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ABSTRACT 
 
One of the main advantages of cold-formed steel profiles is the great flexibility of cross-sectional 

shapes, attributable to the manufacturing process allowing achievement of almost any desired 
cross-section. The cross-sectional shape is the key element in enhancing the strength of cold-
formed steel profiles as it controls the three fundamental buckling modes: local, distortional (for 
open profiles) and global. However, research on optimisation of cold-formed steel profiles has been 
mainly restricted to the conventional C, Z or Σ cross-sectional shapes and seldom new cross-
sectional shapes have been considered.  

This report presents the optimisation of cold-formed open columns using the recently developed 
self-shape optimisation method that aims to discover new profile shapes. The strength of the cold-
formed steel sections is calculated using the Direct Strength Method (DSM) and the rules developed 
in this research to automatically determine the local and distortional elastic buckling stresses from 
the Finite Strip and constrained Finite Strip Methods are discussed. The rules are verified against 
conventional and optimum sections yielded in this research, and found to accurately predict the 
elastic buckling stresses. The optimisation method is applied to singly-symmetric (mono-symmetric) 
cold-formed steel columns and the operators behind the method for the special case of singly-
symmetric open profiles are introduced in this paper. “Optimum” cross-sections for simply supported 
columns, 1.2 mm thick, free to warp and subjected to a compressive axial load of 75 kN are 
presented for column lengths ranging from 1,000 mm to 2,500 mm. Results show that the “optimum” 
cross-sections are found in a relatively low number of generations and typically form non-
conventional “bean”, “oval” or rounded “Σ” sections. The algorithm optimises for distortional and 
global buckling, therefore likely subjecting the cross-sections to buckling interaction. A manual 
attempt to redraw the “optimum” cross-sections to include limitations of current manufacturing 
processes is made. Future developments of the method for practical applications are also 
discussed. 
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1 INTRODUCTION 
 
Cold-formed steel columns are widely used in the construction industry due to their lightweight, 

easy installation and erection, and economy. The strength and efficiency of cold-formed steel 
profiles depends on the cross-sectional shape, which controls the three fundamental buckling 
modes: local, distortional and global. Despite the manufacturing process allowing achievement of 
almost any desired cross-sections, conventional C, Z or Σ cross-sectional shapes are normally used 
in practice. Very few researches aim at optimising the cross-sectional shape itself [1-3], as detailed 
in the literature review on shape optimisation in [4]. 

This report aims to extend the self-shape optimisation principles described in the companion 
report [4], to the strength optimisation of cold-formed steel columns. In the present case, the 
member capacity depends not only on the second moments of area, but also on the slenderness 
with respect to global, local and distortional buckling modes. There are no direct closed form 
equations for determining the member capacity accounting for these buckling modes. 

Automatic determination of the elastic buckling stresses of cold-formed steel profiles for 
optimisation purposes is challenging as “engineering judgement” is often needed to select the 
appropriate buckling value when elastic buckling analyses fail to directly identify a mode. This paper 
presents a clear set of rules to obtain the local and distortional elastic buckling stresses using the 
Finite Strip Method (FSM) [5-7] and constrained Finite Strip Method (cFSM) [8-11]. The rules are 
verified against conventional and “optimum” cross-sections yielded in the present work, and are 
found to accurately predict the elastic buckling stresses.  

The operators that allow the cross-section to self-shape to an “optimum” profile are presented for 
singly-symmetric (mono-symmetric) open cross-sections, and columns of lengths varying from 
1,000 mm to 2,500 mm are optimised for a targeted compressive axial capacity of 75 kN. The 
optimum cross-sectional shapes found in the present work are discussed with respect to their 
shape, dimensions, critical buckling modes and buckling mode interactions.  

A manual attempt to redraw the “optimum” cross-sections found in this research to include the 
current limitations of cold-forming processes is made. Future developments of the method are 
discussed. 

 
 

2 OPTIMISATION PROBLEM 
 
The optimisation problem is illustrated in Figure 1 and consists of minimising the cross-sectional 

area A of a column subjected to an axial compressive load N* of 75 kN. The column is composed of 
1.2 mm thick cold-formed steel open section, and is free to warp at the supports. The yield stress fy 
is taken as 450 MPa, the Young modulus E as 200 GPa and the shear modulus G as 77 GPa. 
Buckling lengths varying from 1,000 mm to 2,500 mm in 500 mm increment are included in the 
present study. 

 

 
Figure 1 : Optimisation of an open thin-walled section column 

 
The unconstrained optimisation problem suitable for GA is expressed as,  

 

Minimise 1
c

*

squash N

N

A

A
f   (1) 

where f is referred to as the “fitness function” and Asquash represents the lower bound cross-sectional 
area of the profile, defined as,  
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 y

*

squash f

N
A    (2) 

and Nc represents the nominal axial capacity of the column. The automatic determination of Nc is 
discussed in Section 3. The parameter α is a penalty factor. 

 
 

3 AUTOMATICDETERMINATION OF THE AXIAL COMPRESSION CAPACITY NC 
USING THE DSM 

 
3.1 The Direct Strength Method for columns 

 
In order to estimate the nominal axial compression capacity Nc of the cross-sections in Eq. (1), 

the Australian design standard AS/NZS 4600 Cold-formed Steel Structures [12] is used in this 
research. The standard allows the determination of the axial capacity using two distinct methods, 
referred to as the “Effective Width Method” (EWM) and the “Direct Strength Method” (DSM). The 
DSM, developed by Schafer and Pekoz [13], looks at the entire member rather than individual 
elements as in the EWM and has the advantages of offering the same design simplicity for complex 
and simple sections. Its recent development for the design of cold-formed steel sections [14-15] has 
simplified the design procedure when compared to earlier methods based on the EWM [12, 16-17]. 
More importantly, it allows a more direct route to section optimisation as the three fundamental 
buckling modes (local, distortional, and global) are now represented by direct strength equations 
thus allowing the GA to operate with a more clearly defined set of constraints. This was not possible 
previously [18].  

In the DSM, the global, local and distortional axial member capacities, Nce (see Section 3.1.1), Ncl 
(see Section 3.1.2) and Ncd (see Section 3.1.3), respectively, are calculated and the nominal 
member axial capacity in compression Nc is equal to the lowest of them, 

   cdclcec N,N,NminN   (3) 
 
3.1.1 Flexural, torsional or flexural-torsional member capacity Nce in the DSM 

 
The global buckling mode does not involve change of the cross-sectional shape, but translation 

(flexure) and/or rotation (torsion) of the entire cross-section. Global buckling modes are referred to 
as “flexural”, “torsional” and “flexural-torsional” for members in compression. For singly-symmetric 
open cross-section, the columns will either fail in flexural or flexural-torsional buckling. Figure 2 
shows the flexural-torsional buckling mode of a 90 mm high, 50 mm wide and 1.2 mm thick, lipped 
Cee-section, referred to as C9012. 

 

 
Figure 2: Flexural-torsional buckling mode of a C9012, lipped Cee-section 
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The DSM specified in AS/NZS 4600 [12] calculates the nominal capacity of a member in 

compression Nce for global buckling as, 

For  : 1.5c     yce N.N c
2

6580   (4) 

For : 1.5c   y
c

ce N
.

N 









2

8770


 (5) 

λc is the non-dimensional slenderness ratio defined as, 

 
oc

y
c N

N
  (6) 

where Noc is the elastic global buckling load taken as, 
 ococ AfN   (7) 

and Ny is the nominal yield capacity defined as, 
 yy AfN   (8) 

A is the gross cross-sectional area in Eqs. (7) and (8), foc is the elastic global buckling stress in 
Eq. (7) and fy is the yield stress in Eq. (8). 

In this study, the elastic global buckling stress foc is determined using Timoshenko’s buckling 
theory as given in Clause 3.4.3 of AS/NZS 4600 [12]. For singly-symmetric open cross-sections, 
where x is the axis of symmetry, y is the axis perpendicular to the axis of symmetry and z is the 
member axis, foc is given as, 

 )f,fmin(f oyoxzoc   (9) 

where foxz is the elastic flexural-torsional buckling stress given as, 

     



  ozoxozoxozoxoxz fffffff 


4

2

1 2  (10) 

and foy is the lateral elastic buckling stress about the axis perpendicular to the axis of symmetry (y-
axis) and given as, 
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In Eq. (10), fox and foz are the elastic lateral buckling stress about the axis of symmetry (x-axis) 
and the elastic torsional buckling stress (about z-axis), respectively, given as, 
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, and β is a coefficient given as, 

 

2

1 









ol

os

r

x
  (14) 

with the polar radius of gyration of the cross-section about the shear centre rol defined as, 

 2
os

yx
ol x

A

II
r 


  (15) 

In previous Eqs. (11) to (15), xos is the distance between the shear center and the centroid of the 
cross-section, rx and ry are the radii of gyration about the x- and y-axes respectively, Ix and Iy are the 
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second moments of area about the x- and y-axis respectively, E is the Young’s modulus, G is the 
shear modulus, J is the St Venant Torsion constant, lex, ley and lez are the effective lengths for 
buckling about x-, y- and z-axes respectively, and Cw is the warping constant. 

 
3.1.2 Local member capacity Ncl in the DSM 

 
Local buckling involves a change in the cross-sectional shape and includes only rotation, not 

translation, at the fold lines (e.g. the corners of of a plain channel section) [15]. Figure 3 shows the 
local deformation of the C9012 lipped Cee-section. 

 

 
Figure 3: Local buckling mode of a C9012, lipped Cee-section 

 
The DSM specified in AS/NZS 4600 [12] account for the interaction between local and global 

buckling, and calculates the nominal capacity of a column Ncl for local buckling as, 
For :0.776 l   cecl N=N  (16) 

For :0.776 l   ce

.

ce

ol

.

ce

ol
cl N

N

N

N

N
.=N

4040

1501 



























  (17) 

where λl is a non-dimensional slenderness ratio defined as, 

 
ol

ce
l N

N
  (18) 

and Nol is the elastic local buckling load taken as, 
 olol AfN   (19) 

where A is the gross area of the cross-section and fol is the elastic local buckling stress. The 
determination of fol for randomly drawn cross-sections is discussed in Section 3.2.3. 

 
3.1.3 Distortional member capacity Ncd in the DSM 

 
Distortional buckling involves distortion of the cross-section, which includes translation and 

rotation at one or more fold lines. The half-wavelength falls between local and global buckling [15]. 
Figure 4 shows the distortional deformation of the C9012 lipped Cee-section. 

The DSM specified in AS/NZS 4600 [12] calculates the nominal column capacity of a Ncd for 
distortional buckling as, 

For  : 0.561d   ycd N=N  (20) 
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  (21) 

where λd is a non-dimensional slenderness ratio defined as, 
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od

y
d N

N
  (22) 

and Nod is the elastic distortional buckling load taken as, 
 odod AfN   (23) 

where A is the gross area of the cross-section and fod is the elastic distortional buckling stress. The 
determination of fod for randomly drawn cross-sections is discussed in Section 3.2.4. 
 

 
Figure 4: Distortional buckling mode of a C9012, lipped Cee-section 

 
3.1.4 Current research to enhance the DSM 

 
Research is currently undertaken to account for interactions between buckling modes other than 

local and global buckling [19-27]. However, further investigation is needed to completely consider 
these interactions for practical design, and the DSM as adopted in Clause 7 of AS/NZS 4600 [12] is 
adopted in this study. However, the present optimisation procedure is anticipated to consider all 
buckling mode interactions when these phenomena are fully incorporated in the DSM. A discussion 
of buckling mode interactions for the “optimum” cross-sections found in this study is given in Section 
5.5.1.  

 
3.2 Elastic buckling stresses 

 
3.2.1 General 

 
As shown in Sections 3.1.1 to 3.1.3, the elastic global, local and distortional buckling stresses foc, 

fol and fod, respectively, are needed to calculate the global, local and distortional member capacities 
Nce, Ncl and Ncd, respectively. The elastic global buckling stress foc can be estimated by either the 
Finite Strip Method (FSM) [5-7] or Timoshenko’s buckling theory, as given in Eq. (9) for singly-
symmetric open cross-sections, whereas the elastic local and distortional buckling stresses fol and 
fod, respectively, are typically estimated using the FSM.  

In the FSM, a member is divided in strips and the elastic buckling stress of that member is 
calculated so that it can only deform in a single half sine wave, referred to as the half-wavelength 
[17]. Each strip is assumed to be free to deform in its plane and out-of-plane. A Finite Strip analysis 
provides a buckling curve, also referred to as the “signature curve”, of the buckling stresses against 
the half-wavelength with the associated buckling modes. Figure 5 shows the buckling curve 
obtained from a Finite Strip analysis of the C9012, lipped Cee-section.  
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Figure 5: Signature curve and mode decomposition for a C9012 lipped Cee-section  

 
Ideally, a buckling curve, such as the one shown in Figure 5, has two minima corresponding to 

the elastic local (first minimum) and distortional (second minimum) buckling stresses. However, 
Finite Strip analyses often result in one or no local minimum and fail to directly identify the local 
and/or distortional buckling stresses. Indistinct buckling modes can be manually identified as 
discussed in [15] and Section 3.2.5. Yet, the recent development of the constrained Finite Strip 
Method (cFSM) [8-11] opened new possibilities in optimisation of cold-formed steel members by 
providing automatic identification of indistinct buckling modes [28]. The cFSM enables calculations 
of “pure” buckling modes [9] and separates buckling modes into four subspaces referred to as 
“global”, “distortional”, “local” and “other”. The buckling curves for each “pure” mode can be 
calculated individually with the mode definitions adopted from the Generalised Beam Theory (GBT) 
[9]. The pure mode decompositions for distortional and local buckling using the cFSM are shown in 
Figure 5 for the C9012 lipped Cee-section. 

Currently, no clear set of proven rules exists to automatically determine the local and distortional 
elastic buckling stresses for shape optimisation. For general optimisation purposes, Schafer [28] 
recommends the use of the cFSM to determine the critical half-wavelengths from the “pure” modes 
(i.e. determining the half-wavelengths corresponding to the minimum of the “pure” mode buckling 
curves) in conjunction with the use of FSM to determine the buckling stresses. Additionally, Li and 
Shafer [29] advises to perform constrained Finite Strip analyses on straight-line models, ignoring the 
corners. The latter recommendation is however not suitable for shape optimisation purposes that 
typically generate rounded cross-sections, as shown in Section 5 and [3]. Alternatively, if the 
signature curve from a Finite Strip analysis has unique minima, the need for performing a 
constrained Finite Strip analysis may be avoided [29].  

For shape optimisation purposes, Leng et. al. [3] only performed Finite Strip analyses and, if 
more than one local minimum exist on the buckling curve, chose the first local minimum of the 
buckling curve for fol and the smallest of the remaining local minima, for fod. If only one local 
minimum exists, then this minimum is chosen for fol if it occurs at a half-wavelength less than a 
reference length. Otherwise, the local minimum is chosen for fod. The reference half-wavelength is 
initially taken as the “perimeter length” and regularly updated through the optimisation process as 
the distortional critical half-wavelength when more than one local minimum exists. However, it is not 
clear if the method consistently determines the actual elastic buckling stresses, as if only one local 
minimum exists and is greater than the reference length, the algorithm is likely to overestimate the 
critical half-wavelength Lcrl for local buckling. Conversely, if the local minimum occurs at a half-
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wavelength less than the reference, the critical half-wavelength Lcrd for distortional buckling may be 
underestimated.  

 
3.2.2 The use of the cFSM for local buckling and shape optimisation 

 
The calculation of the “pure” local buckling curve from the cFSM requires intermediate nodes, 

referred to as “sub-nodes”, to be inserted between “main nodes”. The “main nodes” are located at 
the intersection of two strips having a non-zero angle relative to each other [8]. Consecutive “sub-
nodes” are therefore aligned and the plates are only able to buckle between “main nodes”.  
 

 
 (a)  (b) 

Figure 6: (a) C-section unmodified (“aligned”) and (b) C-section modified (“misaligned”) 
 
Consequently, the cFSM for local buckling is well suited for cross-sections with straight lines and 

no rounded corners. For randomly drawn cross-sections where strips are likely to have non-zero 
angles relative to each other or for cross-sections with not perfectly flat sides, it is unclear which 
nodes have to be considered as “sub-nodes”. Moreover, it is likely that the transition from a “sub-
node” to a “main node” is a gradual process with “sub-nodes” partially preventing the plate to buckle 
between “main nodes”. 

Currently, CUFSM [30] checks if three or more consecutive nodes are aligned, within a given 
tolerance, to make the distinction between ”sub-nodes” and “main nodes”, and is likely to consider 
too many nodes as “main nodes”, gives low critical half-wavelengths and therefore overestimates 
the local elastic buckling stress fol. 

To illustrate this statement, two C9012 lipped Cee-sections with the web subdivided into nine 
elements (ten nodes) are analysed using the FSM and cFSM for local buckling using CUFSM [30]. 
All nodes in the web are perfectly aligned for the first Cee-section (see Figure 6 (a)) and the four 
middle nodes of the web are misaligned by half the thickness of the cross-section for the second 
Cee-section (see Figure 6 (b)) in order to simulate a cross-section that could be generated in the 
optimisation process. 

Figure 7 plots the Finite Strip and constrained Finite Strip analyses for local buckling for the two 
cross-sections in Figure 6. When the nodes of the web are perfectly aligned, the cFSM and FSM 
both predict the same critical half-wavelength for local buckling at 72 mm. However, despite having 
little difference in the global buckling curves between the “aligned” and “misaligned” cross-sections, 
nodes 1, 3, 4, 7, 8 and 10 for the “misaligned” cross-section in Figure 6 (b) are considered as “main 
nodes” in the constrained Finite Strip analysis, resulting in a critical half-wavelength for local 
buckling at 44 mm, i.e. 1.6 times less than the actual critical half-wavelength. The error in 
determining the critical half-wavelength results in the overestimation of the elastic load buckling 
stress by 50%, as shown in Figure 7. Determination of the critical local half-wavelength using cFSM 
is therefore not recommended for arbitrarily drawn cross-sections that experience node 
misalignments, and the rules described below have been used to determine the elastic local 
buckling stress.  
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Figure 7: Buckling curve of the “aligned” and “misaligned” C9012 lipped Cee-sections 

 
3.2.3 Proposed rule for determining the elastic local buckling stress fol 

 
The critical half-wavelength Lcrl for local buckling for a member in compression is typically less 

than or equal to the largest dimension d of the cross-section [15], and the elastic local buckling 
stress fol would typically correspond to the minimum of the buckling curve at a half-wavelength lower 
than d but greater than the least radius of gyration of the column r0, as illustrated in Figure 8 on the 
C9012 lipped Cee-section.  
 

 
Figure 8: Local buckling of a C9012 lipped Cee-section 

 
In this study, the elastic local buckling stress fol of a cross-section is determined from the smallest 

local minimum if it exists or from the smallest gradient of the buckling curve, in the half-wavelength 
interval [r0, d]. Section 3.2.5 illustrates this rule and its accuracy on various examples. 

The following steps are performed in the optimisation process: 
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Step 1:  a) Determine the least radius of gyration r0 and the largest dimension d of the cross-
section. 

 b) Calculate the buckling curve in CUFSM [30] in the interval [r0, d] in 10 mm steps for the 
half-wavelength.  

Step 2:  a) If at least one local minimum exists, then fol is equal to the smallest local minimum. 
 b) Else identify the minimum gradient of the buckling curve and fol is taken as the buckling 

stress corresponding to this minimum gradient. 
 

3.2.4 Proposed rule for determining the elastic distortional buckling stress fod 
 
Distortional buckling occurs at a half-wavelength significantly greater than local buckling, typically 

between three and nine times the largest dimension d of the cross-section [15]. Moreover, stub-
column tests do not generally pick up distortional buckling [31] and AS/NZS 4600 [12] recommends 
a maximum length for stub-column tests of twenty times the least radius of gyration r0. It is likely that 
distortional buckling will occur at a half-wavelength between the lesser of twenty times r0 and three 
times d, and ten times d.  

 

 
Figure 9: “Pure” distortional buckling curve and buckling curve for the C9012 lipped Cee-section 

 
Following these observations and the recommendations by Schafer [28] discussed previously in 

Section 3.2.1, the followings steps are performed to identify the elastic distortional stress fod:  
Step 1: a) Run the module cFSM in CUFSM [30] for distortional buckling using a half-wavelength 

increment of 50 mm in the interval [min (20r0, 3d), 10d]. A value of ten times the largest 
dimension d of the cross-section was found to produce a more reasonable upper limit than 
nine times d in most cases for distortional buckling. However, distortional buckling was 
recorded at a higher half-wavelength in some cases (see Step 2).  

 b) If at least one local minimum is found on the “pure” distortional buckling curve, record 
the half-wavelength Lcrd of the smallest local minimum, then go to Step 3. 

 c) Else go to Step 2. 
Step 2: a) Run the module cFSM in CUFSM [30] for distortional buckling using a half-wavelength 

increment of 50 mm in the interval [10d, 13d].  
 b) Identify the smallest local minimum on the “pure” distortional buckling curve and record 

the associated half-wavelength Lcrd, then go to Step 3.  
Step 3:  Run the FSM module in CUSFM at the half-wavelength Lcrd and find the associated elastic 

distortional buckling stress fod on the all modes buckling curve. 
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Note that if no local minimums can be found in Step 2, the search interval is increased by 3d 
increments until a local minimum can be found.  

Figure 9 illustrates the previous steps on the C9012 lipped Cee-section and Section 3.2.5 
illustrates this rule and its accuracy on three examples. 

 
3.2.5 Validation of the proposed rules 
 

The proposed set of rules for determining the elastic local and distortional buckling stresses is 
validated in this section against a manual method, subjected to engineering judgement and best 
practice for handling indistinct buckling modes, as discussed in [15]. Namely, if indistinct local mode 
occurs, options to determine the critical local half-wavelength Lcrl include: (i) refining the half-
wavelengths, (ii) basing judgement on the definition of the buckling mode given in Section 3.1.2 
keeping in mind than local buckling should occur at a half-wavelength less than the largest outside 
dimension of the member in compression d, or (iii) if possible, pin internal fold lines to force local 
buckling. Similarly, if indistinct distortional mode occurs, options to determine the critical local half-
wavelength Lcrd include: (i) refining the half-wavelengths, (ii) basing judgement on the definition of 
the buckling mode given in Section 3.1.3, (iii) slightly varying the dimensions of the model to 
recognise a trend in distortional buckling minima or (iv) if possible, pin internal fold lines to force 
distortional buckling.  

48 conventional cross-sections and 12 “optimum” cross-sections, found in Section 5, are used to 
validate and cross-validate the proposed set of rules. Specifically, the following cross-sections are 
considered: 

- 16 lipped Cee-sections and 16 lipped Zed-sections commonly used in Australia and 
manufactured by BlueScope Steel Lysaght [32], as shown in Figure 10. The nominal depth of the 
profiles ranges from 100 mm to 350 mm, and the nominal wall thickness from 1.0 mm to 3.0 mm. 

- 16 typical storage rack uprights, including 9 profiles without lip stiffeners and 7 profiles with lip 
stiffeners, as shown in Figure 11. The nominal depth of the profiles ranges from 55 mm to 90 mm 
for the profiles without lip stiffeners and from 55 mm to 110 mm for the profiles with the lip stiffeners. 
The nominal wall thickness ranges from 1.2 mm to 2.4 mm. All 55 mm deep uprights have no web 
stiffener, as shown in Figure 11 (c-d), while all remaining uprights present one web stiffener, as 
shown in Figure 11 (a-b). 

- 12 “optimum” cross-sections found in Section 5, corresponding to the three fittest cross-
sections for each of the four column lengths investigated. 

 
  Local buckling Distortional buckling 
  

Indis-
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mode 

Manual 
method 

Automated 
rules 

Diff. in 
fol (%)

Indis-
tinct 
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Automated 
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Diff. in 
fod (%)Name 

Depth 
(mm) 

Lcrl 

(mm) 
fol 

(MPa) 
Lcrl 

(mm) 
fol 

(MPa) 
Lcrd 

(mm) 
fod 

(MPa) 
Lcrd 

(mm) 
fod 

(MPa) 
C10010 100 No 84 101 84 101 0.00 No 496 193 496 193 0.00 
C10012 100 No 84 147 84 147 0.00 No 449 237 449 237 0.00 
C10015 100 No 84 235 84 235 0.00 No 401 323 401 323 0.00 
C10019 100 No 74 390 74 390 0.00 No 354 447 401 449 0.45 
C15012 150 No 112 66 112 66 0.00 No 601 139 649 141 1.44 
C15015 150 No 112 104 112 104 0.00 No 553 189 601 191 1.06 
C15019 150 No 112 170 112 170 0.00 No 504 260 504 260 0.00 
C15024 150 No 112 279 112 279 0.00 No 456 369 504 369 0.00 
C20015 200 No 154 58 154 58 0.00 No 634 111 684 112 0.90 
C20019 200 No 154 94 154 94 0.00 No 642 172 691 173 0.58 
C20024 200 No 154 153 154 153 0.00 No 592 243 642 244 0.41 
C25019 250 No 194 61 194 61 0.00 Yes 672 106 672 106 0.00 
C25024 250 No 194 98 194 98 0.00 Yes 574 150 623 152 1.33 
C30024 300 No 221 70 221 70 0.00 Yes 834 139 982 142 2.16 
C30030 300 No 221 110 221 110 0.00 No 840 199 938 200 0.50 
C35030 350 No 261 79 261 79 0.00 No 1032 146 1131 147 0.68 
Average       0.00      0.59 

Table 1: Comparison between manual method and automated rules to find the elastic local and 
distortional buckling stresses for the Cee-sections 
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 (a) (b) 

Figure 10: (a) Cee-section and (b) Zed-section 
 

       
 (a) (b) (c) (d) 

Figure 11: Typical storage rack uprights (a) with web and lip stiffeners, (b) with web stiffener only, (c) with 
lip stiffener only and (d) without web and lip stiffeners. 
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Z10010 100 No 83 100 83 100 0.00 No 496 191 496 191 0.00 
Z10012 100 No 82 147 82 147 0.00 No 448 235 448 235 0.00 
Z10015 100 No 82 234 82 234 0.00 No 401 319 401 319 0.00 
Z10019 100 No 82 387 82 387 0.00 No 353 440 353 440 0.00 
Z15012 150 No 114 66 114 66 0.00 No 601 145 649 146 0.69 
Z15015 150 No 114 104 114 104 0.00 No 557 195 601 196 0.51 
Z15019 150 No 114 170 114 170 0.00 No 504 266 552 267 0.38 
Z15024 150 No 114 278 114 278 0.00 No 504 370 504 370 0.00 
Z20015 200 No 153 58 153 58 0.00 No 585 106 658 107 0.94 
Z20019 200 No 153 94 153 94 0.00 No 609 165 658 166 0.61 
Z20024 200 No 153 153 153 153 0.00 No 609 240 658 241 0.42 
Z25019 250 No 186 61 186 61 0.00 Yes 736 105 638 101 3.81 
Z25024 250 No 186 98 186 98 0.00 Yes 618 149 642 150 0.67 
Z30024 300 No 220 69 220 69 0.00 Yes 947 135 947 135 0.00 
Z30030 300 No 221 110 221 110 0.00 No 838 190 912 191 0.53 
Z35030 350 No 262 79 262 79 0.00 No 1002 0142 1099 143 0.70 
Average       0.00      0.58 

Table 2: Comparison between manual method and automated rules to find the elastic local and 
distortional buckling stresses for the Zed-sections 

 
3.2.5.1 Cee- and Zed-sections 

 
Table 1 and Table 2 give the critical half-wavelengths and elastic buckling stresses for local and 

distortional buckling and for both the manual method and automated rules, for the Cee- and Zed-
sections, respectively. The main characteristics of the cross-sections are summarised in Appendix 
1. Figure 12 shows the “all modes” and “pure distortional” buckling curves, as the buckling stresses 



Self-shape optimisation of cold-formed steel columns 

Centre for Infrastructure Engineering and Management  Research Report CIEM/2012/R01 Page 16 

selected by the manual method (based on engineering judgement) and the automated rules for the 
C25024 lipped Cee-section.  

 

 
Figure 12: Buckling curve for the C25024 lipped Cee-section 

 
A minimum is always observed on the buckling curves for local buckling and the automated rules 

consequently always select the appropriate critical stress fol, as seen in Table 1 and Table 2.  
The average difference between the manual method and automated rules is equal to 0.59% and 

0.58% for the Cee- and Zed-sections, respectively, for the distortional buckling stress fod, as seen in 
Table 1 and Table 2. The difference between the two methods goes up to 3.81 % for indistinct 
distortional buckling modes.  

 
3.2.5.2 Storage uprights 

 
Table 3 and Table 4 give the critical half-wavelengths and elastic buckling stresses for local and 

distortional buckling and for both the manual method and automated rules, for the typical storage 
rack uprights with and without lip stiffeners, respectively. The main characteristics of the cross-
sections are summarised in Appendix 1. Figure 13 shows the “all modes” and “pure distortional” 
buckling curves, as the buckling stresses selected by the manual method (based on engineering 
judgement) and the automated rules for the RF9015 lipped upright.  
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(mm) 
fod 

(MPa) 
RF5512 100 No 37 86 37 86 0.00 Yes 553 41 598 39 4.88 
RF5515 100 No 37 132 37 132 0.00 Yes 513 50.5 513 50.5 0.00 
RF5519 100 No 38 205 38 205 0.00 Yes 428 68 474 63 7.35 
RF5524 100 No 48 311 48 311 0.00 Yes 387 86 434 79 8.14 
RF9015 150 No 35 228 35 228 0.00 Yes 742 54 742 54 0.00 
RF9019 150 No 35 340 35 340 0.00 Yes 694 68 694 68 0.00 
RF9024 150 Yes 35 478 35 478 0.00 Yes 599 87 647 83 4.60 
RF11019 150 Yes 41 1712 41 1712 0.00 No 907 368 907 368 0.00 
RF11024 200 Yes 41 2412 41 2412 0.00 No 859 497 859 497 0.00 
Average       0.00      2.77 

Table 3: Comparison between manual method and automated rules to find the elastic local and 
distortional buckling stresses for storage rack uprights with lip stiffeners 
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SD5512 100 No 47 68 47 68 0.00 No 335 28 335 28 0.00 
SD5515 100 No 57 101 57 101 0.00 No 293 36 293 36 0.00 
SD5519 100 Yes 48 155 58 148 4.52 No 298 46 298 46 0.00 
SD5524 100 Yes 44 234 52 214 8.55 No 256 60 256 60 0.00 
SD9015 150 No 60 78 60 78 0.00 No 504 34 504 34 0.00 
SD9019 150 No 60 121 60 121 0.00 No  409 45 409 45 0.00 
SD9024 150 No 70 169 79 169 0.00 No 409 60 409 60 0.00 
Average       1.87      0.58 

Table 4: Comparison between manual method and automated rules to find the elastic local and 
distortional buckling stresses for storage rack uprights without lip stiffeners 

 
For local buckling, the manual method and automated rules provide the same elastic buckling 

stress fol for the storage rack uprights with lip stiffeners, as seen in Table 3. However, for the 
uprights without lip stiffeners, the average difference between the manual method and automated 
rules is equal to 1.87%, as seen in Table 3. 

 The average difference between the manual method and automated rules is equal to 2.77% and 
0.58% for the typical storage rack uprights with and without the lip stiffeners, respectively, as seen 
in Table 3 and Table 4. The difference between the two methods goes up to 8.14% for indistinct 
distortional buckling modes.  

 
3.2.5.3 “Optimum” cross-sections 

 
Table 5 give the critical half-wavelengths and elastic buckling stresses for local and distortional 

buckling and for both the manual method and automated rules, for the three fittest cross-sections 
per column length found in Section 5. The main characteristics of the cross-sections are 
summarised in Appendix 1. Figure 13 shows the “all modes” and “pure distortional” buckling curves, 
as the buckling stresses selected by the manual method, based on engineering judgement, and the 
automated rules for the second 1,000 mm long fittest cross-section.  
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Figure 13: Buckling curve for the RF9015 lipped storage rack upright 
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  Local buckling Distortional buckling 
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(MPa) 
Lcrd 

(mm) 
fod 

(MPa) 
1_1000  1,000 No 40 873 40 873 0.00 No 750 329 700 333 1.37 
2_1000 1,000 No 80 707 80 707 0.00 Yes 800 356 750 365 2.53 
3_1000 1,000 No 115 860 80 900 4.71 Yes 800 351 750 360 2.56 
1_1500 1,500 No 70 527 70 527 0.00 No 950 248 850 248 0.00 
2_1500 1,500 No 140 486 95 509 4.63 No 950 248 850 248 0.00 
3_1500 1,500 No 110 522 90 531 1.72 No 950 248 850 252 1.82 
1_2000 2,000 Yes 100 382 110 374 2.09 No 1000 185 950 185 0.00 
2_2000 2,000 No 120 374 110 374 0.00 No 1000 185 950 185 0.00 
3_2000 2,000 Yes  60 720 60 720 0.00 No 1000 189 1000 189 0.00 
1_2500 2,500 No 120 324 125 320 1.23 No 1100 144 1100 144 0.00 
2_2500 2,500 No 60 666 60 666 0.00 No 1100 140 1100 140 0.00 
3_2500 2,500 Yes 60 333 60 333 0.00 No 1200 158 1200 158 0.00 
Average       1.20      0.69 

Table 5: Comparison between manual method and automated rules to find the elastic local and 
distortional buckling stresses for “optimum” cross-sections 

 
Manually determining the critical half-wavelength for local buckling proved challenging for the 

optimum sections, as a first minimum on the buckling curve may occur at a half-wavelength 
between the typical range for local and distortional buckling (of about two times the largest outside 
dimension of the member in compression), as illustrated in Figure 15 for the three 2,500 mm long 
columns. These minima are likely to be disregarded by an engineer for local buckling, as occurring 
at a half-wavelength between local and distortional buckling [15], and fol was therefore chosen at a 
lower half-wavelength herein. For local buckling, the average difference between the manual 
method and automated rules is equal to 1.20%, with a maximum error of 4.71%, as seen in Table 5. 

 For distortional buckling, a minimum typically occurs on the buckling curve, and the average 
difference between the manual method and automated rules is equal to 0.69%, with a maximum 
error of 2.56%, as seen in Table 5. For the 1,000 mm long columns, only one minimum typically 
occurs on the buckling curve in the half-wavelength range for distortional buckling, but was not 
selected by the two methods, as the associated buckling mode is a combination of local and 
distortional buckling, as illustrated in Figure 13.   

 

 
Figure 14: Buckling curve for the second fittest 1,000 mm long column 
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Figure 15: Buckling curves for the three fittest 2,500 mm long columns 

 
 

4 SELF-SHAPE OPTIMISATION PRINCIPLES FOR SINGLY-SYMMETRIC COLD-
FORMED STEEL COLUMNS 

 
4.1 Initial population 

 
As described in the companion report [4], initial cross-sections are generated using self-avoiding 

random walks. As the cross-sections of interest are singly-symmetric, only half of each cross-
section is modelled in the optimisation process. 

A design space of 100 mm × 100 mm is used in generating the half cross-sections. This design 
space may represent imposed constraints for the depth and width of the profile, to a maximum of 
200 mm and 100 mm, respectively. 

Due to the nature of the self-avoiding random walks, cross-sections with small cross-sectional 
areas are more likely to be generated than cross-sections with large cross-sectional areas. In order 
to allow diversity in the population and improve the convergence rate (see [4]), the initial cross-
sections are deliberately generated herein to be evenly distributed in five categories for cross-
sectional areas ranging from Aref - 70 mm2 to Aref + 70 mm2; where Aref represents a reference value 
in the order of magnitude of the “optimum” cross-sectional area. Aref is estimated for each column 
length by pre-running the algorithm with a large initial population of cross-sectional areas ranging 
from Asquash to five times Asquash.  

Values of Aref equal to 1.5×Asquash, 1.75×Asquash, 2×Asquash and 2.25×Asquash were found to produce 
a reasonable estimation of the “optimum” cross-sectional areas for the 1,000 mm, 1,500 mm, 2,000 
mm and 2,500 mm long columns respectively. Value of Aref used in this study are summarised in 
Table 6. 

 
Length (mm) Aref for the initial population 

1,000 1.5×Asquash or 250 mm2 
1,500 1.75×Asquash or 292 mm2 
2,000 2×Asquash or 333 mm2 
2,500 2.25×Asquash or 375 mm2 

Table 6: Aref used to generate the initial populations 
 

As discussed in the companion research report [4], the element size shall be small enough to 
ensure accuracy of the cross-sectional area and allow complex cross-sectional shapes, including 
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stiffeners, to be drawn. A nominal element size of 4 mm (i.e. 3.33 times the thickness) was found to 
be a reasonable compromise between accuracy and computational time in this study. 

To evenly distribute the initial cross-sections into the five categories, a targeted cross-sectional 
area is randomly chosen in the first category and a cross-section of cross-sectional area equal to 
the targeted area is created as described in the steps below. The process is repeated until the 
required number of cross-sections has been generated in the first category. The four remaining 
categories are filled up in a similar manner.  

Cross-sections are drawn on the xmax = 100 mm × ymax = 100 mm design space, based on the 
following rules allowing arbitrary and continuous cross-sections to be drawn: 
Step 1: a) A point is chosen at (xmax/4, 0) and corresponds to the origin of the cross-section on the 

axis of symmetry. 
b) An element of a nominal size of 4 mm is built from the previous built point in the direction 
given by an angle randomly chosen between -45° to 45° with the vertical (see [4]). 

Step 2:  A new element of nominal size of 4 mm is built from the last built element in the direction 
given by an angle randomly chosen between -45° to 45° with the direction of the last build 
element (see [4]). 

Step 3:  Perform the following checks (see [4]): 
a) If the last element built intersects the cross-section (i.e. the cross-section is not self-
avoiding) or the axes x = 0, x = xmax, y = 0 or y = ymax (i.e. the boundaries of the design 
space), then delete that element and go to Step 2 
b) Else if the cross-sectional area is equal or greater than the randomly generated targeted 
cross-sectional area for its category, stop building the cross-section. The cross-section is 
added to the initial population. 
c) Otherwise go to Step 2 

Similarly to generating the initial population in the companion research report [4], self-avoiding 
random walks can self-trap and a cross-section is considered self-trapped if Step 3.a) is repeated 
10 times in a row. The cross-section is then considered unfit and not added to the initial population. 
Initial cross-section examples can be found in Figure 16, where only half of the profile is drawn. The 
horizontal axis x = 0 is the axis of symmetry. 
 

 
 (a)  (b)  (c) 

Figure 16: Example of initial cross-sections on a 100 mm × 100 mm design space of (a) 41 elements, (b) 49 
elements and (c) 53 elements 

 
4.2 Cross-over operator 

 
The cross-over operator is similar to the one presented in the companion research report [4]. 

Two points Pparent1 and Pparent2 are chosen at δ% along the length of the first and second parents, 
respectively, with δ being a random number in the interval ]0,100[. Two points P1 and P2 (see Figure 
17) are then defined using a linear interpolation between Pparent1 and Pparent2 as, 

 211 1 parentparent P)(PP   (24) 

 122 1 parentparent P)(PP   (25) 

where λ is a random number in the interval [0,1]. 
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Figure 17: Cross-over operator: defining cross-over points 

 

 
 (a)  (b)  

Figure 18: Cross-over operator (a) creation of the first offspring and (b) of the second offspring  
 
Two offsprings are created per operation with the first offspring built using the right-hand part of 

the first parent (i.e. the part including the extremity of the cross-section) and the left-hand part of the 
second parent (i.e. the part including the point on the axis of symmetry) as,  
Step 1:  The right-hand part of the first parent is rotated about its end point Pend1 and scaled so that 

the last point Pparent1 of the part matches point P1 as illustrated in Figure 18 (a). 
Step 2:  The left-hand part of the second parent is rotated about its point Px (i.e. the point of the 

cross-section on the axis of symmetry and fixed at (xmax/4, 0) for all the cross-sections) and 
scaled so that the first point Pparent2 of the part matches point P1 as illustrated in Figure 18 
(a). 

Step 3:  The two parts created in Steps 1 and 2 are added together as shown in Figure 18 (a) to 
form the first offspring. 

Step 4:  Elements constituting the offsprings are merged or subdivided to keep all elements about 4 
mm long, in the interval [3 mm, 6 mm]. 

Step 5:  If the created cross-section intersects itself, the offspring is considered unfit and is 
disregarded. 

The second offspring is similarly based on the left hand part of the first parent and the right hand 
part of the second parent using point P2 instead of P1 as shown in Figure 18 (b). Offsprings are 
created until the initial population is replaced as illustrated in the companion research report [4]. A 
typical cross-over probability of 0.8 is used. 
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4.3 Mutation operator 
 
Similarly to the companion research report [4], mutation allows new cross-sectional shapes to be 

introduced in the population by redrawing a part or several parts of a cross-section. The operator 
acts on the points constituting the cross-sections with a typical mutation probability of 0.01 per point. 
If a point mutates, the part of the cross-section around that point is redrawn as, 
Step 1:  A number of elements is randomly chosen in the interval [1, 0.25 × the number of elements 

constituting the cross-section] and deleted on each side of the mutated point. 
Step 2:  A new arbitrary, self-avoiding and continuous cross-sectional shape is drawn in an infinite 

design space based on the principles detailed in Section 4.1. The number of elements 
constituting this shape is equal to twice the number of elements chosen in Step 1. 

Step 3:  a) If the number of elements chosen in Step 1 is less than the number of elements between 
the mutated point and the fixed point Px on the x-axis and between the mutated point and 
the end point Pend of the cross-section, then the created shape in Step 2 is inserted in the 
cross-section in lieu of the elements deleted in Step 1, as shown in Figure 19 (a). Go to 
Step 5. 

 b) Else if the number of elements chosen in Step 1 is greater than the number of elements 
between the mutated point and the fixed point Px on the x-axis, the created shape in Step 2 
is inserted in the cross-section in lieu of the elements deleted between point Px and the first 
point of the cross-section not deleted in Step 1, as shown in Figure 19 (b). Go to Step 5. 

 c) Else if the number of elements chosen in Step 1 is greater than the number of elements 
between the mutated point and the end point Pend of the cross-section, go to Step 4. 

Step 4:  a) A new point is defined in a circle at a distance dr from the point Pend, where dr is 
randomly chosen as, 

 )nn(Ldr 21    (26) 
where α is a random number in the interval [0, 1], L is the nominal size of one element (4 
mm herein), n1 is the number of elements chosen in Step 1 and n2 is the number of 
elements between the mutated point and the end point Pend. The coordinates (xnew end,  
ynew end) of the new end point Pnew end are defined as, 

 )cos(dxx endendnew   (27) 

 )sin(dyy endendnew   (28) 
where θ is a random angle in the interval [0, 360°[ and (xend, yend) represent the coordinates 
of former point Pend. 

 b) The created shape in Step 2 is inserted in the cross-section between the first point of the 
cross-section not deleted in Step 1 and the new end point Pnew end defined in Step 4 a), as 
shown in Figure 19 (c). 

 

 
 (a)  (b)  (c) 

Figure 19 : Mutation operator (a) in the middle part, (b) at the beginning and (c) at the end of the cross-
section 
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Step 5:  Elements constituting the mutated part are merged or subdivided to keep all elements 
about 4 mm long, in the interval [3 mm, 6 mm] 

If the mutated cross-section intersects itself, the cross-section is considered unfit and is 
disregarded. A new cross-section is then created from the cross-over and mutation operators to 
maintain the size of the population (see [4]). 
 
4.4 Augmented Lagrangian method 

 
Similarly to the study performed in the companion research report [4], the augmented Lagrangian 

method for GA described in Adeli and Cheng [33] is used herein. The optimisation problem given in 
Eq. (1) is then expressed as, 

 

Minimise 

2

1
2

1










 

c

*

squash N

N

A

A
g   (29) 

Initial values for the Lagrangian coefficients of γ = 2 and μ = 0 have been found to be appropriate 
values to ensure convergence of the algorithm [4] and are therefore used in the present work. A 
penalty increasing constant β = 1.05 is used to avoid premature convergence of the algorithm, as a 
convergence rate α = 1.5. The augmented Lagrangian method consists for the given problem of the 
following steps [33]: 
Step 1:  Initialise the penalty function coefficients γ = 2, μ = 0 and the violation constraint  

Violprevious = ∞. Set the penalty increasing constant β = 1.05, the convergence rate α = 1.5 
and stopping criteria ε = 10-6. 

Step 2:  Run the Genetic Algorithm and obtain the nominal axial capacity Nc,best of the fittest cross-
section determined from the Direct Strength Method, as defined in Section 3.1. 

Step 3:  Calculate the current violation constraint 1
best,c

*

current N

N
Viol  

Step 4:  Check convergence of the algorithm as, 
 a) If Violcurrent < ε, stop the algorithm, the fittest solution found in Step 2 is the solution. 
 b) Else if Violcurrent ≥ Violprevious, go to Step 5. 
 c) Else if Violcurrent < Violprevious, go to Step 6. 
Step 5:  Update the penalty function coefficients associated with the equality constraint as: 

 a) If 




  and  do previous

best,c

* Viol

N

N
1  

 b) Go to Step 2. 
Step 6: Update the penalty function coefficients associated with the equality constraint as, 

 a) 1
best,c

*

N

N  

 a) If 




  and  do previous

current

Viol
Viol  

 c) Violprevious = Violcurrent and go to Step 2 

 
 

5 RESULTS 
 
This section presents the “optimum” cross-sections obtained for the 1,000 mm, 1,500 mm, 2,000 

mm and 2,500 mm long columns. For each column length, 10 runs were performed with an initial 
population of 500 individuals. A maximum of 80 generations were analysed per run. 
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5.1 Column length of 1,000 mm 
 
Figure 20 (a) to Figure 20 (j) plot the fittest cross-sections at the 80th generation for the 1,000 mm 

long columns and for each of the 10 runs, respectively. In Figure 20, the cross-sections are plotted 
in the order of increasing fitness f in Eq. (1) with a penalty factor α of 1.0. For clarity, the entire 
design space is not plotted in Figure 20.  

The seven fittest cross-sections converge to a “bean” shape type (Figure 20 (a) to Figure 20 (g)) 
and the three remaining cross-sections to a rounded “Σ” shape type (Figure 20 (h) to Figure 20 (j)). 
The overall depth for all cross-sections is about 80 mm. 

 

 
 (a) – A = 240.5 mm2,  

Nc = 74.8 kN  
(b) – A = 241.2 mm2, 

 Nc = 74.9 kN 
(c) – A = 241.5 mm2,  

Nc = 74.8 kN 
(d) – A = 241.9 mm2,  

Nc = 75.0 kN 

 
 (e) – A = 241.7 mm2,  

Nc = 74.8 kN 
(f) – A = 242.3 mm2,  

Nc = 75.0 kN 
(g) – A = 242.8 mm2,  

Nc = 74.9 kN  
(h) – A = 241.8 mm2,  

Nc = 74.4 kN 

 
 (i) – A = 243.5 mm2,  

Nc = 74.9 kN 
(j) – A = 243.8 mm2,  

Nc = 74.9 kN 
 

Figure 20: “Optimum” cross-sections for a column length of 1,000 mm for the 10 runs in increasing fitness 
order from (a) fittest cross-section to (j) less fit cross-section 

 
Figure 21 plots the fitness f in Eq. (1) times the minimum optimum cross-sectional area Asquash for 

the 10 runs. A penalty factor α of 1.0 is considered in Eq. (1). 
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Figure 21: Evolution of the fitness for the 10 runs and for a column length of 1,000 mm 

 
Table 7 summarises the optimum cross-sectional areas and axial compressive capacity Nc for 

the 10 runs. The average cross-sectional area is equal to 242.1 mm2 with a standard deviation of 
1.02 mm2 over 10 runs. The algorithm finds the targeted axial capacity with an average error of 
0.21% at 74.84 kN. 

 

Run Cross-section area (mm2) 
Axial capacity 

Average (kN) Error (%) 
1 240.5 74.8 0.27 
2 241.2 74.9 0.13 
3 241.5 74.8 0.27 
4 241.9 75.0 0.00 
5 241.7 74.8 0.27 
6 242.3 75.0 0.00 
7 242.8 74.9 0.13 
8 241.8 74.4 0.80 
9 243.5 74.9 0.13 

10 243.8 74.9 0.13 
Average 242.1 74.84 0.21 

Table 7: Results for a column length of 1,000 mm for 10 runs at the 80th generation 
 
Figure 22 shows the evolution of the fittest cross-section found for 10 runs and shown in Figure 

20 (a). The main characteristics of the best “optimum” cross-section are given in Table 8. 
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 (a) – 1st generation (b) – 5th generation (c) – 10th generation 

 
 (d) – 15th generation (e) – 20th generation (f) – 25th generation 

 
 (g) – 40th generation (h) – 60th generation (i) – 80th generation 
Figure 22: Evolution of the optimum cross-section in Figure 20 (a) from (a) 1st generation (initial population) 

to (i) 80th generation (last generation) 
 
A (mm2) Ix (mm4) Iy (mm4) Cw (mm6) J (mm4) xos (mm) 

240.5 173,055 62,273 2.511×108 115 44.8 
Table 8: Main characteristics of the optimum cross-section in Figure 20 (a). 

 
5.2 Column length of 1,500 mm 

 
Figure 23 (a) to Figure 23 (j) plot the fittest cross-sections at the 80th generation for the 1,500 mm 

long columns and for each of the 10 runs, respectively. In Figure 23, the cross-sections are plotted 
in the order of increasing fitness f in Eq. (1) with a penalty factor α of 1.0. For clarity, the entire 
design space is not plotted in Figure 23.  

The cross-sections converge to an “oval” shape type (Figure 23 (a) to Figure 23 (d), Figure 23 (f), 
Figure 23 (h) and Figure 23 (i)) or to a rounded “Σ” shape type (Figure 23 (e), Figure 23 (g) and 
Figure 23 (j)). The overall depth for all cross-sections is about 95 mm. 
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(a) – A = 287.2 mm2,  

Nc = 74.7 kN 
(b) – A = 287.8 mm2,  

Nc = 75.0 kN 
(c) – A = 287.6 mm2,  

Nc = 74.8 kN 
(d) – A = 288.2 mm2,  

Nc = 75.0 kN 
  

 
(e) – A = 288.4 mm2,  

Nc = 75.0 kN 
(f) – A = 288.6 mm2,  

Nc = 75.0 kN 
(g) – A = 288.9 mm2,  

Nc = 74.9 kN 
(h) – A = 289.1 mm2,  

Nc = 75.0 kN 

 
 (i) – A = 290.1 mm2,  

Nc = 74.9 kN 
(j) – A = 291.4 mm2,  

Nc = 74.8 kN 
 

Figure 23: “Optimum” cross-sections for a column length of 1,500 mm for the 10 runs in increasing fitness 
order from (a) fittest cross-section to (j) less fit cross-section 

 
Figure 24 plots the fitness f in Eq. (1) times the minimum optimum cross-sectional area Asquash for 

the 10 runs. A penalty factor α of 1.0 is considered in Eq. (1). 
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Figure 24: Evolution of the fitness for the 10 runs and for a column length of 1,500mm  

 
Table 9 summarises the optimum cross-sectional areas and axial compressive capacity Nc for 

the 10 runs. The average cross-sectional area is equal to 288.7 mm2 with a standard deviation of 
1.25 mm2 over 10 runs. The algorithm finds the targeted axial capacity with an average error of 
0.12% at 74.91 kN. 

 

Run Cross-section area (mm2) 
Axial capacity 

Average (kN) Error (%) 
1 287.2 74.7 0.40 
2 287.8 75.0 0.00 
3 287.6 74.8 0.27 
4 288.2 75.0 0.00 
5 288.4 75.0 0.00 
6 288.6 75.0 0.00 
7 288.9 74.9 0.13 
8 289.1 75.0 0.00 
9 290.1 74.9 0.13 

10 291.4 74.8 0.27 
Average 288.7 74.91 0.12 

Table 9: Results for a column length of 1,500 mm for 10 runs at the 80th generation 
 
Figure 25 shows the evolution of the fittest cross-section found for 10 runs and shown in Figure 

23 (a). The main characteristics of the best “optimum” cross-section are given in Table 10. 
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 (a) – 1st generation (b) – 5th generation (c) – 10th generation 

 
 (d) – 15th generation (e) – 20th generation (f) – 25th generation 

 
 (g) – 40th generation (h) – 60th generation (i) – 80th generation 
Figure 25: Evolution of the optimum cross-section in Figure 23 (a) from (a) 1st generation (initial population) 

to (i) 80th generation (last generation) 
 

A (mm2) Ix (mm4) Iy (mm4) Cw (mm6) J (mm4) xos (mm) 
287.2 286,004 112,652 6.744×108 138 53.5 

Table 10: Main characteristics of the optimum cross-section in Figure 23 (a) 
 

5.3 Column length of 2,000 mm 
 
Figure 26 (a) to Figure 26 (j) plot the fittest cross-sections at the 80th generation for the 2,000 mm 

long columns and for each of the 10 runs, respectively. In Figure 26, the cross-sections are plotted 
in the order of increasing fitness f in Eq. (1) with a penalty factor α of 1.0. For clarity, the entire 
design space is not plotted in Figure 26.  

The cross-sections typically converge to an “bean” or “oval” shape type (Figure 26 (a) to Figure 
26 (e), Figure 26 (g), Figure 26 (h) and Figure 26 (j)), or to a rounded “Σ” shape type (Figure 26 (f) 
and Figure 26 (i)). The overall depth for all cross-sections is about 110 mm. 
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(a) – A = 336.8 mm2, 

 Nc = 75.0 kN 
(b) – A = 336.8 mm2,  

Nc = 75.0 kN 
(c) – A = 336.9 mm2,  

Nc = 75.0 kN 
(d) – A = 336.8 mm2,  

Nc = 74.9 kN 

 
(e) – A = 337.1 mm2,  

Nc = 74.9 kN 
(f) – A = 337.6 mm2,  

Nc = 74.9 kN 
(g) – A = 338.2 mm2, 

 Nc = 75.0 kN 
(h) – A = 338.7 mm2,  

Nc = 75.0 kN 

 
 (i) – A = 339.0 mm2,  

Nc = 74.7 kN 
(j) – A = 340.5 mm2, 

 Nc = 74.8 kN 
 

Figure 26: “Optimum” cross-sections for a column length of 2,000 mm  for the 10 runs in increasing fitness 
order from (a) fittest cross-section to (j) less fit cross-section 

 
Figure 27 plots the fitness f in Eq. (1) times the minimum optimum cross-sectional area Asquash for 

the 10 runs. A penalty factor α of 1.0 is considered in Eq. (1). 
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Figure 27: Evolution of the fitness for the 10 runs and for a column length of 2,000mm  

 
Table 11 summarises the optimum cross-sectional areas and axial compressive capacity Nc for 

the 10 runs. The average cross-sectional area is equal to 337.8 mm2 with a standard deviation of 
1.25 mm2 over 10 runs. The algorithm finds the targeted axial capacity with an average error of 
0.11% at 74.92 kN. 

 

Run Cross-section area (mm2) 
Axial capacity 

Average (kN) Error (%) 
1 336.8 75.0 0.00 
2 336.8 75.0 0.00 
3 336.9 75.0 0.00 
4 336.8 74.9 0.13 
5 337.1 74.9 0.13 
6 337.6 74.9 0.13 
7 338.2 75.0 0.00 
8 338.7 75.0 0.00 
9 339.0 74.7 0.40 

10 340.5 74.8 0.27 
Average 337.8 74.92 0.11 

Table 11: Results for a column length of 2,000 mm for 10 runs at the 80th generation 
 
Figure 28 shows the evolution of the fittest cross-section found for 10 runs and shown in Figure 

26 (a). The main characteristics of the best “optimum” cross-section are given in Table 12. 
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 (a) – 1st generation (b) – 5th generation (c) – 10th generation 

 
 (d) – 15th generation (e) – 20th generation  (f) – 25th generation 

 
 (g) – 40th generation (h) – 60th generation (i) – 80th generation 
Figure 28: Evolution of the optimum cross-section in Figure 26 (a) from (a) 1st generation (initial population) 

to (i) 80th generation (last generation) 
 

A (mm2) Ix (mm4) Iy (mm4) Cw (mm6) J (mm4) xos (mm) 
336.8 444,174 183,051 1.460×109 162 60.8 

Table 12: Main characteristics of the optimum cross-section in Figure 26 (a) 
 

5.4 Column length of 2,500 mm 
 
Figure 29 (a) to Figure 29 (j) plot the fittest cross-sections at the 80th generation for the 2,500 mm 

long columns and for each of the 10 runs, respectively. In Figure 29, the cross-sections are plotted 
in the order of increasing fitness f in Eq. (1) with a penalty factor α of 1.0. For clarity, the entire 
design space is not plotted in Figure 29.  

The cross-sections typically converge to an “oval” or a rounded “Σ” shape type. The “Σ” shape 
type being more predominant when the fitness f increases (see Figure 29 (i) and Figure 29 (j)). The 
overall depth for all cross-sections is about 120 mm. 
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(a) – A = 385.8 mm2,  

Nc = 74.9 kN 
(b) – A = 386.3 mm2,  

Nc = 75.0 kN 
(c) – A = 386.8 mm2,  

Nc = 75.0 kN 
(d) – A = 387.0 mm2,  

Nc = 74.9 kN 

 
(e) – A = 387.4 mm2,  

Nc = 75.0 kN 
(f) – A = 387.6 mm2,  

Nc = 75.1 kN 
(g) – A = 388.6 mm2,  

Nc = 75.0 kN 
(h) – A = 388.7 mm2,  

Nc = 74.9 kN 

 
 (i) – A = 389.7 mm2,  

Nc = 75.0 kN 
(j) – A = 396.4 mm2,  

Nc = 75.0 kN 
 

Figure 29: “Optimum” cross-sections for a column length of 2,500 mm for the 10 runs in increasing fitness 
order from (a) fittest cross-section to (j) less fit cross-section 

 
Figure 30 plots the fitness f in Eq. (1) times the minimum optimum cross-sectional area Asquash for 

the 10 runs. A penalty factor α of 1.0 is considered in Eq. (1). 
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Figure 30: Evolution of the fitness for the 10 runs and for a column length of 2,500mm 

 
Table 13 summarises the optimum cross-sectional areas and axial compressive capacity Nc for 

the 10 runs. The average cross-sectional area is equal to 388.4 mm2 with a standard deviation of 
3.03 mm2 over 10 runs. The algorithm finds the targeted axial capacity with an average error of 
0.05% at 74.98 kN. 

 

Run Cross-section area (mm2) 
Axial capacity 

Average (kN) Error (%) 
1 385.8 74.9 0.13 
2 386.3 75.0 0.00 
3 386.8 75.0 0.00 
4 387.0 74.9 0.13 
5 387.4 75.0 0.00 
6 387.6 75.1 0.13 
7 388.6 75.0 0.00 
8 388.7 74.9 0.13 
9 389.7 75.0 0.00 

10 396.4 75.0 0.00 
Average 388.4 74.98 0.05 

Table 13: Results for a column length of 2,000 mm for 10 runs at the 80th generation 
 
Figure 31 shows the evolution of the fittest cross-section found for 10 runs and shown in Figure 

29 (a). The main characteristics of the best “optimum” cross-section are given in Table 12. 
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 (a) – 1st generation (b) – 5th generation (c) – 10th generation 

 
 (d) – 15th generation (e) – 20th generation (f) – 25th generation 

 
 (g) – 40th generation (h) – 60th generation (i) – 80th generation 
Figure 31: Evolution of the optimum cross-section in Figure 29 (a) from (a) 1st generation (initial population) 

to (i) 80th generation (last generation) 
 

A (mm2) Ix (mm4) Iy (mm4) Cw (mm6) J (mm4) xos (mm) 
385.8 705,426 277,973 2.655×109 185 66.9 

Table 14: Main characteristics of the optimum cross-section in Figure 29 (a) 
 

5.5 Discussion 
 

5.5.1 General 
 
Figure 32 plots the average “optimum” cross-sectional area (see Table 7, Table 9, Table 11 and 

Table 13) against the column length. Figure 32 shows a linear relationship between the cross-
sectional area and the column length even if the optimisation process is highly non-linear. 
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Figure 32: Evolution of the optimum cross-sectional area against the column length 

 
For comparison purposes, Figure 32 plots the “optimum” cross-sections for the 1,000 mm, 1,500 

mm, 2,000 mm and 2,500 mm long columns shown in Figure 20 (a), Figure 23 (a), Figure 26 (a) and 
Figure 29 (b), respectively. It can be seen that the overall shape is similar for all column lengths, the 
columns become higher and wider with increasing buckling length. 
 

 
Figure 33: “Optimum” cross-section for all column lengths 

 
Typically, the “oval” and “bean” cross-sections shape like closed profiles, whereas as the “Σ” 

cross-sections tend to be open. Moreover, the “oval” and “bean” cross-sections usually behave 
better than the “Σ” shape type cross-sections, with smaller cross-sectional areas.   

Per column length, the algorithm tends to find slightly different cross-sections, likely due to the 
highly non-linear nature of the optimisation problem. Nevertheless, all cross-sections have similar 
overall dimensions and cross-sectional areas. 

On the other hand, the algorithm typically produces rounded cross-sectional shapes which have 
the advantages of (i) yielding high elastic local buckling stresses and (ii) maximising the second 
moments of area while minimising the cross-sectional area, as seen from the companion research 
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report [4]. Therefore, local buckling is never the dominant failure mode herein and the local member 
capacity Ncl is always equal to the global nominal member capacity Nce in Eq. (16). 

Global buckling is typically the critical buckling mode for all “optimum” cross-sections with Nc = 
Nce for 38 runs out of the total 40 runs. However, the algorithm optimises for both distortional and 
global buckling modes and the distortional nominal member capacity Ncd is on average equal to 
76.05 kN for the 40 runs with a standard deviation of 1.92 kN, i.e. 1.4 % higher than the targeted 
capacity of 75 kN. Table 14 gives the average distortional nominal capacities Ncd and elastic 
buckling loads Nod of the “optimum” columns for 10 runs. These close values of distortional and 
global buckling capacities are likely to generate buckling interaction between these two modes and 
therefore decrease the capacity Nc of the cross-sections [25]. The distortional/global buckling 
interaction could be considered in the DSM by replacing Ny by Nce in Eqs. (20) to (22), as proposed 
in [17, 19, 23].  

Using the values of the elastic distortional buckling loads Nod in Table 14 and a value of Nce = 75 
kN in the modified DSM equations for distortional/global interaction proposed in [17, 19, 23], would 
result in an average capacity Nc of the optimum cross-sections equal to 60.1 kN, 55.3 kN, 51.8 kN 
and 50.6 kN for the 1,000 mm, 1,500 mm, 2,000 mm and 2,500 mm long columns, respectively. 
This would correspond to a reduction in the axial capacity of 19.9%, 26.3%, 30.9% and 32.5% when 
compared to the targeted capacity of 75 kN for the 1,000 mm, 1,500 mm, 2,000 mm and 2,500 mm 
long columns, respectively. The distortional/global buckling interaction is therefore likely to 
considerably reduce the axial capacity of the cross-sections and it is important to consider this effect 
(outside the scope of this report) by (i) forcing the algorithm to avoid buckling mode interactions, (ii) 
considering this interaction in the DSM equations or (iii) using other method to determine the 
capacity of the cross-sections, such as advanced finite element analysis. The latter may be currently 
too computationally intensive. 

 
Column length (mm) Ncd (kN) Ncd CoV Nod (kN) 

1,000 75.12 0.008 89.0 
1,500 75.08 0.003 71.8 
2,000 75.53 0.006 61.6 
2,500 78.49 0.032 58.2 

Table 15: Average distortional nominal capacities Ncd and elastic buckling loads Nod for all column lengths 
 

5.5.2 Manufacturing processes 
 
Current cold-forming processes, such as roll-forming and brake-pressing, have limited ability to 

form continuously curved surfaces without discrete bends. Therefore, the “optimum” cross-sections 
found in this report cannot currently be manufactured as they are. In a first attempt to consider the 
manufacturing constraints in the optimisation process, the “optimum” cross-sections are manually 
redrawn herein using straight lines and a limited number of bends. Stiffeners used to avoid local 
instabilities are considered in redrawing the cross-sections. The cross-sections presented in Figure 
20 (c), Figure 23 (a), Figure 26 (b) and Figure 29 (b) for column lengths of 1,000 mm, 1,500 mm, 
2,000 mm and 2,500 mm, respectively, are selected for redrawing. The redrawn cross-sections are 
shown in Figure 34.  

Table 16 gives the cross-sectional areas and axial capacities Nc, calculated using the rules given 
in Section 3, of the “redrawn” cross-sections. The difference in cross-sectional area and axial 
capacity when compared to the “optimum” cross-sections are also given in Table 16. The main 
characteristics of the “optimum” cross-sections redrawn with straight lines are given in Table 17. 
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 (a)  (b)  (c)  (d) 

Figure 34: “Optimum” cross-sections redrawn with straight lines for column lengths of (a) 1,000 mm, (b) 
1,500 mm, (c) 2,000 mm and (d) 2,500 mm 

 
Column length (mm) Area (mm2) Diff. with optimum (%) Nc (kN) Diff. with optimum (%) 

1,000 244.7 1.32 74.2 0.80 
1,500 289.7 0.87 73.8 1.20 
2,000 340.3 1.01 74.4 0.80 
2,500 392.6 1.63 73.4 2.13 

Table 16: Cross-sectional areas and axial nominal capacities Nc of the “optimum” cross-sections redrawn 
with straight lines 

 
Column length (mm) Ix (mm4) Iy (mm4) Cw (mm6) J (mm4) xos (mm) 

1,000 169,010 61,922 2.428×108 117 45.94 
1,500 288,080 109,172 6.391×108 139 52.22 
2,000 445,004 179,752 1.426×109 163 59.78 
2,500 651,829 266,629 2.428×109 188 59.62 

Table 17: Main characteristics of the optimum cross-sections redrawn with straight lines 
 
Table 16 shows that the first attempt to manually redrawing the optimum cross-sections to allow 

roll-forming and brake-pressing processes, gives reasonable results. When compared to the raw 
”optimum” cross-sections found in the research, the cross-sectional areas increased by less than 
2% while the axial capacities only decrease by 1% to 2%.  

 
 

6 FUTURE RESEARCH 
 
The self-shape optimisation principle will be extended in the future to incorporate the moment 

capacity Mc estimated from the DSM to the fitness function f in Eq. (1) in a similar manner to the 
axial capacity Nc (see Section 2). Doubly- and singly-symmetric open profiles will be optimised in 
pure bending (beams) and for various combinations of axial and bending loads. 

The final aim of this study is to optimise cross-sections for practical industrial uses, and the 
limitations of cold-forming processes will be added to the algorithm. In addition to the manufacturing 
constraints, construction constraints specific to various types of cold-formed steel applications, such 
as purlins or girts, will be also added to the algorithm. 

As discussed in Section 5.5.1, the algorithm optimises for both distortional and global buckling 
and this buckling mode interaction will need to be taken into account in the optimisation process. 
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7 CONCLUSIONS 
 

The extension of the self-shape optimisation method introduced in the companion report [4] to 
strength optimisation of singly-symmetric open cold-formed steel columns has been presented. The 
Direct Strength Method specified in the AS/NZS 4600 Cold-formed steel structures [12] was used to 
determine the axial member capacity Nc of the columns. Rules to automatically select the elastic 
local and distortional buckling stresses from the Finite Strip and constrained Finite Strip analyses 
have been discussed and validated against 48 conventional and 12 “optimum” cold-formed steel 
sections yielded in the present work.  

Columns with a wall thickness of 1.2 mm, lengths varying from 1,000 mm to 2,500 mm and 
subjected to an axial compressive load of 75 kN were optimised. The cross-sections converged to 
“bean”, “oval” or rounded “Σ” shape types, in a relatively low number of generations, around 70 
generations. The rounded shapes have the advantages of increasing the local buckling strength 
while maximising the global buckling strength. The algorithm mainly optimises the cross-sections for 
distortional and global buckling, which may lead to distortional/global buckling interaction, currently 
not considered in the DSM. Results show that the optimum cross-sectional area is proportional to 
the buckling length. 

A manual attempt to redraw the raw “optimum” cross-sections with straight lines in order to 
include the current limitations of cold-forming processes was made. The performance of the 
redrawn cross-sections was found to be close to the raw “optimum” cross-sections. 
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Cee Section 

Name 
Depth 
(mm) 

Width 
(mm) 

Lip 
(mm) 

Thk 
(mm) 

Area 
(mm2) 

Ihorizontal 

(106×mm4)
Ivertical 

(106×mm4) 
J 

(mm4) 
Iw 

(106×mm6)
C10010 102 51 12.5 1.0 216 0.364 0.0755 72 160 
C10012 102 51 12.5 1.2 258 0.432 0.0892 124 188 
C10015 102 51 13.5 1.5 323 0.537 0.112 242 241 
C10019 102 51 14.5 1.9 409 0.673 0.142 492 311 
C15012 152 64 14.5 1.2 354 1.29 0.188 170 842 
C15015 152 64 15.5 1.5 443 1.61 0.237 332 1070 
C15019 152 64 16.5 1.9 561 2.02 0.300 675 1370 
C15024 152 64 18.5 2.4 712 2.54 0.386 1370 1810 
C20015 203 76 15.5 1.5 555 3.53 0.396 416 3060 
C20019 203 76 19 1.9 713 4.51 0.531 858 4240 
C20024 203 76 21 2.4 904 5.69 0.681 1740 5540 
C25019 254 76 18.5 1.9 808 7.62 0.561 972 6860 
C25024 254 76 20.5 2.4 1020 9.62 0.721 1970 8920 
C30024 300 96 27.5 2.4 1260 17.00 1.51 2430 26800 
C30030 300 96 31.5 3.0 1600 21.30 1.96 4790 35700 
C35030 350 125 30 3.0 1910 35.80 3.82 5730 90000 
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Zed Section 

Name 
Depth 
(mm) 

Top fl. 
(mm) 

Bot. fl. 
(mm) 

Lip 
(mm) 

Thk 
(mm)

Area 
(mm2) 

Ihorizontal 

(106×mm4)
Ivertical 

(106×mm4) 
J 

(mm4) 
Iw 

(106×mm6)
Z10010 102 53 49 12.5 1.0 216 0.364 0.131 72 215 
Z10012 102 53 49 12.5 1.2 258 0.132 0.155 124 253 
Z10015 102 53 49 13.5 1.5 323 0.537 0.197 242 321 
Z10019 102 53 49 14.5 1.9 409 0.673 0.250 492 409 
Z15012 152 65 61 15.5 1.2 354 1.28 0.303 170 1160 
Z15015 152 65 61 16.5 1.5 443 1.60 0.383 332 1460 
Z15019 152 65 61 17.5 1.9 56 2.21 2.01 675 1860 
Z15024 152 66 60 19.5 2.4 712 2.53 0.632 1370 2410 
Z20015 203 79 74 15 1.5 555 3.53 0.621 416 4260 
Z20019 203 79 74 18.5 1.9 713 4.52 0.843 858 5830 
Z20024 203 79 73 21.5 2.4 907 5.70 1.10 1740 7630 
Z25019 254 79 74 18 1.9 808 7.62 0.833 972 9480 
Z25024 254 79 73 21 2.4 1030 9.64 1.08 1970 12400 
Z30024 300 100 93 27 2.4 1260 17.00 2.32 2430 36600 
Z30030 300 100 93 31 3.0 1600 21.30 3.04 4790 48200 
Z35030 350 129 121 30 3.0 1910 35.80 5.93 5730 124000 
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Storage rack upright with lip stiffener 

Name 
Depth 
(mm) 

Width 
(mm) 

Lip 
(mm) 

Thk 
(mm) 

Web 
stiff. 

Area 
(mm2) 

Ihorizontal 

(106×mm4)
Ivertical 

(106×mm4) 
J 

(mm4) 
Iw 

(106×mm6)
RF5512 52.4 64.4 11.5 1.2 No 244 0.0085 0.0128 117 11.2 
RF5515 53 65 11.5 1.5 No 306 0.0108 0.0163 229 14.3 
RF5519 53.8 65.8 11.5 1.9 No 389 0.0140 0.0210 468 18.7 
RF5524 54.8 66.8 11.5 2.4 No 495 0.0182 0.0271 950 24.5 
RF9015 88.5 72.8 15.5 1.5 Yes 413 0.0435 0.0284 310 59.2 
RF9019 88.5 73 16 1.9 Yes 524 0.0548 0.0360 631 73.7 
RF9024 88.5 74.5 17 2.4 Yes 670 0.0694 0.0478 1286 95.1 
RF11019 110 88 18 1.9 Yes 650 0.0971 0.0643 782 256.7 
RF11024 110 88 19.5 2.4 Yes 824 0.1225 0.0820 1582 319.7 
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Storage rack upright without lip stiffener 

Name 
Depth 
(mm) 

Width 
(mm) 

Thk 
(mm) Web stiff.

Area 
(mm2) 

Ihorizontal 

(106×mm4)
Ivertical 

(106×mm4) 
J 

(mm4) 
Iw 

(106×mm6)
SD5512 52.4 60 1.2 No 222 0.0076 0.0098 107 10.7 
SD5515 53 60 1.5 No 280 0.0097 0.0126 210 13.8 
SD5519 53.8 60 1.9 No 358 0.0126 0.0165 431 18.2 
SD5524 54.8 60 2.4 No 457 0.0165 0.0218 878 24.2 
SD9015 88.5 70.8 1.5 Yes 372 0.0382 0.0192 279 49.5 
SD9019 88.5 71 1.9 Yes 471 0.0479 0.0245 567 62.6 
SD9024 88.5 72.5 2.4 Yes 601 0.0601 0.0325 1154 82.0 
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Optimum sections 

Name 
Column length 

(mm) 
Area 

(mm2) 
Ihorizontal 

(106×mm4) 
Ivertical 

(106×mm4) 
J 

(mm4) 
Iw 

(106×mm6) 
1_1000  1,000 240 0.0173 0.0062 115 25.1 
2_1000 1,000 241 0.0166 0.0065 116 28.1 
3_1000 1,000 241 0.0169 0.0062 116 26.3 
1_1500 1,500 287 0.0286 0.0113 138 67.4 
2_1500 1,500 288 0.0283 0.0113 138 69.0 
3_1500 1,500 288 0.0272 0.0113 138 67.3 
1_2000 2,000 337 0.0444 0.0183 162 146.1 
2_2000 2,000 337 0.0443 0.0183 162 146.8 
3_2000 2,000 337 0.0445 0.0183 162 148.0 
1_2500 2,500 386 0.0705 0.0278 185 265.6 
2_2500 2,500 386 0.0636 0.0274 185 259.2 
3_2500 2,500 387 0.0642 0.0274 186 267.8 

 


