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Abstract
We synthesise the generic properties of ecologically realistic multi-trophic level
models and define criteria for ecological realism. We define an “ecospace” in which all
ecologically realistic dynamics are confined, and construct “resource rays” that define the
resources available to each species at every point in the ecospace. Resource rays for a species
are lines from a vertex of maximum resource to the opposite boundary where no resources are
available. The growth functions of all biota normally decrease along their resource rays, and
change sign from positive to negative. This property prescribes that each species must have a
zero isosurface within the ecospace. We illustrate our conditions on a highly cited three
trophic level model from population dynamics, showing how to extend this system
biologically consistently to a closed ecological system. Our synthesis extends the concept of
carrying capacity of population models to explicitly include exhaustion of limiting resources,
and so allows for population biology models to be considered as ecologically closed systems
with respect to a key limiting nutrient. This approach unifies many theoretical and applied
models in a common biogeochemical framework, facilitates better understanding of the key
structures of complex ecologies, and suggests strategies for efficient design of experiments.

Keywords
Conceptual framework resource space plankton consistent ecology

2

1. Introduction

Complex marine plankton models that explicitly resolve the interactions between
several functional types or trophic levels are being developed for applications in climate
prediction (i.e. PlankTOM10 (Le Quéré et al., 2005); (Moore et al., 2002)) and fisheries
management (i.e. NEMURO (Kishi et al., 2007)). At least one limiting nutrient and three
trophic levels or plankton functional types are typically included in such models. They tend to
approximately conserve the quantity of these nutrients, and hence run in an “approximately
closed” manner. This is consistent with the view that export production in the ocean is
generally balanced by new production (Eppley and Peterson, 1979; Sarmiento and Gruber,
2006), and that plankton ecosystems therefore approximately conserve mass. Similar views
are expressed in terrestrial ecology, with Loreau (2010) noting “Without recycling of
materials in limited supply, energy flow would stop rapidly, leading to ecosystem
collapse….”, and Schmitz (2010) confirming that ecosystems in general are largely selfcontained and that material is largely recycled within a system. Similarly, many ecological
experiments, from small-scale measurements of grazing to large-scale mesocosm experiments
are done in “exactly closed” environments.
We explain our approach by considering idealised ecosystem models with three
trophic-levels that are exactly closed with respect to a limiting nutrient, in which the
populations are measured as concentrations of this nutrient. The assumption of exact
conservation of mass permits our theory to be developed, but does not restrict its practical
importance as this assumption may later be relaxed without loss of understanding. We
compare two conceptual approaches with these models: a ‘population dynamics’ approach
that constrains the lowest trophic level with a carrying capacity, and an ‘ecosystem’ approach
that conserves mass. An objective of our approach is to bridge these two areas that have
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developed essentially independently (see discussions in Loreau, 2010; May and McLean,
2007; Pastor, 2008).
There are many studies of predator/prey systems in population biology/ecology,
however, few if any of these studies include the effect of exhausting the limiting nutrient and,
in fact, most use a version of the carrying capacity concept to constrain the growth of the
lowest trophic level. Loreau (2010) argues that carrying capacity is analogous to nutrient
conservation, but in the form commonly implemented in population models (for example
Hastings and Powell (1991), McCann and Yodzis (1995), Deng (2004)) the higher trophic
levels do not influence the availability of nutrient, yet they contain nutrient that is then
unavailable to the lowest trophic level.
We present a simple way to include the effect of a limiting nutrient and create closed
ecosystem models that are both ecologically realistic and internally consistent. This approach
allows most population biology models to be incorporated into an ecosystem framework. We
formulate a simple ‘limiting resource’ criterion for each trophic level to prey on the one
below it; this allows a straightforward and ecologically consistent procedure for adding
trophic levels to models. This limiting resource approach reveals that the lack of a limiting
nutrient is a fundamental inconsistency in most predator/prey population models.
We propose a “reflective lid” condition that must be placed on the limiting nutrient.
This reflective lid condition may be expressed simply as N! > 0 on N = 0 (where N is the
amount of inorganic or “free” nutrient in the system) analogously to the implicit resource
limitation constraint of all the other trophic levels. We describe the lid as “reflective” to stress
that when the inorganic nutrient is almost exhausted the system behaviour is severely
restricted by the presence of the zero nutrient value lid.
We observe that most existing predator/prey systems, including most plankton
models, already have a version of this reflective lid behaviour when the predator’s resource
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(the prey) nears exhaustion. We extend this (usually implicitly modelled) behaviour of the
predator to the prey by observing that an autotroph taking up an inorganic nutrient is the only
internally-consistent lowest trophic level for any model, and the ecosystem is viably closed as
it is the fate of all the higher trophic levels to ultimately (after death) be recycle their organic
nutrient back into inorganic nutrient.
We consider idealized, isolated models that exactly conserve mass, as a constant total
mass ( N T ) simply defines the ecospace and hence the resource spaces. Once a consistent
model is obtained, the exact conservation of mass constraint may be relaxed without
compromising the model’s consistency or our understanding of its properties. In this case,
rather than N T being a constant it may vary according to the known flux of nutrient across
the boundaries of the model. This results in the mass-conservation lid moving over time and
hence continually modifying the ecospace. However, the important point is that an ecospace
is always defined, and this approach is therefore useful for modelling real systems that do not
exactly conserve nutrients over all time and space scales.
Our aim is to produce simple conditions (“ecological axioms”) that allow trophic
levels to be consistently added in a biologically reasonable manner. This eases the
construction, and checking, of the consistency of large computer models of self-contained
ecologies. We use our axioms to examine simple Lotka-Volterra systems that use a carrying
capacity and demonstrate an inconsistency that fundamentally separates one- and two-trophic
level models of this type from those with three or more trophic levels. We then show that the
many interesting results of population dynamics may be observed in these more realistic
ecological models, but may be modified significantly by exhaustion of the limiting resource.
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2. Conditions
2.1 Ecospace
We first rigorously define an ecological space (ecospace, E, Fig 1(a)) in which all the
ecologically relevant dynamics of the system, in this case the “life histories” of the
concentrations of the various plankton, can occur. Our first tenet is that the net growth rates of
population variables xi ( t ) , where t is time, should be measurement invariant, that is they
should not depend on the way in which the population is measured, so

1 dxi
is some
xi dt

continuous function of the variables it depends on over closed intervals 0 ! xi ! N T where

N T is the total amount of nutrient in the system. As usual we measure the populations of the
plankton functional types by xi , the amount of key, or limiting, nutrient that is in type i. Thus,
the per capita growth rates, for xi > 0 , are given by

1 dxi
= fi ( x1 , x2 ,!, xn ; N ) ,
xi dt

(1)

where fi is continuous in its arguments, which include the amount of available inorganic
nutrient (N). We describe the xi as “active” variables because they grow or die as a
proportion of their population size, and hence “control” their own dynamics. The critical
implication of this rule is that each fi should be well defined as xi tends to the zero
population level.
We only consider smooth processes where each

!fi
exists continuously in
!x j

0 ! xi ! N T . The closed intervals 0 ! xi ! N T form an ecological domain that contains all the
ecologically realistic behaviour of the system including extinction, which occurs when

xi = 0 . This domain also includes theoretically important but ecologically unrealistic states
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such as unachievable eco-world dominance, when xi = N T and all other populations are
extinct. The xi are measured in a currency of the limiting or primary nutrient, and the total
mass of this nutrient is conserved, which means that the total amount of organic nutrient in
the marine population is always equal to that consumed from the total N T in the ecology, that
is:

x1 + x2 + ! + xn = N T ! N .

(2)

This implies an equivalent condition on the fi . We differentiate (2) and use (1), which gives:
x1 f1 + x2 f2 + ! + xn fn = !

dN
.
dt

(3)

In practice for plankton systems, conservation arises because the net rate of
supply/consumption of the inorganic nutrient

dN
is in the form of (3), which by integration
dt

using the Kolmogorov equations (1) gives us (2). We note that N is a “passive” variable
because its own population size does not always influence the rate at which N changes.
It is often convenient to discuss the populations in terms of the fraction of the total
amount of nutrient that each population represents. Each population is measured by x̂i =

with N̂ =

xi
,
NT

N
, and then (2) becomes:
NT
x̂1 + x̂2 + ! + x̂n = 1 ! N̂ .

(4)

We now use equation (4) to eliminate N from equation (1): this turns the population biology
model given by equation (1) for a fixed N into an ecology with a finite value of limiting
resource. From now on we drop the hats and define the ecospace
E ! {0 < x1 + x2 + … + xn < 1; 0 < xi " i } .

(5)

Hence the variables are effectively fractions of the key limiting nutrient, which is typically
nitrogen for marine plankton systems.
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The conservation of mass condition forms an “ecological lid” at N = 0 ; when

dN
>0
dt

on N = 0 we call this the “reflective lid” condition, and the dynamics of the system are
constrained to lie below the lid. The lid is shown in Fig 1(a) as the triangular face in the plane
of the page labelled N = 0 . Note that

dN
> 0 on the ecological lid stipulates that some biota
dt

must die and re-mineralise to N when the system is in this state; thus the autotroph can grow
and the system is kept functioning. As N is passive it can (and must) grow when N = 0 , but if
any active variable goes extinct at time t* , say xi ( t* ) = 0 for some t* then xi ( t ) ! 0 for all
time. Hence life histories of plankton systems are orbits or trajectories { x1 ( t ) , x2 ( t ) ,!, xn ( t )}
that move in the ecospace E as time evolves; orbits only intersect at equilibrium (equivalently
fixed or critical) points where

dxi
= 0 for all i. Population dynamics usually focuses only on
dt

the living variables xi ; it is the ecology of a closed system that requires us to also monitor the
inorganic nutrient N, which can play a vital role in the system dynamics, especially when N
becomes small.
2.2 Resource Space
All living organisms require resources for their continued existence. The resources for
heterotrophic species in population and ecosystem models are the species upon which they
feed. The limiting resources for these species are therefore explicitly represented in the
models, and we may define resource spaces for these species analogously to our definition of
an ecospace E. The resource spaces for species that consume other species represented
explicitly in the model occupy the same space as the ecospace but differ in that they view the
ecospace E from the perspective of that heterotroph, effectively the origins of the resource
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spaces are located at different vertices of the ecospace. An n trophic level model will have n
explicit resource spaces defined by the model, which we label E 1 through to E n (Fig 1).
The resource space E i of species xi has its origin at the point in the ecospace where
that resource is maximum, that is, if xi feeds upon x j , then its resource space is defined by:

{

}

E i = {r1i ,r2i ,!,rni } = x1 , x2 ,!, x j!1 ,1! x j , x j+1 ,!, xn!1 , xn for 1 " i, j " n .

(6)

The 1! x j term in equation (6) reflects that this axis of the resource space points in the
opposite direction to the corresponding axis of the ecospace as the origin of the resource
space is located at the point of maximum resource, where x j = 1 . For a consistent ecology,
each species must have a resource explicitly defined within the system. The species
occupying the lowest trophic level in the model, say x1 , must be an autotroph that utilises
inorganic nutrient N as a resource. The resource space for such an autotroph is not obviously
defined by this scheme, as inorganic nutrient is not explicitly represented in the system due to
conservation of mass. However, the resource space for the autotroph x1 ( E 1 ) is just the
ecospace E, as from the definition of the ecospace inorganic nutrient N is a maximum at the
origin and is zero at the lid. These conditions do not necessarily preclude x1 from being a
mixotroph and also consuming other organisms, which are represented by a separate resource
space.

2.2.1 Resource Rays
We now define resource rays that span a resource space ( E i ). The rays emanate from
the origin of E i (which is the relevant pure resource vertex of E where the resource Ri = xi !1
is maximal) to the opposite face where the relevant resource level Ri = xi !1 = 0 (Fig 1(b, c)).
The biological interpretation of the rays is that available resources (inorganic nutrient in the
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case of autotrophs, but lower trophic level organisms in the case of grazers and carnivores)
reduce as one moves from the origin of the ray to the other side. We note that the resource
rays for the lowest trophic level explicitly represented in any model originate from the origin
of the state space, but will only have a zero resource face (as the higher trophic levels do) if
the system conserves mass of nutrient. This fundamental difference can lead to subtle
inconsistencies in ecological models when conservation of nutrient is not explicitly modelled.
2.2.2 Resource Ray Gradient Condition
At each point on a resource ray (say for resource Ri ), we describe the relevant xi
population’s ability to thrive on the quantity of its resource available there by its life function

fi , see (1). Here each resource ray spanning the resource space E i is written

(

(

)

)

r i = r1i ,", rni !E i where r i = x1 ,", x j!1 ,1! x j , x j+1 ,", xn , where we assume that xi feeds
!
!
on x j . Each life function fi , for conventional biology, decreases along its resource rays and
the directional derivative of a life function along its resource rays must therefore be negative.
This may be stated formally as:
$f
$f
$f
r i !"fi # r1i ii + r2i ii +…+ rni ii < 0
$r1
$r2
$rn
!
$f
$ fi
$ fi
$ fi
$f
# x1 i +…+ x j%1
+ 1% x j
+ x j+1
+…+ xn i < 0 ,(7)
$x1
$x j%1
$x j+1
$xn
$ 1% x j

(

= x1

$ fi
$ fi
+…+ x j%1
$x1
$x j%1

)(
$f
% (1% x )
$x

)

i

j

j

+ x j+1

$ fi
$f
+…+ xn i < 0
$x j+1
$xn

where the rji are the axes of the resource space E i as shown in the example in Fig 1(c). This
relation (7) is the simplest analytical way to check for normal life function behaviour.
Remark: we observe that organisms that cooperate have the potential to create exceptions to
these ray conditions. For instance, we might consider an intra-species cooperative process that
overcomes the effect of declining resources on the growth rate. Such exceptions may occur,
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for example, in a species that cooperatively hunts, where there is an optimum size for hunting
efficiency. These more interesting ecologies will not be considered here as they would require
the resource ray gradient condition to be relaxed in specific regions of the resource space.
2.2.3 The Resource Ray Sign Condition
A realistic ecosystem model must have the value of each life function fi positive at its
maximum resource vertex, that is the origin ( Ri = 1 ) of its resource space E i , and negative at
its zero resource face ( Ri = 0 ), that is the face opposite to that origin (Fig 1). Therefore,
additionally to fi decreasing along any ray from its origin to its zero-resource face or lid
(equation (7)), each life function fi must change sign along every such ray. This may be
stated formally as:
fi ( Ri = 1) > 0 > fi ( Ri = 0 ) .

(8)

The positive part of this condition fi ( Ri = 1) > 0 means that a species’ growth rate on
maximum resources must exceed its intrinsic death rate, and hence this condition constrains
the magnitude of the natural mortality rate of each species. If this condition is not met the
species does not survive in that environment, and there is little point in including it in the
model. Conversely, the condition that 0 > fi ( Ri = 0 ) means that in the absence of resources
the species must die.
The key ecological point of this condition is that each life function fi must be
negative everywhere on its zero resource face, otherwise the model claims that the species can
grow even though it has no resources to fuel its growth. Population models are constructed on
the premise that higher trophic levels feed on lower trophic levels, and the higher trophic level
populations in such models typically satisfy this condition. However, we shall show that this
condition is often not met for the first trophic level in population models with three or more

11

trophic levels that use a carrying capacity to provide “ecological realism”. This reveals a
subtle inconsistency in the theoretical basis of such models.
2.3 Zero Isosurfaces
Along every resource ray r i in its resource space E i there exists a point
!

(

)

r*i = !*i r1i ,", rni , with 0 < !*i < 1 , where the growth and loss terms of the population xi
!

( )

dx
balance (i.e. fi r*i = 0 = i ; note !*i varies as we vary the ray). These points r*i then form a
!
dt
!

surface in E that we call the fi zero isosurface (i.e. fi = 0 in E, the planes in Fig 1(c)). The
key attribute of an isosurface is that it must divide the ecospace E into two parts, one part
where xi ( t ) is increasing in t, and one where xi ( t ) is decreasing in t. Each such isosurface
( fi = 0 ) that complies with the ray conditions creates a closed part of E around the point of
maximum resource ( x1 = 0,!, x j = 1,!, xn = 0 ) for that species xi ; in this closed part xi ( t ) is
increasing. These isosurfaces may or may not intersect in the ecological domain. While it is
possible to derive conditions for specific models that determine whether none, one, several or
all of the zero isosurfaces intersect, to be brief we shall only consider the simplest realistic
ecologies in which all the zero isosurfaces intersect.

3. Lotka-Volterra Examples
Lotka-Volterra models represent the simplest case of ecosystem models as they have
planar isosurfaces. Although these models are now considered too simplistic for simulation
models, they have been a mainstay of theoretical ecology and population biology (Loreau,
2010; May and McLean, 2007; Pastor, 2008). Many studies of population dynamics use
logistic Lotka-Volterra (LLV) models, where the models have been cast in a more
ecologically realistic form by constraining the lowest trophic level to logistic growth by using
12

a carrying capacity. In the following examples we shall define for comparison mass
conserving Lotka-Volterra models (which we shall call CLV models) by taking the growth
rate (r) of the autotroph to depend linearly on the amount of available inorganic nutrient (i.e.
r = rN ).
3.1 One Trophic Level
We consider a mass conserving Lotka-Volterra (CLV) model with one trophic level:
x!1 = r̂Nx1 ! d1 x1
.
N! = d1 x1 ! r̂Nx1
Conservation of mass means

(9)

dx1 dN
+
= 0 or equivalently x1 + N = N T . We may rewrite
dt
dt

equation (9) as:
x!1 = r̂ ( N T ! x1 ) x1 ! d1 x1 .

(10)

This model satisfies our ray conditions and the positive sign condition places an upper bound
on the mortality rate d1 < r̂N T (Fig 2(a)).
It is well known that the one trophic level mass conserving Lotka-Volterra (CLV)
model is equivalent to the one trophic level LLV model (Loreau, 2010). Equation (10) is
equivalent to:

x %
"
x!1 = rx1 $ 1 ! 1 ' ,
#
K&
where K = N T !

(11)

d1
and r = r̂K . Both the CLV and LLV one trophic level models comply
r̂

with our conditions for ecological realism.
3.2 Two Trophic Levels
The two trophic level CLV model is written:
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x!1 = r̂Nx1 ! ĉ1 x1 x2 ! d1 x1
x!2 = ĉ1 x1 x2 ! d2 x2
.
N! = d1 x1 + d2 x2 ! r̂Nx1
Using

(12)

dx1 dx2 dN
+
+
= 0 ! x1 + x2 + N = N T , we rewrite (12) as:
dt
dt
dt

x!1 = r̂ ( N T ! x1 ! x2 ) x1 ! ĉ1 x1 x2 ! d1 x1
x!2 = ĉ1 x1 x2 ! d2 x2

.

(13)

Equation (13) meets our criteria for ecological realism as it complies with our ray conditions
and analogously to the one trophic level model the positive ray conditions place upper bounds
on the mortality rates: d1 < r̂N T and d2 < c1 N T (Fig 2(b, c) respectively). The two trophic
level CLV model may be rewritten as the LLV system:

x %
"
x!1 = rx1 $ 1 ! 1 ' ! c1 x1 x2
#
,
K&
x!2 = c1 x1 x2 ! d2 x2
where K = N T !

(14)

d1
, r = r̂K and c1 = r̂ + ĉ1 . Both the CLV and LLV two trophic level
r̂

models are therefore ecologically consistent and realistic, and we observe that K is the
carrying capacity of x1 in the absence of x2 .
3.3 Three Trophic Levels
The three trophic level CLV model is:
x!1 = r̂Nx1 ! ĉ1 x1 x2 ! d1 x1
x!2 = ĉ1 x1 x2 ! ĉ2 x2 x3 ! d2 x2
’
x! 3 = ĉ2 x2 x3 ! d3 x3
N! = d1 x1 + d2 x2 + d3 x3 ! r̂Nx1
which may be rewritten using

(15)

dx1 dx2 dx3 dN
+
+
+
= 0 ! x1 + x2 + x3 + N = N T as
dt
dt
dt
dt
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x!1 = r̂ ( N T ! x1 ! x2 ! x3 ) x1 ! ĉ1 x1 x2 ! d1 x1
x!2 = ĉ1 x1 x2 ! ĉ2 x2 x3 ! d2 x2
x! 3 = ĉ2 x2 x3 ! d3 x3

.

(16)

The ray gradient conditions for all the fi are satisfied and the positive ray conditions again
place upper bounds on the magnitude of the mortality rates: d1 < r̂N T , d2 < ĉ1 N T , and

d3 < ĉ2 N T (Fig 3(a)). All species therefore satisfy our ray conditions everywhere in the state
space provided the mortality terms for each are sensible, that is, allow them to grow on
maximal resources.
The three trophic level CLV model may be written in LLV form as:

x %
r
"
x!1 = rx1 $ 1 ! 1 ' ! c1 x1 x2 ! x1 x3
#
K&
K
,
x!2 = c1 x1 x2 ! c2 x2 x3 ! d2 x2
x! 3 = c2 x2 x3 ! d3 x3
where K = N T !

(17)

d1
, r = r̂K . and c1 = r̂ + ĉ1 . This model is not equivalent to the usual three
r̂

trophic level LLV model (Deng, 2004; Hastings and Powell, 1991; Rosenzweig, 1973):

x %
"
x!1 = rx1 $ 1 ! 1 ' ! c1 x1 x2
#
K&
x!2 = c1 x1 x2 ! c2 x2 x3 ! d2 x2 ,
x! 3 = c2 x2 x3 ! d3 x3

(18)

as the LLV model does not include the interaction term r̂x1 x3 = ( r K ) x1 x3 . The LLV model is
only consistent with the CLV model if x1 and x3 have an amensal relationship, that is, the
presence of x3 is detrimental to x1 but x3 gains no benefit from the interaction. In contrast,
the inclusion of such an interaction term in a mass conservation context represents that the
nutrient assimilated into the x3 population is not available to fuel x1 ’s growth. The
implication of the absence of this term from LLV models becomes apparent by applying our
ray conditions.
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The ray conditions for f2 and f3 of the LLV model (Fig 3(b) second and third boxes)
are the same as for the CLV model (Fig 3(a)), and the resource rays for f1 originate from the
r
origin of E, as previously. The ray gradient condition x ! "f1 = # x1 # c1 x2 < 0 is satisfied,
K
!

and the positive ray sign condition is satisfied at the origin f1 ( 0 ) = r > 0 . The negative ray

x %
r
"
sign condition for f1 is 0 > r $ 1 ! 1 ' ! c1 x2 , which is only satisfied where x1 + c1 x2 > r
#
K
K&
(Fig 3(b) first box). This condition is independent of x3 , therefore the isosurface f1 = 0 does
not form a closed subspace around the point of maximum resource, and the model is
internally inconsistent. This inconsistency somewhat counter-intuitively results in the
population of x3 being unbounded, as is evident in the life histories in Fig 3(b). The dynamics
of the Lotka-Volterra system changes substantially as a result of resolving this inconsistency
(cf Fig 3 (a) with (b)), however, this is not necessarily the case, as we shall demonstrate using
the ‘teacup’ model of Hastings and Powell (1991).

4. The Hastings and Powell (1991) example
We take a popular three trophic level food web model of Hastings and Powell (1991)
that has been subject to considerable interest over the past twenty years (McCann and Yodzis,
1995; Rinaldi and Muratori, 1992; Yu et al., 1996). The bifurcation structure of this model
has recently been analysed in detail by Deng and Hines (Deng, 2001; Deng, 2004; Deng and
Hines, 2002; Deng and Hines, 2003) with a particular aim of showing different chaotic
behaviours for certain parameter regimes. The model, after scaling time by the intrinsic
growth rate of x, and x, y and z by the carrying capacity of x, is:

dx
a xy
,
= x (1 ! x ) ! 1
dt
1 + b1 x

16

(19)

" ax
%
dy
az
= y $ 1 ! 2 ! d1 ' ,
dt
# 1 + b1 x 1 + b2 y
&

(20)

" ay
%
dz
= z $ 2 ! d2 ' .
dt
# 1 + b2 y
&

(21)

We utilise parameter values nominated by Hastings and Powell (1991), given in Table 2, in
our numerical simulations, which give the famous ‘teacup attractor’ they described (Fig 4(a)).
The ray gradient conditions are satisfied for all fi , and the ray sign conditions are satisfied for

f2 and f3 . The positive ray sign condition is met for f1 , but the negative ray sign condition is

(

)

not, as f1 R1 = 0 = 1! x !

(1 ! x ) (1 + b1 x )
a1 y
(Fig 4(a), first
< 0 is only satisfied for y >
1+ b1 x
a1

box, third line). As for the three trophic level LLV model above, this condition does not
satisfy our requirement that each isosurface forms a closed space about the point of maximum
resource. Although f1 contains an explicit term designed to confer ecological realism through
the inclusion of a carrying capacity, f1 is inconsistent with the other equations in the model as
it effectively frees z from its apparent resource limitation.
The model orbits in Fig. 4(a) can penetrate the scaled resource level of the ecosystem
because there is no lid condition in the model, with the f1 isosurface clearly showing that x
can grow regardless of how much nutrient is sequestered in the z population. This again
results in the population of the highest trophic level ( z ) being effectively unbounded.
The Hastings and Powell model may be put into a consistent ecosystem form if we
introduce a limiting inorganic nutrient (N ) and half-saturation constant ( ! ) as follows:

dx
a xy
# N
&
,
= x%
" x( " 1
$ N +!
' 1 + b1 x
dt

(22)

" ax
%
dy
az
= y $ 1 ! 2 ! d1 ' ,
dt
# 1 + b1 x 1 + b2 y
&

(23)
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" ay
%
dz
= z $ 2 ! d2 ' .
dt
# 1 + b2 y
&

(24)

Here we choose a simple Michalis-Menten (Holling type II) modification of the
growth rate coefficient so that at small values of the inorganic nutrient ( N < ! ) the growth
rate linearly depends on the amount of inorganic nutrient available. The ray gradient
conditions are met for all fi as before, as are the positive ray sign conditions and the negative
ray conditions for f2 and f3 (Figure 3(b)). The negative ray sign condition for f1 is now

(

)

f1 R1 = N = 0 = !x !

a1 y
which is negative everywhere in the ecospace.
1 + b1 x

This “closed population dynamics” model now satisfies the ecology conditions (above
axioms) with the only difference to the CLV model being that the planar isosurfaces are
curved. Figure 4(b) shows that orbits cannot penetrate the scaled resource level of the
ecosystem due to the cap of the limiting nutrient being imposed. The isosurface folds over so
that f1 is strictly negative on the reflective lid; the influence of the reflective lid on the
dynamics is then to bend the orbits, or life histories, of the populations (the ‘handle’ of the
teacup attractor) to keep them under the lid.
We note that we have used a small value of ! (Table 2) for the simulation in Fig 4(b)
to demonstrate that a smooth transition between inconsistent and consistent formulations is
possible, and that population models do not necessarily lose their interesting properties.
However, as ! is increased the chaotic attractor is replaced by a stable equilibrium point that
moves to a distribution of mass more consistent with the concept of a trophic pyramid.

5. Conclusions
We define criteria for the construction of consistent ecologies in which the life
functions that describe the growth, predation and mortality of each species, guild or functional
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type are constrained by generic principles. These three basic principles of independence of
scale, conservation of mass and explicit resource limitation may be considered ecological
axioms that ensure realistic ecologies. In the real world no ecosystem exactly conserves mass
(although laboratory and mesocosm experiments may impose this), however, imposition of
exact mass conservation may provide deeper insight in a similar manner that assumptions of
exact linearity have provided for many systems.
We implement explicit resource limitation by defining resource rays, and propose
conditions along rays from each of the xi trophic level’s maximum resource vertex (generally

xi !1 = N T = 1 ) of the ecospace E. This condition says that the trophic function fi must
decrease from positive to negative values as we move along each such ray in ecospace.
Checking the ray conditions that fi decreases from positive to negative values along each ray
allows complex, multi-trophic level models to be readily checked for ecological consistency.
Along every ray there exists a point where the growth and loss terms of the population’s fi

( )

balance (i.e. fi R*i = 0 =

dxi
); these zero net resource points form an isosurface in E that
dt

creates a closed subspace about its maximum resource vertex. When measured along any ray
each isosurface lies at a distance R*i from the face where the relevant resource equals zero,
and R*i is the minimum resource level required for the population xi to continuously exist.
This is consistent with the R* theory that robustly predicts the winner of chemostat
competition among phytoplankton (Tilman, 2007).
When we take the simplest biological life functions fi to be planar (i.e. Fig 3), we
usually find just one stable equilibrium point in ecospace, about which the populations may
oscillate. When we consider more interesting biological life functions, where the fi zero
isosurfaces have become more curved (i.e. Fig 4), we may obtain life histories that become
very complicated, as in the tea-cup attractor of the Hastings and Powell (1991) system.
19

However, the presence of the reflective lid, at which the limiting resource becomes exhausted,
may significantly modify the isosurfaces; this is shown for models with simple and complex
life histories in Figures 3 and 4 respectively. Thus key experiments are required to determine
the nature of the curvature of the zero isosurfaces. Such consistent ecological models then
allow reliable computer modelling of ecological systems where the lowest trophic levels may
be under increasing pressure from a changing environment, and humans are maximally
exploiting the top trophic levels.
We view this approach as an adjunct to, rather than a replacement for, the usual fixed
point approach. Analysis of the fixed points will not necessarily identify inconsistencies in a
model that will be identified by this approach. The Lotka-Volterra and Hastings and Powell
models are used only to demonstrate that the method easily and reliably identifies
inconsistencies. We considered the Hastings and Powell model to make the point that
imposing conservation of mass and explicit resource limitation does not necessarily mean that
the interesting properties of a model are lost or even that the dynamics are significantly
changed.
Our approach provides a unifying framework for understanding theoretical models
that spans the divide between population dynamics and ecosystems. The models we consider
here are simple and well-understood systems but it is in the construction and validation of
complex ecosystem biogeochemical models being developed for applications in climate
modelling and fisheries management that the advantages of these ecological axioms will be
most evident.
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Tables
Table 1. Nondimensional parameters and parameter values used in numerical solutions
of the Lotka-Volterra models for NT = 1.

Non-dimensional parameters LV model value

r

1

c1

0.3

c2

0.3

d1

0.1

d2

0.01

Table 2. Non-dimensional parameters, scalings and parameter values used in numerical
solutions of the Hastings and Powell (1991) model.

Non-dimensional parameters

Scaling*

Parameter values

a1

( K 0 A1 ) ( R0 B1 )

5.0

b1

K 0 B1

3.0

a2

( K 0 A2C2 ) (C1R0 B2 )

0.1

b2

K 0 ( C1 B2 )

2.0

d1

D1 R0

0.4

d2

D2 R0

0.01

!
*

0.000125

R0 is the intrinsic growth rate of x; K 0 is the carrying capacity of x; C1 and C2 are the

conversion rates of x to y and of y to z; D1 and D2 are the death rates of y and z; A1 and A2
are the grazing rates of y on x and z on y; and B1 and B2 are the half-saturation constants for y
grazing on x and z grazing on y. ! is introduced with the imposition of mass conservation.
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Figure Legends

Figure 1. (a) A three-species ecospace showing the lid at N = 0 imposed by conservation of mass
(dotted lines). (b) A typical resource space showing the maximum resource vertex at Ri = 1 and the
zero resource face opposite (Ri = 0), a resource ray (solid arrow), and isosurfaces (fi), including a zero
isosurface. (c) Three resource spaces for a three-trophic level ecosystem model. Three resource rays,
spanning each space from Ri = 1 to Ri = 0, and a planar zero isosurface (fi = 0) are shown for each
resource space. E2 is analogous to (b) above.

Figure 2. The ecospace, resource space, resource rays, zero isosurfaces and ray gradient and ray sign
conditions for logistic Lotka-Volterra (LLV) systems. (a) A one trophic level model. (b) The lower
trophic level of a two-trophic level system. (c) The upper trophic level of a two-trophic level system.
Solid dark axes are the axes of the ecospace (E), broad dashed grey axes are the axes of the
appropriate resource space (Ei ). Dashed lines are the Ri = 0 lid imposed by the conservation of mass
criterion. The solid arrows are the resource rays and the dotted lines denote the zero isosurfaces.

Figure 3. Resource spaces, zero isosurfaces and life histories for three trophic level Lotka-Volterra
systems. (a) A logistic Lotka-Volterra system (LLV) and (b) a conservative Lotka-Volterra system
(CLV). The shaded surfaces are the zero isosurfaces and the lines are typical dynamics (life histories)
of each system. The resource spaces, ray gradient and ray sign conditions for each species are given in
the boxes on the right. The LLV system fails the negative ray sign condition for species x1 (panel (b),
top box, third line).
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Figure 4. Resource spaces, zero isosurfaces and life histories for the Hastings and Powell (1991)
model as originally formulated (a) and in mass conserving form (b). In both figure parts the model has
been scaled by a nominal quantity of nutrient (NT = 11). The shaded surfaces are the zero isosurfaces
and the lines are typical dynamics (life histories) of each system that form the teacup attractor. The
resource spaces, ray gradient and ray sign conditions for each species are given in the boxes on the
right. The original system fails the negative ray sign condition for species x (panel (a), top box, third
line).
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