of the solution obtained by

the MOEO algorithm. To validate the improved coverage over
PF quality, Table 8 lists the CPF-Metric values. The MOEO al-
gorithm produces the best results for 6 cases out of 12 cases,
and the NSGA-II, MOEA/D, and MOPSO hold the best results
for 3, 3, and 0, respectively. To demonstrate the uniformity-
convergence-spread attribute, Table 9 lists the Delta-P-Metric
values. The proposed MOEO algorithm holds the best results
for 7 problems out of 12 cases. To validate the DM feature, Ta-
ble 10 lists the DM-Metric values. The MOEO algorithm produces
the best results for 6 cases out of 12 cases, and the NSGA-II,
MOEA/D, and MOPSO hold the best results for 4, 2, and 0, re-
spectively. To observe the quality of diversity, Table 11 lists the
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Table 15: Mean and STD values (HV) of all algorithms on constrained and engineering design problems.

Problem M D NSGAII MOEA/D MOPSO MOEO

MW1 2 15 4.8624e-1 (6.28e-3) 4.8570e-1 (2.74e-5) NaN (NaN) 3.1647e-1 (1.39e-4)
MW2 2 15 5.3454e-1 (3.98e-2) 5.6716e-1 (1.38e-2) 3.5483e-1 (1.81e-1) 1.6158e-1 (1.48e-1)
MW3 2 15 5.4313e-1 (8.94e-4) 5.3378e-1 (1.20e-3) 5.2787e-1 (2.92e-3) 2.9752e-1 (2.66e-8)
DOC1 2 6 0.0000e + 0 (0.00e + 0) NaN (NaN) NaN (NaN) 3.4300e-1 (1.02e-3)
CF1 2 10 5.3825e-1 (9.90e-4) 2.2076e-1 (0.00e+0) 1.5592e-1 (1.13e-1) 5.5383e-1 (2.04e-3)
CF2 2 10 6.0243e-1 (3.20e-2) 6.3631e-1 (1.04e-2) 6.3802e-1 (4.04e-3) 6.7064e-1 (1.77e-3)
4-bar truss 2 4 2.8390e-1 (4.34e-5) 2.8443e-1 (2.08e-6) 2.8407e-1 (1.15e-4) 2.8436e-1 (3.63e-5)
10-bar truss 2 10 3.2770e-1 (5.18e-5) 1.2012e-1 (6.60e-2) 3.1651e-1 (1.31e-3) 3.2879e-1 (2.61e-5)
25-bar truss 2 8 2.1197e-1 (1.07e-4) 1.4117e-1 (6.16e-3) 2.0607e-1 (7.54e-4) 2.1239e-1 (6.88e-5)
Welded beam 2 4 7.4325e-1 (3.29e-4) NaN (NaN) NaN (NaN) 7.4470e-1 (8.17e-5)
I-beam design 2 4 7.1170e-1 (3.06e-4) 4.9166e-1 (1.77e-4) 6.9320e-1 (6.83e-3) 7.1275e-1 (5.45e-5)
Gear train 2 4 5.7840e-1 (1.46e-4) 5.7846e-1 (5.12e-4) 5.7943e-1 (5.10e-5) 5.7986e-1 (1.00e-4)
Pressure vessel 2 4 5.4257e-1 (4.21e-4) NaN (NaN) NaN (NaN) 5.4684e-1 (2.71e-4)
Disk brake 2 4 7.6416e-1 (8.93e-4) NaN (NaN) NaN (NaN) 7.6499e-1 (1.07e-4)
Speed reducer 2 7 2.8514e-1 (2.24e-5) NaN (NaN) NaN (NaN) 2.8515e-1 (1.57e-5)
Tool spindle 2 4 3.8095e-1 (2.29e-3) 5.5049e-2 (1.18e-4) 6.3818e-2 (1.70e-2) 3.8239e-1 (3.56e-5)
Multiple brake 2 5 6.1021e-1 (5.45e-5) 2.8542e-1 (3.04e-2) 3.4742e-1 (6.80e-17) 6.1084e-1 (3.31e-5)
Car crash 3 5 3.7853e-2 (4.19e-4) 3.7542e-2 (1.41e-4) 3.7074e-2 (1.04e-4) 3.7805e-2 (2.04e-4)
BLDC motor 2 5 8.1875e-1 (3.00e-3) NaN (NaN) NaN (NaN) 8.1971e-1 (1.23e-2)
Safety txmer 2 7 3.7679e + 0 (1.83e-1) NaN (NaN) NaN (NaN) 3.9248e + 0 (9.92e-2)
PHEV 3 6 1.4066e-1 (6.61e-5) NaN (NaN) NaN (NaN) 1.4093e-1 (8.57e-5)

Table 16: Mean and STD values (SPACING) of all algorithms on constrained and engineering design problems.

Problem M D NSGAII MOEA/D MOPSO MOEO

MW1 2 15 3.2983e-3 (7.95e-4) 1.7340e-4 (8.36e-5) NaN (NaN) 2.8298e-1 (7.07e-2)
MW2 2 15 5.5571e-3 (2.72e-3) 1.1245e-2 (9.65e-3) 3.9246e-2 (5.53e-2) 2.2686e-1 (7.80e-2)
MW3 2 15 6.1721e-3 (9.95e-4) 1.0349e-3 (5.29e-4) 6.1843e-3 (5.66e-4) 3.1758e-6 (2.37e-6)
DOC1 2 6 8.9391e-3 (2.25e-4) NaN (NaN) NaN (NaN) 7.2481e-3 (1.69e-3)
CF1 2 10 2.6889e-2 (9.96e-3) NaN (NaN) 3.0794e-1 (5.33e-1) 3.7508e-2 (2.51e-3)
CF2 2 10 2.0216e-2 (1.62e-2) 9.1346e-2 (6.31e-2) 5.3209e-2 (3.99e-3) 1.4426e-2 (1.61e-2)
4-bar truss 2 4 2.9432e+0 (3.28e-1) 4.1513e+0 (7.93e-4) 2.5957e+0 (1.00e-1) 2.3847e+0 (4.01e-2)
10-bar truss 2 10 5.3406e+1 (5.42e+0) NaN (NaN) 1.1121e+2 (1.22e+1) 5.2073e+1 (3.43e+0)
25-bar truss 2 8 7.5051e+0 (7.90e-2) 0.0000e+0 (0.00e+0) 3.6235e+1 (8.53e+0) 5.0448e+0 (3.11e-1)
Welded beam 2 4 1.9249e-1 (1.97e-2) NaN (NaN) NaN (NaN) 2.1042e-1 (4.56e-3)
I-beam design 2 4 4.4199e+0 (3.18e-1) 0.0000e+0 (0.00e+0) 5.5664e + 0 (7.49e-1) 4.9116e + 0 (2.09e-1)
Gear train 2 4 1.2513e-1 (7.16e-3) 1.0079e + 0 (4.42e-1) 1.2629e-1 (1.33e-2) 7.1586e-3 (2.40e-3)
Pressure vessel 2 4 2.6292e+5 (6.57e+3) NaN (NaN) NaN (NaN) 1.3662e+5 (8.73e+3)
Disk brake 2 4 8.6057e-2 (1.47e-2) NaN (NaN) NaN (NaN) 8.1553e-2 (1.70e-3)
Speed reducer 2 7 2.2084e+1 (1.83e+0) NaN (NaN) NaN (NaN) 2.1822e+1 (3.14e-1)
Tool spindle 2 4 6.3395e+3 (5.00e+2) NaN (NaN) 2.2595e+4 (0.00e + 0) 7.2359e+2 (1.25e+3)
Multiple brake 2 5 4.3824e-2 (7.57e-4) 0.0000e+0 (0.00e + 0) 0.0000e+0 (0.00e + 0) 4.6525e-2 (5.83e-4)
Car crash 3 5 2.9210e-1 (4.83e-2) 4.7895e-1 (2.46e-1) 2.4280e-1 (2.77e-2) 2.6215e-1 (3.85e-2)
BLDC motor 2 5 2.1917e-2 (2.08e-3) NaN (NaN) NaN (NaN) 1.7314e-2 (1.44e-3)
Safety txmer 2 7 1.0504e-1 (3.59e-3) NaN (NaN) NaN (NaN) 1.1010e-1 (2.17e-3)
PHEV 3 6 3.7481e-3 (6.77e-4) NaN (NaN) NaN (NaN) 2.7239e-3 (2.47e-4)

PD-Metric values. The MOEO algorithm holds the best results
for 8 out of 12 cases, and the NSGA-II, MOEA/D, and MOPSO
hold the best results for 3, 1, and 0, respectively. Therefore,
it is observed that the diversity quality of the MOEO is bet-
ter than other selected algorithms. To assess the computation
complexity, Table 12 lists the RUNTIME-Metric values. The pro-
posed MOEO holds the best results for 11 problems out of 12
cases, proving that the computational complexity of MOEO is
less than all other selected algorithms. Figures 4 and 5 illustrate
the PFs obtained by MOEO for the unconstrained problems. The
obtained fronts are continuous and well distributed in nature.
Moreover, for comprehensive analysis, metric plots are also il-

lustrated in Figs 4 and 5 obtained for IGD and HV performance
metrics.

Second, the proposed MOEO and other algorithms are also
validated on constrained and real-world engineering design
problems. Tables 13–23 list the best Mean and STD values, rep-
resented as Mean (STD) obtained by all selected algorithms for
21 constrained and real-world problems. From Table 13, it is ob-
served that the MOEO obtained the best GD-Metric values for
13 cases out of 21 cases that prove the convergence quality of
the MOEO. Table 14 lists the IGD-Metric values, and the pro-
posed MOEO produces the best results for 18 cases, proving the
quality of the estimates to the obtained PF. Table 15 lists the
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Table 17: Mean and STD values (SPREAD) of all algorithms on constrained and engineering design problems.

Problem M D NSGAII MOEA/D MOPSO MOEO

MW1 2 15 4.7867e-1 (5.72e-3) 6.6100e-3 (2.48e-3) NaN (NaN) 6.5068e-1 (1.56e-1)
MW2 2 15 5.5099e-1 (3.28e-2) 1.9237e-1 (1.64e-1) 6.4196e-1 (2.41e-1) 1.0850e+0 (5.81e-2)
MW3 2 15 3.5775e-1 (4.75e-2) 5.0807e-2 (2.69e-2) 2.9825e-1 (1.84e-2) 9.9997e-1 (6.48e-5)
DOC1 2 6 9.4373e-1 (6.04e-2) NaN (NaN) NaN (NaN) 2.4869e-1 (1.49e-2)
CF1 2 10 1.6342e+0 (6.68e-2) NaN (NaN) 1.5715e + 0 (9.90e-1) 1.6872e+0 (5.01e-2)
CF2 2 10 1.0356e+0 (2.57e-1) 1.0995e+0 (2.36e-1) 9.8338e-1 (1.96e-1) 4.2425e-1 (1.25e-1)
4-bar truss 2 4 6.4689e-1 (1.18e-1) 4.7928e-1 (7.26e-5) 5.2361e-1 (6.06e-3) 4.0395e-1 (1.12e-2)
10-bar truss 2 10 5.9907e-1 (3.59e-2) NaN (NaN) 4.3711e-1 (1.30e-1) 5.0374e-1 (2.64e-2)
25-bar truss 2 8 4.1220e-1 (3.48e-2) 1.0000e+0 (0.00e+0) 5.9138e-1 (9.74e-3) 2.3465e-1 (2.68e-2)
Welded beam 2 4 7.2634e-1 (7.16e-2) NaN (NaN) NaN (NaN) 6.0472e-1 (6.18e-3)
I-beam design 2 4 8.0636e-1 (1.76e-2) 1.0000e+0 (0.00e+0) 4.3000e-1 (1.18e-1) 6.8779e-1 (3.02e-2)
Gear train 2 4 8.1047e-1 (4.08e-2) 1.0960e+0 (1.01e-1) 7.4852e-1 (6.08e-2) 7.1572e-1 (9.49e-2)
Pressure vessel 2 4 6.4547e-1 (4.68e-2) NaN (NaN) NaN (NaN) 2.0561e-1 (2.24e-2)
Disk brake 2 4 6.9252e-1 (8.11e-2) NaN (NaN) NaN (NaN) 5.3016e-1 (2.24e-2)
Speed reducer 2 7 8.2839e-1 (5.74e-2) NaN (NaN) NaN (NaN) 7.1573e-1 (6.10e-3)
Tool spindle 2 4 7.7623e-1 (9.37e-3) NaN (NaN) 1.0123e+0 (0.00e+0) 3.8777e-1 (3.27e-2)
Multiple brake 2 5 1.3741e+0 (6.23e-2) 1.0000e+0 (0.00e+0) 1.0000e+0 (0.00e+0) 6.0160e-1 (1.12e-2)
Car crash 3 5 7.4111e-1 (1.01e-2) 1.1452e + 0 (5.97e-2) 6.7266e-1 (6.31e-2) 4.4698e-1 (4.36e-2)
BLDC motor 2 5 9.4001e-1 (6.13e-3) NaN (NaN) NaN (NaN) 8.6115e-1 (6.13e-3)
Safety txmer 2 7 8.3370e-1 (2.98e-2) NaN (NaN) NaN (NaN) 5.6369e-1 (1.19e-2)
PHEV 3 6 5.6004e-1 (4.42e-2) NaN (NaN) NaN (NaN) 2.8829e-1 (9.64e-3)

Table 18: Mean and STD values (COVERAGE) of all algorithms on constrained and engineering design problems.

Problem M D NSGAII MOEA/D MOPSO MOEO

MW1 2 15 2.5667e-1 (7.37e-2) NaN (NaN) NaN (NaN) 6.8841e-1 (1.38e-1)
MW2 2 15 7.7667e-1 (3.87e-1) 1.0000e+0 (0.00e+0) 1.0000e+0 (0.00e+0) 7.1161e-1 (5.00e-1)
MW3 2 15 8.4333e-1 (2.52e-2) NaN (NaN) 1.0000e+0 (0.00e+0) 6.8864e-1 (5.39e-1)
DOC1 2 6 9.8333e-1 (5.77e-3) 9.7667e-1 (1.53e-2) NaN (NaN) 9.9333e-1 (5.77e-3)
CF1 2 10 1.0000e 0 (0.00e+0) 1.0000e+0 (0.00e+0) 1.0000e+0 (0.00e+0) 1.0000e+0 (0.00e+0)
CF2 2 10 1.0000e+0 (0.00e+0) 1.0000e+0 (0.00e+0) 1.0000e+0 (0.00e+0) 1.0000e+0 (0.00e+0)
4-bar truss 2 4 4.3000e-1 (4.00e-2) 3.4000e-1 (1.00e-2) 4.1667e-1 (9.50e-2) 3.3333e-3 (5.77e-3)
10-bar truss 2 10 9.6667e-1 (2.08e-2) 7.7000e-1 (4.36e-2) 9.0976e-1 (5.80e-3) 1.0000e+0 (0.00e+0)
25-bar truss 2 8 9.3333e-1 (1.53e-2) 9.2000e-1 (3.61e-2) 9.3616e-1 (1.16e-3) 8.3333e-1 (2.89e-1)
Welded beam 2 4 8.0667e-1 (4.51e-2) 7.5333e-1 (3.79e-2) NaN (NaN) 9.7619e-1 (4.12e-2)
I-beam design 2 4 6.0000e-1 (2.65e-2) 3.7333e-1 (8.08e-2) 4.4883e-1 (1.04e-1) 0.0000e+0 (0.00e+0)
Gear train 2 4 9.0000e-1 (6.93e-2) 7.3333e-1 (6.03e-2) 6.9667e-1 (4.04e-2) 5.2333e-1 (3.21e-2)
Pressure vessel 2 4 7.4000e-1 (2.00e-2) NaN (NaN) NaN (NaN) 8.5667e-1 (2.52e-2)
Disk brake 2 4 8.2667e-1 (5.51e-2) NaN (NaN) NaN (NaN) 4.8333e-1 (1.15e-1)
Speed reducer 2 7 9.3000e-1 (6.00e-2) NaN (NaN) NaN (NaN) 4.7333e-1 (2.31e-2)
Tool spindle 2 4 1.7333e-1 (3.21e-2) 6.0000e-1 (7.81e-2) 1.1111e-1 (1.92e-1) 0.0000e+0 (0.00e+0)
Multiple brake 2 5 2.0000e-1 (1.73e-2) 1.7667e-1 (5.77e-3) 1.8182e-1 (3.40e-17) 6.6667e-1 (5.77e-1)
Car crash 3 5 3.7667e-1 (1.15e-2) 2.5667e-1 (7.09e-2) 3.8333e-1 (4.51e-2) 1.9333e-1 (7.65e-2)
BLDC motor 2 5 9.2333e-1 (1.53e-2) 7.8667e-1 (4.51e-2) NaN (NaN) 9.6162e-1 (3.36e-2)
Safety txmer 2 7 9.3333e-1 (1.07e-1) 8.4333e-1 (2.08e-2) NaN (NaN) 9.3000e-1 (6.00e-2)
PHEV 3 6 7.4000e-1 (7.00e-2) 8.4333e-1 (3.51e-2) NaN (NaN) 8.0667e-1 (4.51e-2)

HV-Metric values, and the MOEO holds the best results for 17
cases, demonstrating the high-volume solution enclosed near
the PF attribute of the MOEO. Table 16 lists the SPACING-Metric
values, and the MOEO holds the best results for 12 cases, evi-
dencing the spacing quality of the non-dominated solutions ob-
tained by the MOEO. Table 17 lists the SPREAD-Metric values, and
the MOEO obtains the best results for 15 cases, proving the non-
dominated solution distribution quality over the solution space
attribute of the MOEO. Table 18 lists the COVERAGE-Metric val-
ues, and the MOEO obtains the best results for 12 cases, showing

the proportion of points in a Pareto set estimate quality of the
MOEO. Table 19 lists the CPF-Metric values, and the MOEO holds
the best results for 17 cases, demonstrating the quality of im-
proved coverage over PF of the MOEO. Table 20 lists the Delta-P-
Metric values, and the MOEO holds the best results for 17 cases,
indicating the uniformity-convergence-spread attribute of the
MOEO. Table 21 lists the DM-Metric values, and the MOEO holds
the best results for 14 cases, demonstrating superiority in the
DM feature of the MOEO. Table 22 lists the PD-Metric values,
and the MOEO holds the best results for 11 cases, proving the
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Table 19: Mean and STD values (CPF) of all algorithms on constrained and engineering design problems.

Problem M D NSGAII MOEA/D MOPSO MOEO

MW1 2 15 6.9675e-1 (5.06e-2) 9.7771e-1 (9.70e-4) NaN (NaN) NaN (NaN)
MW2 2 15 4.1197e-1 (1.44e-1) 6.6569e-1 (1.95e-1) 3.5047e-1 (8.38e-2) 5.2052e-1 (3.94e-2)
MW3 2 15 7.3738e-1 (1.05e-2) 5.7542e-1 (1.65e-3) 4.5668e-1 (1.68e-2) 6.8834e-1 (1.75e-2)
DOC1 2 6 1.0880e-1 (1.27e-1) NaN (NaN) NaN (NaN) 8.1688e-1 (1.73e-2)
CF1 2 10 8.8730e-2 (7.79e-2) 7.0000e-1 (0.00e+0) 1.1111e-1 (1.92e-1) 1.6061e-1 (2.72e-2)
CF2 2 10 2.6221e-1 (5.10e-2) 3.7258e-1 (6.50e-2) 4.2701e-1 (6.85e-2) 6.7876e-1 (6.02e-2)
4-bar truss 2 4 6.2153e-1 (6.43e-2) 8.5818e-1 (2.83e-16) 7.5796e-1 (3.54e-2) 9.0899e-1 (2.41e-3)
10-bar truss 2 10 7.0106e-1 (6.01e-2) 6.5222e-1 (1.65e-1) 6.3845e-1 (5.65e-2) 9.1457e-1 (1.78e-3)
25-bar truss 2 8 7.1530e-1 (5.01e-2) 8.2764e-1 (3.31e-2) 6.9665e-1 (3.47e-2) 9.0022e-1 (1.68e-2)
Welded beam 2 4 6.8774e-1 (1.11e-2) NaN (NaN) NaN (NaN) 9.4493e-1 (1.31e-2)
I-beam design 2 4 6.4963e-1 (2.15e-2) 7.5302e-1 (1.57e-16) 5.6166e-1 (5.75e-2) 9.0759e-1 (1.70e-2)
Gear train 2 4 6.8773e-1 (5.98e-2) 6.0612e-1 (1.18e-3) 7.2430e-1 (2.88e-2) 9.1055e-1 (2.19e-2)
Pressure vessel 2 4 6.2105e-1 (1.53e-2) NaN (NaN) NaN (NaN) 9.2647e-1 (6.58e-3)
Disk brake 2 4 6.1859e-1 (3.22e-2) NaN (NaN) NaN (NaN) 9.2287e-1 (1.07e-2)
Speed reducer 2 7 6.4634e-1 (6.20e-2) NaN (NaN) NaN (NaN) 9.3050e-1 (3.61e-3)
Tool spindle 2 4 6.0532e-1 (3.73e-2) 5.0163e-1 (0.00e+0) 3.5503e-1 (2.51e-1) 9.4026e-1 (1.04e-2)
Multiple brake 2 5 NaN (NaN) NaN (NaN) NaN (NaN) NaN (NaN)
Car crash 3 5 4.4292e-1 (6.33e-2) 2.2346e-1 (7.25e-2) 4.2219e-1 (5.91e-2) 5.3455e-1 (1.53e-2)
BLDC motor 2 5 4.0950e-1 (1.47e-2) NaN (NaN) NaN (NaN) 5.8637e-1 (9.97e-3)
Safety txmer 2 7 7.4037e-1 (1.40e-2) NaN (NaN) NaN (NaN) 9.6895e-1 (1.34e-2)
PHEV 3 6 5.9400e-1 (1.31e-2) NaN (NaN) NaN (NaN) 7.9552e-1 (1.54e-2)

Table 20: Mean and STD values (Delta-P) of all algorithms on constrained and engineering design problems.

Problem M D NSGAII MOEA/D MOPSO MOEO

MW1 2 15 3.7746e-3 (3.04e-3) 3.3666e-3 (6.81e-7) NaN (NaN) 3.7046e-1 (9.28e-5)
MW2 2 15 3.4543e-2 (2.55e-2) 1.2885e-2 (7.74e-3) 1.8032e-1 (1.61e-1) 4.9754e-1 (3.77e-1)
MW3 2 15 5.8074e-3 (3.75e-4) 5.0907e-2 (7.55e-4) 5.4428e-2 (1.23e-3) 3.7039e-1 (2.11e-11)
DOC1 2 6 6.1459e+0 (4.57e+0) NaN (NaN) NaN (NaN) 7.0236e-3 (1.15e-3)
CF1 2 10 3.8692e-2 (1.19e-2) 4.9184e-1 (0.00e+0) 5.5456e-1 (2.64e-1) 1.0151e-2 (1.60e-3)
CF2 2 10 3.8406e-2 (1.24e-2) 2.9465e-2 (7.66e-4) 2.6460e-2 (4.50e-3) 2.9362e-2 (1.74e-2)
4-bar truss 2 4 1.9099e+0 (5.50e-2) 1.7451e+0 (3.44e-4) 1.8172e+0 (1.07e-1) 1.4730e+0 (1.02e-2)
10-bar truss 2 10 3.3204e+1 (1.91e+0) 4.8101e+3 (1.57e+3) 1.1024e+2 (1.50e+1) 2.7450e+1 (2.75e-1)
25-bar truss 2 8 6.4343e+0 (2.06e-1) 2.5095e+2 (1.18e+1) 2.5992e+1 (1.83e+0) 5.1320e+0 (6.17e-2)
Welded beam 2 4 1.1386e-1 (1.46e-3) NaN (NaN) NaN (NaN) 9.4562e-2 (2.12e-3)
I-beam design 2 4 2.5012e+0 (1.34e-1) 1.1637e+2 (3.57e-2) 9.4968e+0 (2.51e+0) 2.0065e+0 (2.65e-2)
Gear train 2 4 6.5462e-2 (2.43e-3) 3.5683e-1 (6.28e-2) 6.5799e-2 (4.37e-3) 5.4386e-2 (1.87e-3)
Pressure vessel 2 4 2.0750e+5 (1.70e+3) NaN (NaN) NaN (NaN) 1.5698e+5 (2.41e+3)
Disk brake 2 4 1.2393e-1 (1.21e-1) NaN (NaN) NaN (NaN) 4.2684e-2 (4.87e-4)
Speed reducer 2 7 1.1181e+1 (4.08e-1) NaN (NaN) NaN (NaN) 9.2229e+0 (6.08e-2)
Tool spindle 2 4 5.1576e+3 (1.69e+3) 6.8726e+5 (3.57e+2) 6.6150e+5 (5.01e+4) 3.1717e+3 (2.50e+1)
Multiple brake 2 5 6.3172e-3 (3.03e-4) 7.7309e-1 (1.65e-3) 6.7811e-1 (0.00e+0) 2.7940e-3 (1.54e-5)
Car crash 3 5 9.4271e-1 (8.63e-1) 1.1262e + 0 (2.50e-1) 1.5018e+0 (6.81e-1) 3.2162e-1 (7.18e-2)
BLDC motor 2 5 3.1311e + 0 (1.76e-4) NaN (NaN) NaN (NaN) 3.1307e+0 (1.17e-3)
Safety txmer 2 7 1.1351e-1 (2.74e-2) NaN (NaN) NaN (NaN) 5.4643e-2 (7.17e-4)
PHEV 3 6 2.3159e-3 (4.21e-5) NaN (NaN) NaN (NaN) 1.7864e-3 (7.24e-5)

superiority in the diversity quality of the MOEO. Table 23 lists the
RUNTIME-Metric values, and the proposed MOEO holds the best
results for 18 cases out of 21 cases, evidencing that the compu-
tational complexity of MOEO is less than all other selected algo-
rithms. Figures 6–9 illustrate the PF obtained by the MOEO for the
constrained and real-world engineering problems. The obtained
fronts are continuous and well distributed in nature. Moreover,
for comprehensive analysis, metric plots are also illustrated in
Fig. 6 obtained for IGD and HV performance metrics.

It is evident from the results that the proposed MOEO algo-
rithm realizes the superior results in each performance metric
qualitatively and quantitatively for solving unconstrained, con-
strained, and real-world engineering design problems.

4.5. Comparison of MOEO with other algorithms

In this sub-section, the descriptive and analytical effectiveness
of all optimization techniques is evaluated using two objectives,
PFs, and four metrics (GD, IGD, HV, and RT). The mean values
of each metric are reported in Table 24. The proposed MOEO
outperforms other algorithms in terms of G D value for ZDT1,
ZDT2, and ZDT3 problems, whereas for ZDT4 and ZDT6 prob-
lems, MOWOA and SPEA2 hold best results. Regarding GD-Metric
values, for ZDT1, the mean value of MOEO reported a significant
percentage decrease of 99.91%, 96.57%, 95.02%, and 89.44% from
IDBEA, MOMFO, MOWOA, and SPEA2, respectively. For ZDT2, a
significant percentage decrease of 93.24%, 98.34%, 90.90%, and
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Table 21: Mean and STD values (DM) of all algorithms on constrained and engineering design problems.

Problem M D NSGAII MOEA/D MOPSO MOEO

MW1 2 15 9.9165e-1 (1.45e-2) 1.0000e+0 (0.00e+0) NaN (NaN) 7.6177e-1 (9.82e-3)
MW2 2 15 6.2853e-1 (1.21e-1) 7.6329e-1 (1.19e-1) 6.7544e-1 (1.69e-1) 8.7222e-1 (1.11e-1)
MW3 2 15 7.9223e-1 (2.10e-2) 5.7077e-1 (4.53e-3) 5.3876e-1 (5.65e-3) 5.4462e-1 (1.47e-2)
DOC1 2 6 7.7903e-1 (6.92e-3) NaN (NaN) NaN (NaN) 8.0680e-1 (6.10e-3)
CF1 2 10 1.8730e-1 (5.56e-2) 1.0000e+0 (0.00e+0) 7.0556e-1 (7.70e-3) 2.3541e-1 (1.11e-1)
CF2 2 10 4.5868e-1 (7.59e-2) 7.3596e-1 (3.72e-2) 7.3174e-1 (9.55e-2) 9.0188e-1 (8.38e-2)
4-bar truss 2 4 7.8777e-1 (4.67e-3) 8.3860e-1 (0.00e+0) 7.9860e-1 (1.53e-2) 8.5580e-1 (9.00e-4)
10-bar truss 2 10 7.8457e-1 (2.79e-2) 1.0000e+0 (0.00e+0) 8.7342e-1 (2.68e-2) 8.3023e-1 (7.31e-3)
25-bar truss 2 8 7.8700e-1 (1.14e-2) 1.0000e+0 (0.00e+0) 8.4158e-1 (3.25e-2) 8.6733e-1 (6.87e-3)
Welded beam 2 4 7.3873e-1 (1.42e-2) NaN (NaN) NaN (NaN) 7.9033e-1 (6.67e-3)
I-beam design 2 4 7.2267e-1 (1.91e-2) 1.0000e+0 (0.00e+0) 8.6840e-1 (2.52e-2) 7.8723e-1 (3.14e-3)
Gear train 2 4 7.3090e-1 (2.13e-2) 6.8307e-1 (2.98e-2) 7.5683e-1 (3.03e-2) 7.8420e-1 (4.74e-3)
Pressure vessel 2 4 7.9093e-1 (1.88e-2) NaN (NaN) NaN (NaN) 8.7401e-1 (2.11e-2)
Disk brake 2 4 7.3477e-1 (9.68e-3) NaN (NaN) NaN (NaN) 8.0303e-1 (6.55e-3)
Speed reducer 2 7 6.4010e-1 (1.65e-2) NaN (NaN) NaN (NaN) 7.2463e-1 (1.44e-3)
Tool spindle 2 4 7.7970e-1 (1.03e-2) 1.0000e+0 (0.00e+0) 8.5222e-1 (2.56e-1) 8.6033e-1 (1.62e-2)
Multiple brake 2 5 8.5119e-1 (8.82e-3) 7.1000e-1 (0.00e+0) 3.3612e-1 (0.00e+0) 9.1543e-1 (7.30e-3)
Car crash 3 5 7.0033e-1 (9.47e-2) 4.7179e-1 (4.19e-2) 6.7936e-1 (8.99e-2) 8.2143e-1 (1.49e-2)
BLDC motor 2 5 2.5670e-1 (0.00e+0) NaN (NaN) NaN (NaN) 2.5670e-1 (0.00e+0)
Safety txmer 2 7 7.2263e-1 (1.08e-2) NaN (NaN) NaN (NaN) 8.0493e-1 (1.28e-2)
PHEV 3 6 8.0617e-1 (6.55e-3) NaN (NaN) NaN (NaN) 9.0787e-1 (1.27e-2)

Table 22: Mean and STD values (PD) of all algorithms on constrained and engineering design problems.

Problem M D NSGAII MOEA/D MOPSO MOEO

MW1 2 15 1.4357e+3 (3.89e+2) 1.3037e+3 (1.10e+2) 0.0000e+0 (0.00e+0) 0.0000e+0 (0.00e+0)
MW2 2 15 1.4479e+3 (2.23e+2) 1.7964e+3 (3.42e+2) 1.1310e+3 (2.63e+2) 3.4529e+2 (3.04e+2)
MW3 2 15 1.8212e+3 (4.23e+2) 1.4059e+3 (9.22e+1) 1.2751e+3 (9.18e+1) 0.0000e+0 (0.00e+0)
DOC1 2 6 1.6626e+3 (1.92e+2) 0.0000e+0 (0.00e+0) 0.0000e+0 (0.00e+0) 1.7738e+3 (2.66e+2)
CF1 2 10 1.9228e+3 (3.95e+2) 0.0000e+0 (0.00e+0) 2.7308e+2 (4.73e+2) 1.9463e+3 (3.17e+2)
CF2 2 10 9.6262e+2 (3.21e+2) 1.1220e+3 (3.17e+2) 1.2104e+3 (4.57e+1) 1.5035e+3 (6.13e+1)
4-bar truss 2 4 2.0223e+4 (2.53e+3) 1.3029e+4 (1.33e+2) 2.6005e+4 (5.18e+3) 2.4993e+4 (3.71e+3)
10-bar truss 2 10 5.0136e+5 (1.05e+5) 0.0000e+0 (0.00e+0) 3.7815e+5 (2.60e+4) 5.0406e+5 (4.94e+4)
25-bar truss 2 8 1.9105e+6 (1.68e+5) 7.0012e+5 (1.50e+4) 1.2593e+6 (1.11e+5) 1.6163e+6 (2.54e+5)
Welded beam 2 4 2.4810e+3 (3.22e+2) 0.0000e+0 (0.00e+0) 0.0000e+0 (0.00e+0) 2.2980e+3 (4.31e+2)
I-beam design 2 4 2.9686e+4 (6.82e+3) 1.4088e+4 (2.25e+0) 1.6824e+4 (2.27e+3) 3.1009e+4 (5.84e+3)
Gear train 2 4 6.4070e+3 (1.27e+3) 4.4299e+3 (2.33e+2) 6.0069e+3 (8.14e+2) 5.2363e+3 (1.90e+2)
Pressure vessel 2 4 1.1287e+10 (1.12e+9) 0.0000e+0 (0.00e+0) 0.0000e+0 (0.00e+0) 9.5616e+9 (1.47e+9)
Disk brake 2 4 8.5833e+3 (2.07e+3) 0.0000e+0 (0.00e+0) 0.0000e+0 (0.00e+0) 8.6336e+3 (2.29e+3)
Speed reducer 2 7 1.2227e+6 (5.24e+5) 0.0000e+0 (0.00e+0) 0.0000e+0 (0.00e+0) 9.6455e+5 (1.70e+5)
Tool spindle 2 4 1.0127e+7 (2.76e+6) 0.0000e+0 (0.00e+0) 9.5172e+4 (1.65e+5) 8.1484e+6 (2.21e+5)
Multiple brake 2 5 5.4724e+3 (3.88e+2) 2.3348e+2 (2.59e-1) 3.3320e+2 (0.00e+0) 6.9083e+3 (1.76e+2)
Car crash 3 5 4.3753e+5 (2.17e+4) 3.5491e+5 (3.05e+4) 4.1196e+5 (4.84e+4) 5.0708e+5 (7.74e+3)
BLDC motor 2 5 5.7088e+2 (3.59e+1) 0.0000e+0 (0.00e+0) 0.0000e+0 (0.00e+0) 5.7954e+2 (7.32e+1)
Safety txmer 2 7 2.5230e+3 (2.29e+2) 0.0000e+0 (0.00e+0) 0.0000e+0 (0.00e+0) 2.6314e+3 (2.64e+2)
PHEV 3 6 8.3358e+3 (1.30e+3) 0.0000e+0 (0.00e+0) 0.0000e+0 (0.00e+0) 1.0400e+4 (1.27e+3)

99.97% is realized by MOEO from MOWOA, MOMFO, SPEA2, and
IDBEA, respectively. Similarly, for the ZDT3 problem, MOEO re-
alizes a substantial decrease of 83.92% and 99.59% from MOMFO
and IDBEA, respectively. Regarding I G D-Metric values, MOEO
accomplishes better values for ZDT1, ZDT2, and ZDT6 problems,
relatively. An 80.12%, 85.15%, 62.94%, and 99.53% decrease in
mean value is observed by MOEO for the ZDT1 problem than
MOWOA, MOMFO, SPEA2, and IDBEA, respectively. For the ZDT2
problem, the mean value realized by the MOEO is a major de-
crease of 94.39% and 99.77% from MOWOA and IDBEA, respec-
tively, while for the ZDT6 problem, a significant percentage de-
crease of 95.61%, 98.57%, and 95.17% from MOWOA, MOMFO,

and SPEA2, respectively. Regarding HV-Metric values, the mean
(STD) values obtained by the MOEO outperform all algorithms
and achieve the maximum value of 7.1967e-1 (5.03e-4), 4.4405e-
1 (2.80e-4), 5.9591e-1 (6.66e-3), 5.6132e-1 (9.08e-2), and 3.8832e-
1 (1.34e-4) for ZDT1, ZDT2, ZDT3, ZDT4, and ZDT6 problems,
respectively. Regarding RUNTIME-Metric values, the proposed
MOEO dominates other algorithms in ZDT1, ZDT2, ZDT3, and
ZDT6 problems, while IDBEA achieves the best value for the
ZDT4 problem against others. For the ZDT1 problem, MOEO re-
ported a percentage decrease of 75.34% and 54.10% mean value
from MOWOA and IDBEA, respectively. Similarly, for ZDT2, ZDT3,
and ZDT6 problems, a significant percentage decrease of 74.75%,
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Table 23: Mean and STD values (RUNTIME) of all algorithms on constrained and engineering design problems.

Problem M D NSGAII MOEA/D MOPSO MOEO

MW1 2 15 8.6898e+0 (1.04e-1) 1.1118e+1 (1.92e-1) 1.2760e+1 (8.36e-1) 6.8903e+0 (2.37e-1)
MW2 2 15 7.2218e+0 (8.34e-2) 1.0645e+1 (3.62e-1) 1.1588e+1 (1.06e-1) 6.1712e+0 (2.67e-2)
MW3 2 15 6.9204e+0 (1.56e-1) 6.0327e+0 (2.51e-2) 1.1365e+1 (7.14e-2) 6.1841e+0 (7.39e-2)
DOC1 2 6 6.6085e+0 (3.98e-1) 6.4570e+0 (1.05e-1) 1.0951e+1 (1.02e-1) 5.4600e+0 (5.07e-2)
CF1 2 10 7.3556e+0 (1.94e-1) 6.5292e+0 (1.38e-2) 1.1931e+1 (9.85e-2) 6.7452e+0 (1.38e-1)
CF2 2 10 6.8792e+0 (3.35e-2) 6.9284e+0 (1.92e-1) 1.1869e+1 (3.48e-1) 6.3012e+0 (6.35e-2)
4-bar truss 2 4 5.8227e+0 (4.13e-1) 1.3283e+1 (1.14e+0) 1.0942e+1 (4.64e-1) 5.2707e+0 (3.45e-1)
10-bar truss 2 10 7.9596e+1 (1.02e+1) 8.0331e+1 (6.95e+0) 7.9970e+1 (6.62e+0) 7.4863e+1 (6.54e+0)
25-bar truss 2 8 2.7899e+2 (2.06e+1) 2.8447e+2 (2.22e+1) 2.8192e+2 (2.24e+1) 2.7637e+2 (2.23e+1)
Welded beam 2 4 6.0708e+0 (4.60e-1) 7.6285e+0 (7.13e-1) 1.0610e+1 (4.93e-1) 5.4472e+0 (3.68e-1)
I-beam design 2 4 6.0032e+0 (4.66e-1) 1.3326e+1 (1.42e+0) 1.0779e+1 (7.29e-1) 5.5367e+0 (5.72e-1)
Gear train 2 4 5.9899e+0 (5.73e-1) 1.2147e+1 (1.18e+0) 1.1336e+1 (1.32e+0) 5.4178e+0 (5.11e-1)
Pressure vessel 2 4 6.0798e+0 (5.52e-1) 9.5645e+0 (1.09e+0) 1.0934e+1 (1.05e+0) 5.8104e+0 (1.08e+0)
Disk brake 2 4 6.5492e+0 (9.53e-1) 9.0928e+0 (9.97e-1) 1.1038e+1 (9.64e-1) 5.4182e+0 (3.89e-1)
Speed reducer 2 7 6.4719e+0 (5.27e-1) 8.1529e+0 (8.91e-1) 1.1619e+1 (1.46e+0) 5.7312e+0 (4.40e-1)
Tool spindle 2 4 6.2043e+0 (4.46e-1) 1.1904e+1 (6.52e-1) 1.0956e+1 (7.68e-1) 5.7903e+0 (7.39e-1)
Multiple brake 2 5 6.5040e+0 (3.40e-1) 1.0651e+1 (1.26e+0) 1.2073e+1 (2.27e+0) 5.9081e+0 (4.44e-1)
Car crash 3 5 6.7597e+0 (6.49e-1) 1.4132e+1 (8.75e-1) 1.2461e+1 (1.13e+0) 5.9990e+0 (3.85e-1)
BLDC motor 2 5 2.7583e+1 (2.52e+0) 2.9730e+1 (2.10e+0) 3.1717e+1 (2.67e+0) 2.7583e+1 (3.63e+0)
Safety txmer 2 7 3.6560e+1 (7.50e+0) 3.3350e+1 (3.28e+0) 3.7846e+1 (2.62e+0) 3.2447e+1 (3.80e+0)
PHEV 3 6 7.5642e+1 (9.47e+0) 8.5235e+1 (1.28e+1) 8.1432e+1 (1.16e+1) 7.3436e+1 (7.69e+0)

79.12%, and 75.81% is observed by MOEO against the MOWOA.
Comprehensively, MOEO realizes the best outcomes in terms of
60% of G D, 60% of I G D, 100% of HV, and 80% of RT measures.
Thus, it can be concluded that the proposed MOEO algorithm ex-
hibits superior convergence, coverage, and diversity attributes
with less computational complexity for solving the ZDT prob-
lems.

4.6. Statistical tests

To avoid the variability of each algorithm, we have performed
different statistical tests, such as Wilcoxon signed-rank test and
Friedman Aligned statistical test, to confirm the superiority of
the proposed MOEO algorithm over other algorithms on uncon-
strained and engineering design problems.

4.6.1. Validation of unconstrained problems by Wilcoxon signed
ranked test

Wilcoxon signed-rank test method is used to validate compar-
ative study among different optimization algorithms with dif-
ferent runs. H0 is the null hypothesis, whereas H1 is the alter-
nate hypothesis, and both are presented in this test. The level of
significance associated with the null hypothesis is a predefined
degree of statistical significance. When the null hypothesis is re-
jected, the value necessary for rejecting it is measured and com-
pared with the significance threshold. The findings are inferred
based on whether the null hypothesis is rejected or accepted (or
both). In this paper, Wilcoxon signed-rank test is used for per-
formance evaluation of MOEO versus MOEA/D, MOPSO, MOWOA,
MOMFO, SPEA2, IDBEA, and NSGA-II, as shown in Table 25 for the
HV metric as an example. The test has been conducted at a 10%
significance level (P-value > 0.1 rejects the null hypothesis). The
following procedure is used to perform Wilcoxon signed ranked
test in this paper:

1. Step 1: Average HV-metric values are obtained by MOEO, and
other algorithms (Say X) are collected.

2. Step 2: Sum of ranks for cases where MOEO outperforms X
and vice versa are used to compute R+ and R−.

3. Step 3: To ascertain the significance of a statistical test based
on hypotheses, a P-value is computed. A smaller value of P
signifies robust evidence against H0.

4. Step 4: The results are analysed in order to validate the find-
ings.

From Table 25, conclusions can be drawn that MOEO shows
a better improvement over MOEA/D, MOPSO, MOWOA, MOMFO,
SPEA2, IDBEA, and NSGA-II.

4.6.2. Validation of engineering design problems by Friedman
aligned test

By using Friedman’s test, the mean SPREAD-Metric outturn pro-
duced by all methods in each problem is used to determine the
value of location in each problem. Therefore, it is possible to ob-
tain information on the variation between the outcome obtained
by an algorithm and the value of a location. Repeat this process
for each combination of techniques and problems that are en-
countered. The aligned observations are then ranked from 1 to k
relative to each other. For selected constrained optimized prob-
lems, results obtained by the Friedman aligned test are tabulated
in Table 26. Again, it is apparent that MOEO ranks first, outper-
forming the MOEA/D, MOPSO, and NSGA-II algorithms.

4.7. Sensitivity analysis

This sub-section empirically discusses the sensitivity of the pro-
posed MOEO to its control parameters. The EO algorithm is sen-
sitive to a parameter called GP (pr). To learn about the sensitivity
of the tuning probability pr, pr = 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8,
and 0.9 are separately tested on ZDT2 problem as an example.
Figure 10 shows the evolution of the mean IGD values obtained
by MOEO with different pr values on the ZDT2 problem. The ex-
perimental results indicate that the MOEO with different pr has
significantly different performance on ZDT2. However, pr = 0.8
seems more stable and robust for the MOEO in balancing the ex-
ploration and exploitation ability. For this reason, GP(pr) = 0.8 is
recommended in this paper.
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Figure 6: Qualitative results obtained by the MOEO algorithm for constrained problems: (a) MW1, (b) MW2, (c) MW3, (d) DOC1, (e) CF1, and (f) CF2.

4.8. Further discussions

In summary, the findings and discussions in this section of the
paper illustrate a high-speed convergence characteristic of the
proposed MOEO algorithm. It originates from the circumstance

that the optimal solution often leads considerably to the de-
velopment of other solutions. Since the proposed MOEO algo-
rithm uses the same single-objective EO search mechanisms,
it exhibits a high exploitation ability. Despite the option of the
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Figure 9: Qualitative results obtained by the MOEO algorithm for real-world engineering problems: (a) BLDC motor, (b) isolated safety transformer, and (c) plug-in
hybrid electric vehicle (PHEV).

Table 24: GD, IGD, HV, and RT comparison based on ZDT problems.

GD (Convergence) Metric
Problem M D MOEO MOWOA MOMFO SPEA2 IDBEA

ZDT1 2 30 1.0599e-4 (6.26e-5) 2.1301e-3 (3.64e-4) 3.0911e-3 (1.05e-3) 1.0040e-3 (1.49e-4) 1.2738e-1 (9.52e-3)
ZDT2 2 30 1.2230e-4 (1.93e-5) 1.8109e-3 (2.71e-5) 7.4118e-3 (2.07e-3) 1.3444e-3 (5.78e-4) 4.8212e-1 (2.02e-1)
ZDT3 2 30 6.1010e-4 (7.90e-4) 9.5152e-4 (8.13e-5) 3.7945e-3 (1.29e-3) 6.9209e-4 (2.73e-4) 1.4884e-1 (2.58e-2)
ZDT4 2 10 6.6022e+0 (1.19e+0) 2.7524e-2 (4.02e-2) 2.4929e-1 (6.96e-2) 3.6171e-2 (3.69e-2) 1.8099e+1 (2.01e+0)
ZDT6 2 10 4.6882e-2 (3.23e-2) 1.2704e-2 (3.41e-3) 6.6944e-2 (5.12e-2) 1.0955e-2 (5.63e-3) 1.0291e-1 (5.85e-2)

IGD (Coverage) Metric
ZDT1 2 30 4.1859e-3 (1.95e-4) 2.1064e-2 (3.67e-3) 2.8197e-2 (8.63e-3) 1.1297e-2 (1.60e-3) 8.9179e-1 (6.68e-2)
ZDT2 2 30 4.3388e-3 (1.06e-4) 1.8390e-2 (4.51e-4) 7.7412e-2 (2.35e-2) 3.5517e-2 (3.26e-2) 1.9686e+0 (2.66e-1)
ZDT3 2 30 1.1723e-2 (1.01e-2) 1.3236e-2 (1.24e-3) 3.8269e-2 (9.51e-3) 1.0060e-2 (2.30e-3) 9.0429e-1 (8.39e-2)
ZDT4 2 10 1.5303e + 1 (1.64e+0) 1.5059e-1 (3.84e-2) 1.1602e 0 (1.52e-1) 2.2088e-1 (9.23e-2) 3.1770e+1 (1.71e+0)
ZDT6 2 10 3.6422e-3 (1.85e-4) 8.3005e-2 (1.54e-2) 2.5532e-1 (1.55e-1) 7.5491e-2 (3.77e-2) 6.1924e-3 (4.97e-3)

HV (Diversity) Metric
ZDT1 2 30 7.1967e-1 (5.03e-4) 6.9473e-1 (4.79e-3) 6.8454e-1 (1.15e-2) 7.0759e-1 (2.80e-3) 9.5206e-3 (9.85e-3)
ZDT2 2 30 4.4405e-1 (2.80e-4) 4.2133e-1 (9.59e-4) 3.3940e-1 (2.53e-2) 4.0130e-1 (4.05e-2) 0.0000e+0 (0.00e+0)
ZDT3 2 30 5.9591e-1 (6.66e-3) 5.9085e-1 (1.59e-3) 5.7473e-1 (5.51e-3) 5.9308e-1 (2.83e-3) 3.1224e-2 (1.86e-2)
ZDT4 2 10 5.6132e-1 (9.08e-2) 0.0000e+0 (0.00e+0) 0.0000e+0 (0.00e+0) 4.7427e-1 (1.36e-1) 0.0000e+0 (0.00e+0)
ZDT6 2 10 3.8832e-1 (1.34e-4) 2.8323e-1 (1.78e-2) 1.4848e-1 (1.14e-1) 2.9476e-1 (4.33e-2) 3.8593e-1 (4.69e-3)

RT (Average CPU time/Computational Complexity) Metric
ZDT1 2 30 4.5916e-1 (1.78e-2) 1.8620e+0 (2.57e-1) 7.5417e-1 (1.08e-1) 8.4182e-1 (1.01e-1) 1.0008e+0 (2.45e-1)
ZDT2 2 30 4.2844e-1 (3.15e-2) 1.6971e+0 (3.01e-2) 6.8284e-1 (1.56e-2) 5.6737e-1 (5.85e-2) 7.1812e-1 (8.01e-2)
ZDT3 2 30 3.8663e-1 (1.36e-2) 1.8525e+0 (5.54e-2) 6.7589e-1 (7.11e-3) 5.8223e-1 (2.46e-2) 3.9305e-1 (4.09e-2)
ZDT4 2 10 3.8665e-1 (3.06e-2) 1.6115e+0 (7.38e-2) 7.0934e-1 (1.41e-1) 4.5913e-1 (8.84e-2) 3.3576e-1 (4.84e-2)
ZDT6 2 10 3.7109e-1 (1.90e-2) 1.5343e+0 (1.04e-2) 6.2841e-1 (7.90e-3) 8.0817e-1 (1.84e-1) 6.1287e-1 (4.54e-2)
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Figure 7: Qualitative results obtained by the MOEO algorithm for real-world engineering problems: (a) 4-bar truss, (b) 10-bar truss, (c) 25-bar truss, (d) welded beam, (e)
I-beam, and (f) Gear train design.

‘optimum solution’ in an archive, the findings indicate that this
method does not negatively affect exploitation.

It should be noted that high exploitation ability often con-
tributes to high-speed convergence. The convergence in MOEO

is accelerated according to the number of iterations. Improved
optimization and convergence on an adaptive basis are the key
reasons why MOEO is doing well to reform a unimodal multi-
objective problem. The proposed MOEO algorithm has high
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Figure 8: Qualitative results obtained by the MOEO algorithm for engineering problems: (a) pressure vessel, (b) disk brake, (c) speed reducer, (d) tool spindle, (e) multiple
disks clutch brake, and (f) car crash design.

exploration ability, mainly due to streamlining agent admin-
istrator and elitist components. The proposed MOEO uses the
same update equation of the single-objective EO algorithm; it
shows better exploration ability. The random updating of the

concentration and the generation rate inherently increases the
exploration ability during the initial iteration and exploit search
during the final iteration, which helps avoid trapping into local
optima throughout the optimization process. A high exploration
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Table 25: Wilcoxon signed-rank test results based on HV metric.

Comparison R+ R− Exact P-value

MOEO versus MOEA/D 187 104 0.0847
MOEO versus MOPSO 192 99 0.0955
MOEO versus MOWOA 198 93 0.0785
MOEO versus MOMFO 171 120 0.0988
MOEO versus SPEA2 189 102 0.0689
MOEO versus IDBEA 193 100 0.0711
MOEO versus NSGA-II 186 103 0.0854

Table 26: Average ranking of all algorithms by Friedman aligned test
results based on SPREAD-Metric values.

Rank Algorithm Ranking

1 MOEO 63.6792
2 MOEA/D 78.4732
3 MOPSO 85.9485
4 NSGA-II 865.3485

Figure 10: The mean IGD-metric values obtained by MOEO with different GP(pr)
on ZDT2 problem over 20 independent runs.

ability is also due to integrating NDS and CD with the single-
objective EO algorithm to implement the MOEO algorithm. An
additional observation was also made from the experimental
results on the attained optimal PF by the MOEO on the ma-
jority of the benchmark test problems. This is due to the fact
that in the proposed MOEO, the concentration is selected by
NDS from the less populated region and NDR gives the non-
dominated positioning of all NDS. Additionally, if the archive is
full, a non-dominated solution is excluded from the most pop-
ulated areas. It also helps in the uniform distribution of Pareto
non-dominated best solution in the archive.

The key novelty of the MOEO algorithm over the MOEA/D al-
gorithm is given as follows. The problem of an unequal distri-
bution solution in the PF is very effectively handled. The so-
lution is guided to converge towards the whole PF regardless
of the production model of the weight vector used in the solu-
tion (convergence and diversity). The suggested MOEO method
has the greatest benefit on convex, non-convex, discontinuous
problems, and problems with uneven PFs. MOEO ensures variety
without the need for an additional niching parameter. Elitism

does not permit the deletion of a Pareto optimal solution that
has already been discovered. Due to the fact that guaranteeing
diversity is implicitly parametrized in the fitness criteria, the
convergence property is not compromised when ensuring diver-
sity; also, to ensure diversity, distances between nearest neigh-
bours are evaluated, which is a quick and easy method.

5. Conclusion

A new multi-objective version of the recently reported single-
objective EO algorithm is proposed and analyzed in this paper.
The proposed MOEO algorithm is inspired by the principle of
NSGA-II, a non-dominant sorting and CD approaches, and these
concepts were coordinated with the proposed MOEO algorithm.
A CD approach often existed to manage the distribution of Pareto
optimal solutions uniformly. The main contribution of this pa-
per is an introduction of a new multi-objective algorithm to solve
constrained and unconstrained multi-objective optimization
problems. The proposed MOEO algorithm is validated on 33 con-
textual case studies, including unconstrained/constrained/real-
world engineering problems. The results demonstrated that the
proposed MOEO algorithm would effectively classify the true
Pareto optimum fronts for all the optimization problems. All the
obtained PFs were also of high distribution. The performance
analysis showed that the findings were superior due to an en-
hanced exploitation and exploration ability of the MOEO algo-
rithm. The performance indicators, such as Metrics-GD, IGD, HV,
DM, PD, CPF, Delta-P, coverage, runtime, spacing, and spread, dis-
played the superiority of MOEO and balance between exploita-
tion and exploration in the MOEO algorithm. Based on the re-
sults and findings, the authors infer that the proposed MOEO
algorithm has merit among all the existing multi-objective al-
gorithms, such as NSGA-II, MOPSO, MOEA/D, SPEA2, IDBEA,
MOWOA, and MOMFO, and it can be applied to any multi-
objective optimization problem, including constrained, uncon-
strained, and real-world engineering optimization problems.

The proposed MOEO algorithm is ideal for two- and three-
objective optimization problems. Since the MOEO algorithm has
a great exploration capability and local front avoidance, it can
be easily extended to any practical engineering problems with
several local fronts. It is proposed that the MOEO algorithm can
be extended to other engineering problems for future study. The
proposed MOEO can be applied to real-world problems, such as
solar photovoltaic system modelling, power system optimiza-
tion, power electronics optimization, wireless sensor networks,
image clustering, multi-objective feature selection optimization,
healthcare systems, and problems and concerns in other engi-
neering fields. It is also worth studying and finding the best con-
straint handling approach for the MOEO algorithm.
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