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Abstract—Phase Correlation is a well-known method for 
registration of images that are related by similarity transforms. Its 
extension to registration of affine transformed images is not 
straightforward. This paper presents a method for recovering the 
transformation parameters of images that have been translated, 
shifted, rotated and arbitrarily sheared. It is effective for recovering 
shearing parameters with magnitudes of up to 40% of the image 
size. The proposed method makes use of Phase Correlation in 
conjunction a Hough based technique. Theory, methodology and 
experimental results are presented. 

Index Terms-- Affine, Fourier, Image Registration, Phase 
Correlation, Shearing. 

I. INTRODUCTION  
Phase Correlation is a well-known method for registration of 

images that are related by a similarity transformation. It is robust 
in the presence of noise, has constant processing time and in 
combination with a log-polar transform [1], can recover a wide 
range of global scaling, rotation and translation parameters [2]. 
While it is largely insensitive to localised noise and distortion it 
cannot handle anisotropic distortion such as produced by 
stretching or shearing. Registration of images related by affine 
transformations such as shearing is typically performed by 
iterative feature matching methods that are relatively slow. 
Furthermore phase correlation methods are still applicable in the 
case of images that do not contain the necessary features such as 
well defined corners for feature matching. There is little published 
work in the application of Fourier based techniques to affine 
transforms. This paper presents a closed-form, Fourier based 
solution for the recovery of parameters for shearing transforms.  

Typically, frequency domain techniques have been considered 
unsuitable for recovering linear or affine transformation 
parameters [3]. Yet they have been used for estimating the spatial 
orientation of uniformly textured surface planes. In that case, 
affine parameters were obtained by comparing the frequency 
components, peaks or the second order moments of Fourier 
transforms of two patches on the textured surface [4, 5]. The only 
other published method for estimating affine parameters between 
images in the frequency domain does so as a nonlinear 
minimization problem using radial projections of the squared 
Fourier magnitudes of the images [6]. This paper approaches the 

estimation of the shearing parameters as an extension of Phase 
Correlation. Section two presents the theoretical concepts. Section 
three and four discusses methodology and experimental results. 

II. THEORY 

Let f1(x,y) and f2(x,y) be two images where 2],[ ℜ∈yx  and let 
f2 be a version of f1 that is sheared by factors of zx ,zy then 
translated by vector (x0, y0), scaled by a factor s and rotated by 
angle θ, such that f1 is related to f2 as follows: 

                               f2(x, y) = f1(j, k)  (1) 
where: 

 

j = x s cosθ + zxs sinθ( )− y s sinθ − zxs cosθ( )+ x0
k = x s sinθ + zys cosθ( )+ y s ⋅cosθ − zys sinθ( )+ y0

 (2) 

Taking the Fourier transform of both sides of (1) and using the 
linearity, shifting and rotation theorems gives:  

F2(u, v) = e−i ux0+vy0( )  

       ×F1
s ucosθ − vsinθ( )+ s ⋅ zx usinθ + vcosθ( ),
s usinθ + vcosθ( )+ s ⋅ zy ucosθ − vsinθ( )
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Taking the magnitude of (3) such that Gi = | Fi | gives: 

  G2 u,v( ) = F1
s ucosθ − vsinθ( )+ s ⋅ zx usinθ + vcosθ( ),
s usinθ + vcosθ( )+ s ⋅ zy ucosθ − vsinθ( )
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Denoting the Cartesian coordinates (u, v) on the RHS of (4) in 
terms of the polar coordinates (r, φ) by substituting for    u = r cos 
φ and v = r sin φ, gives:  

. 



 
G2 u,v( ) = F1

s rcosφ cosθ − rsinφ sinθ( )
+ s ⋅ zx rcosφ sinθ + rsinφ cosθ( ),

s rcosφ sinθ + rsinφ cosθ( )
+ s ⋅ zy rcosφ cosθ − rsinφ sinθ( )

#

$

%
%%

&

%
%
%

'

(

%
%%

)

%
%
%

  (5) 

Applying the product to sum trigonometric identities to (5) 
results in: 

 
G2 u,v( ) = F1

s ⋅ rcos(θ +φ)+ zx ⋅ s ⋅ rsin(θ +φ),
s ⋅ rsin(θ +φ)+ zy ⋅ s ⋅ rcos(θ +φ)
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Mapping expression (6) into the polar domain (r, φ) where  r = 
u2 + v2 and φ = arctan(v/u) results in:  

  G2 r,φ( ) =G1 r ⋅
s
4
⋅ β , φ +τ
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where  β = H ⋅sin K( )+T  (8) 

                     

H = zx + zy( ) 16+ zy − zx( )
2

K = 2θ + 2φ + arctan
zy − zx
4
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T = 2+ z2y + z
2
x

 (9) 

and τ = arctan
tan θ +φ( )+ zy
1+ zx tan θ +φ( )
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Taking the logarithm of the first variable in the expression in 
(7) converts the multiplications into additions to give: 

   G2 ln r[ ],φ( ) =G1 ln r[ ]+ ln[ s 4]+
1
2 ln β[ ], φ +τ( )  (11) 

Now let ρ = ln[r], k = ln[s/4] b = ½ ln[β] and relabeling these 
relationships as h2(ω, φ) = G2(ρ, φ) and h1(ω, φ) = G1(ρ+k+b, 
φ+τ) gives the Fourier transform of h2 as: 

 

F h2 ω,φ( ){ }= H2 ε,α( )

= G1 ω, φ( )
0

∞

∫
0

2π

∫ ⋅e−i2π ε ω+k( )+α θ+τ( )( )

× e−i2π ⋅ε⋅bdωdφ

 (12) 

Which can be simplified to: 

 H2 ε,α( ) = H1 ε,α( ) ⋅e−i εk+ατ( ) e−i2π ⋅(ε⋅b+αφ )
0

2π

∫ dφ  (13) 

Substituting for the series expansion of b into the integral in 
(13) results in it having the approximate form of an nth order 
Bessel function of the first kind, denoted as Jn(m), where n =1 and 
m = 2πεH. Accordingly we rewrite (13) as follows: 

  H2 ε,α( ) = H1 ε,α( ) ⋅e−i εk+ατ( ) ⋅ Jn m( )  (14) 

Taking the normalized cross power spectrum of (14) factors 
out the phase difference since the magnitude of a complex 
exponential is simply the radius of a unit circle:  

 
H1(u,v) ⋅H

*
2 (u,v)

H1(u,v) ⋅H
*
2 (u,v)

= e−i(εk+ατ ) ⋅ Jn (m)  (15) 

Finally, the Fourier transform of a Bessel function of the first 
kind is a ring delta function. Convolving it with a Dirac delta at 
(k, τ) shifts the ring’s origin, so taking the inverse Fourier 
transform of (15) gives: 

 F −1 e−i(εk+ατ ) ⋅ Jn (m){ }= δ ε + k,α +τ( )*Ring(m)  (16) 

Now since ε and α are respectively the transformed logarithms 
of the global scale factor s and the rotation angle θ we can in 
theory directly estimate the global scale and rotation from the 
location of the ring delta on the correlation surface. This is 
complicated by the fact that the shearing transform partly behaves 
like rotation and translates the location of the ring based on the 
direction of the shearing. The shearing magnitude is also not 
directly related to the ring diameter since the diameter also 
changes based on the orientation of the shear. If -zx = zy the 
shearing transform gives pure rotation, as the ring diameter 
reduces to zero as equations (8) defining the parameters of the 
Bessel function and (10) defining its location on the rotation axis 
respectively become: 

   β = 2+ 2zy
2  (17) 

 τ =θ +φ + arctan(zy )  (18) 

In all other cases the magnitude of the ring is defined by β 
which as a first order approximation is of the form |zy + zx|. 

Another problem is that directly separating the horizontal and 
vertical components of the shear transform is not feasible from 
this formulation as the rotation axis φ becomes nonlinearly 
warped by equation (10). The eccentricity of τ increases in 
proportion to zx

2+zy
2 and represents compression and expansion 

along the φ axis of the form shown in figure 1.  



 
Figure 1.  Typical compression and expansion curves along φ for different values 
of the zy, zx shearing parameters  

III. METHOD DESCRIPTION 
The first stage in the registration of images that have been 

subject to shearing is to obtain a translation invariant 
representation of the images by using the Fourier shift theorem. 
The resulting images are then remapped using log-polar 
coordinates to convert rotation and scaling into shifts. Phase 
registration is then performed using the process described in [2]. 
The conversion of a image f(x,y) into the log-polar domain g(ρ, φ) 
is performed by resampling the magnitude of the N x N FFTs on 
an N/2 x N/2 log-polar grid using bilinear interpolation as per: 

        ( ) ( ))sin(),cos(, 22 αβαβϕρ ⋅+⋅+= yNyNfg  (19) 

Where the variables α and β are given by: 

 α = 
π x
N       &     

( )
2/

2/log
N

N

e=β  (20) 

Locating the ring delta on the correlation surface can be 
performed via a modified Hough Circle Transform [7]. The 
centroid of the ring (k, τ) gives the global scaling between the two 
images, and their rotation shifted by the shearing parameters. The 
global scaling factor S can be recovered using equations (19) and 
(20) by first subtracting the ring radius as: 

 S = N
1
N
k−R

 (21) 

The global rotation angle θ can be recovered from τ as a first 
order approximation by again by subtracting the radius of the ring 
and using the following relationship:  

 θ =
π ⋅ τ − R( )

N
 (22) 

This result incorporates a rotation component introduced by 
the shearing transform that is reflected in the corresponding 
estimated shearing parameters. 

The radius of the ring R gives the value of β  which can be 
recovered in a similar manner as (22) where N is half the number 
of points in the final Fourier transform: 

 β = N
1
N
(R+1)

 (23) 

If the radius is nonzero additional steps must be taken to 
estimate the shearing parameters. These can be obtained from the 
warping that takes place along the φ axis of the log-polar 
transformed image expressed by the nonlinearity in τ. The first 
step is to inverse transform the target image to compensate for any 
global rotation or scaling that has taken place using the 
parameters estimated in (21) and (22) such that θ = 0 and s = 1. 
Each log-polar transformed image is then segmented into a 
number of moderately narrow bands. Band matching is then used 
across the two images to find the displacement of the bands in the 
target image relative to the reference image. Fitting the 
displacement vectors to equation (10) can be performed using 
least squares after linearising the relationship as follows: 

 
Y = zy ⋅X + zx  (24) 

Where:  
Y = tan(τ +φ)− tan(φ)
X = tan(φ) ⋅ tan(τ +φ)

 (25) 

IV. EXPERIMENTAL RESULTS 
The performance of the proposed scheme was evaluated over 

a range of global scaling, rotation and shearing parameters using 
512x512 pixel images. These were padded to a size of 
1024x1024. Examples of the results are shown in Figures. 2-6. In 
each of these the transformed image is shown at the top left 
quadrant, the correlation surface with the detected ring 
(highlighted) at the top right quadrant and a plot of  τ  showing 
the curvefit for the estimated zx and zy parameters underneath. 

The experiments were performed to determine the ability to 
recover the global scale and rotation of sheared images. Also to 
determine how the accuracy of the transformation parameter 
estimation was affected by the orientation and magnitude of the 
shearing. For this assessment the magnitude m and orientation ψ 
of the shearing were respectively determined as follows: 

 m = zx
2 + zy

2 & ϕ = arctan
zy
zx
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Figure 2.  Parameter estimation for image with transform parameters r=0, s=1.0, 
zx = -0.281 and Zy = 0 . The ring is centered at (-10,0) with radius = 12, estimated 
zx = -0.249, Zy = - 0.008. 

  

 

Figure 3.  Parameter estimation for image with transform parameters r=0, s=1.0, 
zx = -0.249, Zy = 0.2187. The ring is centered at (-14,-1) with radius = 2, estimated 
zx = -0.208, Zy = 0.173. 

 

  

 

Figure 4.  Parameter estimation for image with transform parameters r=0, s=1.0, 
zx = -0.15 and Zy = -0.094 . The ring is centered at (-2,0) with radius = 10, 
estimated zx = -0.198, Zy = - 0.081. 

 

 

Figure 5.  Parameter estimation for image with transform parameters r=0, s=1.1, 
zx = 0.094 and Zy = 0. The ring is centered at (4,2) with radius = 6, estimated zx = 
0.096, Zy = 0.003. 



  

 

Figure 6.  Parameter estimation for image with transform parameters r=-180, 
s=1.0, zx = 0.094 and zy = 0. The ring is centered at (-2,0) with radius = 5, 
estimated zx = 0.097, zy = 0.021. 

The accurate recovery of the global scale and rotation 
however decreases as the amount of shear increases. Figure 7 
plots the scale factors reliably recovered on average for different 
amounts of horizontal shear as a percent of image size. A given 
scale factor was deemed to be reliably detected if the average 
error at a given amount of shear for all rotation angles was below 
15%. This error threshold was chosen rather arbitrarily since error 
distribution tends to be a step function: where the rings are 
correctly identified the error is typically below 15%, otherwise the 
average error is above 40%.  
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Figure 7.  Recovery of scale factors for different amounts of shear. 

First the sensitivity of shear parameter estimation to the 
orientation of the shear was evaluated. The shearing parameters 
were estimated for a set of image pairs that had undergone 
shearing of a fixed magnitude (12.5% of the image size) for 
orientation values of 0 ≤ ψ ≤ 360 in 10 degree increments. The 
absolute error of the estimated zx and zy relative to the ground 

truth remained fairly uniform across the entire range of 
orientations as is shown in Figure 8. The mean absolute errors 
were zx = 0.014, zy = 0.005 and respectively correspond to percent 
median errors of 12.5% and 3.9%. 

 

Figure 8.  Absolute parameter estimation errors as a function of orientation. 

The shearing parameters were then estimated for image pairs 
that had undergone shearing of magnitudes in the range of 0 ≤ m ≤ 
0.625 (62.5% of image size) in steps of 0.03125 for fixed 
orientations. The absolute error of the estimated zx and zy relative 
to the ground truth is shown in Figure 9. The error initially falls as 
the shear magnitude increases to about 20% due to improving 
precision in the calculation. It then begins to increase in a linear 
fashion past magnitudes of around 35%, mainly due to increasing 
noise on the correlation surface. The error at low shearing 
magnitudes is due to limited resolution in the log polar 
transformed images. For shearing magnitudes below 40% of the 
image size the mean absolute errors were zx = 0.1 and zy = 0.07. 
This corresponds to a median percent error of about 19% for 
shearing magnitudes in the range of 0.2 - 0.4. 

 

Figure 9.  Absolute parameter estimation errors as a function of magnitude. 

Without compensating for global scaling the accuracy of the 
shearing parameter estimation begins to deteriorate as scaling 
ratios of 1.3 are exceeded. The results in Figure 10 show the 
accuracy of zx and zy estimates for fixed shearing of 30% and 
25% (averaged) at different global scaling factors. Below global 
scale ratios of 1.4, the median percent error for the zx estimate was 
4.3%. For higher scaling ratios, preliminary compensation for the 



global scaling is recommended in order estimate the shearing 
parameters accurately  

 

Figure 10.  Absolute zx & zy estimation errors as a function of global scaling. 

Without compensating for global rotation the accuracy of the 
shearing parameter estimation deteriorates very rapidly when any 
rotation exceeds ±10 degrees. This is to be expected since 
shearing transformations induce rotation that affects the 
estimation process. This can be seen in Figure 11 showing the 
absolute error of zx and zy estimates for fixed shearing of 30% and 
25% at different scale factors and represent a median error of 
45%. Comparing these results to those of fig. 8 reveals the 
importance of compensating for global rotation prior to the 
estimation of the shearing parameters. 

 

Figure 11.  Absolute zx & zy estimation errors as a function of global rotation. 

Appropriately compensating for any global scaling and 
rotation enables the reasonably accurate recovery of shearing 
transformation parameters for shearing transformation of up to 
40% of the image size.  

 

V. CONCLUSIONS 
This paper has presented a novel, straightforward method for 

estimating the transformation parameters of images that have 
undergone global scaling, rotation, translation and arbitrary 
shearing for image registration. Based on Phase Correlation it 
provides noise resilience and constant processing time in a closed 
form solution. While the distortion introduced by shearing limits 
the upper range of global scaling that could otherwise be 
recovered, the proposed method is able to recover shearing 
parameters over all possible shearing orientations with reasonable 
accuracy for shear magnitudes below 40% of the image size.  
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