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Summary

Cropp & Gabric (2002) used a simple phytoplankton-zooplankton-nutrient model and a

genetic algorithm to determine the parameter values that would maximize the value of certain

goal functions. These goal functions were maximize biomass, maximize flux, maximize flux

to biomass ratio, and maximize resilience. It was found that maximizing goal functions

maximized resilience. The objective of this study was to investigate whether the Cropp &

Gabric (2002) result was indicative of a general ecosystem principle, or peculiar to the model

and parameter ranges used. This study successfully replicated the Cropp & Gabric (2002)

experiment for a number of different model types, however a different interpretation of the

results is made. A new metric, concordance, was devised to describe the agreement between

goal functions. It was found that resilience has the highest concordance of all goal functions

trialled, for most model types. This implies that resilience offers a compromise between

the established ecological goal functions. The parameter value range used is found to affect

the parameter verses goal function relationships. Local maxima and minima affected the

relationship between parameters and goal functions, and between goal functions.

Key-words: concordance, emergent properties, resilience, thermodynamic goal function.
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Introduction

The search for the fundamental principles that shape ecosystem evolution has occupied

ecologists since Lotka (1922) hypothesized that natural selection would operate to preserve

organisms that increased the energy flux through a system, subject to the constraints op-

erating on the system. Odum (1983) extended and amplified Lotka’s (1922) hypothesis,

arguing that natural systems tend to maximize the flow of useful energy - the maximum

power principle (Hall 1995), and that theories and corollaries derived from this principle

could explain much about the structure and processes of these systems, drawing analogies

between ecosystem behavior and the laws of thermodynamics. Although some authors have

challenged the rationale for the maximum power principle (e.g. Månsson & McGlade 1993),

the search for the laws or goal functions that underly ecosystem organization has continued.

Common to many hypothesized ecosystem goal functions are underlying thermodynamic con-

siderations about how ecosystems utilize the energy that flows through them. Ecosystems

exist within the constraints of thermodynamic laws that prescribe the transfer of energy,

and may be considered as thermodynamic non-equilibrium dissipative structures, that, in

common with their physical counterparts such as hurricanes and Bénard cells, utilize energy

fluxes from external sources to maintain organization (Prigogine & Stengers 1984, Toussaint

& Schneider 1998).

Several authors have pursued a variety of thermodynamically based principles: maximum

entropy formation or dissipation (Aoki 1988), minimum excess entropy (Mauersberger 1995),

minimum dissipation (Johnson 1995), maximum exergy storage (Mejer & Jørgensen 1979,

Jørgensen & Mejer 1981, Jørgensen 1982), maximum exergy degradation or destruction (Kay

& Schneider 1992, Kay & Schneider 1994), and maximum ascendancy (Ulanowicz 1980). Re-

cently, Fath et al. (2001) have suggested that some of these goal functions may indeed be

complementary and not mutually exclusive, thus making the identification of a single pri-
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mary goal function quite difficult.

Recently, Cropp & Gabric (2002) used a genetic algorithm (GA) to simulate the adaptation

of the biota in a three-compartment aquatic food web consisting of a limiting nutrient, an

autotroph, and a single heterotrophic grazer. The GA searched the model parameter space

to optimize each of four goal functions. Three goal functions were formulated by considering

the thermodynamic imperatives of exergy, entropy production or dissipation, and ascen-

dancy, together with their ecological analogues: sustainable biomass, productivity per unit

biomass and primary productivity. The fourth goal function was resilience, sensu DeAngelis

(1992). Although there is little evidence to suggest that resilience is a goal function, ecolog-

ical networks that develop stabilizing feedbacks are considered to be more likely to remain

extant than those that do not (Lenton 1998). Indeed, Odum (1969) noted that ecological

succession led to mature-stage ecosystems with good resistance to external perturbation.

Interestingly, the Cropp & Gabric (2002) simulations suggested that, within the constraints

of the external environment and the genetic potential of their constituent biota, ecosystems

will evolve to the state most resilient to perturbation. This maximum resilience hypothesis

has recently gained some further support. Laws et al. (2000) applied the assumption of

maximum resiliency to a more complex pelagic food web. All but two parameters in the

model were assigned values based on deterministic equations. Two independent adaptive

characteristics of the model, the relative growth rates of the large phytoplankton and the

biomass of filter feeders, were assigned values that maximized the resilience of the steady

state system to perturbations. The predictions of the model with respect to the behavior

of the export ratio, phytoplankton biomass, and heterotrophic bacterial biomass were in

remarkable agreement with field observations encompassing a broad range of environmental

conditions.
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In the present work we investigate the sensitivity of the maximum resilience hypothesis to

the model assumptions used by Cropp & Gabric (2002). In particular we have tested a

variety of standard forms for autotroph-nutrient and autotroph-grazer interactions and also

examine the relationship between the various goal functions.



Kristensen, Gabric & Braddock 5

Methods

Model Structure

The Cropp & Gabric (2002) model (hereafter the CG model) was described by three differ-

ential equations:

dP

dt
= µP P

(
N

N + kP

)
− eZPZ, (1)

dZ

dt
= eZ(1− ηZ)PZ − dZZ, (2)

dN

dt
= dZZ + eZηZPZ − µP P

(
N

N + kP

)
, (3)

where P , Z and N are the nutrient concentrations in each compartment, eZ is the consump-

tion per day of phytoplankton per capita of zooplankton, dZ is the zooplankton mortality, ηZ

is the efficiency of zooplankton conversion of nutrient into biomass, kP is the nutrient half-

saturation concentration for phytoplankton, and µP is the maximum phytoplankton nutrient

uptake rate. The system is closed with respect to the input and output of nutrients, hence

the total sum of nutrients, No, is a constant. The CG Model describes a Lotka-Volterra

interaction between zooplankton and phytoplankton, and a Holling Type II interaction be-

tween the nutrient compartment and phytoplankton (DeAngelis 1992).

The CG Model has been generalized to include a variety of phytoplankton-zooplankton (P-Z)

and nutrient-phytoplankton (N-P) interactions, as shown in Table 1:
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• All possible combinations of Lotka-Volterra and Holling Type II interactions for N−P

(column 2) and P − Z (column 3) were tested (denoted LL, LH, HL and HH);

• An efficiency term for the assimilation of phytoplankton biomass by zooplankton was

included or excluded (column 4);

• Where applicable, the path of inefficiently assimilated phytoplankton grazed by zoo-

plankton was passed directly to the nutrient compartment (e.g. DeAngelis 1992) or

passed through the zooplankton compartment before the nutrient compartment (e.g.

CG Model) (column 5);

• A death term for phytoplankton was either excluded (e.g. Cropp & Gabric 2002) or

included (e.g. Druon & Le Fèvre 1999) (column 6).

A full list of differential equations governing all of the models may be found in the Digital

Appendices.

Parameter Space

Parameter ranges were chosen such that all models possessed a feasible (P and Z values

greater than 0 at equilibrium) and stable (negative maximum eigenvalue, or positive re-

silience) equilibrium. The base parameter values are shown in Table 2. The parameter value

range is ±50% of the base values. This is the same as the methodology used by Cropp &

Gabric (2002).

HL4 is the rerun of the CG Model. The parameter values for Model HL4 differ from those

used by Cropp & Gabric (2002), in that the µP median value of 3 (Table 2) is greater than

the Cropp & Gabric (2002) median of 0.9. This was necessary for consistency with the other

models used, subject to the stability and feasibility constraints.
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The Goal Functions

The six goal functions employed were based upon thermodynamic principles thought to

underlie the development of ecosystems. These goal functions reflect the attributes of the

climax of a successional sequence, the mature ecosystem (Odum 1969). It is assumed that

maturity, and hence its heuristically derived attributes (Wilhelm & Brüggemann 2000), are

maximized.

1. Maximize phytoplankton biomass at equilibrium, Peq; and

2. Maximize zooplankton biomass at equilibrium, Zeq;

Primary succession necessarily increases biomass from zero. From a thermodynamic

perspective, biomass may be thought of as a measure of (genetic) information content

(Margalef 1968, Jørgensen 1999), which corresponds to the distance from thermody-

namic equilibrium.

3. Maximize flux of nutrients through the system at equilibrium, Feq;

The flux of nutrients through the system is an indicator of production, which is ob-

served to increase to a maximum and then fall slightly during succession (Cooke 1967,

Odum 1969, Cooper 1981). Nutrient flux may also be considered a proxy for energy

flux (Lotka 1922) and power (Odum 1983).

4. Maximize flux to biomass ratio at equilibrium, (F/B)eq;

The maximization of F/B is an extension of the order-through-fluctuation principle,

which encompasses all principles recognizing the tendency of energy gradients to break

down through self-organized dissipative structures (Prigogine & Stengers 1984, Choi,

Mazumder & Hansell 1999). It can be considered a result of the Second Law of Ther-

modynamics, where F is a measure of entropy (Johnson 1988).

5. Minimize flux to biomass ratio at equilibrium, (F/B)eq;
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Mature ecosystems tend to minimize F/B during succession (Margalef 1968, Odum

1969) thereby maximizing their efficiency. The apparent conflict between this goal

function and 4 may be considered an artifact of the time frame over which the goal

function is said to act. Four may be considered a long-term goal function, and 5 a

short-term goal function (Johnson 1988).

6. Maximize resilience at equilibrium, Req.

Resilience is defined the negative real part of the eigenvalue closest to zero. Resilience

can be thought of as the inverse of the return time to equilibrium after a small per-

turbation (DeAngelis 1992). The maximization of resilience is not an established goal

function, however the maximization of stability (which resilience could be considered

one aspect of) is implicit in the Exergy goal function (Jørgensen & Mejer 1977), and

has been used to successfully predict ecosystem behavior (Laws et al. 2000).

Concordance - The Sum of Normalized Fitness

A new metric, concordance, was used to quantify the agreement between goal functions.

Concordance measures the extent to which maximizing a given goal function also optimizes

the value of the other goal functions.

Let the value of each goal function be Γi, where 1 i = 1−6. Let the parameter set (see Table

2) be denoted by a parameter vector, α. Each goal function is a function of the parameter

set, Γi(α). Let the parameter set that maximizes goal function j be denoted αmax j, and

the parameter set that minimizes goal function j be denoted αmin j.

The normalized values of goal function i using the parameter values that maximize goal

1In this study, i = 1 is Peq, 2 is Zeq, 3 is Feq, 4 is (F/B)eq, 5 is −(F/B)eq, and 6 is Req. Note that Γ4

and Γ5 are mutually exclusive.
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function j, Γ̂i(αmax j), is

Γ̂i(αmax j) =
Γi(αmax j)− Γi(αmin i)

Γi(αmax i)− Γi(αmin i)
, 0 ≤ Γ̂i(αmax j) ≤ 1 ∀i. (4)

The concordance of goal function j, Cj, is the sum of these normalized values2.

Cj =
i=6∑
i=1
i6=j

i6=4 or i6=5

Γ̂i(αmax j), 0 ≤ Cj ≤ 4, (5)

where Cj is the concordance of goal function j, and n is the total number of goal functions.

Post-processing of the Genetic Algorithm Results

Some goal functions were not a function of every parameter in the model (e.g. in Model

LH4, Peq did not depend upon the parameter µP ). The genetic algorithm would vary these

parameter values, misrepresenting the effect of maximizing each goal function on the selec-

tion of the parameter. These parameters were set to their base values before being used in

calculations, however an investigation of this attribute was made for the CG Model, HL4.

2i 6= 4 or i 6= 5 is because these goal functions (F/B and −F/B) are mutually exclusive.
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Results and Discussion

Rerun of the CG Model

The results of Model HL4, the rerun of the CG Model experiment, are shown in Table 3.

Using a slightly different parameter range to Cropp & Gabric (2002), each goal function is

maximized at the same vertex in parameter space as found by Cropp & Gabric (2002).

Figure 1 shows the normalized goal function values found using the results in Table 3. With

the exception of the goal functions ‘maximize zooplankton biomass’ and ‘maximize flux to

biomass ratio’ 3, the parameter set that maximizes the goal functions optimizes resilience.

This supports Cropp & Gabric’s (2002) result.

The total height of each bar in Figure 1 is the concordance. It can be seen from Figure 1

that the goal functions ‘maximize flux’ and ‘maximize resilience’ have the equal highest con-

cordance. Table 3 indicates that the goal functions ‘maximize flux’ and ‘maximize resilience’

are maximized by the same parameter set.

Cropp & Gabric (2002) stated that “the biotic attributes that optimize the thermodynamic

goal functions also maximize resilience”. This study finds that the concordance of the goal

function ‘maximize resilience’ (and ‘maximize flux’) is highest. The difference between these

two interpretations is that, while Cropp & Gabric (2002) imply that resilience is optimized

when other goal functions are maximized, this result suggests that other goal functions are

optimized when resilience is maximized.

These two interpretations may not be very different. The directionality of the concordance is

an artifact of the way it is formulated, and the different sensitivities of each goal function to

3The goal function ‘maximize phytoplankton biomass’ is not a function of µP and kP , however these
parameters can be set such that resilience is optimized with maximum phytoplankton biomass.
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the parameters. Concordance necessarily treats each goal function independently, allowing

an unambiguous investigation of the effects of one goal function upon the others. However,

this means that concordance cannot investigate the effects of maximizing two or more goal

functions simultaneously. Indeed, it would be impractical to run a genetic algorithm on

every possible combination of goal functions. Interestingly, Figure 1 shows that resilience

and flux are one such combination, offering a compromise between the other goal functions.

Does the Resilience Hypothesis Hold for Other Model Types?

Concordance values for each goal function are shown in Table 4 and Table 5 4. Table 4 shows

the results when (F/B)eq is maximized and Table 5 for when the (F/B)eq is minimized. It

can be seen that, for most models, resilience has the highest (or equal-highest) concordance,

and hence the maximization of resilience leads to the optimization of the other goal func-

tions. It should be noted that inspection of the raw data revealed that the the converse is not

true, that is, the maximization of the other goal functions does not lead to the optimization

of resilience.

For minimizing (F/B)eq, all models give resilience with the highest or equal-highest (with

flux) concordance. This suggests that the resilience hypothesis is robust, and not specific to

the CG Model type. It also supports the previously observed (DeAngels et al. 1978) positive

relationship between flux and resilience, although not for the flux formulation that DeAngelis

(1992) uses.

For maximizing (F/B)eq, most models give resilience with the highest or equal-highest (with

flux) concordance. Before seeking to explain the exceptions to this, a discussion of the effects

of parameter range is required.

4The values of the normalized goal functions may be found in the Digital Appendices.



Kristensen, Gabric & Braddock 12

Does the Parameter Range Affect Concordance?

Resilience is the negative of the real part of the eigenvalue closest to zero (DeAngelis 1992).

The eigenvalues can be real or complex conjugate. Real eigenvalues indicate that the steady

state is a simple sink, whereas complex conjugate eigenvalues indicate that there is an oscil-

latory return to the steady state.

The parameter range chosen was such that all models with a Holling Type II interaction

between the phytoplankton and zooplankton compartments (prefixed LH or HH) had the

potential to possess either real or complex eigenvalues, whereas those with a Lotka-Volterra

interaction (prefixed LL or HL) only possessed complex conjugate eigenvalues.

For all models with potential for both types of eigenvalues, resilience was maximized at the

discontinuity between real and complex conjugate eigenvalues. This interior point represents

a local maximum in resilience. An example of this is shown in Figure 2. Resilience is plotted

against against eZ for the simplest model, Model LL1. All other parameters are held constant.

Figure 2 shows a typical relationship between parameter value and resilience. When the

eigenvalues are complex conjugate, they both have the same real part, which is equal to

resilience. In this case, resilience has a positive relationship with the parameter. When the

eigenvalues are real, the eigenvalue closest to zero dominates the system, and is used to

quantify resilience. In this case, resilience has a negative relationship with the parameter.

From inspection of the raw data, it can be seen that critical points also exist for the goal

functions ‘maximize zooplankton biomass’, and ‘maximize flux’.
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Where the parameter range is located relative to the interior points changes where the goal

function is maximized, and hence, the concordance. It is expected that the best measure of

concordance can be made when a parameter range includes its interior point.

When does the resilience hypothesis fail?

Three model formulations (LH4, HH4, HH6) out of 24 do not have resilience with the highest

concordance (Table 4). For these models, flux has the highest concordance. These excep-

tions are all models with a zooplankton grazing inefficiency term where all inefficiently grazed

phytoplankton biomass passes through the zooplankton compartment (a Cropp & Gabric

(2002) flux formulation), and a Holling Type II interaction exists between zooplankton and

phytoplankton.

For HH and LH models, the goal functions ‘maximize resilience’, ‘maximize flux’, and ‘max-

imize zooplankton biomass’ are maximized at an interior point. This has a general tendency

to decrease the concordance of each of the goal functions, compared with their LL and HL

counterparts, which are maximized at a vertex. The decrease in concordance is higher for

resilience than flux because of the advantage ‘maximize flux’ has in optimizing ‘maximize

flux to biomass ratio’. Reversing this goal function to ‘minimize flux to biomass ratio’ gives

resilience the advantage, as can be seen by comparing Table 4 and Table 5.
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Concluding Remarks

It was found that resilience had the highest concordance for most model types, and that the

result was not specific to the CG model. This implies that resilience offers a robust compro-

mise between the established goal functions, and may provide an additional complimentary

goal function to those identified by Fath et al. (2001).

Prior to the Cropp & Gabric (2002) findings, there was little to suggest that resilience is a

legitimate goal function. However, it should be noted that stability (which resilience could be

considered one aspect of) is an observed attribute of mature (e.g. Odum 1969, Odum 1983,

Margalef 1968) and complex (e.g. Naeem & Li 1997, Tilman 1996, Goodman 1975) systems,

and forms an underlying assumption for one of the more successful goal functions, exergy

(Jørgensen & Mejer 1977), in the form of a buffer capacity. In addition to this, success in

using the resilience hypothesis to predict the behavior of real ecosystems (Laws et al. 2000)

suggests that a theoretical framework for the resilience hypothesis is worth pursuing.

The observation that resilience offers a compromise between established goal functions does

not explain the mechanisms by which ecosystems would structure themselves in order to

maximize resilience. If it had been found, for instance, that resilience was maximized as an

artifact of the maximization of other goal functions, it may be hypothesized that ecosystems

maximize resilience, however, no evidence for this was found. Rather, it has been found

that resilience offers one possible way to simultaneously optimize other goal functions. This

leaves the question as to why ecosystems would ‘choose’ resilience over any other compromise

between goal functions.

It was observed that the maximally resilient system promoted low grazing efficiency, and

that “the herbivore attributes result in organisms that are less fit to compete for limiting

resources at the individual level” (Cropp & Gabric 2002). This is reminiscent of DeAngelis’s
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(1975) observation that the probability of a stable system can be increased by decreasing the

assimilation efficiency of species. Together, these observations suggest that the maximization

of resilience is not consistent with the individualist ‘law’ of natural selection. This further

emphasizes the need to describe a mechanism for the maximization of resilience independent

of the other goal functions.
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Tables and Figures
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Table 1: A summary of attributes of models ran.

Model N-P P-Z Z Efficiency All P Pass P Mortality
Name Interaction Interaction Term? Through Z? Term?
LL1 Lotka-Volterra Lotka-Volterra No N.A. No
LL2 Lotka-Volterra Lotka-Volterra No N.A. Yes
LL3 Lotka-Volterra Lotka-Volterra Yes No No
LL4 Lotka-Volterra Lotka-Volterra Yes Yes No
LL5 Lotka-Volterra Lotka-Volterra Yes No Yes
LL6 Lotka-Volterra Lotka-Volterra Yes Yes Yes
LH1 Lotka-Volterra Holling II No N.A. No
LH2 Lotka-Volterra Holling II No N.A. Yes
LH3 Lotka-Volterra Holling II Yes No No
LH4 Lotka-Volterra Holling II Yes Yes No
LH5 Lotka-Volterra Holling II Yes No Yes
LH6 Lotka-Volterra Holling II Yes Yes Yes
HL1 Holling II Lotka-Volterra No N.A. No
HL2 Holling II Lotka-Volterra No N.A. Yes
HL3 Holling II Lotka-Volterra Yes No No
HL4 Holling II Lotka-Volterra Yes Yes No
HL5 Holling II Lotka-Volterra Yes No Yes
HL6 Holling II Lotka-Volterra Yes Yes Yes
HH1 Holling II Holling II No N.A. No
HH2 Holling II Holling II No N.A. Yes
HH3 Holling II Holling II Yes No No
HH4 Holling II Holling II Yes Yes No
HH5 Holling II Holling II Yes No Yes
HH6 Holling II Holling II Yes Yes Yes
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Table 2: Base parameter values. Range used was ±50%. No was taken to be a constant
500 mg/m2.

Model eP eZ µP µZ kP kZ dP dZ ηZ

Name
(

m2

mgN d

) (
m2

mgN d

) (
1
d

) (
1
d

) (
mgN
m2

) (
mgN
m2

) (
1
d

) (
1
d

)

LL1 0.006 0.006 N.A. N.A. N.A. N.A. N.A. 0.05 N.A.
LL2 0.006 0.006 N.A. N.A. N.A. N.A. 0.005 0.05 N.A.

LL3 & LL4 0.006 0.006 N.A. N.A. N.A. N.A. N.A. 0.05 0.4
LL5 & LL6 0.006 0.006 N.A. N.A. N.A. N.A. 0.005 0.05 0.4

LH1 0.006 N.A. N.A. 3 N.A. 2000 N.A. 0.05 N.A.
LH2 0.006 N.A. N.A. 3 N.A. 2000 0.005 0.05 N.A.

LH3 & LH4 0.006 N.A. N.A. 3 N.A. 2000 N.A. 0.05 0.4
LH5 & LH6 0.006 N.A. N.A. 3 N.A. 2000 0.005 0.05 0.4

HL1 N.A. 0.006 3 N.A. 277 N.A. N.A. 0.05 N.A.
HL2 N.A. 0.006 3 N.A. 277 N.A. 0.005 0.05 N.A.

HL3 & HL4 N.A. 0.006 3 N.A. 277 N.A. N.A. 0.05 0.4
HL5 & HL6 N.A. 0.006 3 N.A. 277 N.A. 0.005 0.05 0.4

HH1 N.A. N.A. 3 3 277 2000 N.A. 0.05 N.A.
HH2 N.A. N.A. 3 3 277 2000 0.005 0.05 N.A.

HH3 & HH4 N.A. N.A. 3 3 277 2000 N.A. 0.05 0.4
HH5 & HH6 N.A. N.A. 3 3 277 2000 0.005 0.05 0.4
Note:
eP is the consumption per day of nutrient per capita phytoplankton
µZ is the maximum zooplankton nutrient uptake rate
kZ is the nutrient half saturation concentration for phytoplankton
dP is the phytoplankton mortality
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Table 3: Model HL4 results. Parameters that the goal functions were independent of are
marked with an *.

Parameter Value of Goal Functions
eZ dZ ηZ µP kP P Z F F/B R

αmax

Maximize P 0.003 0.075 0.6 3* 277* 62.5 311.9 58.5 0.16 0.16
Maximize Z 0.003 0.025 0.2 4.5 138.5 10.4 433.3 13.5 0.031 0.09
Maximize F 0.003 0.075 0.6 4.5 138.5 62.5 389.0 73.0 0.16 0.56
Maximize F

B
0.009 0.075 0.6 4.5 138.5 20.8 289.2 54.2 0.17 0.06

Maximize R 0.003 0.075 0.6 4.5 138.5 62.5 389.0 73.0 0.062 0.56
αmin

Minimize P 0.009 0.025 0.2 3* 277* 3.5 178.2 4.5 0.025 0.0041
Minimize Z 0.009 0.075 0.6 1.5 415.5 20.8 81.5 6.1 0.06 0.010
Minimize F 0.009 0.025 0.2 1.5 415.5 3.5 83.1 2.6 0.03 0.0016
Minimize F

B
0.003 0.025 0.2 1.5 415.5 10.4 203.8 6.4 0.030 0.0066

Minimize R 0.009 0.025 0.2 1.5 138.5 3.5 121.7 3.0 0.024 0.0013



Kristensen, Gabric & Braddock 25

Table 4: Concordance (Equation 5) for each goal function in each model. F/B is maximized.

Model Maximize Maximize Maximize Maximize Maximize
Name Peq Zeq Feq F/Beq Req

LL1 3.25 0.82 3.90 1.71 3.90
LL2 3.25 0.82 3.90 1.71 3.90
LL3 2.95 0.56 2.84 1.43 3.58
LL4 3.11 0.40 3.74 1.81 3.74
LL5 2.95 0.56 2.84 1.43 3.58
LL6 3.11 0.40 3.74 1.81 3.74
LH1 2.25 0.75 2.53 1.56 3.04
LH2 2.27 0.76 2.54 1.55 3.03
LH3 0.04 0.89 2.44 1.73 2.68
LH4 0.14 0.57 2.57 2.03 2.35
LH5 0.05 0.89 2.45 1.73 2.62
LH6 0.15 0.58 2.58 2.01 2.61
HL1 2.72 0.88 3.92 1.63 3.92
HL2 2.72 0.88 3.92 1.63 3.92
HL3 2.47 0.61 2.84 1.45 3.65
HL4 2.61 0.43 3.78 1.72 3.78
HL5 2.47 0.61 2.84 1.45 3.65
HL6 2.60 0.43 3.78 1.72 3.78
HH1 2.08 0.67 2.42 1.88 3.08
HH2 2.07 0.55 2.50 1.88 3.07
HH3 0.09 0.91 2.39 1.93 2.70
HH4 0.16 0.56 2.60 2.16 1.85
HH5 0.09 1.16 2.58 1.98 2.83
HH6 0.17 0.84 2.26 2.21 2.07

Average 1.824 0.689 2.996 1.756 3.211
CV 0.70 0.29 0.21 0.13 0.20
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Table 5: Concordance (Equation 5) for each goal function in each model. F/B is minimized.

Model Maximize Maximize Maximize Minimize Maximize
Name Peq Zeq Feq F/Beq Req

LL1 2.38 1.81 3.00 0.96 3.00
LL2 2.38 1.81 3.00 0.95 3.00
LL3 2.37 1.50 2.00 1.00 2.95
LL4 2.36 1.34 2.95 0.73 2.95
LL5 2.37 1.51 1.96 0.99 2.95
LL6 2.36 1.40 2.95 0.72 2.95
LH1 2.12 1.71 1.77 1.44 2.61
LH2 2.13 1.71 1.78 1.44 2.61
LH3 1.02 1.45 1.63 1.01 2.14
LH4 1.12 1.51 1.78 1.11 2.18
LH5 1.03 1.45 1.65 1.01 2.10
LH6 1.12 1.50 1.80 1.10 2.16
HL1 1.84 1.86 3.00 0.72 3.00
HL2 1.84 1.86 3.00 0.72 3.00
HL3 1.87 1.53 1.95 0.76 2.96
HL4 1.86 1.42 2.97 0.53 2.97
HL5 1.87 1.53 1.95 0.75 2.96
HL6 1.86 1.42 2.97 0.52 2.97
HH1 1.93 1.59 1.52 1.35 2.40
HH2 1.93 1.47 1.62 1.35 2.41
HH3 1.06 2.45 1.47 2.05 2.12
HH4 1.13 1.51 1.70 1.12 2.15
HH5 1.07 1.72 1.85 1.04 2.15
HH6 1.14 1.76 1.55 1.12 2.17

Average 1.757 1.576 2.159 0.979 2.619
CV 0.30 0.10 0.28 0.27 0.15
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DIGITAL APPENDICES

Differential Equations Governing Models and Goal

Functions

Model LL

Differential Equations:

dP

dt
= eP NP − eZPZ − dP P, (App 1a)

dZ

dt
= eZ(1− ηZ)PZ − dZZ, (App 1b)

dN

dt
= dZZ + dP P + eZηZPZ − eP NP. (App 1c)

Goal Functions:

Phytoplankton biomass at equilibrium:

Peq =
dZ

eZ(1− ηZ)
. (App 2a)

Zooplankton biomass at equilibrium:

Zeq =
eP Neq − dP

eZ

, (App 2b)

where nutrient at equilibrium is

Neq =
dZ(No − Peq) + eZηZPeq(No − Peq) + dP Peq

dZ + eZηZPeq + eP Peq

.
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Flux at equilibrium for the DeAngelis (1992) flux formulation:

Feq = (1− ηZ)eZPeqZeq = dZZeq = eP NeqPeq − ηZeZPeqZeq − dP Peq. (App 2c)

Flux at equilibrium for the Cropp & Gabric (2002) flux formulation:

Feq = eZPeqZeq = dZZeq + ηZeZPeqZeq = eP NeqPeq − dP Peq. (App 2d)

Flux to biomass ratio at equilibrium:

(
F

B

)

eq

=
Feq

Peq + Zeq

. (App 2e)

Resilience at equilibrium is found from (refer to Digital Appendix: Finding Resilience for

details):

A = eP (Neq − Peq)− eZZeq − dP , (App 2f)

B = −Peq(eP + eZ), (App 2g)

C = eZ(1− ηZ)Zeq, (App 2h)

D = 0. (App 2i)
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Model LH

Differential Equations:

dP

dt
= eP NP − µZPZ

kZ + P
− dP P, (App 3a)

dZ

dt
=

µZ(1− ηZ)PZ

kZ + P
− dZZ, (App 3b)

dN

dt
= dZZ + dP P +

µZηZPZ

kZ + P
− eP NP. (App 3c)

Goal Functions:

Phytoplankton biomass at equilibrium:

Peq =
dZkZ

µZ(1− ηZ)− dZ

. (App 4a)

Zooplankton biomass at equilibrium:

Zeq =
(eP Neq − dP )(kZ + Peq)

µZ

, (App 4b)

where nutrient at equilibrium is

Neq =
dZ(kZ + Peq)(No − Peq) + µZηZPeq(No − Peq) + dP Peq(kZ + Peq)

dZ(kZ + Peq) + µZηZPeq + eP Peq(kZ + Peq)
.

Flux at equilibrium for the DeAngelis (1992) flux formulation:

Feq =
µZ(1− ηZ)PeqZeq

kZ + Peq

= dZZeq = eP NeqPeq − µZηZPeqZeq

kZ + Peq

− dP Peq. (App 4c)

Flux at equilibrium for the Cropp & Gabric (2002) flux formulation:

Feq =
µZPeqZeq

kZ + Peq

= dZZeq +
µZηZPeqZeq

kZ + Peq

= eP NeqPeq − dP Peq (App 4d)
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Flux to biomass ratio at equilibrium:

(
F

B

)

eq

=
Feq

Peq + Zeq

. (App 4e)

Resilience at equilibrium is found from (refer to Digital Appendix: Finding Resilience for

details):

A = eP (Neq − Peq)− µZkZZeq

kZ + Peq

− dP , (App 4f)

B = −Peq

(
eP +

µZ

kZ + Peq

)
, (App 4g)

C =
µZkZ(1− ηZ)Zeq

(kZ + Peq)2
, (App 4h)

D = 0. (App 4i)
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Model HL

Differential Equations:

dP

dt
=

µP NP

kP + N
− eZPZ − dP P, (App 5a)

dZ

dt
= eZ(1− ηZ)PZ − dZZ, (App 5b)

dN

dt
= dZZ + dP P + eZηZPZ − µP NP

kP + N
. (App 5c)

Goal Functions:

Phytoplankton biomass at equilibrium:

Peq =
dZ

eZ(1− ηZ)
. (App 6a)

Zooplankton biomass at equilibrium:

Zeq =

(
1

eZ

)(
µP Neq

kP + Neq

− dP

)
, (App 6b)

where nutrient at equilibrium is

Neq =
−b±√b2 − 4ac

2a
,

where:

a = eZ , (App 6c)

b = −µP + dP + eZ(No − Peq − kP ), (App 6d)

c = kP eZ(No − Peq) + dP kP . (App 6e)
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Flux at equilibrium for the DeAngelis (1992) flux formulation:

Feq = eZ(1− ηZ)PeqZeq = dZZeq =
µP NeqPeq

kP + Neq

− eZηZPeqZeq − dP Peq. (App 6f)

Flux at equilibrium for the Cropp & Gabric (2002) flux formulation:

Feq = eZPeqZeq = eZηZPeqZeq + dZZeq =
µP NeqPeq

kP + Neq

− dP Peq. (App 6g)

Flux to biomass ratio at equilibrium:

(
F

B

)

eq

=
Feq

Peq + Zeq

. (App 6h)

Resilience at equilibrium is found from (refer to Digital Appendix: Finding Resilience for

details):

A =
µP (Neq − Peq)(kP + Neq) + µP PeqNeq

(kP + Neq)2
− eZZeq − dP , (App 6i)

B =
−µP PeqkP

(kP + Neq)2
− eZPeq, (App 6j)

C = eZ(1− ηz)Zeq, (App 6k)

D = 0. (App 6l)
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Model HH

Differential Equations:

dP

dt
= µP P

(
N

N + kP

)
− µZZ

(
P

P + kZ

)
, (App 7a)

dZ

dt
= µZZ

(
(1− ηZ)P

kZ + P

)
− dZZ, (App 7b)

dN

dt
= dZZ + µZZ

(
ηZP

kZ + P

)
− µP P

(
N

N + kP

)
. (App 7c)

Goal Functions:

Phytoplankton biomass at equilibrium:

Peq =
dZkZ

(1− ηZ)µZ − dZ

. (App 8a)

Zooplankton biomass at equilibrium:

Zeq =

(
kZ + P

µZ

) (
µP N

kP + N
− dP

)
, (App 8b)

where nutrient at equilibrium is

Neq =
−b±√b2 − 4ac

2a
, (App 8c)

where:

a = −µZ , (App 8d)

b = µP (kZ + Peq) + µZ(kP −No + Peq)− dP (kZ + P ), (App 8e)

c = −µZkP (No − Peq)− dP (kZ + P ). (App 8f)
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Flux at equilibrium for the DeAngelis (1992) flux formulation:

Feq = µZZeq

(
(1− ηZ)Peq

kZ + Peq

)
= µP Peq

(
Neq

kP + Neq

)
−µZZeq

(
ηZPeq

kZ + Peq

)
= dZZeq. (App 8g)

Flux at equilibrium for the Cropp & Gabric (2002) flux formulation:

Feq = µZZeq

(
Peq

kZ + Peq

)
= µP Peq

(
Neq

kP + Neq

)
= dZZeq +µZZeq

(
ηZPeq

kZ + Peq

)
. (App 8h)

Flux to biomass ratio at equilibrium:

(
F

B

)

eq

=
Feq

Peq + Zeq

. (App 8i)

Resilience at equilibrium is found from (refer to for details):

A =
µP (Neq − Peq)(kP + Neq) + µP PeqNeq

(kP + Neq)2
− µZZeqkZ

(kZ + Peq)2
− dP , (App 8j)

B =
−µP PeqkP

(kP + Neq)2
− µZPeq

kZ + Peq

, (App 8k)

C =
µZZeqkZ(1− ηZ)

(kZ + Peq)2
, (App 8l)

D = 0. (App 8m)
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Finding Resilience.

General Jacobian Matrix for PZN System

The Jacobian Matrix is used to find the resilience of the system. The Jacobian Matrix is

described by:

J =




∂
∂P

(
dP
dt

)
∂

∂Z

(
dP
dt

)

∂
∂P

(
dZ
dt

)
∂

∂Z

(
dZ
dt

)


 =




A B

C D


 . (App 9)

From Equation App 9 it can be said that the eigenvalue, λ, is found by

|J− λI| = 0 =

∣∣∣∣∣∣∣

∂
∂P

(
dP
dt

)− λ ∂
∂Z

(
dP
dt

)

∂
∂P

(
dZ
dt

)
∂

∂Z

(
dZ
dt

)− λ

∣∣∣∣∣∣∣
. (App 10)

The quadratic equation to be solved from Equation App 10 is

0 = λ2 − (A + D)λ + (AD−BC), (App 11)

for equilibrium values of P and Z.

Note that for complex eigenvalues Equation App 12 must be satisfied

(A + D)2 − 4(AD−BC) < 0, (App 12)

for which the resilience, R, is the negative of the real part of the eigenvalues

R = − A + D

2
. (App 13)

For real eigenvalues, the larger (most positive) of the two eigenvalues found from the char-

acteristic equation (Equation App 10) is used to find resilience.
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Raw Data: Parameter Values
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Raw Data: Normalized Goal Function Values
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Table 13: Normalized Goal Function Values. Model LL

Goal Goal Normalized
Maximized P Z F (F/B) R −(F/B)
Model LL1

Peq 1.00 0.79 0.87 0.94 0.65 0.06
Zeq 0.25 1.00 0.26 0.01 0.31 0.99
Feq 1.00 0.95 1.00 0.95 1.00 0.05

(F/B)eq 0.25 0.50 0.65 1.00 0.31 0.00
Req 1.00 0.95 1.00 0.95 1.00 0.05

−(F/B)eq 0.25 0.50 0.13 0.00 0.08 1.00
Model LL2

Peq 1.00 0.79 0.87 0.94 0.65 0.06
Zeq 0.25 1.00 0.26 0.01 0.31 0.99
Feq 1.00 0.95 1.00 0.95 1.00 0.05

(F/B)eq 0.25 0.50 0.65 1.00 0.31 0.00
Req 1.00 0.95 1.00 0.95 1.00 0.05

−(F/B)eq 0.25 0.50 0.13 0.00 0.08 1.00
Model LL3

Peq 1.00 0.69 0.81 0.79 0.66 0.21
Zeq 0.12 1.00 0.26 0.03 0.15 0.97
Feq 0.47 0.94 1.00 0.94 0.49 0.06

(F/B)eq 0.12 0.51 0.66 1.00 0.15 0.00
Req 1.00 0.84 0.92 0.82 1.00 0.18

−(F/B)eq 0.29 0.48 0.12 0.00 0.09 1.00
Model LL4

Peq 1.00 0.69 0.88 0.87 0.66 0.13
Zeq 0.12 1.00 0.13 0.00 0.15 1.00
Feq 1.00 0.84 1.00 0.89 1.00 0.11

(F/B)eq 0.29 0.48 0.71 1.00 0.32 0.00
Req 1.00 0.84 1.00 0.89 1.00 0.11

−(F/B)eq 0.12 0.51 0.07 0.00 0.04 1.00
Model LL5

Peq 1.00 0.69 0.81 0.79 0.66 0.21
Zeq 0.12 1.00 0.26 0.03 0.15 0.97
Feq 0.47 0.94 1.00 0.94 0.49 0.06

(F/B)eq 0.12 0.51 0.66 1.00 0.15 0.00
Req 1.00 0.84 0.92 0.82 1.00 0.18

−(F/B)eq 0.29 0.48 0.12 0.00 0.09 1.00
Model LL6

Peq 1.00 0.69 0.88 0.87 0.66 0.13
Zeq 0.12 1.00 0.13 0.00 0.15 1.00
Feq 1.00 0.84 1.00 0.89 1.00 0.11

(F/B)eq 0.29 0.49 0.71 1.00 0.32 0.00
Req 1.00 0.84 1.00 0.89 1.00 0.11

−(F/B)eq 0.12 0.50 0.07 0.00 0.04 1.00
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Table 14: Normalized Goal Function Values. Model LH

Goal Goal Normalized
Maximized P Z F (F/B) R −(F/B)
Model LH1

Peq 1.00 0.52 0.78 0.57 0.38 0.43
Zeq 0.19 1.00 0.24 0.02 0.30 0.98
Feq 0.34 0.81 1.00 0.88 0.49 0.12

(F/B)eq 0.08 0.55 0.81 1.00 0.12 0.00
Req 0.70 0.70 0.92 0.71 1.00 0.29

−(F/B)eq 0.30 0.81 0.20 0.00 0.14 1.00
Model LH2

Peq 1.00 0.52 0.78 0.57 0.40 0.43
Zeq 0.19 1.00 0.24 0.02 0.30 0.98
Feq 0.33 0.81 1.00 0.88 0.51 0.12

(F/B)eq 0.07 0.55 0.80 1.00 0.12 0.00
Req 0.70 0.70 0.92 0.71 1.00 0.29

−(F/B)eq 0.30 0.80 0.19 0.00 0.15 1.00
Model LH3

Peq 1.00 0.01 0.01 0.01 0.01 0.99
Zeq 0.08 1.00 0.25 0.22 0.34 0.78
Feq 0.13 0.87 1.00 0.91 0.54 0.09

(F/B)eq 0.03 0.72 0.83 1.00 0.15 0.00
Req 0.25 0.77 0.89 0.77 1.00 0.23

−(F/B)eq 1.00 0.00 0.00 0.00 0.01 1.00
Model LH4

Peq 1.00 0.01 0.11 0.01 0.01 0.99
Zeq 0.08 1.00 0.13 0.03 0.34 0.97
Feq 0.18 0.75 1.00 0.89 0.74 0.11

(F/B)eq 0.09 0.68 0.92 1.00 0.33 0.00
Req 0.25 0.77 0.74 0.59 1.00 0.41

−(F/B)eq 1.00 0.00 0.10 0.00 0.01 1.00
Model LH5

Peq 1.00 0.02 0.02 0.01 0.01 0.99
Zeq 0.08 1.00 0.26 0.22 0.34 0.78
Feq 0.13 0.87 1.00 0.90 0.55 0.10

(F/B)eq 0.03 0.72 0.83 1.00 0.15 0.00
Req 0.25 0.75 0.86 0.76 1.00 0.24

−(F/B)eq 1.00 0.00 0.00 0.00 0.01 1.00
Model LH6

Peq 1.00 0.02 0.11 0.01 0.01 0.99
Zeq 0.08 1.00 0.13 0.04 0.34 0.96
Feq 0.19 0.75 1.00 0.89 0.75 0.11

(F/B)eq 0.09 0.68 0.92 1.00 0.33 0.00
Req 0.25 0.75 0.89 0.73 1.00 0.27

−(F/B)eq 1.00 0.00 0.09 0.00 0.01 1.00
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Table 15: Normalized Goal Function Values. Model HL

Goal Goal Normalized
Maximized P Z F (F/B) R −(F/B)
Model HL1

Peq 1.00 0.72 0.78 0.94 0.28 0.06
Zeq 0.25 1.00 0.30 0.01 0.32 0.99
Feq 1.00 0.96 1.00 0.96 1.00 0.04

(F/B)eq 0.25 0.60 0.68 1.00 0.10 0.00
Req 1.00 0.96 1.00 0.96 1.00 0.04

−(F/B)eq 0.25 0.35 0.10 0.00 0.02 1.00
Model HL2

Peq 1.00 0.72 0.78 0.94 0.28 0.06
Zeq 0.25 1.00 0.30 0.01 0.32 0.99
Feq 1.00 0.96 1.00 0.96 1.00 0.04

(F/B)eq 0.25 0.60 0.68 1.00 0.10 0.00
Req 1.00 0.96 1.00 0.96 1.00 0.04

−(F/B)eq 0.25 0.34 0.10 0.00 0.02 1.00
Model HL3

Peq 1.00 0.65 0.73 0.80 0.29 0.20
Zeq 0.12 1.00 0.30 0.04 0.15 0.96
Feq 0.47 0.95 1.00 0.95 0.48 0.05

(F/B)eq 0.12 0.60 0.68 1.00 0.05 0.00
Req 1.00 0.87 0.93 0.84 1.00 0.16

−(F/B)eq 0.29 0.34 0.10 0.00 0.02 1.00
Model HL4

Peq 1.00 0.65 0.79 0.87 0.29 0.13
Zeq 0.12 1.00 0.16 0.01 0.15 0.99
Feq 1.00 0.87 1.00 0.91 1.00 0.09

(F/B)eq 0.29 0.59 0.73 1.00 0.11 0.00
Req 1.00 0.87 1.00 0.91 1.00 0.09

−(F/B)eq 0.12 0.35 0.05 0.00 0.01 1.00
Model HL5

Peq 1.00 0.65 0.73 0.80 0.29 0.20
Zeq 0.12 1.00 0.30 0.04 0.15 0.96
Feq 0.47 0.95 1.00 0.95 0.47 0.05

(F/B)eq 0.12 0.60 0.68 1.00 0.05 0.00
Req 1.00 0.87 0.93 0.84 1.00 0.16

−(F/B)eq 0.29 0.34 0.10 0.00 0.02 1.00
Model HL6

Peq 1.00 0.65 0.79 0.87 0.29 0.13
Zeq 0.12 1.00 0.16 0.01 0.15 0.99
Feq 1.00 0.87 1.00 0.91 1.00 0.09

(F/B)eq 0.29 0.59 0.73 1.00 0.11 0.00
Req 1.00 0.87 1.00 0.91 1.00 0.09

−(F/B)eq 0.12 0.34 0.05 0.00 0.01 1.00
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Table 16: Normalized Goal Function Values. Model HH

Goal Goal Normalized
Maximized P Z F (F/B) R −(F/B)
Model HH1

Peq 1.00 0.57 0.73 0.57 0.20 0.43
Zeq 0.09 1.00 0.27 0.04 0.27 0.96
Feq 0.19 0.90 1.00 0.95 0.39 0.05

(F/B)eq 0.07 0.79 0.91 1.00 0.10 0.00
Req 0.43 0.85 0.96 0.84 1.00 0.16

−(F/B)eq 0.30 0.77 0.21 0.00 0.08 1.00
Model HH2

Peq 1.00 0.58 0.73 0.57 0.20 0.43
Zeq 0.06 1.00 0.27 0.04 0.18 0.96
Feq 0.21 0.91 1.00 0.94 0.44 0.06

(F/B)eq 0.07 0.80 0.91 1.00 0.10 0.00
Req 0.43 0.86 0.95 0.83 1.00 0.17

−(F/B)eq 0.30 0.77 0.21 0.00 0.08 1.00
Model HH3

Peq 1.00 0.01 0.05 0.01 0.01 0.99
Zeq 0.04 1.00 0.27 0.23 0.36 0.77
Feq 0.08 0.91 1.00 0.96 0.44 0.04

(F/B)eq 0.03 0.84 0.92 1.00 0.13 0.00
Req 0.15 0.89 0.87 0.79 1.00 0.21

−(F/B)eq 1.00 0.00 0.04 0.00 0.01 1.00
Model HH4

Peq 1.00 0.01 0.12 0.01 0.01 0.99
Zeq 0.04 1.00 0.14 0.04 0.36 0.96
Feq 0.14 0.83 1.00 0.95 0.68 0.05

(F/B)eq 0.09 0.80 0.97 1.00 0.30 0.00
Req 0.15 0.89 0.46 0.35 1.00 0.65

−(F/B)eq 1.00 0.00 0.11 0.00 0.01 1.00
Model HH5

Peq 1.00 0.02 0.05 0.01 0.01 0.99
Zeq 0.07 1.00 0.28 0.22 0.59 0.78
Feq 0.17 0.89 1.00 0.87 0.66 0.13

(F/B)eq 0.03 0.85 0.96 1.00 0.13 0.00
Req 0.15 0.89 0.95 0.84 1.00 0.16

−(F/B)eq 1.00 0.00 0.03 0.00 0.01 1.00
Model HH6

Peq 1.00 0.02 0.12 0.01 0.01 0.99
Zeq 0.07 1.00 0.14 0.04 0.59 0.96
Feq 0.23 0.80 1.00 0.85 0.38 0.15

(F/B)eq 0.08 0.81 1.02 1.00 0.30 0.00
Req 0.15 0.89 0.58 0.45 1.00 0.55

−(F/B)eq 1.00 0.00 0.11 0.00 0.01 1.00


