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[1] Unsaturated flow is considered through a spherical inclusion. The hydraulic
conductivity is of the form Kiexp(ah), where the saturated conductivity Ki is different in
the main flow regime, the inclusion a is a constant in the entire flow domain, and h is the
pressure head. The solution technique is analogous to that used by the authors previously
to analyze flow through circular inclusions for two-dimensional flow by reducing
Richards’ equation to the Helmholtz equation and applying the analytic element method.
Comparisons show differences between the two-dimensional case (circles) and three-
dimensional case (spheres) in terms of flow enhancement and exclusion through the
inclusions. When the inclusion permeability is less than the background conductivity, a
lesser fraction of flow occurs through the three-dimensional case than for the two-
dimensional case; conversely, when the permeability is higher within the inclusion, there
is a higher enhancement of flow through that region in the case of the three-dimensional
inclusion. INDEX TERMS: 1866 Hydrology: Soil moisture; 1875 Hydrology: Unsaturated zone; 1829

Hydrology: Groundwater hydrology; KEYWORDS: analytic element, Gardner soil, heterogeneity, soil moisture,

unsaturated zone
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1. Introduction

[2] Earlier we analyzed the unsaturated flow through
circular inclusions within a two-dimensional system
[Warrick and Knight, 2002]. Results were consistent with
early work by Philip et al. [1989] which were for fully
impervious inclusions relevant to descriptions of flow in
regions proximate to macropores, tunnels, cavities, and
around underground obstacles such as stones or structures.
In that paper, it was pointed out that the analytic element
method had also been applied earlier to saturated flow
examples, including those for large number of spheroidal
inhomogeneities (in a three-dimensional flow regime)
Janković and Barnes [1999]. The result was a detailed
picture of the flow domain which is sufficient to enable
particle tracking or whatever might be of interest.
[3] The objective of the present study is to apply the

analytic element method of Janković and Barnes [1999] to
the unsaturated case for a spherical inclusion in a three-
dimensional flow domain. The Gardner [1958] model for
unsaturated flow is used, which results in a linear equation
for the matric flux potential. It is assumed that the surround-
ing soil and the inclusion have the same value of the
capillary length parameter but different saturated hydraulic
conductivities. This reduces the problem to a solution of the
Helmholtz equation and, initially, follows the direction of
Knight et al. [1989] for a spherical inclusion which is totally

impervious. However, when the inclusion is permeable, it is
necessary to apply the analytic element method.

2. Theory

[4] Consider the spherical inclusion of radius r1 centered
at the origin in Figure 1a. The saturated hydraulic conduc-
tively is K1, and the unsaturated hydraulic conductivity is
for a Gardner soil of the form K = K1exp(ah). The inclusion
is embedded within a larger flow region described by K =
K0exp(ah). The background flow is characterized by a pres-
sure head h = h0 < 0 and a vertical flow rate of K0exp(ah0)
at large distances from the sphere. The polar coordinate
and Cartesian coordinates are related by r2 = x2 + y2. The
flow rate everywhere is given by

~Jw ¼ �Ki rfþ afrzð Þ ð1Þ

with the matric flux potential equal to

Kif ¼ Ki exp ahð Þ
a

ð2Þ

and with i = 0, 1. The first part of equation (1) is flow due to
pressure difference and the second part is due to gravity. For
these definitions, Richards’ equation becomes

r2fþ a
@f
@z

¼ 0 ð3Þ

(note that f does not contain K1 and z is positive in the
upward direction).
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[5] Without loss of generality, we introduce the Helm-
holtz function H with

H ¼ f
f0

� 1

� �
expð0:5azÞ ð4Þ

The value of f0 = exp (ah0) / a is the limiting value of f at
large distances from the inclusion. Note that for background
regions f is f0 and H is 0. As shown by Knight et al.
[1989], H satisfies the Helmholtz equation

r2H þ c2H ¼ 0 ð5Þ

where

c2 ¼ �0:25a2 ð6Þ

[6] The solution of H may be taken of a separable form
[Moon and Spencer, 1961, p. 27]

H ¼
X1
n¼0

Rn rð ÞQn qð Þ ð7Þ

where r is the spherical radial coordinate (r2 = x2 + y2 + z2)
and q the zenith angle with

x ¼ r sin q cosy ð8Þ

y ¼ r sin q siny ð9Þ

z ¼ r cos q ð10Þ

(see Figure 1b). The polar angle y does not enter the
solution due to symmetry. The functions Rn and Qn are

Rn rð Þ ¼ r�0:5 AnJnþ0:5 crð Þ þ BnYnþ0:5 crð Þ½ 	

Qn qð Þ ¼ CnPn cos qð Þ þ DnQn cos qð Þ
ð11Þ

using Bessel functions Jn+0.5 and Yn+0.5, Legendre poly-
nomial Pn and Legendre function Qn. As c is an imaginary

number and cos q 
 1, consider as a trial solution H = H+

for the outer (r > r1) and H = H-for the inner (r < r1) region:

Hþ r; qð Þ ¼
X1
n¼0

ankn 0:5arð ÞPn cos qð Þ
kn sð Þ ð12Þ

H� r; qð Þ ¼
X1
n¼0

anin 0:5arð ÞPn cos qð Þ
in sð Þ ð13Þ

with s = 0.5ar1. The in and kn are modified spherical Bessel
functions of the first and third kind defined by [Abramowitz
and Stegun, 1964, p. 443]:

in uð Þ ¼ p
2u

� �0:5
Inþ0:5 uð Þ ð14Þ

kn uð Þ ¼ p
2u

� �0:5
Knþ0:5 uð Þ ð15Þ

(for imaginary arguments of cr = �0.5iar, Bessel
Functions Jn+0.5 (cr) and Yn+0.5 (cr) are constants multi-
plied by the modified Bessel functions Kn+0.5 (0.5ar) and
In+0.5 (0.5ar)).
2.1. Evaluation of the Coefficients

[7] Physically, the pressure head h and normal velocities
should be continuous at every point along r = r1. Matching
pressure head h requires (see equation (4))

Hþ
r¼r1 ¼ H�j jr¼r1

The requirement for continuity of the normal velocity at r =
r1 is

�K0

@f
@r

þ a cos qð Þf
� �

rþ
1

¼ �K1

@f
@r

þ a cos qð Þf
� �

r�
1

ð16Þ

In terms of the Helmholtz function H, the requirement is

@H

@r

� �
r¼rþ

1

�C1

@H

@r

� �
r¼r�

1

þ 0:5 1� C1ð Þ

� a cos qð Þ H þ 2 exp 0:5arð Þ½ 	r1¼ 0

ð17Þ

with C1 = K1/K0. Note for C1 = 0, the last expression is
equivalent to that of Knight et al. [1989, equation 8].
[8] Use of equations (12), (13), and (17) leads to

X1
n¼0

an
k 0n sð Þ
kn sð Þ � C1

i0n sð Þ
in sð Þ þ 1� C1ð Þ cos q

� 	
Pn cos qð Þ ¼ 2 C1 � 1ð Þ

� cos qð Þ exp s cos qð Þ ð18Þ

The coefficients an follow by optimization of equation (18)
for multiple choices of q and using a finite number of terms
in the above series. In the solution of Barnes and Janković
[1999], the continuity of the flux was satisfied exactly
whereas the continuity of head was approximate. Here the
situation is reversed because it is simpler to match the head
and approximate the flux term.

Figure 1. (a) Spherical inclusion and (b) spherical
coordinate system.
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[9] If equation (18) is rewritten using N terms and
evaluating at q = qm, a result convenient for computing an
follows:

XN
n¼0

anfm; n Pn cos qmð Þ ¼ gm ð19Þ

with

fm; n ¼ � knþ1 sð Þ
kn sð Þ � C1

inþ1 sð Þ
in sð Þ þ 1� C1ð Þ n

s
þ cos qm

� �
ð20Þ

gm ¼ 2 C1 � 1ð Þ cos qmð Þ exp s cos qmð Þ ð21Þ

In developing equation (20), expressions for the derivative
of the modified spherical Bessel functions from Abramowitz
and Stegun [1964, equation 10.2.21] were used:

k 0n sð Þ ¼ �knþ1 sð Þ þ n

s
kn sð Þ ð22Þ

and

i0n sð Þ ¼ inþ1 sð Þ þ n

s
in sð Þ ð23Þ

[10] Continuing on, by equations (4), (12), and (13) the
value of f/f0 is

f
f0

¼ 1þ exp �0:5azð Þ
X1
n¼0

ankn 0:5arð ÞPn cos qð Þ
kn sð Þ ; r > r1 ð24Þ

f
f0

¼ 1þ exp �0:5azð Þ
X1
n¼0

anin 0:5arð ÞPn cos qð Þ
in sð Þ ; r < r1 ð25Þ

Note that both f and h are continuous across r = r1. The
pressure head h is related by

a h� h0ð Þ ¼ ln
f
f0

� �
ð26Þ

2.2. Stokes Stream Function

[11] A Stokes stream function F can be defined for
axisymmetrical three-dimensional flow [Raats, 1971;
Knight et al., 1989]. Conventionally, the value can be taken
as zero along the z axis and F to be the flow passing through
the horizontal circle defined at z and r = (x2 + y2)0.5:

F r; zð Þ ¼ �2p
Zr

0

uJzjzdu ð27Þ

A convenient dimensionless form F* is

F* ¼ � F

pr21Jz;B
ð28Þ

with Jz,B the background flux

Jz;B ¼ �aK0f0 ð29Þ

(when beyond the influence of the heterogeneous sphere,
the dimensionless flux F* is simply (r/r1)

2).
[12] The vertical velocity Jz can be expressed in the form

Jz ¼ �Ki cos q
@f
@r

� sin q
r

@f
@q

þ af
� �

ð30Þ

A corresponding dimensionless form is Jz* expressed by

Jz;* ¼ Jz

Jz;B
¼ Ki

K0f0

cos q
a

@f
@r

� sin q
ar

@f
@q

þ f
� �

ð31Þ

leads to the dimensionless stream function

F* ¼ 2

Zr=r1

0

Jz*vdv ð32Þ

When Jz* is computed from equation (31), useful relations
for r > r1 are

1

af0

@f
@r

¼ 0:5 � cos q
f
f0

� 1

� ��
þ expð�0:5azÞ

�
XN
n¼0

ank
0
n 0:5arð ÞPn cos qð Þ

kn sð Þ 	 ð33Þ

and

1

f0

@f
@q

¼ sin q 0:5ar
f
f0

� 1

� ��
� exp �0:5azð Þ

�
XN
n¼0

ankn 0:5arð ÞP0
n cos qð Þ

kn sð Þ 	 ð34Þ

For similar expressions for r < r1, replace kn with in. The
derivative of the zero-order Legendre polynomial is 0; for
n > 0 the following expression is useful [Dwight, 1961,
equation 843]:

P0
n uð Þ ¼ 1

u2 � 1
nuPn uð Þ � nPn�1 uð Þ½ 	 ð35Þ

[13] From a practical standpoint, it is expedient to eval-
uate the stream function from equation (32) directly. (An
alternative approach would be to develop an analytical
expression for F along the lines of Knight et al. [1989,
section 1.2].)

3. Results and Examples

[14] As a preliminary step for calculations, the influence
of the number of terms N used for truncating the appropriate
generalized Fourier series was investigated by the left and
right sides of equation (19). If the left and right sides were
equal for all choices of qm along the surface of the interface,
the solution would be exact. In practice, the differences
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must be acceptably small in some sense. In order to make a
meaningful comparison, we define an error term em

em ¼ M þ 1ð Þ sm � gmj j
PM
m¼0

smj j
ð36Þ

with sm given by the left side of equation (19)

sm ¼
XN
n¼0

anfm; n Pn cos qmð Þ ð37Þ

Values of an were evaluated using the ‘‘linfit’’ function of
Mathcad [Mathsoft, 1999] to ‘‘minimize the sum of the
squares of errors.’’ The M + 1 values of qm were taken
equally spaced over 0 to p. Following the principle of
‘‘overspecification’’ [Janković and Barnes, 1999], values of
M were taken considerably larger than N, usually, 3 or more
times larger. Maximum values of em were examined for a
combination of N values, for varying relative permeabilities
C1 = K1/K0 (0, 0.5 and 1) and for three contrasting s values
(0.5, 1 and 5). For the smallest value of s considered (s =
0.5), the resulting maximum values of em were of the order
of 10-5 forM = 25, N = 5 and were of the order 10-15 forM =
50, N = 15. This was true for all of the C1 values. For s = 1,
the resulting maximum em were larger, on the order of 10-3

for M = 25, N = 5 and 10-14 for M = 50, N = 15. Larger still
were the resulting maximum em for s = 5. These were of the
order 10-5 and 10-6 for M = 50, N = 25; the results were
reduced to 10-11 or less with M = 100, N = 25.
Consequently, values of M = 50 and N = 15 were assumed
sufficient and used for the computations which follow.
(Values of M could have been increased with essentially no
increase in overall computational effort; increases in N

result in proportionally larger computational efforts
although this was not generally of concern.)

3.1. Flow Around Impermeable Spheres

[15] As a first example, impermeable spheres were con-
sidered for s = 0.5, 1 and 5. Values of the Helmholtz
function H were determined using equations (12) and (13).
The resulting f/f0 follows by equations (24) and (25).
Contours of equal f/f0 are shown in Figure 2 and may be
compared to those of Knight et al. [1989, Figure 1]. (Note
that the contours of equal f/f0 are also contours of equal
pressure head as related through equation (2)). At large
distances from the inclusion, the background flow is con-
stant with a downward Darcian flow rate K0 exp (ah0)
corresponding to f/f0 = 1. The pressure h (and f) increases
at the top of the inclusion with a corresponding decrease
below. The magnitude of these changes in f/f0 is shown by
the contours above and below the inclusion. For increasing
values of s, the patterns of contours change. The changes in
values are more gradual with the smaller value of s = 0.5 (in
Figure 2a) with more extreme gradients for the larger s = 5
(in Figure 3c). The extreme changes are more evident in the
patterns shown on the leeward side where the minimum
contour shown is 0.5 for s = 5 and 0.8 for s = 0.5. There are
two interpretations for the increasing values of s. If the
radius of the inclusion is the same, then the physical
dimensions of the spheres depicted in Figure 2 are the
same, and the increasing values of s is due to decreasing
capillary length (s = 0.5ar1 and a is inversely related to
capillary length). Figure 2a would correspond to a finer-
textured soil, and Figure 2c would correspond to a coarser-
textured material. The second interpretation is that the
capillary lengths are the same and the hydraulic properties
of the soil are the same but the radius of the sphere increases
from left to right. In this case, the sphere in Figure 3c would
be 10 times larger than that in Figure 3a, and it is easy to

Figure 2. Contours for f/fo for impermeable inclusions and for (a) s = 0.5, (b) s = 1, and (c) s = 5.
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visualize that the pressures are affected more at the sphere
and extend much further into the medium. Hence the ‘‘1.1’’
contour in Figure 2c extends far to the right and below,
much more so than for the other two cases, particularly in
real dimensions.

3.2. Flow Nets Around Spheres of Contrasting
Permeability

[16] As a second example, flow nets were prepared for
contrasting permeability defined by C1 = K1/K0 = 0, 0.5
and 5. Focusing first on the impermeable inclusion
(Figure 3a with C1 = 0) note the five curves plotted which
extend left to right and labeled 2, 1, 0, �1 and �2. These
are lines of dimensionless hydraulic head (h � h0 + z)/r1.
Flow occurs from the greater to lesser values of hydraulic
head, that is, from top to bottom due to gravity. At large
distances from the inclusion, h approaches h0 and the
hydraulic head reduces to the elevation. The curves orthog-
onal to the hydraulic head contours tend to be vertical and
are labeled to show the dimensionless Stokes stream func-
tion from equation (32). The stream function contours show
the direction of flow and here show the flow moving around
the outside of the sphere. The streamlines divide the profile
into volumes (formed by rotating the given streamlines
around the z axis) which each carry the same amount of
downward flow. The distances between the streamlines
becomes increasingly smaller for larger r because the soil
volumes are increasing proportionally to r itself.
[17] When the conductivity of the inclusion is finite, flow

is diverted away when C1 = 0.5 (Figure 3b) and flows
preferentially through the inclusion with C1 = 5 (Figure 3b).
This situation can be generalized, flow will be diverted away
from an inclusion for C1 < 1 and flow will be enhanced
through the inclusion for C1 > 1. A comparison of Figure 3 to
similar flow examples for the two-dimensional case [e.g.,
Warrick and Knight, 2002, Figure 4] reveals that the diver-
sion of streamlines is less extreme for the sphere than for the
circular inclusion. Table 1 quantifies exclusion and enhance-

ment of from due to the inclusion. For the unsaturated cases,
the same three values of s = 0.5, 1 and 5 were chosen and the
relative flows approximated by the ratio of the streamline
values at r = r1, z = 0 with and without the inclusion. For
example, for s = 1 and C1 = 0.5, the relative flow through a
sphere is 0.64 compared to the relative flow through a circle
for the two-dimensional case of 0.87. Corresponding values
for C1 = 5 are 1.35 for the sphere and 1.19 for the circle. For
completeness, values are included for the saturated case. The
corresponding relationships for the saturated case are F3D for
the sphere [Carslaw and Jaeger, 1959, p. 426] and F2D for
the circle [Wheatcraft and Winterberg, 1985, equation 42]:

F3D ¼ 3C1

2þ C1

ð38Þ

and

F2D ¼ 2C1

1þ C1

ð39Þ

Note that the fractional flow for the saturated case follows
the same trend in that there is a greater exclusion from the
sphere for C1 < 1 and a greater enhancement for C1 > 1.

Figure 3. Flow net for s =1 and relative conductivities of (a) 0, (b) 0.5, and (c) 5.

Table 1. Ratios for Streamline Values at x = r1, z = 0 With and

Without an Inclusiona

C1 = 0.5 C1 = 5.0

2D 3D 2D 3D

s = 0.5 0.70 0.62 1.57 2.02
s = 1 0.74 0.64 1.45 1.85
s = 5 0.87 0.78 1.19 1.35
Saturated 0.67 0.60 1.67 2.14

aWhen conductivity is less in the inclusion (C1 = K1/K0 < 1), ratios are
less than 1; when conductivity is more (C1 > 1), ratios are greater than 1.
Results are shown for both 2-D (circular) and 3-D (spherical) inclusions.
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3.3. Pressure Distribution at the Surface of the
Spherical Inclusion

[18] The dimensionless pressure a (h � h0) is given by
equation (26). Values of dimensionless pressure are plotted
as a function of the fractional polar angle q/p in Figure 4.
When the permeability within the interface is less than the
background (Figures 4a and 4b), the pressure is greater than
the background at the top (small values of q/p) and
decreases below the inclusion (larger values of q/p). The
more extreme changes are for the largest value of s = 5
corresponding to either a greater capillary length or a larger
sphere. When the sphere is of higher permeability than the
background (Figure 4c), the pressure is less above the
sphere and is above the background value below the sphere.
For this case the more extreme values are also for the largest
s value.

4. Summary and Conclusions

[19] The analytic element method of Barnes and Janković
[1999] and Janković and Barnes [1999] was successfully
used to describe unsaturated flow through spherical inclu-
sions. This leads to expressions for potential and flow fields
for a permeable inclusion as well as an impermeable
inclusion such as that considered by Knight et al. [1989].
Generally, computations are easier for smaller values of the
dimensionless radius s = 0.5 as compared to s = 5. For
example, 5 terms of the truncated Fourier series give
reasonable results for smaller s values whereas 15 were
necessary for s = 5. Flow exclusion and enhancement
through the inclusion were less extreme than for the
saturated case. Also, the flow exclusion for low conductiv-
ity and flow enhancement for high conductivity were less
extreme for spherical inclusions than for circular inclusions.
This is consistent with results for the saturated case and is as
if the flow paths adjust around or toward the inclusion more
easily for the three-dimensional case. As was the case for
the two-dimensional case, the pressure decrease is above
and pressure increase below the discontinuities when the
permeability of the inclusion is higher than that of the
background. This is the opposite of what happens for an
inclusion with a permeability lower than the background.
[20] Just as for the two-dimensional case, extensions of

the approach to include multiple inclusions appear feasible.

Also, the detailed flow description should be advantageous
over alternative analyses in the development of particle-
tracking approaches to study solute dispersion in three-
dimensional systems. A drawback of the present analysis
is that the capillary length parameter a must be the same in
the inclusion as for the background. Current work is in
progress to consider the more complex system for which
this assumption is not necessary.
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