
Journal of Information & Computational Science 9: 5 (2012) 1185–1194
Available at http://www.joics.com

Model Checking Cooperative Multi-agent

Systems in BDI Logic

Qingliang Chen a,b,c,∗, Kaile Su d, Lijun Wu e, Zhaocheng Xu b

aSchool of Electronics Engineering and Computer Science, Peking University, Beijing 100871, China
bDepartment of Computer Science, Jinan University, Guangzhou 510632, China

cKey Laboratory of Embedded System and Service Computing, Ministry of Education, Tongji
University, Shanghai, China

dInstitute for Integrated and Intelligent Systems, Griffith University, Brisbane, Australia
eSchool of Computer Science and Engineering, University of Electronic Science and Technology of

China, Chengdu, China

Abstract

Traditional temporal logics such as LTL (Linear Temporal Logic) and CTL (Computation Tree Logic)
have shown tremendous success in specifying and verifying hardware and software systems. However, this
kind of logic can only model the dynamic behaviors for a single system, and fall short in capturing the
joint and concurrent aspects in the composition of systems, such as the interactions and coordinations
of agents in Multi-agent Systems. Although ATL (Alternating-time Temporal Logic) can solve the
problem to a certain extent, by preceding the temporal operators with a selective path quantifier, to
specify that the interactions between entities inside the system can make sure that there is a strategy to
reach a certain state, it can not formalize the rational mental attitudes of the agents such as the Belief,
Desire and Intention (BDI) which plays an essential role in decision making during cooperation with
other agents. This paper will investigate this problem by proposing a logic of ATLBDI (Alternating-
time Temporal Logic of Belief Desire and Intention) and discuss the algorithmic issues such as model
checking algorithms and the computational complexity, along with examples to show its effectiveness.
We conclude that model checking for ATLBDI is completely tractable and is in PTIME-Complete, which
is quite an optimistic and promising result for further applications.
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1 Introduction

Temporal logics, originally studied by philosophers as a language to formalize the evolvement of
the events along the time, have been found later by computer scientists and engineers extremely
useful to state the expected properties of hardware and software systems [1]. For instance, one
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may wish to say that whenever a request is made, access to a resource is eventually granted,
but it is never granted to two requestors simultaneously. Such a statement can conveniently
be expressed in a temporal logic. Some temporal logics such as LTL (Linear Temporal Logic)
and CTL (Computation Tree Logic) have successfully gained massive industrial applications [2].
However, this kind of logics can only model the event transitions of a single entity, and will
show its weakness when we try to model behaviors for systems in which there are interactions,
cooperations and coordinations among different components.

Later on, Alur, Henzinger, and Kupferman proposed the ATL(Alternating-time Temporal Log-
ic) [3]. ATL is a novel generalisation of CTL in which the path quantifiers of CTL are replaced
by cooperation modalities : the ATL formula ⟨⟨Γ⟩⟩♢φ, where Γ is a group of agents, expresses the
fact that Γ can cooperate to eventually bring about φ. The CTL path quantifiers A (“on all
paths”) and E (“on some paths”) can be expressed in ATL by the cooperation modalities ⟨⟨∅⟩⟩
(“the emptyset of agents can cooperate to...”) and ⟨⟨Σ⟩⟩ (“the grand coalition of all agents can
cooperate to...”). Thus, ATL can naturally specify the interactions among different agents in
Multi-agent Systems. But the limitation of the logic is that it can only model the caused events
in propositions as a result of the cooperations, while it can not capture the more complex mental
attitudes of the agents during the cooperations, such as Belief, Desire and Intention (BDI) [4],
which are important factors in modeling rational behaviors and play an essential role in deci-
sion making when cooperation with other agents, and have received quite a lot of concerns and
intensive studies in AI community [e.g. 5, 6].

In order to address the deficit, this paper will propose a new logic of ATLBDI (Alternating-
time Temporal Logic of Belief, Desire and Intention), to formalize the evolvement of mental
attitudes of BDI during the cooperations among Multi-agent Systems. ATLBDI is a new multi-
dimensional modal logic which incorporates the traditional BDI modalities [4] into ATL to equip
ATL with the power to state how agents’ mind can be changed by the coalitional forces. With
this logic, we can model the scenarios such as “Alice and Bob may have a strategy to make
Chris eventually believe that φ is true”, denoted by ⟨⟨Alice, Bob⟩⟩♢BChrisφ. In addition to the
syntax and semantics of the logic, we will explore the algorithmic issues as well, such as the model
checking algorithms, along with the computational complexity. We show that model checking for
ATLBDI is completely tractable and is in PTIME-Complete, which is quite an optimistic and
promising result for further applications.

The remainder of the paper is structured as follows. We begin by presenting Alternating BDI
Transition Systems, the semantic structures over which ATLBDI is interpreted. We then introduce
the logic ATLBDI, giving its semantics in terms of these structures. We present a model checking
algorithm for ATLBDI in Section 4, and show that the complexity of the ATLBDI model checking
problem is PTIME-complete. Finally we discuss the related and conclude the paper.

2 Alternating BDI Transition Systems

We begin by introducing the semantic structures over which our logic of ATLBDI is interpreted.
These structures are a straightforward extension of the alternating transition systems used by
Alur and colleagues to give a semantics to ATL. Formally, an Alternating BDI Transition Systems
(ABDITS) is a tuple

⟨Π,Σ, Q,∼B1 ,∼D1 ,∼I1 , ...,∼Bn ,∼Dn ,∼In , π, σ⟩,where
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• Π is a finite, non-empty set of atomic propositions ;

• Σ = {a1, ..., an} is a finite, non-empty set of agents ;

• Q is a finite non-empty set of states ;

• ∼Xa⊆ Q×Q is a BDI accessibility relation for each agent a ∈ Σ and X ∈ {B,D, I};

• π : Q→ 2Π gives the set of primitive propositions satisfied in each state;

• σ : Q × Σ → 22
Q
is the system transition function, which maps states and agents to the

choices available to these agents. Thus σ(q, a) is the set of choices available to agent a when
the system is in state q. We require that this function satisfy the requirement that the
system is completely controlled by its component agents: for every state q ∈ Q and every
set Q1, ..., Qn of choices Qi ∈ σ(q, a), the intersection Q1∩ ...∩Qn is a singleton. This means
that if every agent has made his choice, the system is completely determined.

2.1 BDI Accessibility Relation

Now we explicate the elusive concept of BDI accessibility relation above.

We assume that a system composes of n agents in some environment and represent the system’s
state or the global state as a tuple (se, s1, ..., sn), where se is the environment’s local state and,
for each i, si is agent i’s local state. Let Le be a set of possible local states of the environment
and Li a set of possible local states for agent i, for i = 1, ..., n. We take G ⊆ Le ×L1 × ...×Ln to
be the set of reachable global states of the system. Let T ⊆ S × S be a transition relation that
must be total, that is, for every state s ∈ S there is a state s′ such that T (s, s′). A run over G
is a function from the time domain-the natural numbers in our case-to G. Thus, a run over G
can be identified with an infinite sequence of global states s0s1s2... such that T (si, si+1) holds for
all i ≥ 0. A system is a set of runs. We refer to a pair (r,m) consisting of a run r and time m
as a point. Given a point (r,m), we denote the global state at the time point by r(m), the first
component of r(m) by re(m), and for each i(1 ≤ i ≤ n), the (i + 1)-th component of the tuple
r(m) by ri(m). Thus, ri(m) is the local state of agent i in run r at time m.

For every agent i, we say that (r,m) and (r′,m′) are indistinguishable to agent i iff ri(m) =
r′i(m

′), and write as (r,m) ∼i (r
′,m′).

We say that (r′,m′) is belief-accessible to agent i from (r,m) (or say that (r′,m′) and (r,m)
are indistinguishable to agent i from the viewpoint of belief), and write (r,m) ∼Bi

(r′,m′) (or
r(m) ∼Bi

r′(m′)), iff (r,m) ∼i (r′,m′) and re(m) = r′e(m
′). Define relation Bi = {(r′,m′) |

(r,m) ∼Bi
(r′,m′)}(i = 1, 2, ..., n).

We say that (r′,m′) is desire-accessible to agent i from (r,m) (or say that (r′,m′) and (r,m)
are indistinguishable to agent i from the viewpoint of desire), and write (r,m) ∼Di

(r′,m′) (or
r(m) ∼Di

r′(m′)), iff (r,m) ∼i (r′,m′) and re(m) = r′e(m
′). Define relation Di = {(r′,m′) |

(r,m) ∼Di
(r′,m′)}(i = 1, 2, ..., n).

We say that (r′,m′) is intention-accessible to agent i from (r,m) (or say that (r′,m′) and (r,m)
are indistinguishable to agent i from the viewpoint of intention), and write (r,m) ∼Ii (r′,m′)
(or r(m) ∼Ii r

′(m′)), iff (r,m) ∼i (r
′,m′) and re(m) = r′e(m

′). Define relation Ii = {(r′,m′) |
(r,m) ∼Ii (r

′,m′)}(i = 1, 2, ..., n).
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2.2 Computation

For two states q, q′ ∈ Q and an agent a ∈ Σ, we say that state q′ is an a-successor of q if there
exists a set Q′ ∈ σ(q, a) such that q′ ∈ Q′. Intuitively, if q′ is an a-successor of q, then q′ is a
possible outcome of one of the choices available to a when the system is in state q. We denote
by succ(q, a) the set of a-successors to state q. We say that q′ is simply a successor of q if for all
agents a ∈ Σ, we have q′ ∈ succ(q, a); intuitively, if q′ is a successor to q, then when the system
is in state q, the agents Σ can cooperate to ensure that q′ is the next state the system enters.

A computation of an ABDITS ⟨Π,Σ, Q,∼B1 ,∼D1 ,∼I1 , ...,∼Bn ,∼Dn ,∼In , π, σ⟩ is an infinite se-
quence of states λ = q0, q1, ... such that for all u > 0, the state qu is a successor of qu−1. A
computation starting in state q is referred to as a q-computation; if u ∈ N , then we denote by
λ[u] the u’th state in λ; similarly, we denote by λ[0, u] and λ[u,∞] the finite prefix q0,...,qu and
the infinite suffix qu, qu+1,... of λ respectively.

2.3 Strategies and Their Outcomes

Intuitively, a strategy is an abstract model of an agents decision-making process. Formally, a
strategy fa for an agent a ∈ Σ is a total function fa : Q

+ → 2Q, which must satisfy the constraint
that fa(λ · q) ∈ σ(q, a) for all λ ∈ Q∗ and q ∈ Q. Given a set Γ ⊆ Σ of agents, and an indexed
set of strategies FΓ = {fa | a ∈ Γ}, one for each agent a ∈ Γ, we define out(q, FΓ) to be the set
of possible outcomes that may occur if every agent a ∈ Γ follows the corresponding strategy fa,
starting when the system is in state q ∈ Q. That is, the set out(q, FΓ) will contain all possible
q-computations that the agents Γ can “enforce” by cooperating and following the strategies in
FΓ.

3 Alternating-time Temporal Logic of Belief, Desire and

Intention

In this section, we will present the Alternating-time Temporal Logic of Belief, Desire and Inten-
tion (ATLBDI), which is an extension of the Alternating-time Temporal Logic (ATL) of Alur,
Henzinger, and Kupferman [3].

3.1 Syntax

An ATLBDI formula with respect to an ABDITS ⟨Π,Σ, Q,∼B1 ,∼D1 ,∼I1 , ...,∼Bn ,∼Dn ,∼In , π, σ⟩,
is one of the following:

• ⊤

• p, where p ∈ Π is a primitive proposition;

• ¬φ or φ ∨ ψ, where φ and ψ are formulae of ATLBDI;

• ⟨⟨Γ⟩⟩⃝φ, ⟨⟨Γ⟩⟩�φ, or ⟨⟨Γ⟩⟩φUψ, where Γ ⊆ Σ is a set of agents, and φ and ψ are formulae
of ATLBDI;
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• Baφ, where a ∈ Σ is an agent, and φ is a formula of ATLBDI;

• Daφ, where a ∈ Σ is an agent, and φ is a formula of ATLBDI;

• Iaφ, where a ∈ Σ is an agent, and φ is a formula of ATLBDI.

3.2 Semantic

We now interpret the formulae in ATLBDI over ABDITS. Formally, if S is an ABDITS, q is a
state in S, and φ is a formula of ATLBDI over S, then we write S, q |= φ to mean that φ is
satisfied, or equivalently true, at state q in system S. And the rules for the satisfaction relation
|= are as follows:

• S, q |= ⊤

• S, q |= p iff p ∈ π(q), where p ∈ Π;

• S, q |= ¬φ iff S, q ̸|= φ;

• S, q |= φ ∨ ψ iff S, q |= φ or S, q |= ψ;

• S, q |= ⟨⟨Γ⟩⟩ ⃝ φ iff there exists a set of strategies FΓ, one for each a ∈ Γ, such that for all
λ ∈ out(q, FΓ), we have S, λ[1] |= φ;

• S, q |= ⟨⟨Γ⟩⟩2φ iff there exists a set of strategies FΓ, one for each a ∈ Γ, such that for all
λ ∈ out(q, FΓ), we have S, λ[u] |= φ for all u ∈ N ;

• S, q |= ⟨⟨Γ⟩⟩φUψ iff there exists a set of strategies FΓ, one for each a ∈ Γ, such that for all
λ ∈ out(q, FΓ), there exists some u ∈ N such that S, λ[u] |= ψ and for all 0 ≤ v < u, we
have S, λ[v] |= φ;

• S, q |= Baφ iff for all q′ such that q ∼Ba q
′: S, q′ |= φ;

• S, q |= Daφ iff for all q′ such that q ∼Da q
′: S, q′ |= φ;

• S, q |= Iaφ iff for all q′ such that q ∼Ia q
′: S, q′ |= φ.

3.3 Some Examples of ATLBDI

Here we show some examples to see the kinds of properties that can be expressed in ATLBDI. In
what follows, ⟨⟨Γ⟩⟩♢φ = ⟨⟨Γ⟩⟩⊤Uφ. Let us give a case first by the following example:

⟨⟨C, S⟩⟩♢readerIsExcited

which means that C (Chen) and S (Su) have a collective strategy to ensure that, eventually the
reader of the paper is excited.

The next example says that C and S can ensure that eventually the reader has the capability
to eventually understand.

⟨⟨C, S⟩⟩♢⟨⟨reader⟩⟩♢understand
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By combining ATL cooperation modalities with BDI modalities, we can express much richer
properties, such as C and S can ensure that the r (reader) will eventually believe that the paper
is interesting and desire to read further, and intend to read further:

⟨⟨C, S⟩⟩♢BrInteresting ∧ ♢DrReadFurther ∧ ♢IrReadFurther

4 Model Checking for ATLBDI

In this section, we show model checking algorithms for ATLBDI. It is very optimistic because we
present a (deterministic) symbolic model algorithm for it that runs in time polynomial in the size
of the formula. The core of this algorithm is given in Algorithm1. The function eval(...) takes
as input a formula φ of ATLBDI and an ABDITS S, and returns as output the set of states in
S in which the formula is satisfied. The eval(...) function is recursive, and makes use of several
subsidiary definitions:

• The function pre : 2Σ × 2Q → 2Q. This function takes a set of agents Γ and a set of states
Q1 as input and returns as output the set of all states Q2 such that when the system is in
one of the states in Q2, the agents Γ can cooperate and force the next state to be one of Q1.

• The function img : Q× 2Q×Q → 2Q. This function takes a state q and a binary relation R
over Q as input, and returns the set of states accessible from q via R. That is, img(q, R) =
{q′ | (q, q′) ∈ R}.

It is not hard to see that for any given inputs, both of these functions may be easily computed
in time polynomial in the size of the inputs; the pre function can be immediately derived from
the δ function in the definition of ABDITS in Section 2.

Theorem 1 The algorithm to model check ATLBDI is correct.

Proof: In the similar ways to [7], we need to show that, when given a formula φ and a structure
S = ⟨Π,Σ, Q,∼B1 ,∼D1 ,∼I1 , ...,∼Bn ,∼Dn ,∼In , π, σ⟩, the algorithm returns some set of states Q′,
then Q′ = {q | (S, q |= φ)}.
Ignoring the trivial cases, consider when the input is of the form ⟨⟨Γ⟩⟩�ψ. Since ⟨⟨Γ⟩⟩�ψ has

a fixpoint property:
⟨⟨Γ⟩⟩�ψ ↔ ψ ∧ ⟨⟨Γ⟩⟩ ⃝ ⟨⟨Γ⟩⟩�ψ

So ⟨⟨Γ⟩⟩�ψ is the maximal solution to the fixpoint equation

f(x) = ψ ∧ ⟨⟨Γ⟩⟩ ⃝ x

And the loop in lines 14-21 in Algorithm 1 is the computation of the greatest fixpoints.

Similarly, for ⟨⟨Γ⟩⟩φUψ, we have

⟨⟨Γ⟩⟩φUψ ↔ ψ ∨ (φ ∧ ⟨⟨Γ⟩⟩ ⃝ ⟨⟨Γ⟩⟩φUψ)

So ⟨⟨Γ⟩⟩φUψ is the minimal solution to the fixpoint equation

f(x) = ψ ∨ (φ ∧ ⟨⟨Γ⟩⟩ ⃝ x)
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Algorithm 1: A model checking algorithm for ATLBDI.

input : A formula φ ∈ ATLBDI and an ABDITS ⟨Π,Σ, Q,∼B1 ,∼D1 ,∼I1 , ...,∼Bn ,∼Dn ,∼In , π, σ⟩
output: A subset of Q such that S, q |= φ for all q ∈ Q

1 Function eval(φ, ⟨Π,Σ, Q,∼B1 ,∼D1 ,∼I1 , ...,∼Bn ,∼Dn ,∼In , π, σ⟩) returns a subset of Q

2 if φ ∈ Π then
3 return {q | q ∈ π(φ)}
4 end
5 else if φ = ¬ψ then
6 return Q\eval(ψ, ⟨Π,Σ, Q,∼B1 ,∼D1 ,∼I1 , ...,∼Bn ,∼Dn ,∼In , π, σ⟩)
7 end
8 else if φ = ψ1 ∨ ψ2 then
9 return eval(ψ1, ⟨Π,Σ, Q,∼B1 ,∼D1 ,∼I1 , ...,∼Bn ,∼Dn ,∼In , π, σ⟩) ∪ eval(ψ2, ⟨Π,Σ, Q,∼B1 ,∼D1

,∼I1 , ...,∼Bn ,∼Dn ,∼In , π, σ⟩)
10 end
11 else if φ = ⟨⟨Γ⟩⟩ ⃝ ψ then
12 return pre(Γ, eval(ψ, ⟨Π,Σ, Q,∼B1 ,∼D1 ,∼I1 , ...,∼Bn ,∼Dn ,∼In , π, σ⟩))
13 end
14 else if φ = ⟨⟨Γ⟩⟩�ψ then
15 Q1 := Q
16 Q2 := Q3 = eval(ψ, ⟨Π,Σ, Q,∼B1 ,∼D1 ,∼I1 , ...,∼Bn ,∼Dn ,∼In , π, σ⟩)
17 while Q1 * Q2 do
18 Q1 := Q1 ∩Q2

19 Q2 := pre(Γ, Q1) ∩Q3

20 end
21 return Q1

22 end
23 else if φ = ⟨⟨Γ⟩⟩ψ1Uψ2 then
24 Q1 := ∅
25 Q2 := eval(ψ2, ⟨Π,Σ, Q,∼B1 ,∼D1 ,∼I1 , ...,∼Bn ,∼Dn ,∼In , π, σ⟩)
26 Q3 := eval(ψ1, ⟨Π,Σ, Q,∼B1 ,∼D1 ,∼I1 , ...,∼Bn ,∼Dn ,∼In , π, σ⟩)
27 while Q2 * Q1 do
28 Q1 := Q1 ∩Q2

29 Q2 := pre(Γ, Q1) ∩Q3

30 end
31 return Q1

32 end
33 else if φ = Baψ then
34 Q1 := eval(ψ, ⟨Π,Σ, Q,∼B1 ,∼D1 ,∼I1 , ...,∼Bn ,∼Dn ,∼In , π, σ⟩)
35 return {q | img(q,∼Ba) ⊆ Q1}
36 end
37 else if φ = Daψ then
38 Q1 := eval(ψ, ⟨Π,Σ, Q,∼B1 ,∼D1 ,∼I1 , ...,∼Bn ,∼Dn ,∼In , π, σ⟩)
39 return {q | img(q,∼Da) ⊆ Q1}
40 end
41 else if φ = Iaψ then
42 Q1 := eval(ψ, ⟨Π,Σ, Q,∼B1 ,∼D1 ,∼I1 , ...,∼Bn ,∼Dn ,∼In , π, σ⟩)
43 return {q | img(q,∼Ia) ⊆ Q1}
44 end
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which is implemented in lines 23-32 in Algorithm1.

The cases of φ = Baψ, φ = Daψ and φ = Iaψ simply involve the computation of the img
function at most |Q| times, as described above by the semantic.

Finally, we show that:

Theorem 2 ATLBDI model checking is PTIME-Complete.

Proof: It is easy to see that the algorithm is recursive and analytic, in that recursive calls are only
made on sub-formulae of the original input formula, with primitive propositions as the recursive
base. PTIME-hardness follows from the fact that ATLBDI subsumes ATL, whose model checking
problem is known to be PTIME-complete [3].

Then note that the fixpoint computations in the algorithm require time linear in the size of the
set of states. And computation of Belief, Desire and Intention modalities can be done in linear in
the size of Q. Since each recursive call is analytic, (i.e., on a subformula of the input formula), it
should be clear that the overall computation requires polynomial time in the size of the inputs.

5 Related Work

In recent years, a lot of research has been done to enrich epistemic logics. W. van der Hoek
and M. Wooldridge are the first to combine ATL and knowledge modality to reason about the
cooperation in Multi-agent Systems [7], and more recently, apply knowledge to control and action
[8, 9]. In [10], Belardinelli and Lomuscio investigated the quantified epistemic logics and discussed
their completeness, but they did not consider temporal property. In [11], they investigated a class
of first-order temporal epistemic logics for the specification of multi-agent systems and several
monodic fragments of first-order temporal epistemic logic that are both sound and complete.
In [12], they discussed the first-order temporal epistemic logic with distributed and common
knowledge and reported a completeness result for the monodic fragment of the logic. However,
the above effort does not consider the more complex mental attitudes such as Beliefs, Desires,
and Intentions, and how the cooperations can change the BDI of individual agents.

BDI logic is a fruitful logic for Multi-agent System. Rao and Georgeff put forward an alternative
possible-worlds formalism for BDI-architectures and captured, for the first time, the process of
belief, goal, and intention revision, which is crucial for understanding rational behavior, and
relation between beliefs, and desires, and intentions was discussed in detail [4]. Kaile Su et al.
presented a computational model of BDI-agents and corresponding method of model checking
[13]. Their BDI model is computationally grounded in that the BDI model can be associated
with a computer program, and formulas involving agent’s belief, desires (goals) and intentions
can be understood as properties of program computations. Some work such as [14] considered
the subtle connection of mental attitudes, and even the social commitment [15]. However, all of
their models concentrate only on the BDI evolvement along the system transition, and can not
capture how the cooperation of agents can determine the BDI of its individual members.

6 Conclusion

In this paper, we have proposed a logic of ATLBDI (Alternating-time Temporal Logic of Belief,
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Desire and Intention) by incorporating the BDI modalities with the influential ATL (Alternating-
time Temporal Logic), then we investigate the algorithmic issues such as model checking algo-
rithms and the computational complexity. We show that model checking for ATLBDI is com-
pletely tractable and is in PTIME-Complete, which is quite an optimistic and promising result
for further applications.

In addition to develop concrete algorithms based on ATL model checker MOCHA [16], and
verify real-world examples, our future work will explore the combinations of other modalities as
well such as deontic modalities [17], which is also an essential factor during cooperations.
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