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Abstract: This paper extends the sharp kernel based autocorrelation test suggested in 
Su (2005) by implementing a data-driven selection for the power parameter in the 
regarding long-run variance estimation.  The test is shown to be robust and powerful 
by means of simulation.  An application of the test on asset returns is provided. 
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1. Introduction 
 

Lobato (2001) suggested a modified Box-Pierce (BP) test that is asymptotically pivotal 
under the null hypothesis when the underlying time-series process is uncorrelated but 
possibly dependent.  The Lobato test is analogous to the Wald-type regression-based test 
developed by Kiefer et al (2000) (KVB) as both tests use a full bandwidth Bartlett kernel 
covariance estimation for the long-run variance.  Like the KBV test, the Lobato test is 
accurate in size but not very powerful.  Su (2005) suggested a modified Lobato test using a 
class of sharp original (SO) kernels covariance estimation introduced in Phillips et al 
(2007) (PSJ) which involves utilizing a power parameter to transform the Bartlett kernel 
into a SO kernel.  When the parameter is one, the SO kernel is the Bartlett kernel and the 
modified test is actually the Lobato test.  On the other hand, as the parameter increases the 
SO kernel becomes more and more concentrated at the original and its peak more 
pronounced and sharp, and eventually the kernel collapses at one point and the modified 
test turns into the BP test.   
 

In practice, the performance of the SO kernel based test depends on the choice of the 
power parameter: as the parameter gets larger, the test gains more power yet at the cost of 
size-distortion.  Based on the simulation result, Su (2005) suggests choosing the parameter 
either 24 or 32 to balance the trade-off between size and power – the choice, however, is 
lack of any theoretical justification.  In this paper, we adopt further the suggestion of PSJ 
(2007) by applying an optimal data-driven power parameter selection for SO kernels that 
minimizes the asymptotic truncated mean squared error and work out two new testing 
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procedures.  We show that the new procedures are very promising according to their finite 
sample performance.   
 

The paper is organized as follows.  Section 2 introduces the data-driven test.  Section 3 
gives the simulation results.  Section 4 presents empirical applications of the new test 
procedures on financial asset returns.  Section 5 concludes.  
 
2. The Modified Lobato Test 
 

Let yt be a time series with mean µ and the jth-lag autocovariance 
( )( )j t t jE y yγ µ µ−= − − .  Consider the null hypothesis that 0 1: ... 0KH γ γ= = =  

against the alternative that 1 : 0jH γ ≠  for some j, j=1,...,K.  The jth-lag sample 

autocovariance is given by 1
1ˆ ( )( )T

t jj t t jT y y y yγ −
= + −∑= − −  where 1

1
T
t ty T y−
=∑=  

and let 1
ˆ ˆ ˆ( ,..., ) 'K KC γ γ=  be the vector of sample autocovariances.  Lobato (2001) 

proposed the test: 
 

' 1ˆ ˆˆ ˆ
K K KK KL TC C−= Ω       (1) 

 

where 
2 '

1
ˆ T

tK t tT S S−
=∑Ω =  with 1

ˆ( )t
jt j KS Z C=∑= − , 1, ,( ,..., ) 'j j K jZ z z=  and 

,i jz ( )( )j j iy y y y−= − − .  Denote “ ⇒ ” as weak convergence.  Under Assumption 1 of 

Lobato (2001) 1/2 ˆ (0, )K KT C N⇒ Φ  and 'ˆ
K K K KΩ ⇒ Λ Ξ Λ  with '

K K KΛ Λ =Φ  

and therefore, 1 'ˆ (1) (1)K K K KL B B−⇒ Ξ  where 
1 '
0 ( ) ( ) ,KK KB r B r dr∫Ξ =  ( )KB r  

( ) (1)K KB r rB= −  and ( )KB ⋅  is a K-dimensional vector of independent Brownian 

motions.   
 
Su (2005) suggests replacing ˆ

KΩ  in (1) by 
 

( )1
1, 0

ˆ ˆ ˆ2 /T
jK jk j Tρ ργ γ−
=∑Ω = +     (2) 

 

where ( )k xρ  is a class of SO kernels: ( ) (1 | |)k x x ρ
ρ = −  if | | 1x ≤  and 0 otherwise.  

The modified Lobato test ( *
,

ˆ
KL ρ ) has the following asymptotic distribution under the null: 

*
,

ˆ
KL ρ  1

,(1) (1) 'K K KB Bρ
−⇒ Ξ  where ,K ρΞ 1 1

0 0 ( ) ( ) ( ) 'K Kr dB r dB sρκ∫ ∫= . Su (2005) set 
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{4,  8,  16,  24, 32}ρ =  and, via simulation, ρ = 24 or 34 is recommended.  In this 
paper, following PSJ (2007), a data-driven choice of the power parameter is implemented 

as  $1/3
2/3ˆ* Tρ δ=   

 
 

where $
( )

( ) ( )

4

4
1

2 4

6 2
1

ˆ
ˆ1

ˆ ˆ4
ˆ ˆ1 1

K
i

i i
K

i i

i i i

σ
α

δ
α σ

α α

=

=

−
=

− +

∑

∑
     (3) 

 
 

with ( ) ( )2
2 2, , 1 , 1ˆ /T T

t ti i t i t i tz z zα = =− −∑ ∑= , ( )2 2
2 , , 1ˆˆ ( ) / 1T

ti i t i i tz z Tσ α= −∑= − −  and ,i tz  

( )( )t t iy y y y−= − − .  Substituting ˆ *ρ  into , *
ˆ

K ρΩ  gives the automatic data-driven , *
ˆ

k ρΩ  

and replacing ,
ˆ

k ρΩ  by , *
ˆ

k ρΩ  in *
,

ˆ
KL ρ  obtains the modified test: 

 

, *

* ' 1
ˆ, *

ˆ ˆˆ ˆ
kK K KL TC C

ρρ
−= Ω       (4) 

 

Theoretically, since ˆ*ρ → ∞  (as T → ∞ ), *ˆ,
ˆ

Tk ρ
Ω  is a consistent estimator for KΦ  

(Theorem 4 in PSJ (2007)).  Therefore, under the null hypothesis of no autocorrelation 

*
*

ˆ,
ˆ

TK
L

ρ
 converges to 2 ( )χ k .  This then leads to a standard testing procedure for *

*

ˆ,
ˆ

TK
L

ρ
 as 

the usual BP test (we shall call this procedure Approach I, *
ˆ, *

ˆ [ ]KL Iρ ). 
 

In practice, however, since ˆ *ρ  is obtained form a finite sample, the distribution of *
ˆ, *

ˆ
KL ρ  

may differ significantly from 2 ( )χ k  (particularly, when ˆ *ρ  is not large).  Hence, we 

suggest conducting the test in an alternative way (Approach II, *
ˆ, *

ˆ [ ]KL IIρ ).  Following 

Theorem 6 in Phillips et al (2006), for a fixed ˆ *ρ  with T → ∞ , 

( ) ( )'* 1
ˆ ˆ ˆ, * , * , *

ˆ 1 1K KK K KL B B Uρ ρ ρ
−⇒ Ξ ≡  where ˆ, *K ρΞ  is ,K ρΞ  with ρ  being replaced by 

ˆ *ρ .  Now, ˆ, *KU ρ  is hinged on ˆ *ρ  and its approximate quantile function which gives 

the critical values at 10, 5, and 1% significance levels are given in Table 1 through 
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simulations.   Note that in Table 1 the critical value of *
ˆ, *

ˆ [ ]KL IIρ  at α  significant level 

with K lags is approximated by a non-linear regression model on the simulated result: 
 

ˆ( *; , )cv Kρ α = 2( , )

1( , )0( , )
ˆ * 3( , )c K

c Kc K
c Kα

αα
ρ α

+
−

 

 
where 0( , )c Kα  is the quantile from the chi-squares distribution.  Table 1 shows the 
excellent fit for the regression.  
 

Table 1: Critical values of 
*

ˆ, *
ˆ [ ]KL IIρ  

 

k α c0(α,K) c1(α,K) c2(α,K) c3α,K) R2 

  10% 2.706 12.166 1.074 0.071 0.99992 
1 5% 3.841 18.891 1.053 0.016 0.99982 
  1% 6.635 43.574 1.044 -0.006 0.99997 
  10% 4.605 29.132 1.053 0.047 0.99999 
2 5% 5.991 44.057 1.055 -0.023 0.99999 
  1% 9.210 86.899 1.079 0.006 0.99995 
  10% 6.251 58.159 1.099 -0.019 0.99999 
3 5% 7.815 80.685 1.091 0.013 0.99998 
  1% 11.345 143.487 1.095 0.038 0.09998 
  10% 7.779 91.593 1.098 -0.015 0.99995 
4 5% 9.488 121.413 1.091 -0.009 0.99992 
  1% 13.277 211.913 1.096 -0.038 0.99994 
  10% 9.236 136.553 1.117 0.052 0.99997 
5 5% 11.070 176.172 1.107 0.047 0.99999 
  1% 15.086 280.455 1.096 0.046 0.99995 

 

 
3. Simulation Results 
 
In this section we report the results of Monte Carlo experiments designed to investigate 
the size and power of the modified test with optimal SO kernels in finite samples for K=1.  
The modified Lobato test is performed in two different approaches ( *

ˆ, *
ˆ [ ]KL Iρ  and 

*
ˆ, *

ˆ [ ]KL IIρ ) as discussed in the previous section. Simulations are performed in GAUSS 

using 10,000 iterations at sample sizes 100 and 500 and the empirical rejection 
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probabilities are reported at 5% significance level.  For the purpose of comparison, we also 
include the BP test and the Lobato test in the experiment. 
 
Following Su (2005), we consider two sets of examples in the simulation study.  The first 
set of examples consists of five different uncorrelated processes.  The first two processes 
are i.i.d. sequences with innovations drawn from N(0,1) and student t distribution with six 
degrees of freedom and the next three are uncorrelated but dependent over time.  The first 
example is a dependent process from example 2.1 in Romano and Thomb (1996) and 
denoted as ‘RT’.  The second example is an All-Pass ARMA (1,1) model suggested in 
Breidt et al. (1999) and the third process is a uncorrelated none martingale difference 
sequence (non-MDS): 2 1 2( 1)t t t t ty x x x x− − −= + + , where tx  is a sequence of iid (0,1)N  

random variables.  We then consider two empirical relevant models GARCH (1,1) and 
bilinear models.  The GARCH (1,1) model is t t ty x σ=  where tx  is an i.i.d. (0,1)N  

sequence and 2 2 2
1 10.001t t tyσ α βσ− −= + + .  As in Su (2005), we considered five 

different sets of ( ),β α : GARCH (A): (0.8,0.02), GARCH (B): (0.8,0.05), GARCH (C): 

(0.8,0.15), GARCH (D): (0.9,0.02), and GARCH (E): (0.9,0.05).  The bilinear model is 
given by 1 2t t t ty x bx y− −= + , where tx  is a sequence of i.i.d. (0,1)N  random variables 

with 0.35b =  for Bilinear (A), 0.5b =  for Bilinear (B) and 0.65b =  for Bilinear (C).  
 
Empirical rejection probabilities for the first set of examples are reported in Table 2(a).  
The *

ˆ, *
ˆ [ ]KL Iρ  test performs similarly to the Lobato test in all cases except in the cases of 

N(0,1), T(6) and All-Pass at T=100, in these cases the *
ˆ, *

ˆ [ ]KL Iρ  test tends to over-reject 

somewhat.  On the other hand, the *
ˆ, *

ˆ [ ]KL IIρ  test exhibits similar size control as the 

Lobato test in all cases.  Table 2(b) presents the result for the GARCH models.  Both 
*

ˆ, *
ˆ [ ]KL Iρ  and *

ˆ, *
ˆ [ ]KL IIρ  tests work well in size for all cases – between them *

ˆ, *
ˆ [ ]KL IIρ  

works slightly better than *
ˆ, *

ˆ [ ]KL Iρ .  Table 2(c) presents the result for the bilinear models.  

While both modified test are not as accurate as the Lobato test, the *
ˆ, *

ˆ [ ]KL IIρ  test tends to 

be less size-distorted.  
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Table 2: Size (Empirical RP’s at 5% level. T=sample size.) 
 

(a) Size (I) 
 

Normal   T(6)   RT   All-Pass Non-MDs    

Test T=100 T=500T=100 T=500 T=100T=500 T=100 T=500T=100 T=500 

BP .050 .050 .049 .054 .215 .240 .052 .056 .277 .391 
Lobato .052 .053 .048 .046 .036 .046 .049 .049 .030 .038 
*

ˆ, *
ˆ [ ]KL Iρ  .062 .054 .059 .049 .041 .045 .062 .055 .041 .046 
*

ˆ, *
ˆ [ ]KL IIρ  .053 .052 .050 .047 .030 .045 .053 .054 .030 .043 

 

(b) Size (II) 
 

GARCH(A) GARCH(B) GARCH(C) GARCH(D) GARCH(E)   

Test T=100 T=500 T=100 T=500 T=100 T=500 T=100 T=500 T=100 T=500

BP .054 .053 .065 .061 .088 .128 .051 .056 .060 .069 
Lobato .048 .049 .047 .047 .031 .036 .045 .051 .044 .045 

*
ˆ, *

ˆ [ ]KL Iρ  .060 .049 .060 .050 .051 .043 .058 .053 .059 .053 
*

ˆ, *
ˆ [ ]KL IIρ  .051 .048 .052 .049 .042 .042 .049 .050 .050 .051 

 

(c) Size (III) 
 

Bilinear(A) Bilinear(B) Bilinear(C)   

Test T=100 T=500 T=100 T=500 T=100 T=500 

BP .093 .100 .125 .138 .146 .184 
Lobato .050 .053 .051 .052 .046 .044 

*
ˆ, *

ˆ [ ]KL Iρ  .077 .067 .082 .069 .080 .065 
*

ˆ, *
ˆ [ ]KL IIρ  .065 .065 .070 .064 .064 .062 

 
Table 3 gives the empirical powers of the tests.  As in Su (2005), the data are generated 
following an AR(1) process: 1t t ty u uφ −= + , whose AR coefficient (φ ) takes values of 

0.05, 0.10, 0.15 and 0.20.  The innovations ( tu ) follow the N(0,1), GARCH (A, C) and 

Bilinear (B) models respectively.  We report both power and size-adjusted power (in the 
parentheses). 
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Table 3: Power (Empirical RP’s under the alternative)  

 

(a) Normal 
φ=0.05 φ=0.10 φ=0.15  AR 

Test T=100 T=500 T=100 T=500 T=100 T=500 

BP .066 .188 .139 .586 .271 .909 
 (.060) (.188) (.139) (.585) (.272) (.909) 
Lobato .058 .149 .105 .418 .185 .695 
  (.057) (.143) (.103) (.409) (.181) (.684) 

*
ˆ, *

ˆ [ ]KL Iρ  .079 .191 .151 .586 .282 .907 
  (.065) (.180) (.132) (.572) (.254) (.901) 

*
ˆ, *

ˆ [ ]KL IIρ  .067 .188 .135 .580 .255 .905 
  (.065) (.180) (.132) (.572) (.254) (.901) 

(b) GARCH(A) 
 

BP .070 .192 .145 .587 .276 .904 
 (.064) (.185) (.135) (.580) (.263) (.900) 
Lobato .059 .141 .103 .402 .179 .675 
  (.063) (.142) (.108) (.405) (.188) (.678) 

*
ˆ, *

ˆ [ ]KL Iρ  .076 .185 .147 .572 .278 .894 
  (.065) (.187) (.128) (.574) (.249) (.895) 

*
ˆ, *

ˆ [ ]KL IIρ  .066 .181 .131 .566 .254 .891 
  (.065) (.187) (.128) (.574) (.249) (.895) 

 

(c) GARCH(C) 
 

BP .111 .249 .182 .565 .297 .848 
 (.066) (.123) (.122) (.381) (.213) (.711) 
Lobato .039 .096 .073 .256 .112 .462 
  (.065) (.117) (.109) (.301) (.166) (.521) 

*
ˆ, *

ˆ [ ]KL Iρ  .069 .128 .122 .397 .214 .723 
  (.069) (.141) (.120) (.417) (.212) (.738) 

*
ˆ, *

ˆ [ ]KL IIρ  .057 .123 .105 .389 .187 .713 
  (.069) (.141) (.120) (.417) (.212) (.738) 

 

 
Note: The size-adjusted RP’s are in the parenthesis. The nominal level is 5%. T=sample size.) 
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Table 3 continued 
 

(d) Bilinear(B) 
 

φ=0.05 φ=0.10 φ=0.15 AR 

Test T=100 T=500 T=100 T=500 T=100 T=500 

BP .148 .262 .204 .557 .315 .835 
 (.066) (.134) (.107) (.373) (.186) (.686) 
Lobato .054 .091 .075 .247 .126 .464 
  (.053) (.089) (.074) (.242) (.125) (.458) 

*
ˆ, *

ˆ [ ]KL Iρ  .090 .147 .132 .415 .221 .732 
  (.056) (.117) (.085) (.360) (.159) (.684) 

*
ˆ, *

ˆ [ ]KL IIρ  .076 .142 .111 .407 .193 .723 
  (.056) (.117) (.085) (.360) (.159) (.684) 

 
The rejection frequency under the alternative for the AR(1) model with N(0,1) innovations 
is given in Table 3(a).  As the sample size and the AR coefficient increase, the power of 
each test becomes higher.  Both modified tests are nearly as powerful as the BP test 
(especially, at T=500) and *

ˆ, *
ˆ [ ]KL Iρ  is somewhat more powerful than *

ˆ, *
ˆ [ ]KL IIρ . 

 

Tables 3(a) and 3(b) report powers of all the tests in GARCH (A, C) models respectively.  
Again, both modified testing procedures are more powerful than the Lobato test and 
almost as powerful as the BP test and *

ˆ, *
ˆ [ ]KL Iρ  is more powerful than *

ˆ, *
ˆ [ ]KL IIρ .  

Finally, the same pattern is observed in Table 3(d), where the rejection power for AR(1)-
Bilinear (B) is reported. 
 
4. Applications 
 
In this section, we apply the modified test to two sets of asset returns from Tsay (2002).  
The first dataset includes two monthly stock returns – the value-weighted index returns 
(EW) and the equal-weighted index (VW) from January 1926 to December 1997 for 864 
observations from Centre for Research in Security Prices (CRSP) of the University of 
Chicago.  The second set consists monthly bond returns at three different maturities – one-
year (B1), ten-year (B10), and thirty-year (B30) – from January 1942 to December 1999 
for 696 observations. 
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In Table 4(a), the two CRSP returns are shown to be serially correlated according to the 
BP test.   Using the Lobato and the modified test, evidence of autocorrelation disappears in 
all but one case: the null hypothesis is rejected at 10% significance level for the EW return 
at K=1. 
 

Table 4: Testing for no Serial Correlation in Asset Returns 
 
(a) Stock returns 

 

EW   VW   
Test k=1 k=5 k=1 k=5 
BP 37.07*** 50.45*** 9.65*** 27.73*** 

Lobato 12.70 134.25 6.37 186.39 
*

ˆ, *
ˆ [ ] & [ ]KL I IIρ  3.52* 8.73 2.24 9.08 

(b) Bond returns 
 

B1   B10   B30   
Test k=1 k=5 k=1 k=5 k=1 k=5 
BP 109.90*** 288.03*** 6.28** 11.00* 6.82** 13.43** 

Laboto 70.56 134.68 15.52 74.29 9.39 39.04 
*

ˆ, *
ˆ [ ] &[ ]KL I IIρ  14.85*** 23.84*** 3.95** 7.26 3.46* 7.76 

 

Note: The two modified tests give the same test statistics but compares to different critical values.  
They arrive at the same conclusion in all cases in the empirical results 
 
Table 4(b) reports the empirical results on monthly bond returns.  The BP test rejects the 
null for each bond return at K=1, but at K>1 only the return of the one-year bond (B1) turn 
out to be significant.  The Lobato test rejects the null hypothesis for the B1 return only.  
Using the modified test, it is shown that the B1 return is serially correlated but the result is 
less clear for the other two bond returns with longer maturity. 
 
5. Conclusion  
 
In this paper, a robust and powerful test for no serial correlation is introduced using an 
optimal data-driven power parameter for sharp-original kernels in estimating the long-run 
covariance matrix.  Through simulations, we find that the new test is fairly accurate in size 
as the Lobato test and nearly as powerful as the BP test.  
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