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Abstract 
The propagation of water table waves in unconfined aquifers has important implications across a range of 
disciplines including the mobility of sediments on beaches and for the mixing of oceanic and sub-surface 
water masses at the coastal margin. This paper presents a new laboratory dataset on the propagation of 
simple harmonic water table waves in an unconfined sandy aquifer. The new data covers a wider range of 
non-dimensional aquifer depths (3 < /  < 244) than has been previously studied. Consistent with 
previous findings, the data exhibits exponential amplitude decay and linear increase in phase lag as the 
water table waves propagates into the aquifer. These dispersive properties of water table waves can be 
described by a complex water table wave number ( ) where the real part ( ) describes the decay in 
amplitude and the imaginary part ( ) describing the rate of increase in phase lag with landward distance. 
The experimental wave numbers are compared with those predicted by existing theories based on small-
amplitude water table wave dispersion and numerical modelling using the Richards Equation for unsaturated 
groundwater flow. This comparison reveals that for large non-dimensional aquifer depths (i.e. high oscillation 
frequencies) there are significant qualitative discrepancies in the data-prediction comparison. Firstly, the 
magnitude of the observed decay rates ( ) are significantly greater than the predicted values indicating that 
there is additional energy dissipation in the data than has not been accounted for in both the existing 
analytical theories and the numerical model. Secondly, in the high frequency limit many of the existing 
theories predict zero phase lag (i.e. a standing wave scenario) however the data indicates that the phase lag 
is monotonically increasing with increasing oscillation frequency (increasing	 / ). Further research will be 
directed at reconciling these discrepancies.    
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1. Introduction 
The propagation of water table waves in 
unconfined aquifers has important implications 
across a range of disciplines including the mobility 
of sediments on beaches [e.g. 7] and for the 
mixing of oceanic and sub-surface water masses 
at the coastal margin [e.g. 10, 17]. As such, the 
dispersion of water table waves has received 
considerable theoretical attention in the literature 
including the influence of non-hydrostatic pressure 
and capillarity. These theories are summarised for 
reference in section 2. 
Although several theories are available which 
describe water table wave number  as a 
function of non-dimensional aquifer depth /  
(i.e.  /  where  is the porosity,	  is 
frequency,	  is the mean aquifer depth and  is 
the saturated hydraulic conductivity), existing 
experimental and field data is presently limited to 
relatively small non-dimensional aquifer depths. 
The existing theories on water table wave 
dispersion are yet to be tested against data on 
high frequency fluctuations. This paper addresses 
this gap in knowledge. 
 
2. Theoretical background 
The propagation and dispersion of water table 
waves can be described in terms of the water table 
wave number, 
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where the real part  describes the rate of 
decay in amplitude and the imaginary part  
describing the rate of increase in phase lag with 
landward distance.	  is the imaginary number. The 
general form of the water table wave is described 
by, 

 
, 	 	 2 	

 
where	 	is the water table elevation at position	  
and time	 ,	  is the amplitude of the forcing,	  is 
the angular frequency.  
From previous studies, the (small amplitude) water 
table wave number is a function of the following 
aquifer properties: 	the porosity,	  the mean 
depth,  the saturated hydraulic conductivity and 
	 	the equivalent height of the capillary fringe and 
also of the oscillation frequency,	 . That is, 
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In the following sub-sections the existing theories 
on the dispersion of small-amplitude water table 
waves are summarised for ease of reference. 
 
2.1 Shallow, capillary-free aquifer 
The simplest theory is based on the assumption of 
a shallow aquifer / ≪ 1  (i.e. Hydrostatic 
pressure), without capillarity effects. According to 
this theory, the water table wave number can be 
calculated by the following dispersion equation 
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The predicted damping and time lag from this 
solution have the same value	  which 
was in contrast with the filed data showed 	  
[e.g. 1, 3, 9, 12, 15].  
 
2.2 Shallow aquifer with capillarity effects 
Barry et al. [2] found an analytical solution for 
modified one-dimensional Boussinesq equation 
including  capillary effects. The water table wave 
number components according to this theory are 
expressed as 
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2.3 Non-shallow, capillary free aquifer 
Nielsen et al. [13] developed an analytical solution 
for the propagation of periodic water table waves in 
unconfined aquifers of intermediate depth. For the 
second-order small amplitude equation Nielsen et 
al. [13] derived the dispersion relation for water 
table wave number as 
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The dispersion relation for the infinite-order small 
amplitude equation can be in the following form 
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One of the implications of this theory is that at the 
high frequency limit / → ∞ , the theory 
predicts a zero phase lag → 0  corresponding 
to a standing wave scenario. As will be shown 
later, this prediction was not observed in the 
present experimental study.   
 
2.4 Non-shallow aquifer with capillarity 

effects 
Li et al. [11] derived a new groundwater wave 
equation, which included the effects of vertical flow 
and the non-hysteretic Green and Ampt [8] model 
of capillarity fringe. The dispersion relationship for 
this equation for the water table wave is as follow 
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Another way to consider the capillary fringe effects 
is extend the saturated depth ( ) to the top of the 
Green and Amp fringe . By replacing the 
saturated depth ( ) with the total saturated depth  

 in the Equation 8, the dispersion equation 
can be expressed by 
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Although using the total saturated depth allows 
horizontal flow in the fringe which had not been 
considered by Li et al. [13], the predicted water 
table wave numbers are very similar for both 
methods. 
  
Based on sand column experiments, Nielsen and 
Perrochet [13] indicated that the Green and Ampt 
model for capillarity fringe is not able to replicate 
the observed relationship between the total 
moisture in the column and the water table 
fluctuations. To overcome this issue Nielsen and 
Perrochet [13] proposed the following complex 
dynamic effective porosity  concept, 
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where	  is the measured watertable height 
and	  is the equivalent saturated height.  
Based on the above concept, the corresponding 
complex dynamic effective porosity for the Green 
and Ampt capillarity model can be expressed as [5] 
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Cartwright et al. [5] extended the experimental 
range of Nielsen and Perrochet [13] and found the 
following empirical formula for the dynamic 
effective porosity which incorporates any influence 
of hysteresis present in the data, 
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The dynamic effective porosity can be introduced 
on the previous water table wave dispersion 
equations (i.e. Equations 4, 7 and 8) simply by 
replacing the porosity  with dynamic effective 
porosity  to consider the capillary fringe 
effects. 
  
3. Experimental setup and procedures 
3.1 The flume and sand 
The experiments were undertaken in the sand 
flume located in the Griffith School of Engineering 
laboratory (Figure 1). The sand flume is 9.0 m 
long, 0.15m wide and 1.5m high. At the “ocean” 
end of the flume, the water level in a clear water 
cell is controlled by a simple harmonic oscillating 
reservoir.  The clear water reservoir is hydraulically 
connected to the aquifer by means of a vertical 



stainless steel wire mesh with 0.15 mm openings 
and supported by a coarser grid with 2 cm 
openings. The “landward” end of flume was set as 
no flow boundary condition. The top of the flume is 
open to atmosphere but to reduce evaporation 
loose plastic covered the sand and thus can be 
considered to be a no flow boundary. To minimize 
the air encapsulation, the sand was added in 10 
cm thickness layer to the water filled flume and 
sand layers packed by allowing them to settle by 
gravity.  
 

 

Figure 1 Schematic cross-section of the sand flume [15] 

 
The sand in the flume was white sand with more 
than 99% quartz content and was obtained from 
Pleistcone coastal dune (Table 1).   

Table 1 Hydraulic and moisture properties of the sand 

d  
mm  

K	 
m/s  

n
θ  

θ  α 
m  

β H  
(m) 

0.260 4.7 10  0.41 0.09 1.7 9 0.55
θ  is the saturated water content, 	
θ  is the residual water content, α	and β are van 
Genuchten moisture retention parameters [14]. 
 
3.2 Driving head  
The driving head  is almost sinusoidal and it 
can be defined by:  
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where  is the mean elevation, 	is the amplitude, 

2 /  is the angular frequency and  is the 
period. The driving head oscillation covered a 
range of periods from 16.4 to 908.6 s and the 
driving head amplitude and mean level were kept 
constant at 0.127	  and 0.896	 , 
respectively 
 
3.3 Monitoring of pore pressures 
In the saturated zone below the water table, the 
pore pressure was measured using piezometers 
extending 10 mm horizontally into the sand. The 
piezometers were then connected to externally 
mounted pressure transducers (Druck 
PDRC1830). The measured output signals of the 
transducers were converted to water head using 
calibration curves derived in-situ. A sample of 
measured pressure head oscillations time series at 
different locations along the sand flume is shown in 
Figure 2. 
 

 

Figure 2 Measured time series of pressure head 
oscillation at different locations	 16.4	   

 
4. Numerical modelling 
A 2D time-dependent numerical model was set up 
and run for the same conditions as the sand flume 
experiments. The model was based on the 
Richards Equation [16] for variably saturated 
porous media to simulate the groundwater flow 
dynamics  
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where	  is the pressure which is the dependent 
variable,  is the specific moisture capacity,	  is 
the effective saturation,	 	is the storage 
coefficient,	  is the gradient operator,	  is the 
intrinsic permeability which is related to the 
hydraulic conductivity 	  as  / ,	  is the 
fluid dynamic viscosity,	  is the fluid density,  is 
the acceleration due to gravity,	 	is the relative 
permeability,	  is the vertical elevation and  is 
the fluid source (positive) or sink (negative).  
Richards Equation (Equation 15) was solved 
numerically using COMSOL 4.3a Mulitiphysics 
Finite Element Analysis Software Package [6]. 
The analytic formulas of van Genuchten’s [18] 
retention and permeability relationships are used 
to define the following soil moisture retention 
properties, 
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where  is the volumetric water content, ,	 ,  and 
1 1/  are empirical curve fitting parameters. 

Table 1 provides hydraulic and moisture 
parameters of the sand which were used in the 
numerical simulation. 
 
4.1 Model domain and boundary conditions 
The geometry and boundary conditions of the sand 
flume used in the numerical model is shown in the 
Figure 3. 
 

 

Figure 3 Schematic cross-section of model domain and 
its boundary conditions 

 
A no-flow boundary condition is applied to base 
and right hand side of the domain where the inlet 
and outlet flux across the boundary are zero. In the 
laboratory, a loose plastic covers the upper part of  
flume to reduce the amount of evaporation hence it 
is reasonable assumption to consider the upper 
boundary in the model as a no-flow boundary 
condition. The no-flow boundary condition can be 
express as 
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where  is the flux vector as is distributed across a 
representative surface and  is the vector normal 
to the boundary. 
 
To simulate the harmonic fluctuation of the driving 
head in the reservoir, a sinusoidal function is used 
as the periodic head boundary condition on the left 
hand side of the domain (Equation 14). The model 
initial condition was set as a horizontal water table 
at the mean driving head elevation .  
To ensure that any model start-up artefacts were 
not influencing the results and that the numerical 
model had reached a steady-oscillatory state, the 
model was run for ten driving head periods and the 
harmonic analysis was conducted on the last two 
periods to ensure oscillation amplitudes and 
phases had stabilised.  
 
5. Data Analysis 
5.1 Water table wave number determination  
The water table wave number can be derived by 
assuming that the waves propagate as small 
amplitude waves with the general wave form given 
by Equation 2. This wave form can be suitably 
rearranged to perform a linear regression on the 
data [12]. That is the amplitude profile is given by, 
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and the phase lag profile is given by, 
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Therefore by plotting the relevant quantities as a 
function of  and fitting a straight line will yield the 
water table wave number. In the case of the 
experimental and numerical data, harmonic 
analysis is used to determine the measured 
amplitudes and phases. In all cases the 
experimental and numerical data generally 
conformed to the expected straight lines (R2 > 
0.95) confirming the validity of the assumed form 
of the waves (i.e. Equation 2). Figure 4 shows an 
example of the linear regression method used for 
experimental test 16.4	  which is	

2.1922 1.4970 .  
 

 

Figure 4 /| |  (solid circle) and	 , -	 0,0  
(open circle) as a function of	  based on experimental 
data 16.4	  

 
6. Results and discussion 
Figure 5 provides a summary plot of the  
experimental water table wave numbers in 
comparison with various theories and numerical 
model results and reveals shows a significant, 
qualitative discrepancy between data and 
prediction. 
Curiously, the infinite-order solutions of non-
shallow aquifer theory (Equations 8, 9 and 10) and 
the numerical model results all predict zero phase 
lag for the higher frequency oscillations but the 
second-order solution, which considers only one 
correction term for vertical flow effects, provides 
closest match to laboratory data. This casts some 
doubt over the infinite-order solution of non-
shallow aquifer theory for high frequency 
oscillations.  
In addition, the comparison with the non-shallow 
aquifer theory (sections 2.3 and 2.4 ) indicates that 
there is additional energy dissipation (higher wave 
numbers) in the data that is not accounted for in 
the theory. The data indicates a monotonically 
increase in wave number (  and ) with 
increasing /  which is in direct contrast with 
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the theory which predicts  to asymptote to ≤ /2 
and  to approach zero. 

 

Figure 5  Comparison of experimentally wave numbers 
with numerical modelling and existing theories. (The 
square, triangle and diamond symbols are the 
corresponding water table wave number to the 
experiments conditions) 
 
7. Summary 
A new series of laboratory sand flume experiments 
have been conducted to examine the dispersive 
properties of simple harmonic water table waves 
over a much wider range of oscillation period 
16	 909  than has been studied 

previously. The experimental data was then used 
to evaluate existing small-amplitude solutions and 
a numerical solution of the Richards Equation for 
unsaturated flow.  
The experimental results indicate that there is a 
monotonic increase in both the real and imaginary 
parts of the water table wave number. This is in 
contrast to both the small-amplitude solutions and 
Richards Equation results which predict zero 
phase lag 0  and an asymptotic value of the 
amplitude decay rate, /2		 in the high 
frequency limit. 
The reasons of this discrepancy between existing 
theories, numerical model and the experimental 
data is yet to be established and is the focus of 
ongoing research.  
 
8. References 
[1] Aseervatham, R. (1994). Tidal dynamics of the 
coastal watertable. PhD Thesis, University of 
Queensland, Australia (unpublished), 201 pp. 

[2] Barry, D.A., Barry, S.J. and Parlange, J.Y. (1996). 
Capillarity correction to periodic solution of the shallow 
flow approximation. In: Pattiaratchi, C.B. (Ed.), Mixing 
Processes in Estuaries and Coastal Seas, Coastal and 
Estuarine Studies 50, American Geophysical Union  
(Washington DC), pp. 496-510. 

[3] Cartwright, N. (2004). Groundwater dynamics and the 
salinity structure in sandy beaches. PhD Thesis, 
University of Queensland, Australia (unpublished), 189 
pp. 

[4] Cartwright, N., Nielsen, P. and Dunn, S. L. (2003). 
Water table waves in an unconfined aquifer: 
Experiments and modelling, Water Resource Research, 
39(12), 1330, doi:10.1029/2003WR002185. 

[5] Cartwright, N., Nielsen, P. and Perrochet, P. (2005). 
Influence of capillarity on a simple harmonic oscillating 
water table: Sand column experiments and modelling, 
Water Resources Research, 41(8), W08416, 
doi:10.1029/2005WR004023. 

[6] COMSOL (2012). COMSOL 4.3a Metaphysics 
Modelling- Subsurface Flow Module User’s Guide, 
COMSOL Inc., Burlington, MA, USA, 208 pp. 

[7] Elfrink, B. and Baldock, T.E. (2002). Hydrodynamics 
and sediment transport in the Swash zone: a review and 
perspectives, Coastal Engineering, 45, pp. 149-167. 

[8] Green, W.H. and Ampt, G.A. (1911). Studies on soil 
physics I: the flow of air and water through soils, Journal 
of Agricultural Science, IV(I), pp. 1-24. 

[9] Kang, H. Y. (1995). Water table Dynamics Forced by 
Waves, PhD Thesis, University of Queensland, Australia 
(unpublished), 200 pp. 

[10] Li, L., Barry, D.A., Stagnitti, F. and Parlange, J. Y. 
(1999). Submarine groundwater discharge and 
associated chemical input to a coastal sea, Water 
Resources Research, 35, pp. 3253-3259. 

[11] Li, L., Barry, D.A., Stagnitti, F. and Parlange, J.Y. 
(2000). Groundwater waves in a coastal aquifer: a new 
governing equation including vertical effects and 
capillarity, Water Resources Research, 36 (2), pp. 411-
420. 

[12] Nielsen, P. (1990). Tidal dynamics of the water table 
in beaches, Water Resources Research, 26, pp. 2127-
2134. 

[13] Nielsen, P., Aseervatham, R.A., Fenton, J.D. and 
Perrochet, P. (1997). Watertable waves in aquifers of 
intermediate depth, Advances in Water Resources, 20 
(1), pp. 37-43. 

[14] Nielsen, P. and Perrochet, P. (2000). Watertable 
dynamics under capillary fringes: Experiments and 
modelling. Advances in Water Resources, 23(5), pp. 
503-515. 

[15] Raubenheimer, B., Guza, R.T. and Elgar, S. (1998). 
Watertable fluctuations in a sandy ocean beach. 
Proceedings of the 26th International Conference on 
Coastal Engineering. American Society of Civil 
Engineers (New York), pp. 3588-3600.  

[16] Richards, L. A. (1931). Capillary conduction of 
liquids through porous mediums. Physics, 1(5), pp. 318-
333. 

[17] Robinson, C., Gibbes, B. and Li, L. (2006). Driving 
mechanisms for groundwater flow and salt transport in a 
subterranean estuary. Geophysical Research Letters,  
33, doi:10.1029/2005GL025247. 

[18] Van Genuchten, M. T. (1980). A closed-form 
equation for predicting the hydraulic conductivity of 
unsaturated soils, Soil Science Society of America 
Journal, 44(5), pp. 892-898. 

 

 

 

        


