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Abstract Eco-evolutionary models commonly assume that traits are nor-
mally distributed in a population, and that the trait bounds do not influ-
ence the adaptation of traits. However, recent empirical evidence suggests
that at least some traits are not normally distributed, and there is theoretical
support for the view that trait bounds can be fundamental to trait adapta-
tion. These attributes suggest that a beta distribution, which can accommo-
date unbounded (i.e. normal), singly-bounded (i.e. gamma) or doubly-bounded
(beta) trait distributions, may be an appropriate alternative assumption for
eco-evolutionary models.

We develop an evolutionary model that represents how the mean values of a
population’s traits change. Implementation of the model requires assumptions
to be made regarding the relative fitness of the individuals in the population,
and how their traits are distributed within natural bounds. We compare the
numerical results of “population” models, that evolve a plant population and
the means of its two traits using our eco-evolutionary equations, with those of
“phenotype” models that evolve 10,000 phenotypes, each defined by a pair of
trait values, of a plant population. The phenotype models do not assume any
particular trait distribution or fitness, and allow phenotypes to wax and wane
according to their ability to compete with other phenotypes in the population
for a finite resource.
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Comparison of the trait distributions obtained by solving 3 coupled pop-
ulation odes with those obtained by solving 10,000 coupled phenotype odes
reveals very good agreement between the approaches for each of four mor-
tality functions. Further, it supports the ubiquity of the beta distribution in
describing evolutionary processes in populations. An advantage of the simple
population model is that it provides insights into why particular results are
obtained, that augment the predictive power of the modelling, suggesting that
in fact a simplified, abstracted modelling approach is sometimes preferable to
the detailed, complicated alternative.

Keywords trait evolution · eco-evolutionary model · beta distribution ·
naturally bounded traits

1 Introduction

Eco-evolutionary models, that simulate the ecological and evolutionary dy-
namics of populations that occur on similar time scales, for example [3,12,6],
often assume that traits are normally distributed and unbounded, following
the seminal work of Lande [18,19]. However, recent empirical evidence suggests
that assumptions of normally distributed traits may not always be appropri-
ate, as some plankton populations have skewed trait distributions that exhibit
strong correlations between trait means and variances [13]. This is consistent
with Fisher’s fundamental theorem of natural selection [11,14] that suggests
that the variance of a bounded trait must approach zero as the trait value
approaches its bound.

It may be that effectively unbounded, normally distributed traits only ap-
ply under weak or stabilising selection [7]. The existence of bounds on traits
suggests that non-normal distributions, in which the trait variance is a function
of the distance of the trait mean from the bound, may be more appropriate
descriptors of many trait distributions [17]. Pragmatically, it is not uncom-
mon for eco-evolutionary models to include upper and/or lower bounds on
trait distributions, for example [6,1,2,4,5], and some have assumed traits are
beta-distributed, which incorporates bounds by definition [17].

The beta distribution is considered a useful model in the absence of data
identifying a particular distribution [20]. It can produce a wide variety of
shapes within a finite interval [16], and can be related to other distributions
such as uniform, χ2, gamma and F [24]. The standard beta distribution is
defined on the interval 0 ≤ x ≤ 1 and its probability density function is given
by:

f(x;α, β) =
xα−1(1− x)β−1

B(α, β)
, where B(α, β) =

Γ (α)Γ (β)

Γ (α+ β)
, (1)

and Γ is the gamma function. Here, the exponents α > 0 and β > 0 are
parameters that control the shape of the beta distribution.

The close relationship between the (doubly bounded) beta and (singly
bounded) gamma distributions is evidenced by the property that two gamma
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distributions, each defined by one shape parameter, say m and n, may be com-
bined into a beta distribution with probability density f(x;m,n) [24]. Further,
several important statistics are reducible to beta distributions, and it is often
used to represent the distribution of alleles in populations [25].

The eco-evolutionary modelling framework we use suggests that some trait
distributions should be bounded. This condition arises from the simple ‘eco-
logical axiom’ that the growth of each population in an ecosystem model de-
pends on an explicitly modelled resource. When maximal resource is available
the population increases, and when no resource is available the population re-
duces [8]. Predator-prey interactions are further constrained by the principle
that the predator population cannot gain more mass than the prey population
loses. These principles may also be extended to other types of interactions
such as mutualism [9].

The natural bounds on parameters inherent in this resource-limited ap-
proach suggest that the common assumption that all traits are normally dis-
tributed needs to be revised. While traits that have not been subject to se-
lection, or have been subject to stabilising selection, might be normally dis-
tributed, the modelling framework we use suggests that natural selection will
often operate on a bounded distribution of trait values to produce evolved trait
distributions that appear gamma distributed. Both the normal and gamma
distributions may be represented by beta distributions, suggesting the beta
distribution to be the most appropriate distribution to assume for the prop-
erties of trait values.

Here we examine eco-evolutionary processes in simple eco-evolutionary
models of one population with two traits, growth and mortality rates, in which
the traits have natural bounds and are represented by beta-distributions (the
population model), and compare them to detailed models that simulate the
evolution of each phenotype that is defined by a pair of trait values (the phe-
notype model) [22,17].

The population models define a population fitness metric and evolve the
population and the average trait values, from which the trait variances and dis-
tributions may be inferred. The phenotype models simply evolve the individual
abundances of interacting phenotypes with no assumptions of population fit-
ness or trait distributions.

The population and phenotype models have the same population growth
functions, but each includes one of four mortality functions; a linear form with
no non-zero moments higher than the variance; a nonlinear form with no non-
zero moments higher than the variance; a linear form with an infinite number
of non-zero moments higher than the variance; and a nonlinear form with an
infinite number of non-zero moments higher than the variance. The predictions
of the population sizes, trait means, variances and distributions predicted by
the models are compared.
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2 Modelling Approach

This paper compares the results of modelling the relative success of the phe-
notypes in a population, each defined by a pair of trait values that describe
their growth rate (g) and mortality rate (m), with those obtained by mod-
elling the population and how the average values of its traits change. There
exists a substantial literature that has taken this approach to demonstrate the
feasibility of approximating the very complicated explicit phenotype approach
with the much simpler population approach, for example [7,17,23]. Many of
these comparisons have used moment-based closure techniques to cope with
the problem of averaging over the nonlinearities that are intrinsic to many
population interactions.

In common with previous approaches, we develop an explicit phenotype
(full distribution) model in which we discretise two traits of a population into
100 values each, and integrate a coupled system of 10,000 phenotype equations,
where each equation describes how the biomass of a single phenotype changes.
We compare the results of these integrations with those of a population (ag-
gregate) model that has only three coupled equations: one that describes how
the total population biomass changes, and two that describe how the average
value of each of the two traits changes.

We examine four scenarios, based on the contribution that correction terms
resulting from a moment-based closure approach might make to the accuracy
of the aggregate model: linear mortality, with no non-zero moments higher
than the variance; nonlinear mortality, with no non-zero moments higher than
the variance; exponential mortality, with an infinite number of non-zero higher
moments; and exponential/nonlinear mortality, also with an infinite number
of non-zero higher moments. We use a quadratic term for nonlinear mortality
to reflect density-dependent mortality effects.

We assume that a beta distribution captures the key properties of the
traits. Beta distributions are defined by two parameters, α and β, and may be
parameterised to approximate other distributions such as Gaussian (α = β >>
1), gamma (1 < α << β or α >> β > 1), and bimodal distributions (0 <
α, β < 1). A beta distribution may be particularly utilitarian in coping with
phenotype distributions that may change location and shape under selection
pressure, however, it differs from Gaussian and gamma distributions in one
key aspect - beta distributions are bounded on both sides, whereas Gaussian
distributions are unbounded and gamma distributions are bounded on one
side. Although most traits must be bounded, often on the lower side by zero
and on the upper side by some finite value, a key consideration is whether the
actual bounds on the values that traits may take should affect the process by
which they change.

We use a theoretical ecosystem modelling framework based on explicit
resource representation and accounting [8] as the basis for developing the eco-
evolutionary models (see Appendix §6.1) that provide simple constraints on
population properties that ensure ecological realism. An implication of these
constraints is that many population interaction traits in ecosystem models are
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bounded, and that many traits may have both upper and lower bounds. This
suggests the assumption that a beta distribution is an underlying property
of trait distributions. Since in practice the trait variance is usually small, the
focussed peak of the trait distribution about the trait mean may in practice
often be approximated by any of the normal, gamma or beta distributions,
with appropriate choice of distribution parameters. Hence many authors have
previously chosen the normal trait distribution. Here we show that, even in
the small variance case, choosing the beta distribution makes a substantial
difference to the form of the eco-evolutionary models, and facilitates them to
reproduce the results of explicit phenotype models when a stable environment
allows populations to evolve to optimal states.

3 Simulation Models

Here, we address the question whether equations describing how the mean
values of traits change (equations (16)) adequately represent the dynamics of
the phenotypes within a population, in which phenotypes effectively compete
with each other and succeed or fail depending upon their relative fitness. We
construct simulation models of each approach in order to compare their results
to provide some insight into this issue.

At the centre of our modelling approach lies the concept that ecological
properties place natural bounds upon the values that traits may take when
evolving. The simple ecological axiom f |N=1 > 0 > f |N=0, where f is a growth
function for the population in equation (4) (fij for a phenotype combination
{i, j}in equation (2)), and N is their resource, provides two conditions on the
trait values, one inviolate, and the other pragmatic. The inviolate condition
prevents immortal populations and stipulates that if a population P does not
have any resource available (i.e. N = 0) it reduces (i.e. f |N=0 < 0). This
condition often stipulates that the natural mortality rate coefficient must be
positive.

The pragmatic condition is that populations should be viable: in ecological
modelling this is often a desirable condition to ensure that populations fulfil
their biogeochemical role; in eco-evolutionary modelling this condition ensures
that computing resources are not wasted calculating the dynamics of pheno-
types that can never survive. This condition stipulates that when the world is
full of a population’s resource (i.e. N = 1, or 100%) the population increases
(i.e. f |N=1 > 0). This condition often places constraints upon the relationship
between the growth and mortality rates.

The imposition of bounds upon the values that traits may take in the
models is central to the assumption that beta distributions may be the most
effective approach to simulating eco-evolutionary systems. There are two ap-
proaches available to do this (see §6.3 in the Appendix): incorporating a stan-
dard beta distribution defined upon the interval [0, 1] that is scaled by a max-
imum trait value, or incorporating a translated and scaled beta distribution



6 Roger Cropp, John Norbury

that represents actual values the trait may take. We adopt the former ap-
proach.

The trait bounds are imposed in the phenotype model by the phenotype
values that are allowed in the initial conditions, and do not appear explicitly in
the model equations, which describe only how individual phenotypes grow. In
contrast, the trait bounds are explicitly included in the evolutionary equations
of the population model through the trait variance, as the variance of a beta
distribution may be written in terms of the location of the trait mean with
respect to the trait bounds. The phenotype and population models differ fun-
damentally in that the phenotype model describes only how each phenotype
grows, whereas the population model describes how the population as a whole
grows and how the mean of each trait changes.

3.1 The Phenotype Model

The evolution of phenotypes in ecologies is examined by numerically solving a
simple model of a plant P growing on an inorganic resource (a limiting nutrient
the availability of which is measured by N , the quantity in the abiotic nutrient
pool) that adapts its maximum growth g and natural mortality m traits. Here,
we measure the population P by the proportion of the limiting nutrient it
contains, and scale the resource so that the total amount is 1 (100%) in what
follows. The phenotypes Pij are then also measured in terms of the fraction of
the total nutrient they contain.

The form of the equations that describe the growth of each plant phenotype
Pij , defined by its growth rate gi and mortality rate MX(mj), is:

dPij
dt

= Pijfij(P , g,m) = Pij

(
giN

N + κ
− MX

4

)
, i, j = 1, . . . , n, (2)

where N = 1−Σn
i,j=1Pij . We investigate the role of four forms of mortality in

the model: linear (ML), quadratic (MQ), exponential (ME), and exponential
nonlinear (MN ). These are defined as:

ML = mc +mj ,

MQ = mc +mjP, (3)

ME = emj ,

MN = emjP.

Note that mc > 0 is a constant, so that MX > 0 for all 0 ≤ mj ≤ 1, and no
population may be immortal.

The condition fij |N=1 > 0 requires that the parameter gi (the maxi-
mum growth rate) satisfies the condition that gi > mj(1 + κ)/4. The con-
dition fij |N=0 < 0 stipulates that mj > 0 to ensure no phenotype is im-
mortal. For efficacy, we set κ = 1 and have scaled the mortality terms MX ,
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X ∈ {L,Q,E,N}, by 4 so that we can define each of the parameters gi and
mj to values between 0 and 1 (so that they directly map to a standard beta
distribution), without wasting too much computing resource on unviable pop-
ulations.

Each plant phenotype is defined by a {gi,mj} pair, and its growth is de-
scribed by an equation of the form (2). The numerical solutions to these equa-
tions were calculated using n = 100 discrete trait values for each of g and m,
so the system simulated the evolution of n2 = 10, 000 unique plant phenotypes
Pij .

The fittest of these phenotypes increase the proportion of the finite amount
of resource available in the system that they sequester, while the unfit pheno-
types go to zero (extinction). The simulations were initiated with the abun-
dances of the phenotypes distributed approximately normally over the two-
dimensional phenotype space with phenotype means 0.5 and variances 0.01
(Figure 1).

Note that R∗ theory [26,27] predicts that the winner of the competition
between the plant phenotypes will be the phenotype that leaves the least
resource available to its competitors. The phenotype model is then expected
to produce a winning Pij phenotype with gi = 1 and mj = 0.

3.2 The Population Model

We use an eco-evolutionary model to simulate the population trait dynam-
ics equivalent of the individual phenotype evolution system (2). The eco-
evolutionary model simulates the total plant population P = Σi,jPi,j and
predicts how the mean values for each trait g and m change. The population
and the mean growth rate change according to:

dP
dt = Pf(N, g,m) = P

(
gN

N + κ
− MX

4

)
,

dg
dt =

(
(1− g)g

αg + βg + 1

)[
N

N + κ

]
, (4)

and the change in mortality coefficient m is given in equation (5). Here MX

is defined as for the phenotype model in equation (3). Depending upon which
mortality term of equation (3) is selected, the model includes one of the fol-
lowing equations describing how the mortality mean coefficient evolves:



8 Roger Cropp, John Norbury

ML : dm
dt =

(
(1−m)m

αm + βm + 1

)[
−1

4

]
,

MQ : dm
dt =

(
(1−m)m

αm + βm + 1

)[
−P

4

]
, (5)

ME : dm
dt =

(
(1−m)m

αm + βm + 1

)[
−e

m

4

]
,

MN : dm
dt =

(
(1−m)m

αm + βm + 1

)[
−e

mP

4

]
.

Here, N = 1−P , and g and m are now the means of the distributions of trait
values. The model was integrated for 200 “generations”. The initial population
condition was P = 0.5 with κ = 1, identical to the initial conditions used
for the simulations of equation (2) (Figure 1). The initial conditions for the
evolutionary equations were g = 0.5 = m with αg,m = 12 = βg,m, so the
variances of the implied beta-distributions are both 0.01.

Each model has a fitness optimum at {g∗ = 1,m∗ = 0} where the growth
function f has a maximum value of zero. This is also an ecologically stable
equilibrium under R∗ theory as it leaves the least nutrient available to other
phenotypes, preventing them from growing. The eco-evolutionary equilibrium
points:

ESSL = {P ∗ = 0.9975, g∗ = 1,m∗ = 0}, ESSQ = {P ∗ = 0.9975, g∗ = 1,m∗ = 0},
ESSE = {P ∗ = 0.6667, g∗ = 1,m∗ = 0}, ESSN = {P ∗ = 0.7639, g∗ = 1,m∗ = 0},

are also evolutionary stable strategies (ESS) as there are no possible trait
values that increase the fitnesses of the populations. These are also points of
maximum fitness although the gradient of the fitness function is not zero. This
is due to the sensitivities of the population fitness to the trait values ∂f/∂g
and ∂f/∂m being monotonic, so that the optimum trait values are determined
by the bounds in equations (4) and (5).

3.3 Numerical Simulations

The systems of 10,000 or 3 coupled equations, (2) or (4) and (5), were inte-
grated for 200 “generations” from the initial phenotype distribution shown in
Figure 1 for each of the four mortality terms. Note that the bivariate distri-
bution used to initiate the phenotype model simulations was decomposed into
its marginal distributions to use as the initial conditions for the population
model simulations. The P half-saturation parameter κ was set to equal one
for each integration.

The initial conditions for all cases have each of the traits distributed ac-
cording to beta distributions with α = 12 = β (mean = 0.500, variance =
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0.010), so the initial conditions for the population model are equivalent to a
decomposition of the initial conditions of the phenotype model into the in-
dividual traits. The population in the phenotype model is allocated to each
phenotype in accordance with the bivariate beta distribution of Figure 1 so
that the total scaled population is 0.50, the same as the population model.

Fig. 1 Initial distribution of the abundance of each plant phenotype (expressed as a fraction
of the total plant population) at the start of the phenotype model simulation. The abun-
dances of the phenotypes are normally distributed over the range of trait values, with the
P50,50 phenotype being the most abundant. Both distributions are beta distributions with
mean 0.5 and variance 0.01 (α = 12 = β) that closely approximate normal distributions.
Note the left corner of the phenotype space is composed of plant phenotypes that have low
growth rates and high natural mortality rates, that go extinct in simulations, while the right
corner is composed of phenotypes with high growth rates and low natural mortality rates,
that are expected to dominate the system.

The system of 10,000 coupled equations (2) was integrated for 200 “gener-
ations” from the initial phenotype distribution shown in Figure 1. The models
were solved in Matlab (version 8.6.0) using the fourth-fifth order Runge-Kutta
adaptive step size integrator ode45 with the relative and absolute tolerances
set to machine epsilon (10−14). The phenotype models produced bivariate dis-
tributions which were decomposed into their marginal g and m distributions,
and the fractions of the population in each phenotype were summed to give
the total population.

The population models predict the total population and the mean of each
parameter. The variance of each trait distribution is then calculated from
the mean. We assumed that the parameters followed beta distributions with
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constant α + β = 24, and estimated the distribution parameters from the
means, g and m, produced by the population model using the relations:

αg = 24g, βg = 24− αg,
αm = 24m, βm = 24− αm. (6)

These calculations allow us to compare the population sizes, the trait means
and variances, and the trait distributions for each of the models. Additionally,
we compare the actual trait distributions produced by the phenotype model to
the equivalent beta distributions. We use the two-factor Kolmogorov-Smirnov
test to assess the similarity of the actual phenotype and estimated population
distributions.

4 Numerical Simulation Results

This section examines how the results from a model that evolves 10,000 indi-
vidual phenotypes in a population (the “phenotype model”, §3.1) agree with
the results of a model that evolves one population and its two trait means (the
“population model”, §3.2). The integrations of the phenotype model with dif-
ferent mortality terms produced substantially different final trait distributions
(Figure 2). The integrations revealed differences in the rates of evolution, with
the ML and MQ cases being much slower than the MN case, with the ME

case being fastest. There were also differences in the relative rates of evolution
between the two traits, with mortality m evolving faster than growth g in
the ML and MQ cases, growth g evolving faster than mortality m in the MN

case, and both evolving at approximately the same rate in the ME case. These
differences in rates produced differently skewed distributions.

The distribution of phenotype abundances from the phenotype model sim-
ulations is shown in Figure 2. It is readily apparent that neither phenotype
has reached its bound during the duration of any of the simulations, and that
further evolution would occur for longer integration times. The simulation du-
ration was in fact chosen to demonstrate the stage of the adaptation process
where the phenotype and population models differ the most.

An interesting outcome of the phenotype model (Figure 2) is the substan-
tial difference in the rates of change of g and m, in the different mortality
scenarios. The linear mortality case ML (top left), and the quadratic mortal-
ity case MQ (top right) have m evolving rapidly and pushing hard up against
its lower bound, which significantly modifies its distribution. In contrast g,
which started from an identical distribution, has not yet substantially inter-
acted with its upper bound. This is reversed in the nonlinear case MN (lower
right) where g has been severely curtailed by its upper bound but m has only
a minor interaction with its lower bound. Both traits evolve at similar rates
in the exponential case ME , with most of the P population having phenotype
values very near their bounds.
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Fig. 2 Final trait distributions after integration of the phenotype model for 200 generations:
(a) linear mortality case (ML); (b) quadratic mortality case (MQ); (c) exponential mortality
case (ME); and (d) exponential/quadratic mortality case (MN ).

It is not obvious from the phenotype model equations (2) why such dif-
ferences in rates should occur, but the population model equations (4) and
(5) do provide insight. The evolution equations in this model have the same
variance terms, so all trait means slow as they approach their bounds in the
same way, but differ in the terms describing the sensitivity of the population
fitness to changes in the trait mean value. In the ML case ∂f/∂m is a constant,
whereas ∂f/∂g is a function of N . As the population P increases N declines
as available inorganic resources become sequestered into the living population.
The rate of change of g will slow as the population increases, but the rate of
change of m is independent of the population size. A similar argument applies
to the MQ case, as ∂f/∂g = −P/4, which will approach the bound at a similar
rate to the linear case as P → 1.

The rates of evolution are quite different in the MN case, where the roles
are reversed and g evolves much more rapidly than m. This is due to the
P population initially reducing, and then slowly increasing, compared to the
more rapid increase of P in the ML and MQ cases. This allows N to remain
large for longer, speeding up the evolution of g, while the inclusion of a reduced
P slows the evolution of m compared to the ML and MQ cases.

The ME simulation presents a more interesting case, where the rate of
g evolution is strongly impacted by the population dynamics. As with the
MN simulation, the initial reduction in P (and corresponding increase in N)
accelerates the g evolution compared to the ML and MQ cases. This latter
slows as P recovers, but remains relatively high as P stabilises at a lower



12 Roger Cropp, John Norbury

level. Meanwhile, m evolves at a rate independent of the population dynamics,
approximating that of the ML case as m→ 0 and em → 1.

The phenotype populations were summed to provide a total population to
compare the population dynamics of the phenotype model with those of the
population model (Figure 3). The models produced very similar predictions of
the total plant population over the duration of the simulation. The influences
of the different mortality formulations are immediately evident, with the pop-
ulation dynamics of the ML and MQ cases being very similar, but the ME and
MN cases being significantly different. These differences in population dynam-
ics through the simulations are important as they lead to the differences in
the rates of trait evolution noted above.

Fig. 3 Results of the population model (red lines), and the phenotype model (blue dots)
simulations for integration over 200 generations for each of the mortality cases. Top pan-
els show the total population, the middle panels the mean growth trait, and the bottom
panels the mean mortality trait values. Left to right are the linear mortality case (ML);
the quadratic mortality case (MQ); the exponential mortality case (ME); and the expo-
nential/quadratic mortality case (MN ). All simulations show very good agreement between
these model outputs. Note trait values are the means of the marginal trait distributions
calculated from the results shown in Figure 2.

The phenotype model simulations are computed using a bivariate distribu-
tion of g and m, which the population models simulate as effectively univari-
ate distributions. We decompose the bivariate distribution of the phenotype
models into their marginal distributions to compare them with the equivalent
population model. The changes in the mean trait values of the two approaches
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over time are shown in the middle and lower panels of Figure 3. In every case,
the phenotype (blue dots) and population (red lines) models produce almost
identical results for the changes in the means of the trait distributions. In
general, the predictions of the two models diverged most where the traits were
strongly influenced by a bound, and the majority of the population is squeezed
into just a few phenotypes.

The trait variances predicted by the phenotype (blue dots) and population
(red lines) models (Figure 4) were similar in both traits for the exponential
ME and nonlinear MN cases, but not as good for the linear and quadratic
cases. The variances for the mortality in the linear and quadratic cases did
eventually agree with the phenotype model after initially diverging from them.
The variances of the growth trait remained different, with the variances of the
phenotype results barely changing during the simulation.

 

x 10-3  Exponential x 10-3  Linear x 10-3  Quadratic x 10-3  Nonlinear 

Fig. 4 Trait variances over integration of the population and phenotype models for 200
generations. Growth (g) trait variances (top row) and mortality (m) trait variances (bottom
row). Phenotype model variances are shown by blue dots, and population trait variances
by red lines. Left to right are the linear mortality case (ML); the quadratic mortality case
(MQ); the exponential mortality case (ME); and the exponential/quadratic mortality case
(MN ). We consider the differences in the trait variances are primarily due to α + β being
constant in the population model, but not constant in the phenotype model.

Note the simulations are shown over time intervals that enable comparison
of the model results at similar stages of the evolutionary process, rather than
to run the systems to their equilibriums. This in fact highlights how the models
differ in their predictions of phenotype distributions rather than emphasising
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their similarity. Further, we only use 100 discrete phenotypes to represent a
continuous trait distribution. Increasing the number of discrete phenotypes of
each trait should improve the estimates of variance, but at increased compu-
tational cost.

Finally, we compare the trait distributions predicted by the models in Fig-
ure 5. Here the blue dots show the phenotype abundances for the growth g (top
row) and mortality m (bottom row) traits predicted by the phenotype (blue
dots) and population (red lines) models. Note that the areas under the phe-
notype distributions are the total populations, and that the calculated beta
distributions are scaled so that the area under them equals the population
predicted by the population model (red lines).

Fig. 5 Final trait distributions after integration of the population and phenotype mod-
els for 200 generations. Growth (g) trait distributions (top row) and mortality (m) trait
distributions (bottom row). Phenotype model distributions are shown by blue dots, popu-
lation trait distributions are shown by red lines. Left to right are the linear mortality case
(ML); the quadratic mortality case (MQ); the exponential mortality case (ME); and the
exponential/quadratic mortality case (MN ).

The distributions of the growth traits for all models appear very similar
in Figure 5, and this is confirmed by the Kolmogorov-Smirnov test (Table 1)
which concludes that they are all the same at the 5% confidence level. The
mortality distributions are not as similar, with only the exponential case being
identified as the same by the Kolmogorov-Smirnov test. This is due to the
sensitivity of the beta distribution to the estimation of its shape parameters
when the mean is close to a bound. The fundamental differences in shape
between αm > 1 (Pi,0 = 0) and αm < 1 (Pi,0 = ∞), make reproduction
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of the actual distribution from estimated parameters subject to error as αm
transitions through one, where Pi,0 = βm. This sensitivity is compounded by
the sensitivity of the Kolmogorov-Smirnov statistic to all types of differences
between the functions. For example, although the right limbs of the phenotype
and population model m trait distributions are identical in the nonlinear case,
the subtle difference in the left limbs is sufficient to cause the test to reject
their similarity.

Table 1 Summary statistics for the two-factor Kolmogorov-Smirnov test used to compare
the final trait distributions of the phenotype and population models. The distributions were
classified as different if the null hypothesis that they were the same was rejected at the
p = 0.05 confidence level.

Case Trait
Similarity at

5% significance
p Test statistic

Linear mortality (ML) g Same 0.26 0.14
Linear mortality (ML) m Different 0.01 0.22

Quadratic mortality (MQ) g Same 0.19 0.15
Quadratic mortality (MQ) m Different 0.00 0.27

Exponential mortality (ME) g Same 0.56 0.11
Exponential mortality (ME) m Same 0.10 0.17
Nonlinear mortality (MN ) g Same 0.44 0.12
Nonlinear mortality (MN ) m Different 0.00 0.28

Figure 5 reveals that the differences between the linear, quadratic and non-
linear mortality trait distributions could be attributed to subtle differences in
timing between the phenotype and population model simulations. It is quite
feasible that if the evolution of m had proceeded slightly faster in the pop-
ulation model that the two distributions would be classified as the same by
the Kolmogorov-Smirnov test. It is a reasonable conclusion that the pheno-
type model maintained beta distributions. Recall that the initial parameter
distributions were indistinguishable from Gaussian distributions.

5 Discussion

The results presented in this manuscript facilitate four main conclusions:

– the detailed phenotype model of 10,000 equations and the simple popula-
tion model of three equations produce very similar answers for the temporal
changes of the population and the evolution of its trait distributions;

– the simple population model has heuristic value to explain differences in
rates of evolution of trait distributions that the phenotype model does not
(without detailed post-processing of its data);

– beta distributions may well be the most useful distribution to assume when
modelling many evolutionary processes, consistent with observations that
many traits are not normally distributed in living populations; and
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– the beta distribution parameters change so that α + β is not constant in
the phenotype model, but is taken to be constant in the population model.
While this quantity may be conserved in many evolutionary processes,
under constant genetic mixing as predicted by Wright’s genetic distance F ,
this difference between the population and phenotype models may indicate
the population model lacks some information.

Our results suggest that aggregate eco-evolutionary models that evolve popu-
lations and their trait means provide good representations of the evolutionary
process. They also suggest that separate equations describing how the variance
of traits change may not be necessary, and that moment-based approximations
to trait evolution, that suggest “correction” terms are required, may not nec-
essarily provide more accurate or insightful results.

The numerical simulations presented in this paper are simple cases that
consider only directional selection of two traits of a single population in a con-
stant and isolated environment. Extending the approach to simulating other
trophic interactions such as predation, as well as non-constant environments
and other forms of selection, appears an interesting next step. We might expect
similar results from models of stabilising selection where Gaussian distribu-
tions are well approximated by symmetric beta distributions when the variance
is small.

The comparison of numerical solutions from the phenotype model with
those of the population model confirms the accuracy of the evolutionary trait
dynamics equations and lends weight to the usefulness of the beta distribu-
tion in eco-evolutionary studies. The phenotype model simulates the resource-
limited growth of 10,000 phenotypes, each with its own equation, defined by
one each of 100 growth and 100 mortality values, with a three-equation model
that evolves a population and the mean value of the growth and mortality
traits. The outcomes of these simulations were very similar, suggesting that
the equations that evolve the mean trait value, and by virtue of the mean’s
relation to its bounds, its variance, provide an effective simplification of the
phenotype model that explicitly represents every interaction. This simplifica-
tion has the potential to reduce the dimension of computationally intractable
eco-evolutionary problems to analytically tractable systems.

An interesting outcome of the numerical simulations is the difference in
the rates of evolution of the growth and mortality traits in both models. The
equations of the phenotype model provide no obvious insight into why this
should occur, but the equivalent population equations explain exactly why
it occurs. This is a somewhat unexpected outcome, and suggests that the
population models may in fact provide useful insight into the mechanics of
trait adaptation that the more detailed phenotype models might only give up
after extensive post-processing of their results. This augmented understanding
does not come at the expense of reduced verisimilitude, with the simple model
reproducing quite accurately the results of the more complicated model.

To assess the robustness of our simulation results, we tested the influence
of initiating the simulations with increased trait variances (0.05 instead of
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0.01) and skewed distributions (for example, means of 0.25 instead of 0.5).
All simulations produced qualitatively the same results, but as expected there
were some quantitative differences. Increasing the variance of the initial distri-
butions accelerated the evolution of the traits, as indicated by the population
model equations (4) and (5), another example of the population model pro-
viding insight that the more complicated phenotype model cannot.

Changing the initial conditions to skewed distributions had varied quanti-
tative effects depending on the direction of the skewness. Mostly this affected
the rates at which the growth and mortality traits evolved through the effects
on the population size. If P approached 1 more rapidly (particularly in the ML

and MQ cases, Figure 3), then the evolution of g slowed down as N become
smaller more rapidly (equation (4)). Similarly, the evolution of m accelerated
in the MQ and MN cases as P became larger, but its evolution in the ML and
ME cases was essentially unaffected. Again, the population model equations
suggest outcomes that might be expected from the phenotype model that its
equations do not.

The beta distributions used to approximate the outcomes of the models
were able to represent the transition from the initial approximately normally
distributed traits through to the essentially gamma distributed final states.
This agrees with the results of empirical studies [15,10,13], and models of
evolving predator-prey systems [17], that the beta distribution may be a very
useful underlying distribution in eco-evolutionary studies. A beta distribution
that effectively sees no bounds closely resembles a normal distribution, whereas
a beta distribution that sees one bound, whether upper or lower, closely re-
sembles a gamma distribution. The fundamental technical difference, that the
tail(s) of the normal and gamma distributions extend to infinity while the tails
of a beta distribution do not, appears an unproductive distinction in a world
where traits are constrained to finite values. However, our model simulations
show that these finite bounds can affect trait dynamics.

Finally, the trait equations presented in this paper are consistent with the
parameter (trait) constraints that arise from simple rules that ensure that
ecological models remain realistic [8]. These rules identify that many, if not
most, ecosystem population interaction parameters have at least one natural
bound (often a zero lower bound), and that many may also have upper bounds.
The existence of these bounds suggests that, in the small variance case of
populations that have had the opportunity to optimise their fitness, they are
likely to be better represented by beta distributions than the usual assumption
of normally distributed traits. The potential for population interaction traits
to have both upper and lower bounds, and the pragmatic utility of the beta
distribution in closely approximating normal and gamma distributions, further
supports the assumption of beta distributions as the underlying distribution
of eco-evolutionary processes in population food-web models.
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6 Appendix

6.1 Resource-limited Ecological Modelling

Here we outline the framework that imposes ecological bounds on the trait
values in the eco-evolutionary model - a detailed exposition of the framework
is provided in [8]. We consider n living populations in an ecosystem that has a
limiting resource (often a food-web limited by nutrient, but a limiting resource
might also be light, for example) represented by the variables xi, i = 1, 2, . . . , n.
The rate of change of each population may be written in the general form:

dxi
dt

= xifi(x1, x2, . . . , xn;Υ ) for i = 1, 2, . . . , n, (7)

where n is the number of populations modelled and Υ is a set of parameters
that quantify how the populations interact with each other and their envi-
ronment. The system conserves the total quantity of the limiting resource, so
implicit in the model is an additional equation, not of the form of (7), that
keeps track of the size of the resource pool R, often an inorganic nutrient pool
N . The functions fi(x1, x2, . . . , xn;Υ ), that for convenience we shall refer to
as fi, are key to the ecological and evolutionary dynamics of the system.

The resource-limited ecosystem modelling approach is implemented by the
following process:

– We identify a limiting resource, most commonly a limiting nutrient, that we
use as a common currency to measure all populations. We sum the limiting
nutrient cycling in both the living populations and the non-living nutrient
pool, and scale all the (living and nonliving) variables by this total;
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– Each population grows (dies) according to the constraints of the other pop-
ulations and the environment, represented here in its simplest form by the
non-living nutrient pool, independently of how we measure the populations
and the scale of the ecosystem;

– The mass of limiting nutrient is conserved as it flows through the food web:
we assume that immigration equals emigration and nutrient influx equals
nutrient efflux (most delineated ecosystems recycle at least 90% of their
limiting nutrient [21,28]);

– The growth of every population is explicitly limited by the resources avail-
able to it: when its resources are maximal the population increases, when
its resources are zero, the population decreases;

– Negative nutrient concentrations are not permitted, that is, when any liv-
ing population or the nutrient in the abiotic resource pool are zero, these
variables can only increase.

The first three principles ensure the set-up of model ecosystem equations that
are internally consistent. The fourth provides checks to ensure that the popu-
lations have sensible properties, that they are viable but not immortal.

The final principle ensures that there is no capacity for living populations to
“borrow” resources from the environment, and reflects that the total amount
of limiting nutrient is finite. We note that this condition does not apply to
other nutrients or resources, solely to the limiting resource. Also note that the
fifth condition, that precludes negative values, does not imply that the system
may take negative values and that we over-ride these, as is apparently done
in some complex ecological simulation model examples. The condition in our
example arises from the structure of the equations and is a property of the
system. Finally, note that we usually scale all limiting nutrient amounts by the
total amount in the ecosystem, or food web. Then our populations P (and N)
are measured as fractions or percentages. Time t is scaled to be days which,
in the case of microscopic plants that we use as a model system, equates ap-
proximately to generations.

6.2 Trait Dynamics Equation

Consider a population xi(t) divided into phenotypes classified by the trait
parameter u which continuously extends from 0 to 1 (after scaling suitably),
for each value of time t > 0. We define X(t, u) to be the mass measure of
limiting nutrient across the phenotype range, at each t, measured so that:

X(t, 0) = 0; X(t, 1) = xi(t). (8)

Then:

1

xi(t)

∫ 1

0

∂X

∂u
du =

X(t, 1)−X(t, 0)

xi(t)
= 1, for t > 0, (9)
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so that X(t, u) defines a cumulative distribution and ∂X/∂u a probability
density function on u in 0 < u < 1.

We can now define a trait mean ui and a trait variance σ2
i (at any time

t > 0) by using this probability distribution on u. So we have:

ui(t) =

∫ 1

0

u

[
1

xi(t)

∂X

∂u

]
du, (10a)

σ2
i (t) =

∫ 1

0

(u− ui)2
[

1

xi(t)

∂X

∂u

]
du, (10b)

=

∫ 1

0

u(u− ui)
∂X

∂u
du

1

xi(t)
,

because
∫ 1

0
ui(u − ui)∂X∂u du = 0. We now want to find an expression for the

change of the trait mean ui as time evolves, when the variance σ2
i (t) of the

trait distribution in the population remains small.

Phenotype dynamics are given by:

d

dt

(
∂X

∂u

)
=
∂X

∂u
fi(u;x, Υ ), for t > 0, (11)

where the life function fi for the population xi is here written in terms of all
other populations x and parameters Υ , but only the trait u is adapting together
with X(t, u), which measures the phenotype share of the xi population at each
t > 0. To recover the population dynamics equation we sum all the phenotype
behaviours by summing (11), using (9),

d

dt
xi(t) =

d

dt

∫ 1

0

∂X

∂u
du =

∫ 1

0

∂X

∂u
fi(u)du,

=

∫ 1

0

∂X

∂u
fi(ui)du+

∫ 1

0

∂X

∂u
(fi(u)− fi(ui))du,

= xi(t)fi(ui) + R1. (12)

The remainder R1 in equation (12) is small when the trait variance σ2
i is

small, as discussed later. Next we differentiate equation (10a) with respect to
t:

d

dt
ui(t) =

∫ 1

0

u

[
−

d
dtxi(t)

x2i (t)

∂X

∂u
+

1

xi(t)

d

dt

(
∂X

∂u

)]
du. (13)

Substitute (12) and (11):
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d

dt
ui(t) =

∫ 1

0

u

[
−xi(t)fi(ui)

x2i (t)

∂X

∂u
+

1

xi(t)

∂X

∂u
fi(u)

]
du+ R2,

=

∫ 1

0

u [−fi(ui) + fi(u)]
1

xi(t)

∂X

∂u
du+ R2,

=

∫ 1

0

u
∂fi
∂u

∣∣∣∣
u=ui

(u− ui)
1

xi(t)

∂X

∂u
du+ R3,

=

∫ 1

0

u(u− ui)
1

xi(t)

∂X

∂u
du

∂fi
∂u

∣∣∣∣
u=ui

+ R3,

= σ2
i

∂fi
∂u

∣∣∣∣
u=ui

+ R3, (14)

where we have used (10b) for the variance. The remainder term R3 has a
similar form to R2, and also is small when the variance is small. It arises from:

fi(u)− fi(ui) = (u− ui)
∂fi
∂u

∣∣∣∣
u=u∗

= (u− ui)
∂fi
∂u

∣∣∣∣
u=ui

+O(u− ui)2, (15)

where u∗ lies between ui and u, and where the second derivative of fi is
bounded. The terms R1, R2, and R3 are all small because of the form of the
integral of the probability measure in (10b) when the variance is small and
the function fi is smoothly twice differentiable in all its variables.

6.3 Evolutionary Equations for Bounded Trait Distributions

We implement the equations describing how the aggregate properties of trait
distributions change (see derivations in the Appendix §6.2), assuming that beta
distributions provide the greatest utility in describing many trait distributions.
We obtain different evolutionary equations for the mean value of a trait u
depending on whether or not the ecosystem constraints dictate that the trait
has bounds:

Unbounded: u̇i = σ2 ∂f

∂u

∣∣∣∣
u=ui

=

(
L2

α+ β + 1

)
∂f

∂u

∣∣∣∣
u=ui

,

Lower bounded: u̇i =

(
(ui − uL)L

α+ β + 1

)
∂f

∂u

∣∣∣∣
u=ui

,

Upper bounded: u̇i =

(
(uU − ui)L
α+ β + 1

)
∂f

∂u

∣∣∣∣
u=ui

, (16)

Lower and upper bounded: u̇i =

(
(uU − ui)(ui − uL)

α+ β + 1

)
∂f

∂u

∣∣∣∣
u=ui

.
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Here, f is the function that describes the per-capita growth of the population
that contains the trait with mean value ui. The term L = uU − uL provides
the appropriate trait variable scaling for the equations that are singly- or
un-bounded, where uL and uU are the lower and upper bound of the trait
distribution respectively. In the case of the normal distribution, uU and uL are
notional symmetric values, for example the mean ui plus or minus a standard
deviation σ.

The variances of the trait distributions are given by σ2 = L2/(α+β+1) (no-
tionally a normal distribution), (ui−uL)L/(α+β+1) and (uU−ui)L/(α+β+1)
(notionally gamma or skewed beta distributions), and (uU −ui)(ui−uL)/(α+
β + 1) for the beta distribution. Note that (uU − ui)(ui − uL)/(α + β + 1)
is an exact expression for the variance of a beta distribution, but that (ui −
uL)L/(α+ β + 1) and (uU − ui)L/(α+ β + 1) are approximations as α << β
and α >> β respectively, for α + β >> 1. Note that in some cases the trait
scalings and dimensions may be included in the ecosystem equations, and then
the trait equations just involve standard beta distributions. We use this ap-
proach in this paper.

6.4 Conservation of α+ β?

The denominators of the variances in equation (16) contain the sum α+β+1,
where α and β are commonly referred to as shape parameters of the beta
distribution. The sum α + β > 0 has several interpretations, for example as
a notional sample size in Bayesian statistics. Here, we consider its application
in genetics where it may be interpreted as a statistical estimate of the al-
lele frequencies in the components of a sub-divided population. We somewhat
abstract that interpretation to phenotypes:

α+ β =
1− F
F

, 0 < F < 1, (17)

where F is Wright’s genetic distance between two populations [29]. Small val-
ues of F indicate little differentiation between allele frequencies (phenotypes
or trait values) within a population, implying a high level of mixing within the
population. Small values of F imply large values of α+ β, so that the related
trait distribution has a small variance and is tightly focussed about the mean.

There likely exist instances where the mixing properties of a population
are independent of the dynamics of a particular trait, in which case the sum
α+ β would be constant over simulations of trait evolution. Populations with
large, constant values of α + β may remain symmetrically distributed away
from their bounds under stabilising selection, or move homogeneously to one
side or the other of their trait distribution under directional selection, but not
split into two distinct phenotypes as occurs under disruptive selection. We
observe directional selection in the simulations of both models. We chose to
maintain α + β constant in the population model, but the phenotype model
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does not. If we assume that the phenotype model is the “reality” that we test
the population model against, then an interesting question is how does α+ β,
or Wright’s F , actually change?
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