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Abstract

A number of proposals have been proposed for measuring inconsistency
for knowledge bases. However, it is rarely investigated how to incorporate
preference information into inconsistency measures. This paper presents two
approaches to measuring inconsistency for stratified knowledge bases. The
first approach, termed the multi-section inconsistency measure (MSIM for
short), provides a framework for characterizing the inconsistency at each stra-
tum of a stratified knowledge base. Two instances of MSIM are defined: the
naive MSIM and the stratum-centric MSIM. The second approach, termed
the preference-based approach, aims to articulate the inconsistency in a strat-
ified knowledge base from a global perspective. This approach allows us to
define measures by taking into account the number of formulas involved in
inconsistencies as well as the preference levels of these formulas. A set of
desirable properties are introduced for inconsistency measures of stratified
knowledge bases and studied with respect to the inconsistency measures in-
troduced in the paper. Computational complexity results for these measures
are presented. In addition, a simple but explanatory example is given to
illustrate the application of the proposed approaches to requirements engi-
neering.
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1. Introduction

Inconsistency is a pervasive and important problem in many applications
when information is gathered from multiple sources. It has been increasingly
recognized that measuring inconsistency plays an important role in analyzing
inconsistent information in a variety of applications such as belief change [1],
knowledge bases merging [2], ontology management [3], requirements engi-
neering [4, 5, 6], expert systems in medicine [7] and intrusion detections
in security [8]. A growing number of inconsistency measures for knowledge
bases have been proposed recently [1, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19,
20, 21, 22].

Most of these inconsistency measures focus on classical knowledge bases
only. Such measures assume that any two pieces of knowledge in the same
knowledge base are equally preferred. However, some pieces of knowledge
are often more preferred than others in some applications, such as belief
revision [23], knowledge bases merging [24], and inconsistency management
in requirements engineering [4, 25]. More importantly, the preference rela-
tion between pieces of knowledge is always considered as useful to resolv-
ing inconsistency in these applications. Therefore, proposals for measuring
inconsistency in such applications should take into account preferences on
knowledge. To illustrate this, consider a scenario about selecting the best
paper from submissions for a conference. Suppose that A and B are two
conference submissions. Alice and Bob are the two reviewers for these two
submissions. Alice recommended A for the best paper with high confidence,
whilst Bob gave the contrary reviewing result with low confidence. Bob rec-
ommended B for the best paper with high confidence, but Alice opposed
Bob’s recommendation with high confidence. Intuitively, the contradiction
between Alice and Bob about A is different from that about B. Evidently, if
we ignore recommendations with low confidence, B receives two valid reviews
that are contradictory, whilst A has just one review that is positive. Further,
if we consider all reviews, A also has two contradictory reviews. But the
contradiction between Alice and Bob about A is less sharp than that about
B, because Bob opposes Alice w.r.t. A with low confidence instead of high
confidence.

On the other hand, given a preference relation over a knowledge base, the
base may be stratified into several strata according to the preference relation
between pieces of knowledge, if we assume that any two pieces of knowledge
in the same stratum are equally preferred. Moreover, each stratum of a
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given knowledge base, except for the least preferred stratum, naturally splits
the whole knowledge base into two parts: one is the set of formulas more
or equally preferred than the stratum, and the other is the set of formulas
strictly less preferred than the stratum. In many applications, we need to
consider only the first part of the knowledge base instead of the whole base.
For example, to manage time effectively and efficiently, an agenda robot
needs to classify a set of tasks into four strata, including the urgent and
important, the urgent and not important, the not urgent but important, and
the not urgent and not important. Some of these tasks may contradict to
each other. Suppose an agenda robot has detected that the user’s available
time is very limited. Then it is advisable for the user to focus on only urgent
tasks, i.e., the first one or the first two strata. Roughly speaking, compared
to flat knowledge base, the stratum-based structure of a knowledge base
makes it possible for the robot to focus on relevant parts in the stratified
knowledge base. As a result, we need to measure the inconsistency of a
stratified knowledge base stratum by stratum.

To address these issues, we propose two approaches to measuring incon-
sistency for stratified knowledge bases in this paper. The first approach,
termed the multi-section inconsistency measure (MSIM for short), provides
a framework for capturing the inconsistency occurring at each stratum of a
stratified knowledge base. Informally, the multi-section inconsistency mea-
sure for a stratified knowledge base is a vector such that the first i components
of the vector together exactly capture the inconsistency in the first i strata
of the base. In particular, we present two instances in this framework, i.e.,
the naive MSIM and the stratum-centric MSIM. The former takes advantage
of some intuitive inconsistency measures for flat knowledge bases such as the
LPm inconsistency measure presented in [1], to characterize inconsistencies at
each stratum of a stratified knowledge base. The latter aims to capture the
most preferred stratum involved in inconsistencies caused by each stratum
of a stratified knowledge base, in which inconsistencies are characterized in
terms of minimal inconsistent subsets of each i-cut (the union of the first i
strata) of the base. The second approach to measuring inconsistency, termed
preference-based approach, focuses on assessing inconsistencies in a whole
stratified knowledge base from an integrated perspective. It allows us to
define measures by considering the number of formulas involved in inconsis-
tencies as well as the preference levels of these formulas under LPm models,
one of representative paraconsistent models [26]. By examining their logi-
cal properties, we show that these inconsistency measures indeed take into
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account the pre-order relation on a stratified knowledge base in assessing
the inconsistency in the base. Then we provide a systemic analysis of the
computational complexity of these measures. Finally, we use a small but
explanatory example to illustrate how to use our measures to monitor the
process of inconsistency handling in requirements engineering.

The rest of this paper is organized as follows. Section 2 provides some
necessary notations about inconsistency as well as stratified knowledge bases.
In section 3 we propose the multi-section inconsistency measure and its two
instances for stratified knowledge bases. In section 4 we propose preference-
based inconsistency measures for stratified knowledge bases. In section 5
we address logical properties of these inconsistency measures. In section 6
we study computational complexity issues about these measures. In Section
7, we present an example to illustrate the application of our approaches in
the domain of requirements engineering. In section 8 we will compare our
approaches with some closely related work. Finally, we conclude this paper
in Section 9.

2. Preliminaries

In this section we introduce some basics about knowledge bases and incon-
sistency measures that will be used in the paper. We consider the language L
built from a finite set of propositional variables P under logical connectives
{¬,∧,∨,→} and constants T (true) and F (false). We use a, b, c, · · · to
denote propositional variables, and α, β, γ, · · · to denote formulas.

2.1. Stratified knowledge bases

Before introducing stratified knowledge bases, we first fix some necessary
mathematical notations. By (c1, c2, · · · , cn) or ~c for short, we denote an n-ary
vector. In particular, we use ~0 to denote the zero vector (0, 0, · · · , 0). The
lexicographical ordering relation ≤ between two vectors ~c = (c1, c2, · · · , cn)

and ~d = (d1, d2, · · · , dn) of the same size is given as follows: ~c ≤ ~d if ~c = ~d,
or there exists k ≤ n s.t. ck < dk and ci = di for each i < k.

Furthermore, ~c < ~d if and only if ~c ≤ ~d and ~c 6= ~d.
If (c1, c2, · · · , cn) is a vector and cn+1 is a real number, then the con-

catenation operation between c and cn+1, denoted (c1, c2, · · · , cn) ] cn+1, is
defined as

(c1, c2, · · · , cn) ] cn+1 = (c1, c2, · · · , cn, cn+1).
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A binary relation ≤A on some set A is a total preorder relation if it is
reflexive, transitive, and total, i.e., for all a, b, c ∈ A, we have that:

(1) a ≤A a (reflexivity),

(2) if a ≤A b and b ≤A c, then a ≤A c (transitivity),

(3) a ≤A b or b ≤A a (totality).

A stratified knowledge base (stratified KB for short), also termed ranked
knowledge base, is a pair K = (CK ,≤K), where CK is a finite set of proposi-
tional formulas and ≤K is a total preorder on CK [27]. For any α, β ∈ CK ,
α ≤K β means that α is preferred to β in K.

A stratified knowledge base K = (CK ,≤K) is often given in the form of
a stratification (S1, S2, · · · , Sn) for K such that

• ∅ ⊂ Si ⊆ CK for each 1 ≤ i ≤ n;

•
n⋃

i=1

Si = CK and Si ∩ Sj = ∅ for i 6= j.

• for α, β ∈ CK , α ≤K β iff α ∈ Si, β ∈ Sj and i ≤ j.

Each Si is called the i-th stratum of the stratification. Throughout this
paper, we use K = (S1, S2, · · · , Sn) or just (S1, S2, · · · , Sn) to denote the
stratified knowledge base K = (CK ,≤K) with n strata.

Given a stratified knowledge base K = (S1, S2, · · · , Sn), we call K(i) =
i⋃

k=1

Sk the i-cut of K for each 1 ≤ i ≤ n [24]. Obviously, the n-cut of K is

exactly K. We use lc(K) to denote the lexicographical cardinality of K, i.e.,
lc(K) = (|S1|, |S2|, · · · , |Sn|).

Furthermore, for each 1 ≤ i ≤ n, we call the stratified knowledge base
K1→i = (S1, S2, · · · , Si) the i-section of K. Roughly speaking, the i-cut of K
is exactly a set consisting of formulas in the first i strata, whilst the i-section
conveys the preorder relation among these formulas as well as these formulas.

A stratified knowledge base K = (CK ,≤K) is inconsistent if CK is incon-
sistent, i.e., there is a formula α such that CK ` α and CK ` ¬α, where ` is
the classical inference relation. If there is no confusion, we use K ` ⊥ to de-
note that K is inconsistent. For example, K = ({a}, {¬a, b}) is inconsistent
because {a,¬a, b} is inconsistent.

The total preorder relation over a stratified knowledge base is conveyed
by the n-strata structure of the base. However, such a structure is not
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commensurable in many cases, and then it is difficult to compare any two
stratified knowledge bases with different strata. To bear this in mind, we
focus on only changes that cannot affect the n-strata structure of a stratified
knowledge base. That is, we assume the scale of priority levels in a knowledge
base always remains unchanged. Given a stratified knowledge base K =
(S1, S2, · · · , Sn) and an integer i (1 ≤ i ≤ n), we use K ∪i {α} to denote the
stratified knowledge base obtained by adding α to the i-th stratum of K, i.e.,
K ∪i {α} = (S1, S2, · · · , Si∪{α}, · · · , Sn). Note that such an enlargement of
K does not change the n-strata structure of K.

On the other hand, in order to keep the n-strata structure within a strat-
ified knowledge base, we also allow empty strata in the rest of paper. We
call a stratified KB K ′ = (S ′1, S

′
2, · · · , S ′n) a sub-KB of another stratified KB

K = (S1, S2, · · · , Sn), denoted K ′ v K, if ∅ ⊆ S ′i ⊆ Si for all 1 ≤ i ≤ n. In
particular, for any K ′, K ′′ v K, we denote K ′ ¹ K ′′ if lc(K ′) ≤ lc(K ′′). We
use LMI(K) to denote the set of all minimal inconsistent subsets of K w.r.t.
¹, that is,

LMI(K) = {K ′ v K|K ′ ` ⊥,∀K ′′ @ K ′ and K ′ ≺ K ′′, K ′′ 6` ⊥}.

Here L in LMI means lexicographical ordering, which is used to define lc(K).

2.2. Inconsistency measures for flat knowledge bases

If there is only one stratum in a stratified KB K, i.e., K = (S1), we
call K a flat or classical knowledge base. In this case, we just write K =
S1 for simplicity. Obviously, any two formulas in a flat knowledge base
are considered equally preferred. For convenience, we assume that a flat
knowledge base in this paper is always not empty. In this subsection we
recall some major inconsistency measures for flat knowledge bases.

To deal with inconsistent flat KBs, some paraconsistent semantics have
been introduced. A well known approach to paraconsistency is based LPm

models used in Priest’s Logic of Paradox (LP for short) [26]. An LPm model
is a three-valued model with truth values {T, F, B}, in which the third truth
value B means that a statement is both true and false in the model.

The following material about the LPm model is largely taken from [13, 22].
An LPm interpretation (or just interpretation) ω in the Logic of Paradox maps
each propositional formulas to one of the three truth values T, F, B such that

• ω(T) = T, ω(F) = F,
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• ω(¬α) = B if and only if ω(α) = B,

• ω(¬α) = T if and only if ω(α) = F,

• ω(α ∧ β) = min≤t{ω(α), ω(β)},
• ω(α ∨ β) = max≤t{ω(α), ω(β)},

• ω(α → β) =

{
T, if ω(α) = F
ω(β), otherwise.

where F <t B <t T. Then the set of LPm models of a propositional formula
α is defined as

ModLP(α) = {ω|ω(α) ∈ {T, B}}.
Further, the set of LPm models of K is defined as

ModLP(K) =
⋂

α∈K

ModLP(α).

Let ω be an LPm interpretation and K a flat knowledge base. We use ω!(K)
to denote the set of variables of K assigned to B by ω, i.e.,

ω!(K) = {x ∈ Var(K) | ω(x) = B},

where Var(K) is the set of variables of K.
Based on ω!(K), the set of minimal models of K w.r.t. ω!(K) is given as

follows:

MinModLP(K) = {ω ∈ ModLP(K)| for all ω′ ∈ ModLP(K), |ω′!(K)| ≥ |ω!(K)|}.

Example 2.1. Consider K = {a,¬a ∨ b,¬b ∧ c} and K ′ = {a,¬a, b,¬b, c}.
Then

MinModLP(K) = {ω1, ω2}, MinModLP(K ′) = {ω3},
where ω1, ω2, and ω3 are given as follows:

a b c
ω1 T B T
ω2 B F T
ω3 B B T
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The normalized minimum number of variables assigned inconsistent truth
values in LPm models of a knowledge base has been considered as an incon-
sistency measure for the knowledge base in [13, 1]. Moreover, as stated in
[13, 1], such a measure is a special case of the assessments for the degree of
contradiction presented in [22], which is based on the minimum cost of test
actions that ensures a consistency recovery in K.

Definition 2.1 (LPm Inconsistency Measure [1, 13]). Let K be a knowl-
edge base. The ILPm inconsistency measure for K, denoted ILPm(K), is defined
as

ILPm(K) =

min
ω∈ModLP(K)

{|ω!(K)|}
|P| .

Note that P is always replaced with Var(K) for any individual knowledge
base given in examples [13].

Example 2.2. Consider K = {a,¬a ∨ b,¬b ∧ c} and K ′ = {a,¬a, b,¬b, c}
again. Then

ILPm(K) =
1

3
, ILPm(K ′) =

2

3
.

Furthermore, we use CLPm(K) to denote the non-normalized version of
ILPm(K), i.e.,

CLPm(K) = min
ω∈ModLP(K)

{|ω!(K)|}.

It is exactly the degree of contradiction of K presented in the case of the
Priest’s Logic of paradox [22].

On the other hand, minimal inconsistent subsets are also used to capture
the inconsistency in a flat knowledge base [16, 13, 17, 18]. A subset K ′

of K, is called a minimal inconsistent subset of K if K ′ is inconsistent,
and none of its proper subsets is inconsistent. A formula of K is called
a free formula if it does not belong to any minimal inconsistent subsets of
K. We use MI(K) to denote the set of minimal inconsistent subsets of K,
MI(K) = {K ′ ⊂ K|K ′ ` ⊥,∀K ′′ ⊂ K ′, K ′′ 6` ⊥}. The MI inconsistency
measure presented in [16] considers the number of minimal inconsistent
subsets of a knowledge base as an assessment for the inconsistency in the
base.
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Definition 2.2 (MI inconsistency measure [16]). Let K be a flat knowl-
edge base. The MI inconsistency measure for K, denoted IMI(K), is defined
as

IMI(K) = |MI(K)|.

Example 2.3. Consider K = {a,¬a ∨ b,¬b ∧ c} and K ′ = {a,¬a, b,¬b, c}
again. Then

MI(K) = {K}, MI(K ′) = {{a,¬a}, {b,¬b}}.
So,

IMI(K) = 1, IMI(K
′) = 2.

3. Multi-section Inconsistency Measures

How to articulate inconsistency in a stratified knowledge base has not
yet been given much attention in the literature. Intuitively, the preference
levels of formulas involved in inconsistency should be taken into account in
establishing approaches to measuring inconsistency for stratified knowledge
bases. Next we will propose two approaches to measuring inconsistency for
stratified knowledge bases. One aims to articulate inconsistencies occurring
in each section of a stratified knowledge base as well as that in the whole base.
Any inconsistency measure defined by this approach not only describes all
the inconsistencies in a stratified knowledge base, but also explicitly provides
an assessment for the inconsistency arising in each section of the base. The
other focuses on assessing inconsistency in a stratified knowledge base from
a global perspective. Both the two approaches adopt vectorial measures to
capture the inconsistency in a stratified knowledge base. In particular, the
place of each component in a vectorial measure corresponds to one preference
level, and then such vectorial measures are appropriate for characterizing
inconsistency in a stratified knowledge base.

On the other hand, in some applications, a single value-based measure is
more attractive than vectorial measures. For the second approach, we also
provide a weighted version to capture the inconsistency in a stratified knowl-
edge base by a single value. However, as we illustrated later, the weighted
inconsistency measure fails to possess some expected properties.

As mentioned earlier, given a stratified knowledge base with n strata,
formulas in the first i strata are more preferred than the last n− i strata for
each 1 ≤ i < n. This provides a usual way to separate a stratified knowledge
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base into two parts at each preference level i, i.e., the i-section and the
formulas strictly less preferred than it. Moreover, these sections are also
meaningful for resolving inconsistency in some applications. For example,
consider a stratified knowledge base (S1 = {a,¬a, b}, S2 = {¬c,¬d,¬b}, S3 =
{¬a∨c, e∨f}) illustrated in Figure 1. Intuitively, the conflict between a and
¬a is the unique focus in inconsistency measuring, moreover, b has nothing
to do with inconsistency in case that we only focus on the most preferred
formulas. In contrast, if we focus the first two strata, then b is also involved
in inconsistency. Furthermore, we may find that a is involved again in the
new inconsistency we meet at the third stratum.

a , ,¬a b

· · · · · ·

· · · · · ·

S1

S2

S3

1-section

a , ,¬a b

¬c , ,¬d ¬b

· · · · · ·

2-section

a , ,¬a b

¬c , ,¬d ¬b

¬a ∨ c , e ∨ f

3-section

Figure 1: Inconsistencies in each section

Allowing for this, we need to identify where (at which stratum) inconsis-
tencies occur and how severe these inconsistencies are in such cases. That
is, an inconsistency measure for a stratified knowledge base should articulate
the inconsistency in each section as well as in the whole knowledge base. On
the other hand, for each i-section, the k-section of the whole base is also its
k-section for all 1 ≤ k ≤ i. Then it is natural to define such a framework for
measuring inconsistency for stratified knowledge bases in the following way.

Definition 3.1 (Multi-section inconsistency measure). Let K = (S1, S2, · · · , Sn)
be a stratified knowledge base and Incm an inconsistency measure for strat-
ified knowledge bases. Then Incm(K) is called a multi-section inconsistency
measure (MSIM for short) for K if

Incm(K) = (c1, c2, · · · , cn)
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such that

Incm(K1→i) = (c1, c2, · · · , ci) for all 1 ≤ i ≤ n.

Informally speaking, Incm(K) uses a vector instead of a single value to
measure the conflicts in K such that the first i components of the vector
together describe the conflicts in the i-section of K. This implies that the
multi-section inconsistency measure allows us to characterize conflicts in a
stratified knowledge at each preference level or stratum.

Next we introduce two kinds of instances of the multi-section inconsis-
tency measure, i.e., the naive MSIM and the stratum-centric MSIM.

3.1. The naive MSIM

Given a stratified knowledge base, the i-cut of the base consists of for-
mulas in the first i strata of the base (i.e, all formulas with at least the i-th
preference level). We may consider using all the measures for the degree of
inconsistency in each cut of the i-section together to assess inconsistencies in
the section. We call such inconsistency measures naive MSIMs because they
do not consider the total preorder relation on formulas within each i-cut.

Definition 3.2 (Naive MSIM). Let K = (S1, S2, · · · , Sn) be a stratified
knowledge base and I an inconsistency measure for flat knowledge bases. A
naive MSIM for K, denoted IncI

m(K), is defined as

IncI
m(K) = (c1, c2, · · · , cn),

where ci = I(K(i)) for all 1 ≤ i ≤ n.

The naive MSIM for a stratified knowledge base essentially focuses on
assessing the inconsistency in each i-cut of the knowledge base. That is, the
naive MSIM captures the degree of contradiction among formulas we meet
at each stratum. Note that

IncI
m(K1→i) = (c1, c2, · · · , ci)

for all 1 ≤ i ≤ n. So, it is a kind of multi-section inconsistency measure.
Now we give the following naive MSIM based on CLPm .
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Definition 3.3 (LPm MSIM). Let K = (S1, S2, · · · , Sn) be a stratified knowl-
edge base. Then the LPm MSIM for K, denoted IncCLP

m (K), is defined as

IncCLP
m (K) = (c1, c2, · · · , cn),

where ci = CLPm (K(i)) for all 1 ≤ i ≤ n.

Example 3.1. Consider the following stratified knowledge bases:

K1 = ({a}, {b}, {¬a,¬b}), K2 = ({a}, {b}, {¬a, c}),
K3 = ({a}, {b}, {c,¬b}), K4 = ({a,¬a}, {b}, {¬b}),
K5 = ({a}, {¬a, b}, {¬b}).

Then

IncCLP
m (K1) = (0, 0, 2), IncCLP

m (K2) = IncCLP
m (K3) = (0, 0, 1),

IncCLP
m (K4) = (1, 1, 2), IncCLP

m (K5) = (0, 1, 2).

Moreover,

IncCLP
m (K2) = IncCLP

m (K3) < IncCLP
m (K1) < IncCLP

m (K5) < IncCLP
m (K4).

From IncCLP
m (K1) = (0, 0, 2), we can get

IncCLP
m (K11→1) = (0), and IncCLP

m (K11→2) = (0, 0).

This means that both the 1-section ({a}) and the 2-section ({a}, {b}) of
K1 are consistent, and we meet inconsistency at last stratum. In contrast,
IncCLP

m (K4) = (1, 1, 2) means that the first stratum of K4 is inconsistent. In
this sense, IncCLP

m (K1) < IncCLP
m (K4) is intuitive.

On the other hand, IncCLP
m (K1) = (0, 0, 2) means that both the atoms

a and b are involved in the inconsistency we meet at last stratum of K1,
whilst IncCLP

m (K2) = (0, 0, 1) means that only one atom is involved in the
inconsistency we meet at the last stratum of K2. So, it is also intuitive that
IncCLP

m (K2) < IncCLP
m (K1).

Similarly, we may use other inconsistency measures for flat knowledge
bases such as IMI to instantiate the naive MSIM.
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3.2. Stratum-centric MSIM

The naive MSIM focuses on describing conflicts in a stratified knowledge
base by characterizing how each cut of the base inconsistent is. On the other
hand, the naive MSIM does not consider the preorder relation between for-
mulas within each i-cut. Then the impact of preference on the inconsistency
assessment has been not yet reflected intuitively within each i-cut. To il-
lustrate this, consider three inconsistent stratified knowledge bases with the
commensurable scale K1 = ({a}, {c}, {b,¬b}), K2 = ({a}, {b}, {¬b, c}), and
K3 = ({b}, {a}, {¬b, c}). Note that the 2-cut of each stratified knowledge
base is consistent, moreover, K1(3) = K2(3) = K3(3). Then IncI

m(K1) =
IncI

m(K2) = IncI
m(K3) always holds. However, as illustrated by Figure 2,

conflicts in the three knowledge bases are very different from each other.
Note that different levels of stratum are involved in inconsistencies in the
three knowledge bases. In detail, the formula ¬b with the lowest preference
level contradicts the most preferred formula b in K3 and b in the second stra-
tum of K2, respectively, whilst only the formulas with the lowest preference
level are involved in the inconsistency of K1. Intuitively, K3 is the most
inconsistent one among the three stratified knowledge bases.

a

c

¬bb ,

K1

a

b

¬bc,

K2

b

a

c¬b ,

K3

Stratum 1

Stratum 2

Stratum 3

Figure 2: Illustration of inconsistencies in different stratified knowledge bases

To address this, next we introduce a new multi-section inconsistency mea-
sure, which is based on strata involved in inconsistency in a stratified knowl-
edge base. We start with minimal inconsistent subsets due to each stratum.

Definition 3.4 (Minimal inconsistent subsets due to the i-th stratum).
Let K = (S1, S2, · · · , Sn) be a stratified knowledge base. The Minimal incon-
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sistent subsets due to Si, denoted Mis(Si), is defined as

Mis(S1) = MI(S1),

Mis(Si) = MI(K(i)) \MI(K(i− 1)) for all 1 < i ≤ n.

Example 3.2. Consider K = ({a,¬a}, {b}, {¬b}). Then MI(K(1)) = MI(K(2)) =
{M1} and MI(K(3)) = {M1,M2}, where

M1 = {a,¬a}, M2 = {b,¬b}.

So,

Mis(S1) = {M1}, Mis(S2) = ∅, Mis(S3) = {M2}.

Note that Mis(S2) = ∅ means that S2 brings no new minimal inconsistent
subset of the 2-cut of K. It accords with our intuition.

Furthermore, we use κ(Si) to denote the minimal level of strata involved
in minimal inconsistent subsets due to Si, i.e.,

κ(Si) =

{
min {1 ≤ k ≤ i|∃M ∈ Mis(Si) s.t. Sk ∩M 6= ∅}, if Mis(Si) 6= ∅;
i + 1, otherwise.

Essentially, κ(Si) is exactly the most preferred stratum involved in min-
imal inconsistent subsets due to Si, moreover, if there is no new minimal
inconsistent due to Si, we consider i + 1 as a designated value for this case.

Recall the three knowledge bases illustrated in Figure 2, then κ(S3) = 3
for K1, κ(S3) = 2 for K2, and κ(S3) = 1 for K3. It can make a distinct
among the three knowledge bases.

Based on κ(Si), we introduce another kind of instance of the multi-section
inconsistency measure as follows.

Definition 3.5 (Stratum-centric MSIM). Let K = (S1, S2, · · · , Sn) be a
stratified knowledge base. The stratum-centric MSIM for K, denoted Incs

m(K),
is defined as

Incs
m(K) = (c1, c2, · · · , cn),

where ci = (i + 1− κ(Si)) for all 1 ≤ i ≤ n.

14

s2107085
Highlight

s2107085
Sticky Note
distinction



Note that κ(Si) captures the highest preference level of strata involved in
inconsistency due to Si, and i + 1 is a designated value for the case that Si

brings no new minimal inconsistent subsets. Then the more preferred strata
involved in inconsistency due to Si, the greater ci is. In this sense, it provides
an assessment for the level or severity of inconsistency due to Si. Moreover,

Incs
m(K1→i) = Incs

m(K1→i−1) ] (i + 1− κ(Si))

for all i > 1. Then the stratum-centric MSIM for a stratified knowledge base
describes the most preferred stratum involved in inconsistency we meet at
each stratum in such a way.

Example 3.3. Consider stratified knowledge bases in Example 3.1 again.
Then

Incs
m(K1) = (0, 0, 3), Incs

m(K2) = (0, 0, 3), Incs
m(K3) = (0, 0, 2),

Incs
m(K4) = (1, 0, 2), Incs

m(K5) = (0, 2, 2).

Moreover,

Incs
m(K3) < Incs

m(K2) = Incs
m(K1) < Incs

m(K5) < Incs
m(K4).

Recall that the naive MSIM above cannot make a distinct between K2 and
K3. However, Incs

m captures the intuition that the most preferred stratum
involved in conflicts we meet at the last stratum in K2 is more preferred than
that in K3.

Next we introduce some evident observations about Incs
m.

Proposition 3.1. Let K = (S1, S2, · · · , Sn) be a stratified knowledge base
and Incs

m(K) = (c1, c2, · · · , cn). Then

(1) c1 = 0 if and only if S1 is consistent, i.e., MI(S1) = ∅.
(2) ci = 0 if and only if MI(K(i)) = MI(K(i− 1)) for all i > 1.

(3) ci = 1 if and only if ∀M ∈ Mis(Si), M ⊆ Si.

(4) ci > 1 if and only if ∃M ∈ Mis(Si) s.t. M ∩ Si+1−ci
6= ∅ for all i > 1.
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Proof. . We just provide a proof for (2). The other proofs are evident and
similar to this one.

(2) Note that for i > 1, ci = 0. ⇔ κ(Si) = i + 1. ⇔ Mis(Si) = ∅. ⇔
MI(K(i)) = MI(K(i− 1)). ¤

Clearly, ci = 0 means that minimal inconsistent subsets of K(i) have
nothing to do with Si, i.e., Si brings no new conflicts in K1→i for each i. In
contrast, ci = 1 means that new conflicts K1→i due to Si are exactly conflicts
between formulas in Si, whilst ci > 1 states that there are formulas in the
more preferred stratum Si+1−ci

are involved in new conflicts due to Si. More-
over, the larger ci is, the more preferred stratum involved in inconsistency
due to Si. In this sense, these observations show that each ci of Incs

m(K)
captures the new conflicts in K1→i due to Si within the context of K indeed.

We use the following example to illustrate the role of multisection in
characterizing inconsistency in a stratified knowledge base.

Example 3.4. Consider K = ({a}, {¬a ∨ b}, {¬b, c}, {d, e}, {¬d}). Then

Incs
m(K) = (0, 0, 3, 0, 2).

By this multi-section measure , we can get the inconsistency measure for each
section of K. For example, we can get

Incs
m(K1→2) = (0, 0), Incs

m(K1→3) = (0, 0, 3), Incs
m(K1→4) = (0, 0, 3, 0).

From these measures, we can conclude that the first two strata of K is con-
sistent, but the third stratum brings conflicts to the base, moreover, the first
stratum is involved in the conflicts. This implies that if we need to focus on
preferred and consistent parts of the base, then the 2-section is a good choice.

On the other hand, the fourth stratum brings no new conflicts to the 4-
section of the base, i.e., the conflicts in the 4-section arise from the first three
strata, i.e., is the same as that arising from the 3-section.

4. Preference-based Inconsistency Measures

The multi-section inconsistency measure for a stratified knowledge base
focuses on characterizing inconsistency in each section of that base. A com-
plete assessment for the inconsistency in a stratified knowledge base consists
of all the characterizations of inconsistency in sections. In some applications
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we also need to assess the inconsistency in a stratified knowledge base as a
whole. In other words, we hope to use an inconsistency measure to capture
all the conflicts in each stratum in an integrated way. Intuitively, such an in-
consistency measure should take the preference information between different
strata into account as well as the inconsistency in each stratum.

Given a flat knowledge base, the LPm inconsistency measure focuses on
counting the minimal number of inconsistent variables rather than inconsis-
tent formulas under LPm models of the base [1]. However, in a stratified
knowledge base, its stratum-based structure induces a preference relation on
formulas. So the inconsistency measure would be more precise and more nat-
ural if the preference information can combined when we count the number
of formulas in each stratum that are interpreted inconsistent under a LPm

model. In order to define such an inconsistency measure, we first introduce
the rank of a LPm model.

Definition 4.1 (Rank of a model). Let K = (S1, S2, · · · , Sn) be a strat-
ified knowledge base and ModLP(K) the set of LPm models of K. Given
ω ∈ ModLP(K), the rank of ω w.r.t. K, denoted rK(ω), is defined as

rK(ω) = (r1, r2 · · · , rn),

where ri = |{α | α ∈ Si, ω(α) = B}| for i = 1, . . . , n.

When the knowledge base is clear from the context, rK(ω) is abbreviated
as r(ω).

Example 4.1. Consider K = ({a}, {¬a ∨ b}, {¬b, c}). Then

ModLP(K) = {ω1, ω2, ω3, ω4, ω5, ω6},

where ωi for 1 ≤ i ≤ 6 are given as follows:

a b c ¬a ∨ b ¬b
ω1 T B T B B
ω2 T B B B B
ω3 B F T B T
ω4 B F B B T
ω5 B B T B B
ω6 B B B B B
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So,

r(ω1) = (0, 1, 1) < r(ω2) = (0, 1, 2) < r(ω3) = (1, 1, 0)

< r(ω4) = r(ω5) = (1, 1, 1) < r(ω6) = (1, 1, 2).

Given the above definition, we could use the following notion to measure
the inconsistency of a stratified KB.

Definition 4.2 (PLPm measure). Let K = (S1, S2, · · · , Sn) be a stratified
knowledge base. The PLPm measure for K, denoted IncLPm(K), is defined as

IncLPm(K) = min{r(ω) | ω ∈ ModLP(K)}.

Intuitively, the PLPm measure for a stratified knowledge base is the min-
imum rank of its LPm models .

Example 4.2. Consider stratified knowledge bases in Example 3.1 again.
Then

IncLPm(K1) = (1, 1, 2), IncLPm(K2) = (1, 0, 1), IncLPm(K3) = (0, 1, 1),

IncLPm(K4) = (2, 1, 1), IncLPm(K5) = (1, 2, 1).

Moreover,

IncLPm(K3) < IncLPm(K2) < IncLPm(K1) < IncLPm(K5) < IncLPm(K4).

The following example shows that the preference-based measure IncLPm

is essentially different from multi-section inconsistency measures.

Example 4.3. Consider K = ({a}, {¬a ∨ b, c}, {¬b, d}). Then

IncLPm(K1→2) = (0, 0), but IncLPm(K1→3) = (0, 1, 1).

So,
IncLPm(K1→3) 6= IncLPm(K1→2) ] 1.

We must point out PLPm measure IncLPm is not the lexicographical cardi-
nality of minimal inconsistent subsets w.r.t. ≤K . To illustrate this, consider
the following example.
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Example 4.4. Consider K = ({a}, {b}, {c}, {¬c ∧ d ∧ ¬d}). Then

K ′ = ({}, {}, {}, {¬c ∧ d ∧ ¬d})
is the minimal inconsistent subset of K w.r.t. ≤K. But for any LPm model
ω of K,

ω(c) = ω(¬c ∧ d ∧ ¬d) = B.

So,
IncLPm(K) = (0, 0, 1, 1) > (0, 0, 0, 1) = lc(K ′).

Given a LPm model of K, its rank describes the number of formulas as-
signed to inconsistent truth values in each stratum under that model. In
some applications we are also interested in what proportion of formulas in
each stratum involved in inconsistency. To address this issue, we use a nor-
malized version of the PLPm measure for a stratified knowledge base. To this
end, we first introduce the normalized rank of a LPm model.

Let K = (S1, S2, · · · , Sn) be a stratified knowledge base and r(ω) =
(r1, r2, · · · , rn) the rank of the model ω of K. Then the normalized rank
of ω, denoted rN(ω), is defined as

rN(ω) = (rN
1 , rN

2 · · · , rN
n ),

where rN
i = ri/|Si| for all 1 ≤ i ≤ n.

Now we are ready to define our normalized version of the preference-based
inconsistency measure IncLPm for stratified KB based on the normalized rank
of a LPm model.

Definition 4.3 (NLPm measure). Let K = (S1, S2, · · · , Sn) be a stratified
knowledge base. The NLPm measure for K, denoted IncNLPm

(K), is defined
as

IncNLPm
(K) = min{rN(ω)|ω ∈ ModLP(K)}.

Example 4.5. Consider stratified knowledge bases in Example 3.1 again.
Then

IncNLPm
(K1) = (1, 1, 1), IncNLPm

(K2) = (1, 0,
1

2
),

IncNLPm
(K3) = (0, 1,

1

2
), IncNLPm

(K4) = (1, 1, 1),

IncNLPm
(K5) = (1, 1, 1).
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Moreover,

IncNLPm
(K3) < IncNLPm

(K2) < IncNLPm
(K1) = IncNLPm

(K4) = IncNLPm
(K5).

Note that within each of K1, K4, and K5, all the formulas in each stratum
are involved in inconsistency (i.e., assigned inconsistent truth value in LPm

models with the minimal normalized rank). In this sense, IncNLPm
(K1) =

IncNLPm
(K4) = IncNLPm

(K5) is intuitive.

Roughly speaking, IncLPm(K) focuses on counting the number of formulas
involved in inconsistency for each stratum of K, whilst the normalized ver-
sion IncNLPm

(K) aims to capture the ratio of the number of formulas of each
stratum involved in inconsistency to the cardinality of the stratum. That
is, the two measures capture different aspects of inconsistency in a stratified
knowledge base. Then it is not surprised that IncNLPm

(K) behaviors differ-
ently from IncLPm(K) in supporting different logical properties, as illustrated
later.

Note that either multi-section inconsistency measures or the preference-
based measures for a stratified knowledge base with n strata use n-size vec-
tors to capture the inconsistency in the base. However, a single inconsistency
value is often more attractive to many applications than vectorial inconsis-
tency assessment. A usual way is to use a set of weights to articulate the
preference relation on a stratified knowledge bases. Actually, the choice of
weights is rather sensitive to application domains because it is difficult to
assure that all the stratified knowledge bases are commensurate. Moreover,
as illustrated later, the weight-based approach may fail to support some
expected properties for characterizing inconsistency in stratified knowledge
bases.

We start with the weights compatible with a stratified knowledge base.
A vector w = (w1, w2, · · · , wn) of weights is compatible with a stratified
knowledge base K with n strata, if w1 > w2 > · · · > wn > 0. Essentially,
we provide no condition about w other than linear order relation on w. It
makes the choice of weights flexible in applications. Given an w compatible
with K, we may define the following weighted version of the PLPm measure
for K.

Definition 4.4 (WLPm measure). Let K = (S1, S2, · · · , Sn) be a stratified
knowledge base and w = (w1, w2, · · · , wn) a vector of weights compatible with
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K . The WLPm measure under w for K, denoted Incw(K), is defined as

Incw(K) = IncLPm(K) ·wτ ,

where wτ is the transpose of w.

Example 4.6. Consider stratified knowledge bases in Example 3.1 again.
Let w = (w1, w2, w3), then

Incw(K1) = w1 + w2 + 2w3,

Incw(K2) = w1 + w3,

Incw(K3) = w2 + w3,

Incw(K4) = 2w1 + w2 + w3,

Incw(K5) = w1 + 2w2 + w3.

Moreover,

Incw(K3) < Incw(K2) < Incw(K1) < Incw(K5) < Incw(K4).

In particular, for wf = (1, 1
2
, 1

3
),

Incwf
(K1) =

13

6
, Incwf

(K2) =
4

3
, Incwf

(K3) =
5

6
,

Incwf
(K4) =

17

6
, Incwf

(K5) =
11

6
.

As shown by the following proposition, Incw is less discriminative than
IncLPm .

Proposition 4.1. If IncLPm(K) = IncLPm(K ′), then Incw(K) = Incw(K ′).
But the converse does not hold.

Proof. . We only provide the following counterexample for the converse.
Consider K = ({a}, {b,¬b}, {c, d, e}) and K ′ = ({a}, {b, c}, {d,¬d,¬d ∧ e}).
Suppose that wf = (1, 1

2
, 1

3
). Then

Incwf
(K) = Incwf

(K ′) = 1.

But

IncLPm(K) = (0, 2, 0) > (0, 0, 3) = IncLPm(K ′). ¤
The aim of the weighted PLPm measure is to integrate assessments for

strata listed in lexicographical order into a single value. Such an integration
based on weights may weaken the difference between preference levels of
strata. This is why Incw is less discriminative than IncLPm .
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5. Logical Properties

To our best knowledge, there is not yet a desirable set of properties de-
signed for inconsistency measures in the case of stratified knowledge bases.
However, how to characterize inconsistency measures is still a challenge even
in the case of classical knowledge bases. Compared to a growing number of
inconsistency measures, there are relatively fewer proposals for developing
suitable properties for them. One reason is that it is difficult to describe in-
consistent knowledge bases in classical logics due to the principle of explosion,
and another one is the diversity of paraconsistent logics [28].

Mu et al have presented that a desirable set of properties for an incon-
sistency measure should at least contain three aspects, i.e., constraints on
the nature of inconsistency, constraints on the change of inconsistency, and
special characteristics of the measure [18]. Roughly speaking, the first as-
pect requires that an inconsistency measure can articulate the nature of in-
consistent knowledge bases, i.e., it is capable of distinguishing inconsistent
knowledge bases from consistent knowledge bases. The second aspect focuses
on whether the degree (or amount) of inconsistency in a knowledge base in-
creases when the base is enlarged or strengthened logically. The last aspect is
always associated with the form of inconsistency characterization (e.g., min-
imal inconsistent subsets or atoms assigned to inconsistent truth values) as
well as the underlying structure of knowledge bases (e.g., stratified or not).

The property of Consistency presented in [1, 16, 13] is considered as one
of the intuitive constraints on the nature of inconsistency. It states that
any nonnegative inconsistency measure should assign zero to only consis-
tent knowledge bases. The satisfaction of Consistency for a given measure
ensures that the measure is indeed an inconsistency measure, because Consis-
tency makes the inconsistency measure capable of distinguishing inconsistent
knowledge bases from consistent knowledge bases [29]. Obviously, it is also
suitable for inconsistency measures in the case of stratified knowledge bases.
Let Inc be an inconsistency measure for stratified knowledge bases, we may
express Consistency as follows:

• Consistency. Inc(K) = 0 if and only if K is consistent.

Secondly, the property of Monotony used in [1, 16, 13] describes that the
amount of inconsistency in a knowledge base cannot decrease when the base
is enlarged by adding new formulas. In particular, the properties of Free
Formula Independence and Safe Formula Independence used in [1, 16, 13]
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describe two cases that the amount of inconsistency in a knowledge base
remains unchanged when the base is enlarged by adding formulas having
nothing to do with some special kinds of inconsistency characterization, re-
spectively. Intuitively, the three properties are also suitable for the case of
stratified knowledge bases. We may express them as follows:

• Monotony. Inc(K) ≤ Inc(K ∪i {α}).
• Free Formula Independence. Inc(K ∪i {α}) = Inc(K) if α is a free

formula of K ∪i {α}.
• Safe Formula Independence. Inc(K ∪i {α}) = Inc(K) if Var({α}) ∩

Var(K) = ∅ and α 6` ⊥.

Note that Free Formula Independence states that free formulas cannot
affect the amount of inconsistency in a knowledge base when the inconsis-
tency is characterized in the form of minimal inconsistent subsets, whilst Safe
Formula Independence (also termed Weak Independence in [29]) states the
any consistent formulas consisting of new atoms brings no new conflict in a
knowledge base. In this sense, the former is appropriate only for character-
izing inconsistency measures based on minimal inconsistent subsets.

In addition, the property of Dominance adopted in [1, 16, 13] states that
logically stronger formulas bring more conflicts in a knowledge base. It is
also intuitive in the case of stratified knowledge bases. Then we may express
it as follows:

• Dominance. Inc(K ∪i {α}) ≥ Inc(K ∪i {β}) if α ` β and α 6` ⊥.

Note that the last four properties can be considered as constraints on
the change of inconsistency. Roughly speaking, these five slightly adapted
properties focus on describing some general characteristics of inconsistency
measures for stratified knowledge bases. In other words, these properties do
not consider the stratum-based structure or the preference relation over a
stratified knowledge base explicitly. To address this, we introduce one new
property, which reflects the impact of the priority level of a formula on the
inconsistency assessment. It states that a given formula at more preferred
stratum makes a stratified knowledge base more inconsistent that the same
formula at less preferred stratum.

• Inferior Stratum. Inc(K ∪i {α}) ≤ Inc(K ∪j {α}) if i ≥ j.
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As mentioned in [18], Monotony, Dominance, Free Formula Independence,
and Safe Formula Independence are designed for only characterizing incon-
sistency measures which focus on pure inconsistency (formulas or atoms in-
volved in inconsistency) in a knowledge base. However, as mentioned earlier,
in some applications we need also some measures such as the NLPm measure
tell us what proportion of formulas or atoms involved in inconsistency. Gen-
erally, we call such measures normalized inconsistency measures. It has been
shown that normalized inconsistency measures behave differently from other
measures, and then none of four properties is suitable for such measures [18].

On the other hand, Inferior Stratum is also a property only suitable for
the inconsistency measures focusing on pure inconsistency. To illustrate this,
consider adding a new consistent formula to a stratum, it cannot bring any
new conflict, but it can enlarge the stratum. This may decrease the degree
of inconsistency (the proportion of inconsistent formulas) we meet at the
stratum in some cases.

Allowing for this, we adopt the properties Consistency, Monotony, Dom-
inance, Safe Formula Independence, and Inferior Stratum to characterize all
the inconsistency measures for the amount of inconsistency. In addition, we
also consider Free Formula Independence as a property for the inconsistency
measures based on minimal inconsistent subsets.

Let us first see what is the relation between the naive MSIM for stratified
knowledge bases and the inconsistency measure used in it.

Proposition 5.1. Let IncI
m be a naive MSIM and I the inconsistency mea-

sure used in IncI
m. Then

(1) IncI
m satisfies Consistency(resp. Monotony, Dominance, Free Formula

Independence, Safe Formula Independence) if and only if I satisfies
Consistency(resp. Monotony, Dominance, Free Formula Independence,
Safe Formula Independence).

(2) IncI
m satisfies Inferior Stratum if I satisfies Monotony.

Proof.

(1) “⇒”. Let S be a flat knowledge base. Consider K = (S), then

IncI
m(K) = (I(S)).

Therefore, if IncI
m satisfies Consistency(resp. Monotony, Dominance,

Free Formula Independence, Safe Formula Independence), then I satis-
fies Consistency(resp. Monotony, Dominance, Free Formula Indepen-
dence, Safe Formula Independence).
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“⇐”. Let K = (S1, S2, · · · , Sn) be a stratified knowledge base.

• Suppose that I satisfies Consistency , then

IncI
m(K) = (0, 0, · · · , 0) ⇔ I(K(n)) = 0 ⇔ K 6` ⊥.

So, IncI
m satisfies Consistency.

• Suppose that I satisfies Monotony. Note that

(K ∪i {α})(k) = K(k)

for all k < i, and

(K ∪i {α})(i) = K(i) ∪ {α}.
Then

I((K ∪i {α})(k)) = I(K(k))

for all k < i, and

I((K ∪i {α})(i)) = I(K(i) ∪ {α}) ≥ I(K(i)).

So,
IncI

m(K ∪i {α}) ≥ IncI
m(K).

• If I satisfies Dominance. Let α ` β and α 6` ⊥. Note that

(K ∪i {α})(k) = (K ∪i {β})(k)

for all k < i, and

(K ∪i {α})(i) = K(i) ∪ {α},
(K ∪i {β})(i) = K(i) ∪ {β}.

So,
I((K ∪i {α})(k)) = I((K ∪i {β})(k))

for all k < i. But

I((K∪i{α})(i)) = I(K(i)∪{α}) ≥ I(K(i)∪{β}) = I((K∪i{β})(i))
because I satisfies Dominance. Therefore,

IncI
m(K ∪i {α}) ≥ IncI

m(K ∪i {β}).
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• Suppose that I satisfies Free Formula Independence. Note that

(K ∪i {α})(k) = K(k)

for all k < i, and

(K ∪i {α})(j) = K(j) ∪ {α}

for all j ≥ i. Let α be a free formula of K ∪i {α}, then

I((K ∪i {α})(m)) = I(K(m))

for all 1 ≤ m ≤ n. So,

IncI
m(K ∪i {α}) = IncI

m(K).

• The proof about Safe Formula Independence is very similar to that
about Free Formula Independence.

(2) Let K = (S1, S2, · · · , Sn) and I an inconsistency measure satisfying
Monotony. Suppose that 1 ≤ i ≤ j ≤ n. Note that

(K ∪i {α})(k) = (K ∪j {α})(k)

for all k < i, and

(K ∪i {α})(i) = K(i) ∪ {α},

(K ∪j {α})(i) =

{
K(i), j > i
(K ∪i {α})(i), j = i

.

So,
I((K ∪i {α})(k)) = I((K ∪j {α})(k))

for all k < i. But

I((K ∪i {α})(i)) = I(K(i) ∪ {α}) ≥ I((K ∪j {α})(i))

because I satisfies Monotony. Therefore,

IncI
m(K ∪i {α}) ≥ IncI

m(K ∪j {α}) if i ≤ j. ¤
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It has been shown that CLPm satisfies Consistency, Monotony,Dominance
and Safe Formula Independence [13]. Evidently, we can get the following
corollary from Proposition 5.1.

Corollary 5.1. The naive MSIM IncCLP
m satisfies Consistency, Monotony,

Dominance, Safe Formula Independence, and Inferior Stratum.

Concerning the second kind of the multi-section inconsistency measure
Incs

m, we have identified the following properties.

Proposition 5.2. The stratum-centric MSIM Incs
m satisfies the following

properties:

• Consistency. Incs
m(K) = ~0 if and only if K is consistent, where ~0 is

the zero vector.

• Monotony. Incs
m(K) ≤ Incs

m(K ∪i {α}).
• Free Formula Independence. Incs

m(K ∪i {α}) = Incs
m(K) if α is a free

formula of K ∪i {α}.
• Safe Formula Independence. Incs

m(K ∪i {α}) = Incs
m(K) if Var({α})∩

Var(K) = ∅ and α 6` ⊥.

• Inferior Stratum. Incs
m(K ∪i {α}) ≤ Incs

m(K ∪j {α}) if i ≥ j.

Proof. . Let K = (S1, S2, · · · , Sn) be a stratified knowledge base.

• Consistency. “⇒.” Incs
m(K) = ~0 implies that for each Si, κ(Si) =

i + 1. This means that each Si brings no new conflict, i.e., each K(i)
is consistent. Particularly, K(n) is consistent, that is, K is consistent.

“⇐.” K is consistent, then each K(i) is consistent. So, κ(Si) = i + 1
for each i. Therefore, Incs

m(K) = ~0.

• Monotony. Let K ∪i {α} = (T1, T2, · · · , Tn). For i > 1, note that

(K ∪i {α})(i− 1) = K(i− 1),

and
(K ∪i {α})(j) = K(j) ∪ {α}
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for all j ≥ i. Then

MI((K ∪i {α})(i− 1)) = MI(K(i− 1)),

and
MI((K ∪i {α})(j)) ⊇ MI(K(j)).

So,
Mis(Sj) ⊆ Mis(Tj).

Now we can get
κ(Sj) ≥ κ(Tj).

Further,
i + 1− κ(Sj) ≤ i + 1− κ(Ti).

So, Incs
m(K) ≤ Incs

m(K ∪i {α}).
Then for K ∪1 {α}, T1 = S1 ∪ {α}, and Tj = Sj for each 2 ≤ j ≤ n.
Note that MI(S1) ⊆ MI(T1). So, for k ≥ 1,

Mis(Sk) ⊆ Mis(Tk).

Now we can get
κ(Sk) ≥ κ(Tk).

Evidently, Incs
m(K) ≤ Incs

m(K ∪1 {α}) holds.

• Free Formula Independence. Let α be a free formula of K ∪i {α} and
K ∪i {α} = (T1, T2, · · · , Tn). Then for all 1 ≤ k ≤ n, MI((K ∪i

{α})(k)) = MI(K(k)). So, κ(Sj) = κ(Tj). Therefore,

Incs
m(K) = Incs

m(K ∪i {α}).

• Safe Formula Independence. If Var({α}) ∩ Var(K) = ∅ and α 6` ⊥,
then α is a free formula of K∪i {α}. From Free Formula Independence,

Incs
m(K) = Incs

m(K ∪i {α}).

• Inferior Stratum. Note that for k < j,

(K ∪i {α})(k) = (K ∪j {α})(k) = K(k);
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for j ≤ k < i,

(K ∪j {α})(k) = (K ∪i {α})(k) ∪ {α} = K(k) ∪ {α};

and for i ≤ k ≤ n,

(K ∪i {α})(k) = (K ∪j {α})(k) = K(k) ∪ {α}.

For the simplicity, let K ∪j {α} = (T1, T2, · · · , Tn) and K ∪i {α} =
(R1, R2, · · · , Rn). So,

κ(Sk) = κ(Tk) = κ(Rk)

for k < j, and
κ(Tk) ≤ κ(Sk) = κ(Rk)

for j ≤ k < i, and
κ(Tk) ≤ κ(Rk) ≤ κ(Sk)

for k ≥ i. Therefore,

Incs
m(K∪i{α}) ≤ Incs

m(K∪j{α}) if i ≥ j. ¤

Also, we have obtained that Incs
m fails to support the property of Domi-

nance.

Proposition 5.3. Incs
m does not satisfy Dominance.

Proof. Consider the following counterexample: Let K = ({¬a∨b}, {c}, {¬b}).
Then

Incs
m(K ∪2 {a}) = (0, 0, 3) > Incs

m(K ∪2 {a ∧ (¬a ∨ b)}) = (0, 0, 2). ¤

However, as analyzed in [18], such a failure is largely due to the syntax
sensitivity of minimal inconsistent subsets.

Now we use the following example to illustrate the change of inconsistency
in a knowledge base.

Example 5.1. Let K = ({a}, {b}, {c}). Consider the following changes for
K:

K ∪1 {d} = ({a, d}, {b}, {c}),
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K ∪2 {¬b} = ({a}, {b,¬b}, {c}),
and

K ∪3 {¬b} = ({a}, {b}, {c,¬b}).
Note that d is a free(safe) formula of K ∪1 {d}. Evidently,

Incs
m(K ∪2 {¬b}) = (0, 1, 0) > Incs

m(K ∪3 {¬b}) = (0, 0, 2)

> Incs
m(K ∪1 {d}) = (0, 0, 0) = Incs

m(K).

The results accord with Free(Safe) Formula Independence, Monotony,and
Inferior Stratum, as well as Consistency.

We have obtained that the PLPm measure IncLPm possesses all the five
properties.

Proposition 5.4. The PLPm measure IncLPm satisfies the following prop-
erties:

• Consistency. IncLPm(K) = ~0 if and only if K is consistent.

• Monotony. IncLPm(K) ≤ IncLPm(K ∪i {α}).
• Dominance. IncLPm(K∪i {α}) ≥ IncLPm(K∪i {β}) if α ` β and α 6` ⊥.

• Safe Formula Independence. IncLPm(K∪i{α}) = IncLPm(K) if Var({α})∩
Var(K) = ∅ and α 6` ⊥.

• Inferior Stratum. IncLPm(K ∪i {α}) ≤ IncLPm(K ∪j {α}) if i ≥ j.

Proof. . Let K = (S1, S2, · · · , Sn) be a stratified knowledge base.

• Consistency. IncLPm(K) = ~0. ⇔ There exists at least one model ω of
K s.t. ∀α ∈ K, ω(α) 6= B. ⇔ K is consistent.

• Monotony. Note that ModLP(K∪i{α}) ⊆ ModLP(K). ∀ω ∈ ModLP(K∪i

{α}), we use rK∪i{α}(ω) and rK(ω) to denote the ranks of ω in K∪i {α}
and K, respectively. Then

rK(ω) ≤ rK∪i{α}(ω)

because

{β ∈ Si|ω(β) = B} ⊆ {β ∈ Si ∪ {α}|ω(β) = B}.
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Then

min{rK(ω)|ω ∈ ModLP(K)} ≤ min{rK∪i{α}(ω)|ω ∈ ModLP(K ∪i {α})}.

That is,
IncLPm(K) ≤ IncLPm(K ∪i {α}).

• Dominance. Note that ModLP(K ∪i {α}) ⊆ ModLP(K ∪i {β}). ∀ω ∈
ModLP(K∪i{α}), we use rK∪i{α}(ω) and rK∪i{β}(ω) to denote the ranks
of ω in K ∪i {α} and K ∪i {β}, respectively. Then

rK∪i{β}(ω) ≤ rK∪i{α}(ω)

because

|{γ ∈ Si ∪ {β}|ω(γ) = B}| ≤ |{γ ∈ Si ∪ {α}|ω(γ) = B}|.

Then

min{rK∪i{β}(ω)|ω ∈ ModLP(K ∪i {β})}
≤ min{rK∪i{α}(ω)|ω ∈ ModLP(K ∪i {α})}.

That is,
IncLPm(K ∪i {β}) ≤ IncLPm(K ∪i {α}).

• Safe Formula Independence. Suppose that Var({α})∩Var(K) = ∅ and
α 6` ⊥. From the proof of Monotony, we get that

ModLP(K ∪i {α}) ⊆ ModLP(K).

Further, note that Var({α}) ∩ Var(K) = ∅ and α 6` ⊥, then

ω(α) 6= B

for all ω ∈ ModLP(K) s.t. rK(ω) = min{rK(ω′)|ω′ ∈ ModLP(K)}. If
ω(α) = T, then

ω ∈ ModLP(K ∪i {α}).
If ω(α) = F, then we can get ω′ by changing only atoms in α such that

∀β ∈ K, ω′(β) = ω(β) and ω′(α) = T.
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Then
ω′ ∈ ModLP(K ∪i {α}), and rK(ω′) = rK(ω).

So,

min{rK(ω)|ω ∈ ModLP(K)} = min{rK∪i{α}(ω)|ω ∈ ModLP(K ∪i {α})}.

That is,
IncLPm(K) = IncLPm(K ∪i {α}).

• Inferior Stratum. Suppose that 1 ≤ j ≤ i ≤ n. Note that ModLP(K ∪i

{α}) = ModLP(K ∪j {α}). ∀ω ∈ ModLP(K ∪i {α}), we use rK∪i{α}(ω)
and rK∪j{α}(ω) to denote the ranks of ω in K ∪i {α} and K ∪j {α},
respectively.

If ω(α) = B, then
rK∪i{α}(ω) < rK∪j{α}(ω)

because

|{γ ∈ Sj|ω(γ) = B}|+ 1 ≤ |{γ ∈ Sj ∪ {α}|ω(γ) = B}|.

If ω(α) = T, then
rK∪i{α}(ω) = rK∪j{α}(ω).

That is, for any ω,

rK∪i{α}(ω) ≤ rK∪j{α}(ω).

So,

IncLPm(K ∪i {α}) ≤ IncLPm(K ∪j {α}) if i ≥ j. ¤

Evidently, we can get the following corollary from Proposition 5.4.

Corollary 5.2. The WLPm measure Incw satisfies the following properties:

• Consistency. Incw(K) = 0 if and only if K is consistent.

• Safe Formula Independence. Incw(K ∪i {α}) = Incw(K) if Var({α}) ∩
Var(K) = ∅ and α 6` ⊥.
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Proof. Let K = (S1, S2, · · · , Sn) be a stratified knowledge base.

• Consistency. Incw(K) = 0. ⇔ IncLPm(K) = 0. ⇔ K is consistent.

• Safe Formula Independence. Suppose that Var({α})∩Var(K) = ∅ and
α 6` ⊥. From Proposition 5.4,

IncLPm(K ∪i {α}) = IncLPm(K).

Further,
IncLPm(K ∪i {α}) ·wτ = IncLPm(K) ·wτ .

That is,
Incw(K ∪i {α}) = Incw(K). ¤

Proposition 5.5. The WLPm measure Incw does not satisfy Monotony, Dom-
inance, and Inferior Stratum.

Proof. We only need to provide two counterexamples.

• consider the following counterexample for Monotony and Dominance:
Let w = (w1, w2, w3) and K = ({a}, {¬a∨b}, {¬b∧c1,¬b∧c2, · · · ,¬b∧
ck}), where k = d2w1

w3
e+ 2. Then

Incw(K ∪1 {¬a}) = 2w1 + w2 < w2 + k · w3 = Incw(K).

Incw(K ∪1 {¬a ∧ c1}) = 2w1 + w2 < w2 + k · w3 = Incw(K ∪1 {c1}).

• consider the following counterexample for Inferior Stratum: Let w =
(w1, w2, w3, w4) and K = ({a}, {¬b∨c}, {¬c}, {b∧e1, · · · , b∧ek}), where
k = dw3

w4
e+ 1. Consider

K ∪1 {b} = ({a, b}, {¬b ∨ c}, {¬c}, {b ∧ e1, · · · , b ∧ ek}),
K ∪4 {b} = ({a}, {¬b ∨ c}, {¬c}, {b ∧ e1, · · · , b ∧ ek, b}.

Then

IncLPm(K ∪1 {b}) = (0, 1, 1, 0) > (0, 1, 0, k + 1) = IncLPm(K ∪4 {b}),

but

Incw(K ∪1 {b}) = w2 + w3 < w2 + (k + 1)w4 = Incw(K ∪4 {b}). ¤
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Compared to IncLPm , Incw only supports two intuitive properties, i.e.,
Consistency and Safe Formula Independence, and fails to support Monotony,
Dominance, and Inferior stratum. This is largely due to weakening of the
difference between preference levels of strata in integration process based on
weights. In this sense, IncLPm can be used to capture the nature of incon-
sistency for stratified knowledge bases in essence, whilst Incw is considered
meaningful only in the case of a single value being more attractive.

As the normalized version of IncLPm , the NLPm measure IncNLPm
possesses

the following two intuitive properties.

Proposition 5.6. The NLPm inconsistency measure IncNLPm
(K) satisfies

• Consistency. IncNLPm
(K) = ~0 if and only if K is consistent.

• Dominance. IncNLPm
(K ∪i {α}) ≥ IncNLPm

(K ∪i {β}) if α ` β and
α 6` ⊥.

Proof. Let K = (S1, · · · , Sn).

• Consistency. IncNLPm
(K) = ~0. ⇔ IncLPm(K) = ~0. ⇔ K is consistent.

• Dominance. From the proof for Dominance in Proposition 5.4, we have
known that

rK∪i{β}(ω) ≤ rK∪i{α}(ω).

Suppose that K ∪i {α} = (T1, · · · , Tn) and K ∪i {β} = (R1, · · · , Rn).
Then

|Ti| = |Ri| for all 1 ≤ i ≤ n.

So,
rN

K∪i{β}(ω) ≤ rN
K∪i{α}(ω).

Therefore,

IncNLPm
(K ∪i {α}) ≥ IncNLPm

(K ∪i {β}). ¤

Moreover, IncNLPm
does not support Safe Formula Independence, Monotony

and Inferior Stratum, as illustrated by the following example.
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Example 5.2. Consider K = ({a}, {¬a ∨ b}, {¬b, c}) again. Suppose that
we add a safe formula d to the third stratum of K, i.e., K∪3{d} = ({a}, {¬a∨
b}, {¬b, c, d}). Then

IncNLPm
(K ∪3 {d}) = (0, 1,

1

3
) < (0, 1,

1

2
) = IncNLPm

(K)

Note that adding d to S3 enlarges the size of S3. But d brings no new incon-
sistency. This is why the inconsistency in K is diluted by adding d.

Moreover,

IncNLPm
(K ∪3 {d}) = (0, 1,

1

3
) > (0,

1

2
,
1

2
) = IncNLPm

(K ∪2 {d}).

As mentioned above, none of Safe Formula Independence, Monotony and
Inferior Stratum is designed for characterizing the normalized inconsistency
measure which focuses on the proportion of inconsistency in a knowledge
base. Therefore, as a normalized version, its failure in supporting Safe For-
mula Independence, Monotony and Inferior Stratum cannot be considered as
a negative aspect of IncNLPm

. However, how to develop properties suitable
for such normalized inconsistency measures is still an open problem.

Finally, we summarize these results in Table 1, in which
√

denotes satis-
fiable properties, × unsatisfiable ones, and − unconcerned ones.

Table 1: Logical properties of inconsistency measures

Inconsistency measures
Properties IncCLP

m Incs
m IncLPm Incw IncNLPm

Consistency
√ √ √ √ √

Monotony
√ √ √ × −

Dominance
√ × √ × √

Safe Formula Independence
√ √ √ √ −

Inferior Stratum
√ √ √ × −

Free Formula Independence − √ − − −
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6. Computational Complexity

Now we turn to the complexity issue. We assume that the reader is
familiar with the basics of complexity, in particular the polynomial hierarchy
( Σp

0 = ∆p
0 = N, and for all k ≥ 0, Σp

k+1 = NPΣp
k , and ∆p

k+1 = PΣp
k) [30].

Here FPNP (resp. FPΣp
2) is the class of all functions that can be computed by

a polynomial-time Turing machine with an NP oracle (resp. an Σp
2 oracle),

and FPNP[log n] ⊆ FPNP is the class of all functions that can be computed in
polynomial time by a Turing machine using a number of NP oracles bounded
by a logarithmic function of the size of the input. The canonical natural
FPNP-complete problem is MAX-WEIGHT SAT, which is given as follows:
Given a set of clauses, each with an integer weight, find the truth assignment
that satisfies a set of clauses with the most total weight [30]. The problem
of MAX SAT, one of the well known natural FPNP[log n]-complete problems,
is given as follows: Given a set of clauses, find the truth assignment that
satisfies a set of clauses with the maximal number [30].

Let us recall the complexity result about the LPm inconsistency measure
ILPm(K) in the case of flat knowledge bases. It has been shown that the prob-
lem of computing ILPm(K) is FPNP[log n]-complete in the case of flat knowledge
bases [14]. Note that

CLPm(K) = |Var(K)| · ILPm(K),

then we can get the following result firstly.

Lemma 6.1. The problem of computing CLPm(K) is FPNP[log n]-complete in
the case of flat knowledge bases.

We omit the proof of this lemma, because the membership is obvious,
and the proof for hardness has no essential difference from that for Theorem
4 in [31].

We have identified the following complexity of computing the naive MSIM
IncCLP

m (K).

Proposition 6.1. The problem of computing IncCLP
m (K) is FPNP-complete.
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Proof. Membership: Suppose that K = (S1, · · · , Sn). As shown by Lemma 6.1,
for each 1 ≤ i ≤ n, CLPm(K(i)) can be computed in polynomial time by a
deterministic algorithm using a number of calls to an NP oracle bounded
by a logarithmic function of (|K(i)| + |Var(K(i))|). Clearly, IncCLP

m (K) =
(CLPm(K(1)), · · · , CLPm(K(n))) can be computed in polynomial time by a de-
terministic algorithm using a number of calls to an NP oracle bounded by a
polynomial function of (n + |K|+ |Var(K)|).

Hardness: We shall reduce MAX-WEIGHT SAT to it. Given any set
of clauses C1, C2, · · · , Cm on l variables x1, x2,· · · , xl, with weights w1,
w2,· · · , wm, we construct a stratified knowledge base consisting of two strata
as follows: K = (S1, S2), where

S1 = {xi ∧ ¬xi → F|i = 1, 2, · · · , l};

S2 =
m⋃

i=1

{Ci ∨ qi,j,¬qi,j|j = 1, 2, · · · , wi},

where qi,j is a new variable out of {x1, x2, · · · , xn} for each (i, j). Note that

|S2| = 2 ·
m∑

i=1

wi. Clearly, this reduction can be done in polynomial time w.r.t.

(m + l +
m∑

i=1

wi).

Let ω be a LPm interpretation over {x1, x2, · · · , xn, q1,1,, · · · , qm,wm}. If
ω is a LPm model for S1, then ω(xi) 6= B for all 1 ≤ i ≤ l. This implies
that ω(Cj) 6= B as well for all 1 ≤ j ≤ m. In particular, if ω(Cj) = F, then
ω(qj) = B must hold.

Let A be a classical interpretation on {x1, x2, · · · , xl}, we define an LPm

interpretation ωA over {x1, x2, · · · , xl, q1,1,, · · · , qm,wm} as follows:

ωA(xi) = A(xi), for all 1 ≤ i ≤ l;

ωA(qi,j) =

{
B, if A(Ci) = F,
F, if A(Ci) = T.

for all 1 ≤ j ≤ wi.

Let Cn1 , · · · , Cnl
be the set of clauses satisfied by A, then

|ωA!(K(2))| =
m∑

i=1

wi −
l∑

j=1

wnj
.

Then A is an interpretation that satisfies the set of clause above with the
most total weight if and only if ωA is a minimal model of K(2), moreover,

IncCLP
m (K) = (0, |ωA!(K(2))|). ¤
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The following proposition shows that fixing the number of strata can
lower the complexity of computing IncCLP

m (K).

Proposition 6.2. If the number n of strata is constant, the problem of com-
puting IncCLP

m (K) is FPNP[log n]-complete.

Proof. Membership: Let K = (S1, · · · , Sn). As shown by Lemma 6.1, for
each 1 ≤ i ≤ n, CLPm(K(i)) can be computed in polynomial time by a
deterministic algorithm using a number of calls to an NP oracle bounded
by O(log(|K(i)| + |Var(K(i))|)). Note that |K(i)| ≤ |K| and |Var(K(i))| ≤
|Var(K)|, then IncCLP

m (K) = (CLPm(K(1)), · · · , CLPm(K(n))) can be computed
in polynomial time by a deterministic algorithm using a number of calls to
an NP oracle bounded by O(n log(|K| + |Var(K)|)). Allowing for n being a
constant, then the problem is in FPNP[log n].

Hardness: it can be proved by the following reduction from MAX SAT.
Given any set of clauses C1, C2, · · · , Cm on l variables x1, x2,· · · , xl, we
construct a stratified knowledge base with n-stratum as follows:

K = (S1, S2, · · · , Sn),

where
Si = {pk ∧ ¬pk → F} for all 1 ≤ k ≤ n− 1;

Sn = {xi ∧ ¬xi → F|1 ≤ i ≤ l} ∪ {Cj ∨ qj,¬qj|1 ≤ j ≤ m}.
Here pk and qj are new variables out of {x1, · · · , xl} for all k and j. Clearly,
this reduction can be done in polynomial time w.r.t. (m + l).

Let A be a classical interpretation on {x1, x2, · · · , xl}, we define an LPm

interpretation ωA over {x1, x2, · · · , xl, p1, · · · , pn−1, q1, · · · , qm} as follows:

ωA(xi) = A(xi), for all 1 ≤ i ≤ l;

ωA(pi) = T, for all 1 ≤ i ≤ n− 1;

ωA(qj) =

{
B, if A(Cj) = F,
F, if A(Cj) = T.

Let k be the number of clauses satisfied by A, then

|ωA!(K(n))| = m− k.

Then A is an interpretation that satisfies the subset of clauses with the
maximal number if and only if ωA is a minimal model of K, moreover,

IncCLP
m (K) = (0, · · · , 0, |ωA!(K(n))|). ¤
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The stratum-centric MSIM Incs
m is a multi-section inconsistency mea-

sure built upon minimal inconsistent subsets. The main part of computing
Incs

m(K) is essentially checking whether a formula is involved in minimal
inconsistent subsets due to each stratum. It has been shown that check-
ing whether a set of clauses is a minimal inconsistent subset (also termed
Minimally unsatisfiable subformulas or MUS) or not is DP-complete, and
checking whether a formula is involved in minimal inconsistent subsets of a
knowledge base is in Σp

2 [32]. We may obtain the following lower complexity
bound for the stratum-centric inconsistency measure. Its tight complexity
bound is still open.

Proposition 6.3. The problem of computing Incs
m(K) is in FPΣp

2 .

Proof. Let K = (S1, · · · , Sn). Suppose that Incs
m(K) = (c1, · · · , cn) and

Ti = Ri = ∅ for all 1 ≤ i ≤ n. consider the following algorithm:

(1) if S1 ` ⊥, then c1 = 1; else c1 = 0;

(2) for each i ≤ 2, if K(i) 6` ⊥, then ci = 0; else checking whether α is
involved in minimal inconsistent subsets of K(i) for each α ∈ Si, if yes,
Ti = Ti ∪ {α}.

(3) if Ti = ∅, then ci = 0, else go to (4);

(4) for k from 1 to i−1, identifying the set Rk of formulas in Si involved in
minimal inconsistent subsets of K(i)\Sk, if Rk ⊂ Ti, then ci = i+1−k,
break; else k = k + 1.

(5) if k = i, then ci = 1.

Note that both Rk and Ti can be computed by using |Si| calls to a Σp
2

oracle. This means ci can be computed by using a number of calls to a Σp
2

oracle bounded by O(i|Si|). Therefore, Incs
m(K) can be computed by using

a number of calls to a Σp
2 oracle bounded by O(|K|2). So, the problem of

computing Incs
m(K) is in FPΣp

2 . ¤
Concerning the PLPm measure IncLPm , we have obtained the following

complexity results.

Proposition 6.4. The problem of computing IncLPm(K) is FPNP-complete.

Proof. Given a stratified knowledge base K = (S1, S2, · · · , Sn), note that
given a LPm interpretation ω,
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(1) deciding whether ω is a LPm model of K is polynomial w.r.t. (|Var(K)|+
|K|) ;

(2) if ω is a LPm model of K, computing rK(ω) = (r1, r2, · · · , rn) is poly-
nomial w.r.t. (|Var(K)|+ |K|).

Suppose that IncLPm(K) = (c1, c2, · · · , cn). Then we consider the follow-
ing nondeterministic algorithm for deciding wether ci ≤ b given b:

• guess an interpretation ω;

• check that ω is a model of K;

• if so, compute rK(ω) = (r1, r2, · · · , rn) and check that ri ≤ b.

This algorithm shows that deciding whether ci ≤ b is in NP.
Further, c1, c2, · · · , cn can be determined in the following order, where ci

is computed by queries to the NP oracle above whether there exists a LPm

model ω such that rj = cj, for 1 ≤ j < i, and ri ≤ b for each i, where b is a
given number. This can be done with a number of NP oracle calls bounded
by a polynomial function of (n + |Var(K)| + |K|). So, this problem is in
FPNP.

To prove completeness, we shall reduce MAX-WEIGHT SAT to it. Given
any set of clauses C1, C2, · · · , Cm on l variables x1, x2,· · · , xl, with weights
w1, w2,· · · , wm, we construct a stratified knowledge base consisting of two
strata as follows: K = (S1, S2), where

S1 = {xi ∨ ¬xi|i = 1, 2, · · · , l};

S2 =
m⋃

i=1

{Ci ∨ qi,j,¬qi,j|j = 1, 2, · · · , wi},

where qi,j is a new variable out of {x1, x2, · · · , xn}. Note that |S2| = 2 ·
m∑

i=1

wi.

Clearly, this reduction can be done in polynomial time w.r.t. (m+ l+
m∑

i=1

wi).

Let ω be a LPm interpretation over {x1, x2, · · · , xn, q1,1,, · · · , qm,wm}, and
A a classical interpretation over {x1, x2, · · · , xn}. ω is compatible with A if
ω(xi) = A(xi) for all 1 ≤ i ≤ n.

Note that for any LPm model ω compatible with a classical interpretation
A, then ω(xi ∨ ¬xi) = T, So rK(ω) = (0, k), where k is the number of
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formulas in S2 assigned B under ω. So, if IncLP(K) = rK(ω), then there
exists a classical interpretation A compatible with ω. That is, under ω,
ω(Ci) ∈ {T, F}.

In particular, if ω(Ci) = F, then ω(qi,j) = B, and

ω(Ci ∨ qi,j) = ω(¬qi,j) = B.

Otherwise, ω(qi,j) ∈ {B, F}. To minimize the number of inconsistent formu-
las, ω(qi,j) = F. Because

ω(Ci ∨ qi,j) = ω(¬qi,j) = T.

if ω(qi,j) = F.
Let A be a classical interpretation on {x1, x2, · · · , xn}, we define a LPm

interpretation ωA over {x1, x2, · · · , xn, q1,1,, · · · , qm,wm} as follows:

ωA(xi) = A(xi), for all 1 ≤ i ≤ n;

ωA(qi,j) =

{
B, if A(Ci) = F,
F, if A(Ci) = T.

for all 1 ≤ j ≤ wi.

Let Cn1 , · · · , Cnl
be the set of clauses satisfied by A, then rK(ωA) =

(0, 2 · (
m∑

i=1

wi −
l∑

j=1

wnj
)).

So, A is an interpretation that satisfies the set of clauses above with the
most total weight if and only if IncLPm(K) = rK(ωA). ¤

Further, we have obtained that fixing the number of strata can lower the
upper bound of complexity of computing IncLPm(K).

Proposition 6.5. If the number n of strata is constant, then the problem
of computing IncLPm(K) is FPNP[log n]-complete.

Proof. Membership: From Proposition 6.4, we know computing IncLPm(K)
can be done with polynomially many NP oracle calls.

Note that 0 ≤ ci ≤ |Si| for all 1 ≤ i ≤ n. So, ci can be computed by using
a binary search on {0, · · · , |Si|} with a call to an NP oracle to check whether
ri ≤ b. Since a binary search on {0, · · · , |Si|} needs at most O(log2 |Si|)
steps, then ri = ci can be computed using O(log2 |Si|) calls to an NP oracle.

Let |K| =
n∑

i=1

|Si|. Then computing c1, c2, · · · , cn can be done with

O(n log2 |K|) many NP oracle calls. If n is constant, then computing IncLPm(K)
is in FPNP[log n].
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Hardness: it can be proved by the following reduction from MAX SAT.
Given any set of clauses C1, C2, · · · , Cm on l variables x1, x2,· · · , xl, we
construct a stratified knowledge base with n-stratum as follows:

K = (S1, S2, · · · , Sn),

where
Si = {pk ∧ ¬pk → F} for all 1 ≤ k ≤ n− 1;

Sn = {xi ∧ ¬xi → F|1 ≤ i ≤ l} ∪ {Cj ∨ qj,¬qj|1 ≤ j ≤ m}.
Here pk and qj are new variables out of {x1, · · · , xl} for all k and j. Clearly,
this reduction can be done in polynomial time w.r.t. (m + l).

Let A be a classical interpretation on {x1, x2, · · · , xl}, we define an LPm

interpretation ωA over {x1, x2, · · · , xl, p1, · · · , pn−1, q1, · · · , qm} as follows:

ωA(xi) = A(xi), for all 1 ≤ i ≤ l;

ωA(pi) = T, for all 1 ≤ i ≤ n− 1;

ωA(qj) =

{
B, if A(Cj) = F,
F, if A(Cj) = T.

Let k be the number of clauses satisfied by A, then

|ωA!(K(n))| = m− k.

Then A is an interpretation that satisfies the subset of clauses with the
maximal number if and only if ωA is a minimal model of K, moreover,

IncLPm(K) = (0, · · · , 0, 2|ωA!(K(n))|). ¤

Clearly, we can obtain the following complexity results from Proposition
6.4 and 6.5.

Corollary 6.1. The problem of computing Incw(K) is FPNP-complete.

Proof. Membership: Note that Incw(K) = IncLPm(K)·wτ . Then the problem
of computing Incw(K) is in FPNP.

Hardness: we construct the same reduction as that in the proof of Propo-
sition 6.4. Then A is an interpretation that satisfies the set of clauses with
the most total weight if and only if Incw(K) = rK(ωA) ·wτ . ¤

Corollary 6.2. If the number n of strata is a constant, the problem of com-
puting Incw(K) is FPNP[log n]-complete.
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Proof. From Proposition 6.5, Membership is clear.
Hardness: we construct the same reduction as that in the proof of Propo-

sition 6.5. Then A is an interpretation that satisfies the subset of clauses with
the maximal number if and only if ωA is a minimal model of K, moreover,

Incw(K) = (0, · · · , 0, 2|ωA!(K(n))|) ·wτ . ¤

For the NLPm measure IncNLPm
, we identified the following complexity

results.

Proposition 6.6. The problem of computing IncNLPm
(K) is FPNP-complete.

Proof. Membership is clear if we replace rK(ω) with rN
K(ω) in the proof of

Proposition 6.4.
Hardness: We construct the same reduction as that used in the proof of

Proposition 6.4. So, A is an interpretation that satisfies the set of clauses
with the most total weight if and only if

IncNLPm
(K) = rK(ωA) ·

[
1
|S1| 0

0 1
|S2|

]
. ¤

Proposition 6.7. If the number n of strata is a constant, the problem of
computing IncNLPm

(K) is FPNP[log n]-complete.

Proof. Membership: From Proposition 6.6, we know computing IncNLPm
(K)

can be done with polynomially many NP oracle calls.
Note that 0 ≤ ci ≤ 1 for all 1 ≤ i ≤ n. So, ci can be computed by using

a binary search on {0, 1
|Si| , · · · , |Si−1|

|Si| , 1} with a call to an NP oracle to check

whether ri ≤ b. Since a binary search on {0, 1
|Si| , · · · , |Si−1|

|Si| , 1} needs at most

O(log2 |Si|) steps, then ri = ci can be computed using O(log2 |Si|) calls to an
NP oracle.

Let |K| =
n∑

i=1

|Si|. Then computing c1, c2, · · · , cn can be done with

O(n log2(|K| + |V ar(K)|)) many NP oracle calls. If n is constant, then
computing IncNLPm

(K) is in FPNP[log n].
Hardness: we construct the same reduction as that in the proof of Propo-

sition 6.5. Then A is an interpretation that satisfies the subset of clauses with
the maximal number if and only if ωA is a minimal model of K, moreover,

IncNLPm
(K) = (0, · · · , 0,

2|ωA!(K(n))|
2m + l

). ¤
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In summary, the complexity of each inconsistency measure built upon
LPm models presented in this paper is FPNP-complete. Moreover, when we
fix the number n of strata, its complexity reduce to FPNP[log n]-complete.

Finally, we summarize the complexity results about these measures in
Table 2.

Table 2: Computational complexity

Computational complexity
Measures General Fixing the number n of strata

IncCLP
m FPNP-complete FPNP[log n]-complete

Incs
m FPΣp

2 FPΣp
2

IncLPm FPNP-complete FPNP[log n]-complete

IncNLPm
FPNP-complete FPNP[log n]-complete

Incw FPNP-complete FPNP[log n]-complete

7. An Application In Requirements Engineering

Here we use a small but explanatory example in requirements engineering
to illustrate the application of our measures for stratified knowledge base. We
consider a scenario for eliciting requirements for updating an existing software
used in [18]. Moreover, to illustrate the role of our measures in monitoring
inconsistency handling process, we adapt slightly the scenario to the case
of prioritized requirements by giving a preference relation over requirement
statements in the scenario.

Example 7.1. Consider the following scenario for eliciting requirements for
updating an existing software. There are three stakeholders involved in this
scenario, including the seller of the new system, the user of the existing sys-
tem (the user for short), and the domain expert in requirements engineering.
Each of the three stakeholders may provide demands from her/his own per-
spective. When inconsistencies in their demands are identified, developers
and the three stakeholders start to negotiate on resolving inconsistencies. In-
consistency measures could be used to assess the progress of each round of
negotiation in inconsistency handling.
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• The seller of the new system provides two demands:

(a1) The user interface of the system-to-be should be in the modern
idiom (i.e., fashionable).

(a2) The system-to-be should be developed based on the newest develop-
ment techniques.

• The user of the existing system provides three demands:

(b1) The system-to-be should be developed based on the techniques used
in the existing system.

(b2) The user interface of the system-to-be should maintain the style
of the existing system.

(b3) The system-to-be should be secure.

• the domain expert in requirements engineering provides one constraint
about security:

(c1) To guarantee the security of the system-to-be, openness (or ease
of extension) should not be considered.

The security is considered as one of the most important requirements for
a system, so (c1) and (b3) are more important than others. Moreover, the
demands of the user of the existing system are considered more important
than the seller’s demands. Then the set of requirements can be stratified into
3 strata, i.e,

({(b3), (c1)}, {(b1), (b2)}, {(a1), (a2)}).
The following predicates are used in [18] to formulate the requirements:

• the predicate Fash(int f) is used to denote that the interface is fashion-
able;

• the predicate Open(sys) is used to denote that the system is open;

• the predicate New(sys) is used to denote that the system will be devel-
oped based on the newest techniques;

• the predicate Secu(sys) is used to denote that the system is secure.
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Then the requirements above can be represented by a stratified knowledge
base

KR = (S1, S2, S3),

where

S1 = {Secu(sys), Secu(sys) → ¬Open(sys)},
S2 = {¬New(sys), ¬Fash(int f)},
S3 = {Fash(int f), New(sys)}.

Evidently, KR is inconsistent:

KR ` ¬Fash(int f) ∧ Fash(int f), KR ` New(sys) ∧ ¬New(sys).

To monitor the process of negotiation on resolving inconsistency, develop-
ers need to know how inconsistencies change after each round of negotiation.
We consider using two inconsistency measures together to capture the in-
consistency in requirements after each round. In detail, the stratum-centric
MSIM Incs

m will be used to capture the most preferred level of requirements in-
volved in inconsistencies at each stratum, whilst the preference-based measure
IncLPm is used to capture to capture how inconsistent the whole requirements
is.

First, we establish the inconsistency assessment for the original require-
ments:

Incs
m(KR) = (0, 0, 2), IncLPm(KR) = (0, 2, 2).

The first two zero components of Incs
m(KR) imply that there is no conflict

between the domain expert and the user. The last component 2 in Incs
m(KR)

implies that the seller’s demands contradict that of the user ( i.e., more
important demands), but do not contradict the domain expert’s demands (i.e.,
the most important demands). On the other hand, IncLPm(KR) implies that
all the demands of the seller and the user are involved in conflicts between
them.

Suppose that after the first round of negotiation, the seller agrees to re-
place requirement (a1) with a new demand:

(a3) The system-to-be should be open, that is, the system-to-be could be ex-
tended easily.
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Then the revised requirements after negotiation can be represented by the
following stratified knowledge base,

K1
R = (S1

1 , S
1
2 , S

1
3),

where

S1
1 = S1, S1

2 = S2, S1
3 = {Open(sys), New(sys)}.

Now the developers would like to know whether this modification may alleviate
the inconsistencies in the originals. Then two inconsistency measures for K1

R

are given as follows:

Incs
m(K1

R) = (0, 0, 3) > (0, 0, 2) = Incs
m(KR),

IncLPm(K1
R) = (1, 1, 2) > (0, 2, 2) = IncLPm(KR).

Contrary to developers expectations, this implies that the modification above
does strengthen the inconsistencies in the originals. The last component 3
in Incs

m(K1
R) means that the modification brings some new conflicts between

demands of the seller and that of the domain expert, whilst the first component
1 of IncLPm(K1

R) implies that one of the most important demands is also
involved in the conflicts.

Suppose that developers proceed with a second negotiation, and the seller
agrees to abandon requirement (a3) because it contradicts the most impor-
tant requirements, then the revised requirements after this negotiation can be
represented by the following stratified knowledge base,

K2
R = (S2

1 , S
2
2 , S

2
3),

where

S2
1 = S1, S2

2 = S2, S2
3 = {New(sys)}.

Now the inconsistency measures are given as follows:

Incs
m(K2

R) = (0, 0, 2) = Incs
m(KR) < Incs

m(K1
R),

IncLPm(K2
R) = (0, 1, 1) < (0, 2, 2) = IncLPm(KR) < IncLPm(K1

R).

This implies that the modification above alleviate the inconsistencies in K1
R.

Now there are only conflicts between demands of the seller and that of the
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user in K2
R. Moreover, compared to the originals, IncLPm(K2

R) implies that
only one demand of the user is involved in conflicts between them.

Suppose that after the third round of negotiation, the user agrees to with-
draw requirement (b1), then the revised requirements after this negotiation
can be represented by the following stratified knowledge base,

K3
R = (S3

1 , S
3
2 , S

3
3),

where

S3
1 = S1, S3

2 = {¬Fash(int f)}, S2
3 = {New(sys)}.

Now the inconsistency measures are given as follows:

Incs
m(K3

R) = (0, 0, 0), IncLPm(K3
R) = (0, 0, 0)

This means the inconsistency in the original requirements has been resolved
by the modification above.

8. Related Work

Inconsistency handling for stratified knowledge bases has been paid much
attention in many applications. In this section, we compare the inconsistency
measures presented in this paper with some of closely related approaches.

Measuring inconsistency has been increasingly considered crucial for ef-
fectively resolving inconsistency in some applications [1, 16, 13, 17, 5, 6].
Most of proposals presented so far are mainly concerned with measuring in-
consistency in flat knowledge bases. Note that any flat knowledge base does
not convey any non-trivial pre-order relation on the base explicitly. Then in-
consistency measures for a flat knowledge base may be built upon either the
minimum number of formulas involved in inconsistency or the minimum num-
ber of variables assigned to inconsistent truth values in some paraconsistent
models [1, 13]. In contrast, for the case of stratified knowledge bases, both
the minimal number of formulas involved in inconsistency and the minimum
number of inconsistent variables are insufficient to capture the inconsistency
in a knowledge base, because the impact of preorder relation over the base
on the inconsistency assessment cannot been reflected. We presented two
kinds of measures to measuring inconsistency for stratified knowledge bases,
i.e., the multi-section inconsistency measure and the preference-based incon-
sistency measure.
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The multi-section inconsistency measure provides a framework to capture
inconsistency in a stratified knowledge bases by using inconsistency assess-
ments for all sections of the base together, in which inconsistency assessments
for sections are defined in a incremental way. Such an inconsistency measure
is more appropriate for looking inside an inconsistent stratified knowledge
base stratum by stratum. We may take advantage of some inconsistency
measures for flat knowledge bases such as CLPm presented in [1] to assess the
inconsistency in each cut of a stratified knowledge base in the framework
of multi-section inconsistency measure. We call such an instantiation naive
MSIM. Note that any naive MSIM will reduce to the corresponding mea-
sures for flat knowledge base when the stratified knowledge base has only
one stratum. In addition, the inconsistency rank presented in [33, 34] cap-
tures the most preferred stratum where an inconsistency occurs. It can be
also considered as a sketchy naive MSIM (i.e., the 0-1 vector) in which only
the first i consistent cuts are assigned 0. The second instance of multi-section
inconsistency measure, termed the stratum-centrical MSIM Incs

m, focuses on
the most preferred stratum involved in new inconsistencies in each i-section
due to Si, in which inconsistencies are characterized in the form of minimal
inconsistent subsets of each i-cut. It reflects the impact of pre-order rela-
tion over a base on the inconsistency assessments explicitly. Note that Incs

m

may be reduced as the drastic inconsistency measure for flat knowledge bases
when the stratified knowledge base has only one stratum, i.e., the it only tells
the base is inconsistent (Incs

m(K) = (1)) or not (Incs
m(K)=(0)). Generally,

the naive MSIM is more appropriate for describing how inconsistent each cut
of a knowledge base is, whilst the stratum-centrical MSIM is more suitable
for uncovering how preferred the strata involved in inconsistency are at each
stratum.

Compared to the multi-section inconsistency measure, the preference-
based inconsistency measure IncLPm presented in this paper aims to assess
the inconsistency in a stratified knowledge base from a global or integrated
perspective directly. Note that both IncLPm and ILPm presented in [1] are
built upon LPm models. However, the following aspects distinguish IncLPm

and ILPm . First of all, IncLPm is a formula-level inconsistency measure, whilst
ILPm is a variable-level inconsistency measure. Roughly speaking, ILPm for a
flat knowledge base focuses on the minimum number of variables assigned to
the inconsistent truth value in LPm models of the base. In contrast, IncLPm

for a stratified knowledge base is concentrated on the number of formulas
of each stratum assigned to the inconsistent truth value in LPm models of
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the base, because the preorder relation is given over formulas rather than
variables. Second, a ILPm model with minimal number of inconsistent truth
values is not necessarily minimal with regard to the lexicographical rank of
models used in IncLPm , and the converse does also hold. To illustrate this,
consider K = ({a}, {¬a ∨ b,¬a ∨ c}, {¬b,¬c}). Then MinMod(K) = {ω1},
where ω1(a) = B, ω1(b) = ω1(c) = F. However, r(ω1) = (1, 2, 0) > (0, 2, 2) =
r(ω2), where the model ω2 such that ω1(a) = T, ω2(b) = ω2(c) = B. This
implies that the two measures focus on different classes of LPm models. Third,
IncLPm cannot be reduced to ILPm in the case that a stratified knowledge
base has only one stratum. Lastly, IncLPm and its normalized version are
syntax sensitive. To illustrate this, consider K = ({a}, {b, c}, {¬c,¬b, d})
and K ′ = ({a}, {b}, {¬c∧¬b∧ d}). Then ILPm(K(3)) = ILPm(K ′(3)) = 1

2
, but

IncLPm(K) = (0, 2, 2) 6= (0, 2, 1) = IncLPm(K ′), and

IncNLPm
(K) = (0, 1,

2

3
) 6= (0, 1, 1) = IncNLPm

(K ′).

The rank of LPm models is also different from the lexicographical rank of
classical models presented in [27]. To illustrate this, consider K = ({a}, {¬a∨
b}, {¬b}). Consider the classical possible worlds {ω1, ω2, ω3, ω4} where

a b
ω1 T T
ω2 F T
ω3 T F
ω4 F F

Let l(ωi) = (l1, l2, l3) such that lk = |{α ∈ Si|ω(α) = F}|. Then

l(ω1) = (0, 0, 1), l(ω2) = (1, 0, 1), l(ω3) = (0, 1, 0), l(ω4) = (1, 0, 0).

Note that

min{l(ω1), l(ω2), l(ω3), l(ω4)} = (0, 0, 1) 6= (0, 1, 1) = min{r(ω)|ω ∈ ModLP(K)}.

The measures for prioritized knowledge bases presented in [35] is also
a similar research to our approaches. At first, there is a slight difference
between prioritized knowledge bases presented in [35] and stratified knowl-
edge bases. Informally speaking, for a prioritized knowledge base, each
stratum corresponds to a fixed level of preference. For example, K =
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({a}, {b}, {}, {c}) is a prioritized knowledge base under 4-level preference
scale, in which there is no formula with the third level. In contrast, each
stratum in a stratified knowledge base does not necessarily corresponds to a
fixed level of preference. It just expresses the relative preference of the for-
mula in the stratum within the knowledge base. So, ({a}, {b}, {}, {c}) and
({a}, {}, {b}, {c}) are considered as different prioritized knowledge bases, but
the same stratified knowledge base as ({a},{b},{c}). Second, the measures
presented in [35] are built upon minimal inconsistent subsets of a knowledge
base as well as the preference level of formulas involved in inconsistency.
Roughly speaking, these inconsistency measures aims to assess inconsistency
in a prioritized knowledge base by accumulating the amounts of inconsistency
in all minimal inconsistent subsets (also considered as prioritized knowledge
bases) of a knowledge base. In contrast, most of inconsistency measures pre-
sented in this paper are built upon LPm models, except the stratum-centrical
MSIM Incs

m. However, the stratum-centrical MSIM Incs
m is more concerned

with the level of the most preferred stratum involved in minimal inconsistent
subsets rather than the amount of inconsistency in each minimal inconsistent
subsets.

Lastly, both the inconsistency measure IncL(K) presented in [8] and the
preference-based measure IncLPm presented in this paper are built upon LPm

models as well as the preference relation over a knowledge base. However,
the main difference between IncL(K) and IncLPm is that the latter aims to
count inconsistent formulas at each stratum instead of inconsistent variables
or atoms. It makes the latter more intuitive to capture the inconsistency in
a stratified knowledge base because the preorder relation is explicitly given
on set of formulas rather than on the set of variables.

9. Conclusion

We have presented two approaches to measuring inconsistency for strat-
ified knowledge bases. Both the two approaches allow us to consider the
impact of the total preorder relation over stratified knowledge bases on the
inconsistency assessment. This paper presented the following contributions
to measuring inconsistency for knowledge bases:

• We proposed the multi-section inconsistency measure for stratified knowl-
edge bases, which focuses on inconsistency assessments for all sections
of a stratified knowledge base as well as the inconsistency assessment
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for the stratified knowledge base. By this, we can articulate inconsis-
tencies we meet at each stratum of the stratified knowledge base.

• We presented two kinds of stances for the multi-section inconsistency
measure, i.e., the naive MSIM and the stratum-centrical MSIM. Naive
MSIMs consider all the inconsistency assessments for each cut of a
section of a knowledge base together as an inconsistency measure for
the section. In contrast, the latter uses the level of the most preferred
stratum involved in inconsistency due to each stratum of a stratified
knowledge base together to capture the inconsistency in the base.

• We proposed the preference-based inconsistency measure for stratified
knowledge bases, which allows us to articulate inconsistencies in a strat-
ified knowledge base from a global perspective.

• We adapted some intuitive properties of inconsistency measures for
flat bases to the case of stratified knowledge bases. In particular, we
proposed a new property termed Inferior Stratum. We also showed that
these measures defined in this paper satisfy the expected properties.

• We identified the complexity results for these measures.

• We presented a requirements engineering application to illustrate the
practical potential usage of our measures.
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