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Abstract. Many real-world problems can be considered as a series of related tasks. For example,
related tasks are to predict survival of patients from different hospitals. In these multitask
problems, the data collected could exhibit a clustered structure due to the relatedness between
multiple tasks. Mixture model-based methods assuming independence may not be valid for
regression and cluster analyses of data arisen from multiple related tasks. Multitask learning
is an inductive transfer mechanism to improve generalization accuracy by sharing task-specific
information from different tasks to improve the learning process. In this paper, the multitask
learning mechanism is extended for mixtures of generalized linear models via random-effects
modelling to handle multitask problems. The use of random-effects models implies that a soft
sharing mechanism is adopted to leverage task-specific information from multiple tasks. The
proposed method is illustrated using simulated and real data sets from various scientific fields.
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1 Introduction

Mixture model-based methods implemented via the EM algorithm are being commonly used in a
wide range of applications in the regression and cluster analyses of multivariate data [14, 16, 18].
With this mixture modelling framework, a common assumption is to take all the observations
on the entities to be independent of one another. We let Y 1, . . . ,Y n denote a random sample
of size n where Y j is a p-dimensional random vector with probability density function being
modelled as a mixture of g component densities fh(yj ;θh), where θh is the vector of unknown
parameters in the hth component density (h = 1, . . . , g). The independence assumption implies
that the likelihood function can be expressed as

L(Ψ) =
n∏
j=1

g∑
h=1

πhfh(yj ;θh) , (1)
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where Ψ is the vector containing all the unknown parameters in the mixture model and the
mixing proportions πh (h = 1, . . . , g) are nonnegative and sum to one.

Many real-world problems in the context of social, medical, and health sciences can be consid-
ered as a series of related tasks [6]. For example, related tasks are to predict student test results
for a collection of schools, based on school demographics [1, 3]. Related tasks in other examples
can be the prediction of air pollution indices in different observation stations [2] or the predic-
tion of survival of patients from different hospitals [19, 21]. In these multitask problems, the
data collected could exhibit a hierarchical or clustered structure due to the relatedness between
multiple tasks. Mixture model-based methods assuming independence of observations (1) may
not be valid for these multitask problems. Ignoring the interdependence between hierarchical
data from related tasks can result in overlooking the importance of certain task-specific infor-
mation and lead to spurious learning and incorrect prediction [3]. Multitask learning (MTL) is
an inductive transfer mechanism to improve generalization accuracy by leveraging task-specific
information in the related tasks [6]. By learning these related tasks in parallel using shared
knowledge from different tasks, what is learned for each task can help other tasks be learned
better and hence improve generalization accuracy [4, 6]. This strategy mimics the performance
of the human system in that human learning frequently involves approaching several learning
tasks simultaneously and takes advantage of the opportunity to compare and contrast similar
tasks in learning [5]. The MTL mechanism has been derived in backpropagation nets, k-nearest
neighbour methods, decision trees, and online task recognition classifiers [6, 22].

In this paper, we extend the MTL mechanism for mixture models by incorporating random
effects covariance structures within the mixture modelling framework where the component den-
sities fh(yj ;θh) are assumed to be belonging to the exponential family and where the mixing
proportions are allowed to be dependent on covariates. These extensions thus create a wider
applicability of mixtures of generalized linear models (GLMs) to handle multitask problems. In
particular, the proposed model allows multivariate random effects in both the mixing propor-
tions and the component densities. Moreover, the second extension provides a better density
estimation result when there exists additional information on individual’s risk factors that have
impacts on the membership of mixture components. We wish to focus on the applications of
the proposed method for regression and cluster analyses of multitask problems from various
scientific fields. Simulated and real data sets will be used to illustrate the proposed method.

2 Multitask learning via generalized linear mixed-effects
models

For learning problems with multiple related tasks, we are given, say for each ith task (i =
1, . . . ,K), a data set

Di = {xi1,yi1, . . . ,xini ,yini},
where ni is the number of observations for the ith task and K is the total number of tasks. Here,
it is assumed that xij is an q-dimensional vector representing the covariates for the jth entity
of the ith task (i = 1, . . . ,K; j = 1, . . . , ni). The complete data set is then given by D = {Di}
with the total number of observations n =

∑K
i=1 ni. In the context of statistical multilevel

analysis, this setting corresponds to a two-level hierarchical structure, where the n entities are
considered as level one units and the K tasks as level two units [7]. The interdependency between
hierarchical data from related tasks (level two units) can be taken into account by incorporating
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random effects into the mixture model via the generalized linear mixed-effects model (GLMM)
approach [12]. Let

f(y|x; Ψ) =
g∑

h=1

πh(x; α)fh(y|x; θh) (2)

denote the mixture probability density function of g component GLMs, where it is implicitly
assumed that the first element of x is one to account for an intercept term. With the GLMM
approach, the mixing proportions are modelled as

πh(xij ;α,a,Λ) =
exp(vThxij +Ahi)

1 +
∑g−1
l=1 exp(vTl xij +Ali)

(h = 1, . . . , g − 1),

πg(xij ;α,a,Λ) =
1

1 +
∑g−1
l=1 exp(vTl xij +Ali)

, (3)

where the superscript T denotes vector transpose. In (3), α contains the elements in vh (h =
1, . . . , g− 1), which are fixed effects (unknown constants) that are shared among all tasks, while
Ahi (h = 1, . . . , g − 1) represent the unobservable task-specific random effects from the ith task
(i = 1, . . . ,K). Letting a = (aT1 , . . . ,a

T
K)T and ai = (A1i, . . . , A(g−1)i)

T , we assume that a
follows a multivariate normal distribution with zero mean vector and covariance matrix Λ

Λ =


Λ1 0 · · · 0
0 Λ2 · · · 0
...

... · · · ...
0 0 · · · ΛK

 , (4)

with Λi = diag(λ1, . . . , λg−1) for i = 1, . . . ,K; see, for example, [8].
For the hth component GLM (h = 1, . . . , g), we let the linear predictor ηhij be

ηhij = g(µhij) = wT
hxij +Bhi, (5)

where µhij is the mean of Y ij , g(·) is the link function, wh is the vector of unknown fixed-
effects parameters, and Bhi (h = 1, . . . , g) are the unobservable random effects from the ith task
(i = 1, . . . ,K). Letting b = (bT1 , . . . , b

T
K)T and bi = (B1i, . . . , Bgi)

T , it is assumed that b follows
a multivariate normal distribution with zero mean vector and covariance matrix Φ,

Φ =


Φ1 0 · · · 0
0 Φ2 · · · 0
...

... · · · ...
0 0 · · · ΦK

 , (6)

where Φi = diag(φ1, . . . , φg) for i = 1, . . . ,K. The vector of unknown parameters for the hth
component θh contains wh and the “dispersion parameter”, if present, of the particular choice
of the exponential family density.

The predicted task-specific random effects have a meaningful interpretation. For example,
the estimates of random effects ai (i = 1, . . . ,K) in the mixing proportions (3) quantify the
extent of task-specific effect from the ith task on individual membership of mixture components.
Similarly, the estimates of random effects bi (i = 1, . . . ,K) in the component densities (5) provide
useful information as to whether there is a significant difference in outcomes between different
tasks; see, for example, [11]. We shall illustrate this issue further in Section 4.
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3 EM-based multitask learning mechanism

The GLMM method [12] starts with the construction of a joint log likelihood analogous to
the likelihood associated with the best linear unbiased prediction (BLUP) [9]. To proceed
with the MTL, we split the unknown parameters into two parts as ΨT = (ΨT

1 ,Ψ
T
2 ), where

ΨT
1 = (αT ,aT ,θT1 , . . . ,θ

T
M , b

T ) consists of the fixed and the unobservable random effects, and
the elements of ΨT

2 = (ΛT
1 , . . . ,Λ

T
K ,Φ

T
1 , . . . ,Φ

T
K) are known as variance components in the

context of GLMM. Given initial values of Λ and Φ, the BLUP estimators of Ψ1 maximize the
function35 L = L1 + L2, where

L1 = log likelihood formed from Y ij with a and b conditionally fixed,

L2 = logarithm of the joint probability density function of a and b, with

a and b taken to be independent. (7)

The BLUP estimate of Ψ1 is obtained as a solution of the equation ∂L/∂Ψ1 = 0, which can be
solved via the EM algorithm [18]. In order to pose the MTL for the mixture modelling framework
as an incomplete-data problem, the indicator variables zhij is introduced, where zhij is one or
zero according to whether yij belongs or does not belong to the hth component (h = 1, . . . , g).

Given the current estimates of Ψ
(c)
1 and Ψ

(c)
2 , the E-step on the (c+ 1)th iteration involves the

computation of the Q-function which is given by the expected value of the complete-data log
likelihood conditional on the observed data and the current model. That is,

Q(Ψ1; Ψ
(c)
1 ,Ψ

(c)
2 ) =

K∑
i=1

ni∑
j=1

g∑
h=1

τ
(c)
hij{log πh(xij ;α,a,Λ

(c)) + log fh(yij |xij ;θh, b,Φ(c))}

−1
2{K log(2π) + log |Λ(c)|+ aTΛ(c)−1

a}
−1

2{K log(2π) + log |Φ(c)|+ bTΦ(c)−1
b}, (8)

where

τ
(c)
hij = pr{Zhij = 1|yij ,xij ,Ψ(c)

1 ,Ψ
(c)
2 }

=
πh(xij ;α

(c),a(c),Λ(c))fh(yij |xij ;θ(c)
h , b(c),Φ(c))∑g

l=1 πl(xij ;α
(c),a(c),Λ(c))fl(yij |xij ;θ(c)

l , b(c),Φ(c))
(9)

is the current estimated posterior probability that yij belongs to the hth component (h =
1, . . . , g). It can be seen from (8) that the Q-function can be decomposed into two terms with
respect to the mixing proportions and component densities. For most members of the expo-
nential family for the component density (such as normal [26] and Bernoulli distributions [19]),
the term of the Q-function for the component densities can be further decomposed into g terms
corresponding to each component; see also [25] where the minimum Hellinger distance (MHD)
estimation approach has been proposed to derive robust estimators for Poisson component den-
sity. In this paper, we focus on the applications of the proposed method to regression and

35The function L is not a log likelihood in the conventional sense because it is based on the unobservable a
and b.
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cluster analyses of multivariate data, and take the component densities to be a multivariate
normal distribution:

fh(yij |xij ;θh, b,Φ) =
exp{−1

2(yij −wT
hxij −Bhi)TΣ−1

h (yij −wT
hxij −Bhi)}

(2π)p/2|Σh|1/2
, (10)

where Σh is the covariance matrix (dispersion parameters) of the hth component. Thus θh
consists of the elements of wh and the distinct elements of Σh (h = 1, . . . , g).

The updated estimates Ψ
(c+1)
1 are obtained in the M-step by maximizing the Q-function

(8) over the parameter space. As the Q-function can be decomposed into separate terms cor-
responding to the mixing proportions and each component density, it implies that separate
maximizations can be performed independently and fast learning can be achieved.

Given the updated BLUP estimates Ψ
(c+1)
1 , the approximate residual maximum likelihood

(REML) estimates of the variance components Λ and Φ are then obtained based on the procedure
described in [12, 13]. With the independence assumptions of Λ and Φ in (4) and (6), respectively,
we let Π denote the negative second derivative of L = L1 + L2 in (7) with respect to v|w|a|b
in the BLUP procedure, where vT = (vT1 , . . . ,v

T
g−1), wT = (wT

1 , . . . ,w
T
g ), aT = (aT1 , . . . ,a

T
g−1),

and bT = (bT1 , . . . , b
T
g ). Letting Π−1 = H where the matrix H is partitioned conformally to

v|w|a|b, it follows that the elements of Λ and Φ are, respectively, given by

λ̂h = K−1(trHah + âTh âh) (h = 1, . . . , g − 1)

and
φ̂h = K−1(trHbh + b̂

T

h b̂h) (h = 1, . . . , g),

where tr is the trace of a matrix and Hah is the K×K matrix corresponding to the hth partition
(h = 1, . . . , g − 1) of the part of the original matrix H partitioned conformally with respect to
a; see, for example, [13]. The K×K matrix Hbh corresponds to the hth partition (h = 1, . . . , g)
of the part of H partitioned conformally with respect to b.

Asymptotic variances of the estimators in the variance components Λ and Φ are obtained
from the inverse of the REML information matrix [13]. For example, with a g = 2 mixture
model, the part of H partitioned conformally with respect to a and b is Ha1 Hab1 Hab2

· Hb1 Hbb1

· · Hb2

 .
The asymptotic covariance matrix for the variance components λ̂1, φ̂1, and φ̂2 is given by

cov

 λ̂1

φ̂1

φ̂2

 = 2

 Ra1 Rab1 Rab2

· Rb1 Rbb1

· · Rb2


−1

,

where the diagonal elements are

Ra1 = λ̂−2
1 {tr(IK −Ha1/λ̂1)2}

and
Rbh = φ̂−2

h {tr(IK −Hbh/φ̂h)2} (h = 1, 2).
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The off-diagonal elements are given by

Rabh = λ̂−1
1 φ̂−1

h tr(HabhH
T
abh) (h = 1, 2)

and

Rbb1 = φ̂−1
1 φ̂−1

2 tr(Hbb1H
T
bb1).

4 Examples: Multitask problems

We illustrate the proposed method by applying it to real and simulated data sets that are arisen
from different scientific fields. In the first two examples, we consider univariate observations yij .
In the third example, we consider a time course data with repeated measurements yij .

Simulated data from related tasks

Datasets of artificial data were generated based on related tasks in a setting of multicenter
clinical trials. It is assumed that there are 10 hospitals, and within each hospital there are 1000
patients involved in the study. Each covariate vector xij (i = 1, . . . , 10; j = 1, . . . , 1000) is a
five-dimensional vector (q = 5) where the first element is one. A continuous four-dimensional
vector was then generated independently from the N(0, I4) distribution to form the last four
elements of xij . Here, I4 denotes a four-dimensional identity matrix. Realizations of component
membersh were generated in which an observation yij has a probability of πh(xij ;α,a,Λ) to
belong to the hth component (h = 1, . . . , g), where Ahi in (3) are simulated from N(0,Λi).
Given the component membersh, realizations of yij were then generated from the corresponding
component density fh(yij |xij ;θh, b,Φ) as in (10), with Bhi generated from N(0,Φi). This
forms a training data set. A test set (with i = 1, . . . , 10 and j = 1, . . . , 1000) was generated
independently. In the simulation study, we consider mixture models with different numbers of
components (g = 2, 4, and 8). The parameter values of σ2

h (h = 1, . . . , g) were taken to be
0.5 in the study, while the variance components in Λ and Φ were equal to 1.0. The parameter
values of vh (h = 1, . . . , g− 1) and wh (h = 1, . . . , g) are given in Table 1. For each data set, 10
independent simulation experiments were conducted to assess the generalization performance of
the proposed MTL for mixture models. Such evaluation is based on the bias of estimates and
the percentage of variance explained by the model, which is defined as the total variance of the
data minus the sum-squared error on the test set as a percentage of the total data variance [3].
The results are presented in Table 2. For comparison, the results obtained from the mixture
model with independence assumption (that is, ignoring the relatedness between tasks) are also
included.

It can be seen that the MTL shows significant improvement over the mixture model with
independence assumption, in terms of the averaged explained variance and the averaged absolute
bias of the estimates. When the number of components increases, the difference between the
percentages of variance explained by both models becomes smaller. However, in these cases, the
estimates obtained by the mixture model with independence assumption are heavily biased. For
applications of mixture models in the regression analysis of multitask problems, the biasness of
estimators will lead to spurious learning and misleading conclusions.
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h vh wh

1 (0.5, 0.5, 0.5, -0.5, -0.5) (0.5, 0.5, 0.5, -0.5, -0.5)
2 (-0.5, -0.5, -0.5, 0.5, 0.5) (-0.5, -0.5, -0.5, 0.5, 0.5)
3 (1.0, -1.0, -1.0, 1.0, 1.0) (1.0, -1.0, -1.0, 1.0, 1.0)
4 (-1.0, 1.0, 1.0, -1.0, -1.0) (-1.0, 1.0, 1.0, -1.0, -1.0)
5 (0.8, 0.8, -0.8, -0.8, 0.8) (0.8, 0.8, -0.8, -0.8, 0.8)
6 (-0.8, -0.8, 0.8, 0.8, -0.8) (-0.8, -0.8, 0.8, 0.8, -0.8)
7 (1.2, -1.2, 1.2, 1.2, -1.2) (1.2, -1.2, 1.2, 1.2, -1.2)
8 — (-1.2, 1.2, -1.2, -1.2, 1.2)

Table 1: Parameter values for the simulation study

number of average absolute bias explained variance
components mixture model in (v̂h, ŵh, σ̂2

h) on test sets (mean ± S.E.)

g = 2 assuming independence (0.09, 0.09, 0.97) 11.7± 1.9%
multitask learning (0.05, 0.05, 0.01) 43.2± 3.0%

g = 4 assuming independence (0.28, 0.17, 0.60) 36.2± 3.7%
multitask learning (0.09, 0.07, 0.03) 51.1± 3.3%

g = 8 assuming independence (0.51, 0.24, 0.57) 41.3± 2.0%
multitask learning (0.15, 0.10, 0.06) 52.4± 1.5%

Table 2: Results for the simulation study

School effectiveness data

The original data consist of examination records from 139 secondary schools in years 1985, 1986
and 1987, obtained from the Inner London Education Authority (ILEA). The data set is a
random 50% sample with 15,362 students. It has been used to study the effectiveness of schools
[1] and has been considered in [3] to study the MTL with multilayered perceptron networks,
where each task in their setting was to predict exam scores for students in one school based on
eight risk factors. The first four factors (year of the exam, gender, VR band and ethnic group)
are student-dependent. The next four (percentage of students eligible for free school meals,
percentage of students in VR band one, school gender (mixed or (fe)male only) and school
denomination) are school-dependent and were used to form task-dependent prior means for the
weight vectors of the hidden units [3].

In our study, the categorical variables (year, VR band, ethnic group, and school denomina-
tion) are split up into dummy variables. For example, two dummy variables are introduced to
represent the three categories of the exam year. Thus, there are total of 15 student-dependent
and 5 school-dependent covariates. For comparison purpose, we assume there are two clusters
(g = 2) as in [3]. In addition, each continuous variable was scaled to have zero mean and unit
variance. Ten independent random splits of each school’s data into a training set and a test set
in a ratio of 8 to 3 were made. These test sets were used to assess the generalization performance
of the proposed method, based on the percentage of variance explained by the mixture model.
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The results are presented in Table 3.

explained variance on test sets
mixture model (mean ± S.E.)

with independence assumption 31.5± 0.8%
multitask learning (with student-dependent covariates only) 37.2± 0.9%
multitask learning (with all covariates) 37.4± 1.0%

Table 3: Results for the school effectiveness data

It can be seen that the averaged explained variance for the mixture model with independence
assumption is 31.5%, which is comparable to the best achievable explained variance (29.5%)
obtained by the multitask clustering method considered in [3]. The MTL with the mixture
model improves further the explained variance and provides better performance; the averaged
explained variance is 37.2%. In Table 3, we considered also the model where the five school-
dependent covariates were included in both the mixing proportions and the component densities.
This is equivalent to introduce an additional fixed school effect on each student from the same
school via (3) and (5). However, this model does not provide significant improvement on the
explained variance.

As described at the end of Section 2, the predicted task-specific random effects a and b have a
meaningful interpretation. For example, with this school effectiveness data, the two components
can be considered as two groups of students with high and low abilities, respectively. The
predicted random school-specific effects B1i and B2i in the component densities for these two
groups among the 139 schools are displayed in Figure 1. The significance of the school effects
is assessed based on the asymptotic variances of the estimators in the variance components
(λ1, φ1, φ2), which are obtained according to the procedure described in Section 3. Significant
school variations are detected in the high ability student group. An estimated positive random
effect for the high ability student group thus indicates a better examination performance in a
school. As a result, the relative effectiveness of schools may be evaluated based on the predicted
random school-specific effects. Similarly, the predicted random school-specific effects A1i (i =
1, . . . , 139) in the mixing proportions provide useful information on the proportion of high (or
low) ability student group. This information can be taken into consideration for the allocation
of resources and teaching planning of a school.

Clustering of synthetic time-course data

Here we illustrate how clustering of time-course data may be formulated as a multitask problem.
We consider a synthetic time-course data set, which is based on the longitudinal cortisol data
of Ram and Grimm [23]. The original study investigated inter-individual differences in the time
course of cortisol production and dispersion in response to a stress-provoking intervention. Nine
longitudinal measurements (coded t = 0 to 8) of cortisol level were obtained over the course
of a few hours from n = 34 participants [24]. The first two measurements (t = 0 and 1) were
taken as baseline measurements, after which individuals began a driving simulation challenge
task. Measurements at Time points t = 2 to 4 were taken during and directly after the challenge
(indicators of cortisol production or response). The measurement at Time points t = 5 to 8 were
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Figure 1: Prediction of random school-specific effects for (a) the high ability student group and
(b) the low ability student group

taken during a post-challenge rest period (indicators of cortisol dissipation); see [23, 24]. With
this setting, we consider related tasks that explore individual cortisol level trajectories and take
ni = 1 for all i (i = 1, . . . , n). In addition, the mixing proportions are assumed to be independent
of any covariate (i.e. vh is one-dimensional and Ahi are all zero in (3)). For the hth component
density (h = 1, . . . , g), we consider trivariate random effects Bhi corresponding to individual
variations in cortisol levels during the three periods (baseline, response, and dissipation). The
introduction of these random effects implies that each individual trajectory is allowed to shift
from the group mean trajectory with different magnitudes at each period.

In this simulation study, we generated n = 34 time-course cortisol level trajectories on the
basis of the estimated parameters for the 2-component model considered by Ram and Grimm
(Table 2 of [23]). We performed 10 simulation trials and on each trial we ran the MTL for a
2-component mixture model with trivariate random effects in the component densities. Unlike
those periodic time-course data (such as yeast cell-cycle data [15, 20]), the trajectories of (syn-
thetic) cortisol levels are not periodic. To this end, we consider a cubic regression form of wT

hxij
in (5). This reduces the number of total parameters from 26 in [23] to 12, and this is desirable
for clustering a small data set. The 34 time-course profiles were well classified into 2 clusters.
The average number of misclassifications is 0.032. The clustering result for a trial is provided in
Figure 2. The first component describes a group of patients who follow a “typical” response and
diffusion pattern [23], whereas the second component indicates a group of “chronic-stress” pa-
tients whose cortisol levels did not dissipate following the stressor [17]. Based on the asymptotic
variances of the estimators in the variance components (φ1, φ2), significant individual variations
are detected in both typical and chronic-stress patient group. Large differences in predicted
random effects between trivariate Bhi (h = 1, . . . , g; i = 1, . . . , n) thus indicate an individual
who has a somewhat different cortisol-level trajectory apart from the patient group he or she
belongs to.
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Figure 2: Individual trajectories in two clusters: (Top) - “typical” individuals; (Bottom) -
“chronic-stress” individuals

5 Discussion

We have extended the MTL for mixture modelling framework via the GLMM approach to handle
multitask problems. The GLMM is a natural extension of the generalized linear model [11] to
incorporate random effects in the specifications of the mixing proportions and component densi-
ties via the corresponding linear predictors. As shown in Section 2, the MTL via random-effects
modelling provides a “soft sharing” mechanism to leverage task-specific information from mul-
tiple related tasks. Another mechanism is a “hard sharing” through the fixed-effects modelling;
see, for example, the conjugate mixture model in [10]. In contrast to the hard sharing mecha-
nism, the use of random-effects modelling in the proposed method implies that the inference on
the task-specific parameters applies to the entire population from which samples are obtained
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(broad inference space). Moreover, a random-effects approach facilitates the modelling of high-
dimensional arrays data (such as the time-course data in Section 4) through the specification of
the covariance structure among observations from each task.

The applicability of the proposed MTL method has been demonstrated in Section 4 using
simulated and real data sets from various scientific fields. In the analyses of these data sets, the
number of components in the mixture model has been pre-specified. In practice, the number of
components can be determined using the Bayesian information criterion (BIC); see, for example,
[16, 20].
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