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Realistic multiqubit noise processes often result in error mechanisms that are not captured by the proba-
bilistic Markovian error models commonly employed in circuit-level analyses of quantum fault tolerance.
By working within an open-quantum system Hamiltonian formulation, we revisit the validity of the notion
of a constant gate error in the presence of noise that is both temporally correlated and nonclassical, and the
impact of which is mitigated through perfect instantaneous dynamical decoupling subject to finite timing
constraints. We study a minimal exactly solvable single-qubit model under Gaussian quantum dephasing
noise, showing that the fidelity of a dynamically protected idling gate can depend strongly on its location in
the circuit and the history of applied control, even when the system-side error propagation is fully removed
through perfect reset operations. For digital periodic control, we prove that, under mild conditions on the
low-frequency behavior of the nonclassical noise spectrum, the gate fidelity saturates at a value that is
strictly smaller than the one attainable in the absence of control history; the presence of high-frequency
noise peaks is also found as especially harmful, due to the possible onset of control-induced resonances.
We explicitly relate these features to the evolution of the bath statistics during the computation, which has
not been fully accounted for in existing treatments. We find that only if decoupling can keep the qubit
highly pure over a time scale larger than the correlation time of the noise, the bath approximately con-
verges to its original statistics and a stable-in-time control performance is recovered. Our work highlights
the significance of the full bath evolution between circuit locations and suggests that additional trade-offs
and design constraints may arise in layered quantum fault-tolerant architectures from the need to appro-
priately reequilibrate the quantum bath statistics, particularly when Markovian noise is present alongside
temporally correlated noise.

DOI: 10.1103/PRXQuantum.6.010323

I. INTRODUCTION

A. Context and motivation

Noise resulting from unwanted interactions between a
quantum system of interest and its environment poses a
major challenge toward implementing coherence-enabled
quantum technologies. In particular, the possibility of real-
izing the potential of quantum computing with realistically
noisy devices rests on the validity of cornerstone fault-
tolerance-threshold theorems [1–5], according to which
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arbitrarily accurate quantum computation of arbitrary size
can be achieved with bounded resources, provided that
the noise is sufficiently uncorrelated in time and space
and sufficiently weak. This then allows for arbitrary oper-
ations to be executed with an “error per gate” (EPG)
below a threshold value. At the circuit-level description,
the impact of noise is typically modeled in terms of local
Markovian Pauli (or, more generally, local Markovian)
channels, whereby errors are treated as local and stochas-
tic. Under these assumptions, the EPG can be naturally
defined and computed in terms of (classical) error proba-
bilities and gate infidelities, or otherwise bounded in terms
of appropriate distance measures [6].

While the exact nature of the relevant environment
varies depending on the experimental platform at hand,
many realistic noise processes that plague current-day
quantum devices are known to be inherently corre-
lated to varying degrees: temporal or spatial correlations
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may be present, often together, as directly revealed by
quantum noise spectroscopy (QNS) and characteriza-
tion experiments (for representative examples, see, e.g.,
Refs. [7–16]). On the one hand, strong temporal noise cor-
relations, as manifested in “colored” noise spectra, result
in complex non-Markovian error dynamics [17], which
presents new challenges for developing scalable charac-
terization techniques [18–20]. On the other hand, as long
as these noise correlations are sufficiently slow, they make
it possible for dynamical error-suppression techniques
(DES) to be extremely effective in countering the effects
of low-frequency noise. In its simplest form, DES includes
general-purpose dynamical-decoupling (DD) protocols for
quantum memory [21–23] or DD-protected quantum gates
[24–26] based on instantaneous (unbounded) control.
More sophisticated protocols allow for executing dynami-
cally corrected and geometric gates solely using bounded
controls [27–33], as well as for optimizing the performance
in specific noise environments, upon explicitly incorporat-
ing noise spectral information [34]. Remarkably, the use
of DD has proved instrumental in enabling recent land-
mark achievements, ranging from the demonstration of a
provable algorithmic quantum speedup [35] to initial real-
izations of multiround quantum error correction (QEC)
in repetition [36], color [37], surface codes [36,38], and
surface-code hybrids [39]. Ultimately, DES is expected
to play a crucial role in reducing the physical-layer noise
strength to a sufficiently small level for fault-tolerant QEC
to become possible with acceptable overheads [40,41].

The intuition behind this successful marriage of DES
and QEC is that DES techniques can, as noted, efficiently
suppress temporally correlated “low-frequency” compo-
nents of the noise, while QEC is ideally suited to efficiently
correct for the Markovian errors resulting from the “high-
frequency” remainder. This idea is formalized in layered
architectures for fault-tolerant quantum computation [42],
where one defines new information primitives via quan-
tum firmware, in terms of virtual qubits and gates that are
inherently “dressed” with and protected by DES [43]. By
design, the virtual layer experiences a lower effective noise
strength, suitable for QEC to produce, in turn, low-error
logical qubits and gates in the next layer. Clearly, the foun-
dational premise of the virtual layer is that one can define a
meaningful EPG, which is lowered by the DES and, impor-
tantly, may be considered to be constant, independent of
the spatiotemporal location at which the gate occurs in
the circuit. In other words, DES techniques should remain
equally effective throughout the duration of the computa-
tion, in order for fault-tolerant quantum computation to be
even in principle possible in the presence of temporally
correlated noise.

The question we set out to answer in this work is the
extent to which the above picture remains valid when
the system is coupled to a noise environment (a “bath”)
that is not only temporally correlated but, crucially, also

genuinely nonclassical, i.e., not describable in terms of a
classical (commuting) stochastic process. Aside from fill-
ing a fundamental gap, addressing this question is also
timely and practically important, as larger and more perfor-
mant quantum processors are rapidly becoming available,
and new or previously unimportant error mechanisms may
need to be accounted for, in order to engineering a control
system that can reach its performance limits [44]. Indeed,
since a quantum mechanical bath has nontrivial dynam-
ics of its own, it may be expected to evolve in response
to the control that is exerted on the system to which it
is coupled. As a result, the statistical properties of the
noise experienced by the system will themselves change
over time [45]. In such a scenario, one would envision
that EPG notions may not only be nonconstant but also
explicitly dependent on the control applied on the system at
earlier times—undermining the possibility of consistently
“virtualizing” the underlying imperfect hardware. Notably,
nonclassical noise spectra have already been shown to
be relevant in superconducting-qubit platforms [10] and
able to be detected by QNS methods [16,46,47]; further
to that, the possibility that emergent, a priori nonclassical,
error behavior may arise from the presence of a bath of
“spectator qubits” has been recently pointed out and exper-
imentally validated [48]. Thus, we expect that the effects
we are calling attention to may emerge for a variety of
hardware platforms, either in near-term implementations
or as currently dominant Markovian or classical noise pro-
cesses will be increasingly suppressed through improved
hardware design or fabrication.

From a theoretical standpoint, understanding the impact
of such general—correlated and nonclassical—noise pro-
cesses clearly necessitates moving beyond the simplified
probabilistic error models we mentioned earlier on, to a
description in which information about the relevant bath
degrees of freedom and their evolution is included. Of
course, this realization is, in itself, not new. The fact that
quantum correlated environments would introduce extra
challenges and render relevant notions of EPG or effective
noise strength time dependent was acknowledged early on
[49,50] and the particular importance of the asymptoti-
cally long-time regime has been shown in Ref. [51]. By
working within a fully Hamiltonian formulation, useful
accuracy-threshold theorems could still be established for
quantum (Gaussian) “non-Markovian” noise models with
sufficiently well-behaved correlations [52–54]. In particu-
lar, detailed error analyses of the impact of noise due to a
bosonic bath on a system running QEC have been carried
out in a series of works by leveraging tools from statistical
mechanics [55,56], with special emphasis on surface codes
[57–59]. While, interestingly, recent work has argued that
current proof techniques fail to establish the existence of a
nontrivial threshold for surface codes exposed to general
nonclassical noise [60], existing analyses have not cap-
tured the full implications of quantum bath dynamics in
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FIG. 1. The schematics of the most general protocol for assessing the validity of error virtualization in effecting a target DD-protected
idling gate UG (green box). A total of K = 0, 1, . . . blocks of joint system-bath evolution are allowed, during which DD is applied to
the qubit, each followed by an instantaneous reset operation that perfectly disentangles the system and the bath and returns the qubit
to the |+〉〈+| state.

the presence of DES and QEC simultaneously, which is
our focus here. Most relevant in this context is Ref. [40],
which rigorously establishes how, by incorporating DD-
protected gates, fault-tolerant quantum circuits can tolerate
stronger noise and have a lower overhead cost than cir-
cuits built out of unprotected gates have. In order to obtain
a notion of EPG that is independent upon the bath state,
however, the bath state is therein discarded at the end of
each circuit location and refreshed to its initial state at the
start of the next one. In turn, in order for this assumption
to be relaxed and the threshold result to be extended to
a less restricted setting, the need to access properties of
the noise correlations in “conditional” states into which the
bath may evolve is explicitly acknowledged but not further
investigated.

Our main goal in this work is to make headway in over-
coming these assumptions and, by accounting for the full
interplay between applied control and bath evolution in
determining the time- and control-history dependence of
gate errors, to quantify the extent to which temporally cor-
related nonclassical noise impacts the effectiveness of DES
to begin with. The upshot, as we will see, is a mechanism
of error propagation that is entirely attributable to the bath
dynamics, even under the (idealized) assumption that per-
fect control and resetting capabilities can completely block
error propagation on the system side.

B. Outline and summary of main results

The minimal model that we consider consists of a single
physical qubit experiencing quantum Gaussian dephas-
ing noise—characterized by a “classical” (symmetrized)
and “quantum” (antisymmetrized) noise spectra, S+(ω)
and S−(ω) [61,62]—and undergoing a form of idealized
error-corrected computation. The joint system-bath state
is assumed to be factorized, with the qubit initialized in
a fixed initial state to be protected, and a sequence of
DD-protected idling (“no-op”) gates is implemented via
perfect and instantaneous dephasing-preserving π -pulse
control, subject to a finite minimum-switching time con-
straint [23,63]. At designated times, the qubit is perfectly
and instantaneously refreshed to its initial state via a reset
operation R, providing a mock-up for rounds of QEC.
The fidelity FG(ts) of a target DD-protected identity gate
(G = I ), performed after a last reset operation, is then stud-
ied as a function of its starting time ts and the control

history between 0 ≤ t < ts, under the condition that such a
DD-protected gate is high fidelity when applied at ts = 0.

We derive exact expressions for the gate fidelity FG(ts),
valid for an arbitrary control history, and arbitrary noise
spectra S±(ω). To obtain a concrete quantitative study,
however, we consider noise spectra deriving from a
dephasing spin-boson model that may include both a low-
frequency (LF) contribution as well as a high-frequency
(HF) contribution in the spectral density J (ω), as is
common for phononic baths [64]. The control histories
that we consider are, in turn, one of three possible control
scenarios (see also Fig. 1):

(c1) A sequence comprising multiple (say, M ) repeti-
tions of one and the same DD-protected identity gate, fol-
lowed by a reset operation—before the final DD-protected
gate is executed.

(c2) A similar periodic sequence but with multiple (say,
K) rounds of resets interspersed every M control repe-
titions, for a total of KM repetitions—before the final
DD-protected gate is executed.

(c3) Nonperiodic blocks of evolution where high-order
DD schemes, meant to protect the qubit over a longer
idling time, are interspersed with DD-protected gates and
resets—before the final DD-protected gate is executed.

After the relevant setup is made more precise in Sec. II,
the control-history dependence of the gate fidelity for these
three scenarios is studied in the presence of both LF and
HF noise in Secs. III and IV. Specifically, in Sec. III, we
focus on the simplest scenario (c1), involving a single reset
operation. We start by establishing exact analytical formu-
las for the gate fidelity, revealing that, for purely classical
stationary noise, the gate performance does not depend
on the control history. For nonclassical noise, a nontriv-
ial dependence upon the control history is instead encoded
in a bath-induced phase contribution, θq, that enters the
fidelity expression in addition to the usual classical decay
factor χc. In the limit of an asymptotically large number of
control repetitions, M → ∞, we rigorously show that such
a phase contribution causes the gate fidelity to converge
to a fixed value FG(∞) that is always (possibly substan-
tially) lower than FG(0). Thus, a performance plateau for
DES is engendered, even when the classical decay is effec-
tively suppressed. Explicit conditions on the LF properties

010323-3



MICHIEL BURGELMAN et al. PRX QUANTUM 6, 010323 (2025)

of the noise and the filtering order of the control are estab-
lished, which reveals that this asymptotic gate performance
saturation is generic.

Complementary to these exact results, the dependence
on both LF- and HF-noise properties is quantitatively stud-
ied for a (zero-temperature) bosonic bath, showing that the
asymptotic gate fidelity can be substantially lower than
the original gate fidelity. For LF noise, we attribute this
to a difference in the filtering orders to which the con-
trol suppresses the classical (respectively, quantum) noise
spectra at low frequencies. We show how a good quantita-
tive understanding of the relative importance of the decay
and phase contributions, χc and θq, can be obtained based
on the competition between two distinct characteristic time
scales: one determined by the inherent noise coupling
strength and the other indicating how fast the protected
gate is applied with respect to the LF-noise correlation
time. Notably, we further show that the presence of narrow
HF-noise peaks can be especially harmful in combination
with periodic control, due to the possible occurrence of
control-induced resonances between the control periodic-
ity and the center frequency of the HF peak. As it turns out,
these HF-resonance effects are not linked exclusively to
periodic repetition of control. Rather, they can also occur
for prolonged nonperiodic high-order DD schemes (e.g.,
concatenated DD (CDD) [22,65]), which cancel LF noise
up to high accuracy—reinforcing the highly detrimental
role of HF noise.

The more general case of multiple reset operations is
studied in Sec. IV, again by first focusing on the equivalent
scenario (c2) of periodic control repetitions. Exact analyt-
ical expressions for the gate fidelity show that multiple
quantum phase contributions, one for each reset, θq,[k], now
encode the control history in between all previous resets.
Importantly, this contribution would vanish, even for a
quantum bath, if its state could be refreshed to its initial
(t = 0) state after every qubit reset, as assumed in simpli-
fied treatments [40,58]. This demonstrates how the bath
dynamics result in temporal correlations across multiple
cycles and effectively in a control-dependent nonstation-
ary noise process. For an asymptotically large number
of resets, K → ∞, we find that most of the intuition
gained from the single-reset case carries over: a satura-
tion of the gate performance still emerges. Notably, addi-
tional unpredictability arises from the intricate interplay
between the quantum effect and the number of repetitions
M between consecutive resets. Lastly, in scenario (c3), we
consider idling the qubit for a prolonged period of time
under higher-order DD sequences—now, for simplicity,
in the presence of only LF noise. We observe that after
a sufficiently long idling time during which the qubit is
kept approximately pure, and a subsequent reset opera-
tion, the gate fidelity approximately returns to its initial
value. While this effectively removes the intervening his-
tory dependence, it comes at the cost of long evolution

times, during which temporally uncorrelated (white) noise
may become important.

In Sec. V, we provide a physical interpretation of the
behavior of the gate fidelity that we have observed in
Secs. III and IV in terms of the evolution of the quan-
tum bath itself. After introducing the necessary tools for
describing the exact statistics of the updated bath state for
a general control history, we show that the observed error
propagation between resets, as encoded by the quantum
phases θq,[k], is explicitly due to an error propagation on
the bath side, as reflected in changing statistical proper-
ties. In turn, the approximate reversal of the control-history
dependence for prolonged high-fidelity idling is shown
to be due to an effective approximate reequilibration of
the bath statistics to their original values. We argue that
such prolonged high-fidelity idling provides a systematic
and robust way to reobtain the original control perfor-
mance and therefore also approximately restore an error-
virtualization notion. We end in Sec. VI with a summary
of our key findings and a discussion of their significance
and implications in the context of QEC theory and realistic
fault-tolerant architectures.

II. A MINIMAL MODEL FOR ASSESSING
GATE-ERROR VIRTUALIZATION

A. Open system and control setting

We consider a single qubit with a quantization axis set
by σz, with internal Hamiltonian HS ≡ (ωq/2)σz (in units
� = 1), and experiencing purely dephasing noise that is
temporally correlated and nonclassical. Within an open
quantum systems setting, we model this noise as a cou-
pling to an uncontrollable (possibly infinite-dimensional)
bath with a free Hamiltonian HB. In the interaction pic-
ture with respect to HS + HB, the total Hamiltonian in the
absence of control may be written as

Hfree(t) ≡ σz ⊗ B(t), B(t) = eiHBtBe−iHBt, (1)

where B is the laboratory-frame bath-side coupling oper-
ator. We assume the system and bath to be initially disen-
tangled, in a separable joint state, ρSB(0) = ρS(0)⊗ ρB(0).
In particular, we work in a scenario in which the bath is
assumed to reach a steady state before coming in contact
with the qubit, described by a thermal state with respect to
its free Hamiltonian HB [66]

ρB(0) = ρ̄B ≡ e−βHB

Tr(e−βHB)
, (2)

where β is the inverse temperature of the bath in units of
time (so that we also have kB = 1).

Besides interacting with the bath, the qubit is subject to
external time-dependent control that preserves the dephas-
ing nature of the noise in the toggling frame with respect
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to the applied control Hamiltonian [62]. We will work in
the idealized limit where one can perform perfectly accu-
rate and instantaneous πx pulses on the qubit at designated
times. Under these assumptions, the total Hamiltonian
reads H(t) ≡ y(t)σz ⊗ B(t) and one obtains the following
exact equations of motion in the toggling frame:

ρ̇SB(t) = −iy(t)[σz ⊗ B(t), ρSB(t)], (3)

where the control switching function y(t) ∈ {1, −1} and
switches sign at times when a πx pulse is applied. To
impose finite (realistic) timing constraints, we demand that
the instants at which y(t) switches sign obey a finite-
minimum-switching-time constraint [23,63], i.e., any two
consecutive pulses be separated by a minimum interval
τ0 > 0.

The effect of the control can equivalently be described
in the frequency domain, within the transfer filter-function
(FF) formalism [62,67–70]. In particular, the first-order
fundamental FF is obtained by considering the finite
Fourier transform of the switching function y(t) over the
relevant time interval [69]:

F(ω; t) ≡
∫ t

0
ds y(s)eiωs.

A quantity central to the capability of the control to sup-
press LF noise is the (fundamental) filtering order (FO) αp
around ω = 0, defined such that

|F(ω; t)| ∼ |ω|αp , αp ∈ N, (4)

at low frequencies. Since, in the context of Gaussian
dephasing noise on a single qubit of this work, the above
first-order FF is the only one of interest, we henceforth
refer to F(ω; t) simply as the FF of the control.

The joint unitary propagator of the system and bath is
consequently given by

U(t1, t2) ≡ T+ exp
(

−iσz ⊗
∫ t2

t1
y(s)B(s)ds

)
, (5)

where T+ stands for positive time ordering. Associat-
ing the qubit ground and excited states with eigenstates
in the z basis, i.e., |g〉 ≡ |z = −1〉 and |e〉 ≡ |z = +1〉,
with σz |z = ∓1〉 = ∓ |z = ∓1〉, respectively, note that
their populations, |z〉〈z| are constant throughout the evo-
lution—consistent with the assumed dephasing-preserving
nature of the controlled dynamics.

The statistical properties of the noise imparted on the
qubit can be described by the multitime cumulant aver-
ages of the bath variables, C(B(tj ), . . . , B(t1)), which can
be expressed in terms of statistical moments, namely,

multitime correlation functions of the form

〈B(tj ) · · · B(t1)〉ρ̄B = Tr[B(tj ) · · · B(t1)ρ̄B],

where the expectation values are taken with respect to
the initial thermal bath state. We also simply speak of
the cumulants or statistics of the (generally noncommu-
tative) noise process (B(t); ρ̄B). Note that by virtue of the
stationarity condition, [HB, ρ̄B] = 0, any multitime cumu-
lant average depends only on pairwise relative differences
of the times tj . We additionally assume the noise pro-
cess (B(t); ρ̄B) to be Gaussian, implying that all j -time
cumulants with j ≥ 3 vanish, and zero-mean, in the sense
that

C(B(t)) = 〈B(t)〉ρ̄B ≡ 0, ∀t.

In this case, the two-time cumulant average C(B(t2), B(t1)),
now coinciding with the traditional two-time (con-
nected auto)correlation function, fully captures the sta-
tistical properties of the noise. It is useful to separate
C(B(t2), B(t1)) into the classical (symmetrized) correlation
function

C+
ρ̄B
(t2, t1) ≡ 〈{B(t2), B(t1)}〉ρ̄B (6)

and the quantum (antisymmetrized) correlation function

C−
ρ̄B
(t2, t1) ≡ 〈[B(t2), B(t1)]〉ρ̄B, (7)

with {·, ·} (respectively, [·, ·]) denoting the anticommu-
tator (respectively, the commutator) of two operators.
Again, owing to stationarity, we have that C± are time-
translation invariant, depending only on the time lag τ =
t2 − t1—which allows us to write, with a slight abuse of
notation,

C±(τ ) ≡ C±(τ , 0) = C±(t0 + τ , t0), ∀t0 ∈ R. (8)

The stationarity of the correlation functions allows us to
describe the effect of the noise in the frequency domain
by considering their single-variable Fourier transform,
yielding the classical and quantum noise spectra [61,62]:

S±(ω) ≡
∫ ∞

−∞
dτ e−iωτC±(τ ). (9)

Importantly, C−(τ ) and S−(ω) are nonzero when the
noise is nonclassical, since otherwise the commutator
[B(τ ), B(0)] vanishes identically. Mathematically, one can
see that C+(τ ) is a real and even function of τ , while C−(τ )
is purely imaginary and odd in τ . Consequently, S+(ω) is
even while S−(ω) is odd in ω and both are real.

A purely dephasing spin-boson model provides a ubiq-
uitous setting in which all the stated assumptions on the
noise are satisfied and exact analysis is possible, making
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it an important benchmark for nonperturbative treatments
[54,62,64,71–74]. In this case, the bath comprises a col-
lection of noninteracting harmonic oscillators, with a free
bath Hamiltonian HB =∑k �kb†

kbk, with �k > 0, and the
bath coupling operator in Eq. (1) has a linear form,

B =
∑

k

( gkb†
k+g∗

k bk),

in terms of creation and annihilation operators b†
k and bk

that satisfy canonical commutation relations, [bk, b†
k] = 1,

for all k. The initial thermal bath state is then given
explicitly by

ρ̄B =
⊗

k

e−β�kb†
kbk

(1 − e−β�k )
−1 . (10)

The classical and quantum spectra both follow from the
spectral density of the modes, defined as

J (ω) ≡ 1
2π

∑
k

|gk|2
(
δ(ω −�k)+ δ(ω +�k)

)
. (11)

Explicitly, direct calculation yields

S+(ω) = coth
(
β|ω|

2

)
J (ω), (12a)

S−(ω) = sgn(ω)J (ω). (12b)

We consider the typical case of a large number of modes,
for which J (ω) can be considered continuous. On physi-
cal grounds, we impose two additional constraints. First,
at low frequencies, J (ω) is taken to vanish according to a
power law,

J (ω) ∼ |ω|s, s > 0, (13)

where s is called the Ohmicity parameter [71]. That is,
we require that a vanishing number of modes per fre-
quency unit are found at ω = 0. Second, J (ω) is assumed
to decay to zero for ω → ∞, in a way that we take to be
superpolynomial in this work. This latter condition reflects
the existence of a maximal frequency scale, or a physi-
cal “cutoff” frequency above which modes are sparse or
have a negligible coupling rate. Relevant cases of expo-
nential decay for J (ω) can be found in, e.g., Appendix B
of Ref. [75].

We stress that the spin-boson model satisfies the Gaus-
sianity assumption for a completely general ω dependence
of the spectral density J (ω). While the resulting dephas-
ing noise is often considered LF dominated, realistic
(e.g., phononic) environments can also display nontriv-
ial HF spectral features, resulting from a spectral density

composed of peaks centered at different frequencies with
different widths [64]. To capture the effect of both LF and
HF noise, here J (ω) is chosen to be composed of two sep-
arate peaks which, for analytical convenience, we assume
to have Gaussian line shapes. That is,

J (ω) ≡ 1


( 1+s

2

)�0

γ0

( |ω|
γ0

)s

e−ω2/γ 2
0

+ �1√
πγ1

[
e−(ω−ω̄1)

2/γ 2
1 + e−(ω+ω̄1)

2/γ 2
1

]
, (14)

where γj represents the line width of the j th peak centered
at ω̄j (ω̄0 = 0), with corresponding surface area �j . We
also refer to �j as the noise strength of the corresponding
peak, since the quantity π(�0 + 2�1) =∑k |gk|2 corre-
sponds to an overall coupling rate (squared).

We stress that while most of Secs. III and IV deals
explicitly with a spin-boson model with a spectral den-
sity of the above form (and at zero temperature, β = ∞),
the general analytical results for the gate fidelity that we
will establish in Secs. III and IV, and all of the results in
Sec. V, are valid for arbitrary quantum Gaussian noise. We
then impart the same regularity requirements on the quan-
tum spectrum, namely, S−(ω) decays superpolynomially
for ω → ∞ and is smooth everywhere except (possibly) at
ω = 0, where

S−(ω) ∼ sgn(ω)|ω|s. (15)

Here, with a slight abuse of notation, we use the same
symbol s as for the Ohmicity parameter in Eq. (13) for a
spin-boson model, where the two notions clearly coincide.
More generally, in the important case in which the noise
environment satisfies a Kubo-Martin-Schwinger condition,
as happens if ρ̄B is a thermal equilibrium state, the clas-
sical and quantum components of S(ω) are constrained
by the fluctuation-dissipation theorem [61,76], resulting
in S+(ω) = coth(βω/2)S−(ω), for ω > 0. The above reg-
ularity requirements then translate directly to the sym-
metrized spectrum, where they are commonly assumed for
purely classical (stochastic) noise.

B. Protocol and performance metric

As stated in Sec. I, we will assess the performance
of DD-protected gates at the physical layer, under the
noise and control assumptions outlined in Sec. II A. While
several approaches for combining DES with computa-
tion have been put forward and experimentally demon-
strated [24,26,28,32,40,77–79], in order to isolate the
essential features of our argument, we focus here on
the simplest “decouple-then-compute” approach. Here, the
desired gates are assumed to be applied instantaneously,
in between full cycles of DD that suppress temporally
correlated noise over time scales that are long compared
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to the base cycle. Further to that, in order to realize the
exact dephasing-preserving dynamics described Eq. (3),
we restrict ourselves to considering only DD-protected
identity gates, which then coincide with DD schemes,
meant to preserve arbitrary superpositions between |g〉 and
|e〉 states. Focusing on identity gates arguably illustrates
the control-history dependence in the most fundamen-
tal way, since basic identity operations are an ubiquitous
primitive on any quantum device.

Concretely, a DD-protected identity gate of duration τG,
applied at the initial time of the computation, ts = 0, is
characterized by its switching function yG(t), t ∈ [0, τG],
where yG switches sign an even number of times (e.g.,
G = I could correspond to Hahn-echo DD with τG ≡ 2τp
and the pulse separation τp > τ0). While, for stochastic
error models, different metrics exist for quantifying the
error probability of a quantum gate in an average or worst-
case sense [6,80], joint system-bath Hamiltonian evolution
as in Eq. (1) results in coherent error-amplitude propaga-
tion and care is needed in isolating the effects of the bath in
terms of an “error action operator” [28,30,69] or “deviation
maps” [40,60] and upper bounding the overall error ampli-
tude. In our setting, the situation is greatly simplified by the
fact that no error propagation happens on the system side;
furthermore, the dephasing-preserving assumption that we
work under makes it natural to consider, for G = I , a
“worst-case gate fidelity” defined by

FG(0) ≡ min
|ψ(0)〉

〈ψ(0)|ρS(τG)|ψ(0)〉 = 〈+|ρS(τG)|+〉,
(16)

where, as usual, |±〉 ≡ 1√
2
(|z = −1〉 ± |z = +1〉) (equiv-

alently, σx |±〉 = ± |±〉) and ρS(τG) ≡ TrB[ρSB(τG)] is
understood as the reduced state that the qubit reaches
at time τG starting from initial condition |ψ(0)〉〈ψ(0)| ⊗
ρ̄B [81]. The above fidelity is related to an “average
gate fidelity” FG, which quantifies the probability that
the gate induces an error on a random input state, via
FG = [1 + 2FG]/3 [82]. While FG can be directly mea-
sured by randomized benchmarking [80], FG and the
corresponding worst-case infidelity or error rate, 1 − FG,
provide a more stringent performance guarantee in the
context of fault tolerance.

Note that an unprotected gate of shorter duration (say,
τG = τ0) can be outperformed by a DD-protected gate that
takes a longer time, as this is the basic premise of DES
[21,28]: the suppression of temporally correlated noise.
This work considers the case in which in order to obtain
an identity gate that achieves high fidelity, say, FG(0) >
Fmin

G , one must in fact resort to DES—in line with the
notion of a “virtualized error” in layered architectures for
fault-tolerant QEC [42]. Throughout the following analy-
sis, we will uphold the condition Fmin

G = 0.98 as a general
figure of merit.

Now consider a general control history applied before
the starting time ts of a same DD-protected identity gate,
characterized by a switching function yhist(t), t ∈ [0, ts] (see
also Fig. 1). In order to understand how the bath dynamics
influence the dependence of the gate performance upon the
control history for different scenarios and starting times ts,
we introduce a reset operation R that fully disentangles the
system and the bath and that reprepares the system in the
|+〉〈+| state at designated times. That is,

R(ρSB) ≡ |+〉〈+|⊗TrS(ρSB). (17)

One possible implementation of such a reset procedure
would be to perform a perfect projective measurement
in the σx basis and to apply a corrective πz pulse when
measuring |−〉〈−| as an outcome. On the other hand, it
could be implemented in an unconditional fashion, in the
spirit of driven reset schemes [83,84]. Regardless, a Kraus
representation reads

R(ρSB) = |+〉〈+|ρSB|+〉〈+|+σz|−〉〈−|ρSB|−〉〈−|σz.
(18)

We stress, however, that the particular implementation of
R has no importance, as Eqs. (17) and (18) are two equiv-
alent representations of the same operation. As for the
control pulses, we assume R to be applied perfectly and
instantaneously. Let us introduce the notation t−s (t+s ) to
denote the instant immediately before (after) the reset. If
the gate G = I is applied at a start time ts ≡ t+s > 0, after
the given control history and a reset operation, the joint
state is given by

ρSB(t+s ) = R(ρSB(t−s )) = |+〉〈+|⊗TrS
[
ρSB(t−s )

]

and the fidelity given in Eq. (16) thus becomes

FG(ts) = 〈+|ρS(ts + τG)|+〉. (19)

Apart from providing a fair comparison of the performance
of one same gate applied in different temporal environ-
ments, R serves as a mock-up of a QEC operation. Indeed,
R disentangles the system and bath, while reducing to
the identity operation when there is no noise (and hence
entanglement between system and bath [85]), given that
the qubit is properly initialized to |+〉〈+|. Of course, this
analogy is only partial, since in our single-qubit setting, the
full state of the physical system is preserved, as opposed to
the state of a logical subsystem in a “true” QEC setting.

The above description applies to single-reset scenarios,
which we have referred to as (c1) in Sec. I. However, the
more general protocols that we consider, (c2) and (c3),
involve the application of K reset operations R at des-
ignated times tk, k = 1, . . . , K , interspersed in between a
general control history characterized by yhist(t), t ∈ [0, tK),
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before the application of the DD-protected gate of (fixed)
duration τG (depicted in green in Fig. 1). The figure of
merit is still the gate fidelity given in Eq. (19), except that
now the starting time of the gate is ts = tK , and the joint
post-reset states are given by

ρSB(t+k ) = R(ρSB(t−k )), k = 1, . . . , K .

Consistent with the timing constraints that we impose on
unitary control, we analogously demand a minimal sepa-
ration in time between two consecutive reset operations,
which, for convenience, we take to be the same as the
minimum switching time τ0; thus, tk − tk−1 ≥ τ0, for all
k = 1, . . . , K .

As a last remark on our problem setup, we note that for
a true finite-distance QEC code, there is a finite probability
of correcting to the wrong logical state, whereas our mock-
up reset operation is assumed to be perfect. This has for a
consequence that there is no (coherent) error propagation
on the system side in between different reset operations. In
this way, we can reasonably expect the gate fidelities that
we study to upper bound an analogous performance for a
true QEC situation with encoded qubits. We will see, how-
ever, that there is propagation of errors between different
resets, which then stems entirely from error propagation on
the bath side and is encoded entirely in the updated state of
the bath following the reset operations:

ρB(t+k ) ≡ TrS[ρSB(t−k )], k = 1, . . . , K . (20)

It is exactly this separate phenomenon that we focus on in
this work, independently of the known and studied error
propagation on the system side.

III. GATE PERFORMANCE AFTER A SINGLE
ERROR-CORRECTION CYCLE

In this section, we focus on the case of a single reset
R in studying the control-history dependence of a DD-
protected identity gate of fixed duration τG. While this
study will reveal a distinct set of possible phenomena, it
will additionally set the stage for exploring the general case
in Sec. IV.

A. Exact results: Asymptotic gate-performance
saturation

1. General fidelity expressions

A detailed derivation provided in Appendix A yields
the following exact formula for the gate fidelity defined in
Eq. (19), for the case of a single reset operation (ts ≡ t1):

FG(ts) = 1
2
(
1 + e−χc cos

(
θq
))

, (21)

with

χc ≡
∫ τG

0
dτ2

∫ τG

0
dτ1 yG(τ1)yG(τ2)C+(τ2 − τ1) (22)

and

θq ≡ −2i
∫ τG

0
dτ
∫ ts

0
dt yG(τ )yhist(t)C−(τ − t + ts),

(23)

respectively. Moving to the frequency domain yields the
alternative representations

χc ≡ 1
2π

∫ ∞

−∞
|FG(ω; τG)|2S+(ω)dω, (24a)

θq ≡ 1
π

∫ ∞

−∞
Im[eiωtsFG(ω; τG)F∗

hist(ω; ts)] S−(ω)dω,

(24b)

where Im stands for taking the imaginary part and the FFs

FG(ω; τG) ≡
∫ τG

0
yG(τ )eiωτdτ , (25)

Fhist(ω; ts) ≡
∫ ts

0
yhist(t)eiωtdt. (26)

Note that the loss of fidelity in Eq. (21) stems from a gen-
uine (dephasing) decoherence process, in the sense that no
part of the effect on the qubit can be described by a uni-
tary rotation around the σz axis of the Bloch sphere. This
is evidenced by the fact that we have

〈z|ρS(ts + τG)|z′〉 = e−χc cos
(
θq
)〈z|ρS(0)|z′〉, z �= z′,

for the z-coherence element itself.
We can draw a few immediate conclusions from the

above general formulas. First, χc depends only on the con-
trol applied after the reset and is due only to the classical
part of the noise, captured by C+. We hence refer to χc as
the classical decay factor. The quantum phase angle θq, on
the other hand, also depends on the control applied before
the reset and takes a contribution solely from C−. This
highlights the necessity for the noise to be genuinely non-
classical for a control-history dependence to arise in the
gate fidelity: if the noise was classical (C− ≡ 0), we would
have that θq = 0 and one would recover the same gate
fidelity as for ts = 0, for any control history. Indeed, when
ts = 0 (and hence no reset is involved), Eqs. (21) and (22)
reduce to the well-known result for Gaussian dephasing
noise under purely dephasing-preserving control (for a
derivation of the system-only dynamics, employing tech-
niques similar to ours, see Appendix A of Ref. [62]). To
the best of our knowledge, the present derivation of exact
expectation values for our protocol is novel.
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As a further remark, when there is genuine nonclassical
noise, note that the control-history dependence engendered
by θq can only lower the fidelity of a given implementation
of a DD-protected gate, regardless of the applied con-
trol history. It will prove instructive to quantify the extent
to which the quantum phase worsens the EPG compared
to the case of vanishing nonclassical noise or, equiva-
lently, to the case in which the gate is applied at ts = 0.
This motivates defining a relative quantum error (RQE) as
follows:

RQE ≡ 1 − FG(ts)
1 − FG(0)

= 1 − e−χc cos
(
θq
)

1 − e−χc
. (27)

Upholding the fact that χc � 1 as discussed, and realiz-
ing that when cos

(
θq
)

cannot be expanded up to quadratic
terms, the gate fidelity will have dropped below any
possible threshold, we can approximate

RQE ≈ 1 + θq
2

2χc
, (28)

up to the leading order. While parallel analysis indicates
that terms linear in θq are relevant for a different class of
control protocols [86], in our context θq only enters up to
quadratic order. The quantitative consequences of this will
be discussed in Sec. III B, in reference to the concrete spin-
boson setting.

2. Asymptotics for periodic control

By maintaining the analysis at the general level, now
consider scenario (c1), whereby the same gate sequence is
repeated M times before the reset and once more after the
reset. Formally, we have ts = MτG and

yhist(t) = yG(t mod τG), t ∈ [0, MτG).

It is easy to verify from the definition of the FFs in
Eqs. (25) and (26) that, in this case,

Fhist(ω; MτG) = ei(M−1) ωτG2
sin
(
M ωτG

2

)
sin
(
ωτG

2

) FG(ω; τG).

The quantum phase angle can consequently be written as

θ(M )
q = 1

2π

∫ ∞

−∞
ξ (M )(ωτG)|FG(ω; τG)|2S−(ω)dω, (29)

where the kernel capturing the periodic repetition reads

ξ (M )(ωτG) ≡ cot
(ωτG

2

)
(1 − cos(MωτG))+ sin(MωτG).

(30)

The remainder of this section studies the limiting case of an
asymptotically large number of repetitions M . While θ(M )

q

could a priori have general M dependence, we will show
that the sequence asymptotically converges to a finite-
limit value, under very general conditions on the remaining
term |FG(ω; τG)|2S−(ω) entering the integral in Eq. (29).
Formally, we have the following.

Theorem 1 (Single-reset asymptotic quantum phase).
Assume that the control FF for the DD-protected gate G
[Eq. (25)] has an LF expansion of the form |FG(ω; τG)|2 ∼
ω2αp , in terms of its FO [Eq. (4)], and that

sp ≡ s + 2αp > 0, (31)

where the Ohmicity parameter s characterizes the LF
power-law behavior of the quantum noise spectrum. Then,
the quantum phase in Eq. (29) converges to a finite value,

lim
M→∞

θ(M )
q ≡ θ(∞)

q .

Proof. The desired result can be obtained from the
properties of the kernel ξ (M )(ωτG). First, let us rewrite
ξ (M )(ωτG) in the alternative representation

ξ (M )(ωτG) = 2
M∑

n=1

sin(nωτG), (32)

which allows us to write

θ(M )
q =

M∑
n=1

θq,n, (33)

where the elementary phase contribution reads

θq,n = − i
π

∫ ∞

−∞
einτGω|FG(ω; τG)|2S−(ω) dω. (34)

Since θq,n is the (inverse) Fourier transform of the func-
tion −2i|FG(ω; τG)|2S−(ω), evaluated at time nτG, we can
utilize known results [87] that relate the regularity (or
smoothness) of a function (here, |FG(ω; τG)|2S−(ω)) to the
long-time asymptotic decay of its (inverse) Fourier trans-
form (i.e., how fast θq,n → 0 for n → ∞). Excluding a
finite number of terms in Eq. (33) for M � 1, we can then
estimate the magnitude of the tail of the sum, to prove
convergence.

By using Eq. (4), together with Eq. (15), we have

|FG(ω; τG)|2S−(ω) ∼ sgn(ω)|ω|sp ,

and hence the level of smoothness at ω = 0 is fully deter-
mined by sp. As stated in Sec. II A, S−(ω) is further
assumed to be C∞ everywhere except at ω = 0 and to
decay superpolynomially for ω → ∞. One can then see
that: (i) for sp ∈ N and odd (or, equivalently, (sp − 1)/2 ∈
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N), we have |FG|2S− ∈ C∞(R); and (ii) for sp ∈ N and
even (or sp/2 ∈ N), |FG|2S− ∈ Csp−1(R), while its deriva-
tive of order sp is bounded but discontinuous.

From the results in Chap. 4 of Ref. [87], it then follows
that θq,n → 0 superpolynomially for n → ∞ in case (i),
while |θq,n| ∼ 1/n1+sp in case (ii) [88]. For intermediate
values of sp, one obtains more generally that

|θq,n| ∼ 
(sp + 1)
|cos

(πsp
2

)|
n1+sp

, sp > −1,
sp − 1

2
/∈ N.

(35)

We conclude that θ(M )
q converges to a finite value for M →

∞ whenever sp > 0, as assumed. Moreover, when sp is not
an odd integer, we have

|θ(M )
q − θ(∞)

q | M→∞∼ 
(sp + 1)
∣∣∣cos

(πsp

2

)∣∣∣

×
(
ζ(1 + sp)−

M−1∑
n=1

1
n1+sp

)
,

where ζ is the Riemann zeta function.
�

A last question to be answered in this section is to which
specific value the quantum phase θ(∞)

q converges. We can
answer this by considering the kernel ξ (M )(ωτG) in a dis-
tributional sense, acting on the appropriate space of test
functions |FG|2S−. First, note that θ(M )

q is well defined
whenever sp > −2, as then ξ (M )|FG|2S− is locally inte-
grable (around ω = 0), for all finite M ∈ N. While, for
finite M , considering the space of test functions character-
ized by sp > −2 thus suffices, to take the limit M → ∞,
one needs sp > 0, in which case it can be shown that

ξ (M )(ωτG)
M→∞→ Pv

cot
(
ωτG

2

), (36)

in a distributional sense. Note that the continuity condition
sp > 0 indeed matches the condition in Eq. (31) for the
convergence of θ(M )

q . A graphical illustration of Eq. (36)
can be seen in Fig. 2. Summarizing, we have that

θ(∞)
q = 1

2π
Pv
∫ ∞

−∞
cot
(ωτG

2

)
|FG(ω; τG)|2S−(ω) dω,

under the conditions in the above theorem, where Pv
denotes that the integration limits around the singular
points ω� ≡ 2�π/τG, � ∈ Z, need to be taken symmetri-
cally.

For the purpose of clarity, we stress that the results
established here have no bearing on the coherence plateaus
shown to exist for periodic DD in a purely dephasing-
preserving setting in Ref. [63], or vice versa. On the

FIG. 2. An illustration of the repetition kernel ξ (M)(ωτG)

defined in Eq. (30) for increasing values of M , alongside its limit
in a distributional sense, Eq. (36).

level of the protocol, the repetition index M here repre-
sents a possible family of experiments in which a DD
scheme is repeated M times before a reset operation, after
which the same scheme is applied one more time. In
Ref. [63], all operations are dephasing-preserving—which
the reset operation is manifestly not. Hence, while condi-
tion Eq. (31) resembles the first condition in Eq. (3) of [63],
the two results are not directly related.

In summary, for the elementary case of periodic control
repetition followed by a single reset operation, we have
shown that for an asymptotically large number of repeti-
tions M , the fidelity of the DD-protected gate saturates to
a value

FG(MτG → ∞) = 1
2

(
1 + e−χc cos

(
θ(∞)

q

))
< FG(0),

i.e., strictly smaller than the fidelity of the same gate were
it applied at time ts = 0, in the absence of any prior his-
tory. This gate-performance saturation constitutes our first
main result, and will be further elaborated on in Sec. III B.

B. Impact of noise-spectral properties and control

In this section, we consider a spin-boson model at zero
temperature (β = ∞), with a spectral density of the form
Eq. (14), capturing both LF as well as HF noise. Antici-
pating the results to follow, combined with a typical time
scale of the applied control—namely, the gate duration
τG—this noise model allows for the magnitude of both χc
and θq to be described as a function of the following five
dimensionless parameters:

�0τ
2
G, �1τ

2
G, γ0τG, γ1τG, ω̄1τG. (37)

Here, �0τ
2
G and �1τ

2
G are to be interpreted as the LF- and

HF-noise strengths, respectively, given the relevant time
scale of evolution, τG. The parameters γ0τG and γ1τG cap-
ture how fast the gate is performed with respect to the
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typical correlation time of the LF (respectively, HF) com-
ponents of the noise. Lastly, ω̄1τG designates where the
HF-noise peak is centered with respect to the characteris-
tic frequency scale ωG ≡ 2π/τG introduced by the applied
periodic control.

We will uphold two general physically motivated con-
straints on the noise. First, we assume LF noise to be
always present and to a priori dominate the HF noise,
in the sense that �0 is at least an order of magnitude
(OOM) larger than �1. Second, the width of the HF-noise
peak is assumed to be much smaller than that of the LF-
noise peak, γ1 � γ0. Both of these assumptions are typical
for dephasing noise specifically. In addition, not only do
we assume the gate fidelity for ts = 0 to be high—say,
FG(0) > 0.98, as stated in Sec. II B—but we demand that
this high-fidelity regime is achieved due to DD protection
of the gate. Concretely, this means that we assume DD
to be implemented deep in a fast-control limit, whereby
γ0τ0 � 1 (recall that γ0τ0 � 2π is a necessary condition
for LF noise to be perturbatively suppressed by DD [23]).
In addition, since in periodic DD protocols τG provides the
duration of the base identity-gate sequence that is being
repeated, we will also assume the short-gate limit (SGL),
for which γ0τG � 1, ensuring that the “resonance” fre-
quency ωG introduced by the control is much higher than
the cutoff of the LF noise, determined by γ0 [63,89].

1. Transition in effective filtering order for
low-frequency noise

The behavior of the gate fidelity for the case in which
the repeated base sequence is a Hahn echo of duration
τG = 2τp = τ0 is illustrated in Fig. 3(c) (solid or dashed
lines), for four different spectral densities that include only
LF noise (�1 = 0) and are depicted in Fig. 3(b). As pre-
dicted, we see that, for asymptotically large values of M ,
the gate infidelity converges to a plateau error value, which
is strictly higher than the error that the gate incurs when
applied at ts = 0 (i.e., the first point M = 0). The transient
time in M toward the plateau is found to be inversely pro-
portional to the width γ0 of the LF peak. The infidelity
for fixed M is seen to depend intricately on both �0 and
γ0 and is increasing for both stronger noise (�0 ↗) and a
larger peak width (γ0 ↗). This latter fact can be attributed
to a worsened ability of DD to cancel the noise, since it
is less supported on low frequencies. As a function of M ,
however, we observe that the asymptotic gate error can
be almost a whole OOM larger than for small values of
M and even more so for transient values of M , as seen
for the pink curves. Clearly, a large portion of the DD-
suppression capabilities of LF noise after the reset can be
lost in the asymptotic regime, while for small values of
M , there seems to be a much more limited control-history
dependence of the gate infidelity.

To gain insight, it is useful to think of the ability of
a given DD scheme to suppress LF noise in terms of a
filtering order of the relevant FFs, which, for the fam-
ily of CDD schemes [22,65] (including CDD1 ≡ Hahn
echo), additionally coincides with the “cancellation” or
decoupling order [69]. Specifically, we employ the filter-
ing order defined in Eq. (4) to show to which OOM of
the gate infidelity is suppressed by the DD, starting from
the exact expressions for the decay and the phase that we
previously derived, and considering the two limiting sce-
narios of small values of M or asymptotically large values
of M , respectively. By using the explicit form of J (ω) in
Eqs. (24a) and (29), we have

χc = 1
2π
( 1+s

2 )

�0

γ0

×
∫ ∞

−∞
|FG(ω; τG)|2

( |ω|
γ0

)s

e−ω2/γ 2
0 dω, (38)

θ(M )
q = 1

2π

( 1+s

2

)�0

γ0

×
∫ ∞

−∞
ξ (M )(ωτG)|FG(ω; τG)|2

( |ω|
γ0

)s

e−ω2/γ 2
0 dω.

(39)

It is straightforward to verify that, for a fixed(-order) DD
scheme, the filter FG is such that we can write

|FG(ω; τG)|2 = τ 2
G|F̃G(ωτG)|2,

where F̃G depends only on the product ωτG. Given that, in
Eqs. (38) and (39), the integral predominantly has support
on frequencies that are at most of the order of γ0, due to the
Gaussian roll-off of the noise, we can expand F̃G around
ωτG = 0 up to leading order. That is,

|F̃G(ωτG)|2 � F̃2
G,0(ωτG)

2αp , (40)

with F̃2
G,0 > 0 being the appropriate leading-order coeffi-

cient, which is valid in the SGL that we have assumed.
From Eq. (32), however, we observe that a lowest-order

Taylor expansion of the kernel ξ (M )(ωτG) for fixed M is
only valid over a frequency scale that goes as 2π/MτG (for
an illustration, see Fig. 2). Hence, we cannot approximate
ξ (M ) uniformly in M , for a fixed SGL parameter γ0τG. For
Mγ0τG � 1, we take

ξ (M )(ωτG) � M (M + 1)ωτG,

whereas for Mγ0τG � 1, one can consider the limit

ξ (M )(ωτG) � Pv cot
(ωτG

2

)
� Pv 2

ωτG
.
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(a)

(b)

(c)

FIG. 3. The performance of an identity gate protected by Hahn-echo DD after M echo repetitions and a single reset, for the case of
only LF noise (�1 = 0) and Ohmic (s = 1), zero-temperature spin-boson dephasing. (a) A graphical illustration of the applied control
protocol. (b) The FF in the LF limit and spectral densities for two different values of �0, γ0. (c) The gate infidelity as a function of
the number of repetitions M of Hahn-echo DD (τG = 2τ0,αp = 1) before the reset operation. The open markers (triangles or circles,
depending on the peak width) depict the predicted value for the infidelity from the approximate formulas in Eqs. (42) and (43), both
in the short-time (left) as well as the asymptotic regime (right). For clarity, only even values of M are plotted. One can see that the
convergence toward the asymptotic gate-performance plateau is twice as fast for the noise-peak that is twice as broad.

Performing these approximations in Eqs. (38) and (39) and
introducing the shorthand notations

dc ≡


(

s+2αp+1
2

)

2π

( s+1

2

) F̃2
G,0,

dsh
q ≡



(

s+2αp+2
2

)

2π

( s+1

2

) F̃2
G,0, das

q ≡


(

s+2αp
2

)

π

( s+1

2

) F̃2
G,0,

we obtain

χc � dc(�0τ
2
G)(γ0τG)

2αp . (42)

In a completely analogous manner, we find

θ(M )
q �

{
M (M + 1)dsh

q (�0τ
2
G)(γ0τG)

2αp+1, Mγ0τG � 1,
das

q (�0τ
2
G)(γ0τG)

2αp−1, Mγ0τG � 1.
(43)

We can thus conclude that the effective filtering order
for the quantum phase θ(M )

q is 2αp + 1 for Mγ0τG � 1
and 2αp − 1 for Mγ0τG � 1. The respective corrections
to these LF approximations of χc and θ(M )

q when includ-
ing the next-order Taylor term in Eq. (40) all come with
an extra factor (γ0τG)

2, so the leading-order expansion in
Eq. (40) is indeed justified in the SGL. The gate infidelity
as predicted by Eqs. (42) and (43) can be seen in the hol-
low markers in Fig. 3(c), showing excellent agreement in
their respective limiting regime.

From Eq. (43), we see that the quantum phase θ(M )
q

grows two OOMs in (γ0τG)
−1 for M increasing from 1 to

∞, and

θ(1)q � χc � θ(∞)
q ,

where each is separated by one OOM in (γ0τG)
−1. This

allows us to draw the following conclusions about the
control-history dependence of the gate:

(i) The gate fidelity (and hence the EPG) can appear
constant for all practical purposes for a low number
of repetitions, whereas the quantum effect is only
felt after a relatively large number of repetitions,
depending on how deep we are in the SGL.

(ii) If one attempts to suppress the quantum effect with
more powerful control resources, e.g., by removing
the timing constraint and approaching the Zeno limit
τG → 0, all three quantities χc, θ(1)q , and θ(∞)

q decay
to 0 following a power law. However, the asymp-
totic quantum phase θ(∞)

q does so more slowly than
the classical decay factor χc does. Hence, it is
not a priori given that applying maximal control
resources is sufficient to obtain a constant EPG.

(iii) Related to the above, given a fixed achievable OOM
for χc, a narrower LF-noise peak creates a much
larger asymptotic quantum effect than a broader one.
This might seem counterintuitive at first, since LF
noise with a long correlation time is more amenable
to be well suppressed by DD. On the other hand,
for same χc a longer correlation time also signi-
fies, from the point of view of the quantum bath, the
possibility of a stronger response. This is explicitly
illustrated by the middle two curves (cyan circles
and magenta triangles) of Fig. 3. The fact that these
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two scenarios are not equivalent, even for equal val-
ues of FG(0) = e−χc , is an important feature of the
control-history dependence of the gate fidelity.

Using the OOM in Eqs. (42) and (43) and dropping the
constants, we conclude that a large RQE, as defined in
Eq. (28), is engendered when

�0τ
2
G(γ0τG)

2(αp−1) � 1.

While the ratio χc/θ
(∞)
q ∼ γ0τG only depends on how deep

we are in the SGL, we see that the RQE also depends
explicitly on αp and �0. For a Hahn-echo scheme, where
αp = 1, one requires that �0τ

2
G � 1, which implies a low

(gate) fidelity for a round of free evolution of length τG
applied at ts = 0, as then χc � �0τ

2
G. For a Carr-Purcell-

Meiboom-Gill (CPMG) scheme, where αp = 2, one in
turn requires that �0τ

2
G(γ0τG)

2 � 1, which implies a low
fidelity for a gate protected by Hahn-echo DD with the
same cycle time, applied at time ts = 0. Thus, for a fixed
gate time τG and effecting the final DD-protected iden-
tity gate with increasingly higher FO αp, a DD scheme of
correspondingly high FO αp − 1 would have to perform
poorly when applied at time ts = 0 in order for a large RQE
to emerge—also meaning that the noise strength would
have to be increasingly large. Note, however, that there is a
limit to the filtering order, since the interpulse time cannot
be shorter than τ0.

In summary, the results of this section point to a first
scenario in which caution is warranted regarding gate-
error virtualization. Namely, while comparatively more
amenable to DD suppression, LF noise with strong tem-
poral correlations can engender a large (negative) control-
history-dependent quantum effect on the gate fidelity,
provided that it is sufficiently strong. In Sec. III B 2 below,
we see a dual scenario, in which relatively weak HF noise
can have detrimental effects if a control-induced resonance
condition is satisfied.

2. Control-induced resonance effects for high-frequency
noise under periodic protocols

Illustrative gate-fidelity results for the same control sce-
nario in which both the repeated control sequence and the
final identity gate are based on Hahn-echo DD are given in
Fig. 4(b), for four different spectral densities that, in addi-
tion to LF noise, include a narrow HF peak, depicted in
Fig. 4(a). The case in which ω̄1 � ωG = 2π/τG has been
chosen, which highlights a possible highly detrimental his-
tory dependence of the gate fidelity. The gate fidelity is
seen to drop almost an OOM for both transient and asymp-
totic values of M , compared to the case M = 0 (in which
case, FG(0) � 0.995). This effect is more dramatic for
the HF peak with the center frequency closer to 2π/τG.
Further to that, the gate fidelity also undergoes multiple
oscillations in the transient regime, with a periodicity that

(a)

(b)

FIG. 4. The fidelity of an identity gate protected by Hahn-
echo DD, following the same control history of Fig. 3, in the
presence of both LF as well as HF noise of fixed strength. The
LF parameters read s = 1, �0τ

2
G = 3.5, and γ0τG = 0.1, while

�1τ
2
G = 0.175. (a) The FF of the protected gate and the spec-

tral density for two different values of �1 and γ1. (b) The gate
fidelity as a function of M . Given the large number of discrete
points, continuous lines are plotted for clarity.

varies with the detuning of ω̄1 away from ωG. Notably,
the asymptotic regime is reached only after a much larger
number of repetitions than for LF noise only, adding to
the apparent unpredictability of the gate fidelity from a
practical point of view in an experiment.

To further understand these observations, we can in the
first instance focus on the HF noise only: even though LF
noise is assumed to be intrinsically stronger (�0 � �1),
it is efficiently suppressed by DD, yielding the typical
OOMs detailed in Sec. III B 1. Intuitively speaking, the
quantum phase θq caused by an HF-noise peak supported
mainly around the integer resonance frequencies (IRFs) of
the periodic control,

ωG,� ≡ 2�π
τG

, � ∈ N \ {0},

undergoes much the same increasing transition in OOM
for M going from 1 to ∞, which can be explained by an
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analysis of the effective filtering orders similar to before.
Indeed, first, the analogous SGL γ1τG � 1 is satisfied,
since γ1 � γ0. Second, the kernel ξ (M )(ωτG) has a period-
icity of ωG for all M and, analogously to the LF-noise case
that we have discussed before, it transitions from adding
a filtering order locally around ωG,� for Mγ1τG � 1 to
subtracting one for Mγ1τG � 1.

Yet, there are two main differences with respect to the
result established for LF noise in the SGL. First, the
(repeated) DD sequence is assumed to have zero filtering
order locally around the HF peak [90]. Consequently, we
can assume |FG(ω; τG)|2 to take the constant value

|FG(ω; τG)|2 � τ 2
G|F̃G(ω̄1τG)|2 � τ 2

G|F̃G(2�π)|2,

since δω̄1 ≈ 2�π/τG. A second major difference is that
while the quantum noise spectrum S−(ω) is antisymmetric
around ω = 0, maximizing the overlap with the antisym-
metric kernel ξ (M )(ωτG), S−(ω) has a fixed (positive) sign
for ω > 0. As a consequence, the precise position of the
center frequency ω̄1 with respect to the IRF can have a
large effect on the quantum phase.

Quantitatively, upon defining the detuning with respect
to the IRF as

δω̄1 ≡ ω̄1 − ωG,�, δω̄1 � ωG

and the prefactor

dHF,� ≡ 1
π

|F̃G(2�π)|2,

we obtain

χc,HF � dHF,�

2
�1τ

2
G (44)

and, uniformly in M ,

θq,HF � dHF,�

2
√
π
�1τ

2
G

∫ ∞

−∞
ξ
(M )
HF

(
ω′τG

)
e−(ω′−δω̄1)

2
/γ 2

1
dω′

γ1
,

(45)

where the relevant repetition kernel has the form

ξ
(M )
HF (ω

′τG) ≡ 2
1 − cos

(
Mω′τG

)
ω′τG

+ sin
(
Mω′τG

)
.

In the limit δω̄1 � γ1, the integral in Eq. (45) van-
ishes, because of the antisymmetry of the integrand. The
largest quantum effect can be found in the opposite limit,
when γ1 � δω̄1. Again, when Mγ1τG � 1, we can expand
ξ
(M )
HF (ω

′τG) up to leading order around ω′ = δω̄1, which
for δω̄1 � γ1 simply corresponds to putting ω′ = δω̄1. For
Mγ1τG � 1, one can again neglect the oscillating sine and

cosine functions in ξ (M )
HF . Altogether, up to leading order,

we then obtain

θ
(M )
q,HF �

{
dHF,�

�1τG
δω̄1

[(1 − cos(Mδω̄1τG))] , Mγ1τG � 1,
dHF,�

�1τG
δω̄1

, Mγ1τG � 1,
(46)

where we repeat the assumed double time-scale separation

γ1τG � δω̄1τG � 1.

Under these conditions, we now have a simple approxi-
mate formula for the transient regime, namely, an oscil-
lation of period 1/δω̄1τG in M , with a corresponding
amplitude of the order of �1τG/δω̄1. The approximations
of the gate infidelity from Eqs. (44) and (46) are shown
in the hollow markers in Fig. 4(b). Note that besides the
expected range of validity in M , these formulas do not
explicitly depend on γ1, explaining why, for the relevant
values of M , the triangles and circles of equal color coin-
cide. Also note that for the parameters of the solid pink
line, γ1 �� δω̄1, so the pink circles do not approximate the
exact infidelities up to good accuracy.

Analogously to the case of LF noise, we have that

θ
(1)
q,HF � χc,HF � θ

(∞)
q,HF.

Now, however, the OOM separations are (δω̄1τG)
−1 and

hence are determined by the detuning δω̄1 and not the
width γ1 of the noise peak. This is a general consequence
of the odd parity of the repetition kernel ξ (M ) that enters
the FF corresponding to the quantum phase.

We conclude that when a narrow HF-noise peak is
closely detuned with the frequency of repetition of control,
the gate fidelity can oscillate wildly as a function of M
and this happens regardless of the specific sequence being
repeated. Contrary to the case of strong LF noise with a
long correlation time, this resonant effect can be large for
moderate or even small HF-noise strengths. Notably, one
could even have that χc is LF dominated, while θ(∞)

q is
HF dominated, since the time-scale separations δω̄1τG and
γ1τG are completely independent from the SGL parame-
ter γ0τG. On the other hand, the resonance condition of
the HF noise is more constraining for this phenomenon to
occur, although it cannot be excluded a priori without care-
ful advance characterization of the noise—e.g., via QNS,
in both the classical and the quantum regime [16,91].

3. Control-induced resonance effects for high-frequency
noise under nonperiodic protocols

The effects of Sec. III B 2 have been explained based
on the properties of the repetition kernel ξ (M ), which has
come about when assuming that the same DD sequence is
repeated M times before the reset operation, after which
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the very same DD (identity-gate) sequence with the same
cycle time is applied once more. It is natural to ask how
much of the observed behavior and the resulting large
quantum effect depends specifically on these periodicity
assumptions.

As a first step to break periodicity, in Fig. 5 (circles),
we consider applying a Hahn-echo sequence with mini-
mal gate time τG = 2τ0 as a gate sequence, after having
repeated M Hahn-echo sequences with a different inter-
pulse time τp. To show that no particular resonance rela-
tionship between the interpulse times before and after the
reset is required in order for resonance effects to emerge,
we take their ratio to be the golden ratio: τp/τ0 = (1 +√

5)/2. We can see the gate error increases by over one
OOM for an asymptotically large number of repetitions.
No transient oscillation is present, however, since here
δω̄1/γ1 = π/5 �� 1. While the details go beyond the scope
of this paper, we mention that the fact that a large quan-
tum effect is possible can be traced back to the fact that
the relevant repetition kernel defining θ(M )

q now does not
adhere to the same antisymmetry as ξ (M ). Therefore, it is
not imperative that the HF-noise peak be narrow and sup-
ported mainly on one side of the IRF, unlike in the fully
periodic setting of Sec. III B 1 and III B 2.

As a second step, we consider a control history con-
sisting of only a handful repetitions of a DD sequence
different from the (last) gate sequence. Concretely, we
choose a CDD5 sequence meant to idle the qubit. CDD5
suppresses LF noise extremely well, given the fast-control
limit γ0τp � 1 and the high FO αp = 5. An account of the
resulting gate infidelity is shown in Fig. 5 (triangles). We
can see that the gate infidelity increases by an OOM from
the first repetition of the CDD5 sequence and hence here
the resonance effect is not due to any periodic repetition of
control. Rather, the fact that the same resonance frequency,
which we have found numerically, causes a large quantum
effect for an arbitrary (nonzero) number of repetitions is
due to the digital nature of CDDn, namely, the fact that all
pulse times are an integer multiple of the minimal inter-
pulse time τp. The cycle time of CDDn being increasingly
long allows, in turn, for considerable “build-up” of the res-
onance over a single cycle. Thus, while digital sequences
offer important advantages, e.g., in terms of hardware com-
patibility and minimum sequencing complexity [63,92,93],
digital timing may be more prone to adverse effects from
nonclassical noise.

IV. GATE PERFORMANCE AFTER MULTIPLE
ERROR-CORRECTION CYCLES

Analogously to Sec. III, we first outline exact formu-
las for the gate fidelity, as well as exact asymptotic results
for periodic control, after which a parameter study is per-
formed for the concrete setting of spin-boson dephasing.

(a)

(b)

FIG. 5. The gate infidelity of a Hahn-echo sequence with cycle
time τG = 2τ0, after a variable number of repetitions of Hahn-
echo DD with cycle time 2τp [(b), circles] and after a variable
number of repetitions of CDD5 with cycle time 25τp [(b), tri-
angles], respectively, with τp/τ0 = (1 + √

5)/2. The LF-noise
parameters read s = 1, �0τ

2
p = 2.5, and γ0τp = 0.05, while the

strength and peak width of the HF noise are �1τ
2
p = 0.125

and γ1τp = 0.05. A resonance is found to occur at a frequency
ω̄1τp ≈ 0.69π , for CDD5. The common x axis is the waiting time
before the reset, ts = 2MCDD1τp = 25MCDD5τp.

A. Exact results on asymptotic gate-performance
saturation

1. General fidelity expressions

The gate fidelity for the general case of K reset opera-
tions takes the following form:

FG(ts) = 1
2

(
1 + e−χc

K∏
k=1

cos
(
θq,[k]

))
, (47)

where the classical decay factor χc is still defined as in
Eq. (22) but now the quantum phase contribution reads

θq,[k] ≡ −2i
∫ τG

0
dτ
∫ tk

tk−1

dt yG(τ )yhist(t)C−(τ − t + tK).

(48)

A full derivation of these formulas is provided in
Appendix A. Expressing θq,[k] in the frequency domain, we
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obtain

θq,[k] ≡ 1
π

∫ ∞

−∞
Im[eiωtK FG(ω; τG)F∗

hist(ω; tk−1, tk)]

× S−(ω) dω, (49)

where the FF of the control history is explicitly indexed by
start and end times,

Fhist(ω; tk−1, tk) ≡
∫ tk

tk−1

eiωsyhist(s) ds.

Analogously to the single-reset case (K = 1), we see that
the θq,[k] in Eq. (48) depend both on the gating control
applied after the last reset as well as the control history and
vanish when the noise is purely classical. Interestingly, for
K > 1, θq,[k] depends only on the control applied during the
time interval in between the (k − 1)th and kth reset oper-
ation. In a way, the system resets “compartmentalize” the
quantum memory effects that are due to the different inter-
reset evolutions. We stress that these effects would vanish
even for a quantum bath, if its state could be refreshed
to the initial ρ̄B after every qubit reset, as assumed in
Ref. [40]. This can be seen more explicitly in Sec. V A,
where an alternative expression for θq,[k] will be derived,
directly in terms of the updated bath statistics.

We refrain from defining an RQE analogous to Eq. (27),
since it is not a priori clear if multiple dominant phases
θq,[k] have a significant contribution, and if so, which those
would be. We will, rather, address these questions on a
case-by-case basis in the rest of this section, by consid-
ering control-history scenarios similar to those we had in
the single-reset case.

2. Asymptotics for periodic control

Consider a fixed DD sequence that is repeated M times
before every reset, with a total of K reset operations. Thus,
the total number of repetitions before the last reset is N =
KM , after which the same gate sequence is repeated once
more to effect the target identity gate. Formally, we have
that ts = tK = NτG = KMτG and

yhist(t) = yG(t mod τG), t ∈ [0, NτG).

Introducing the index k̃ ≡ K − k + 1, which “counts back”
from the last (K th) reset, we define

θ
(M )

q,k̃
≡ θq,[k=K−k̃+1], k̃ = 1, . . . , K

and, from the definition of the FF, we also note that

eiKMωτGF∗
hist(ω; (k − 1)MτG, kMτG)

= eik̃MωτGe−i(M−1) ωτG2
sin
(
M ωτG

2

)
sin
(
ωτG

2

) F∗
G(ω; τG).

We can then write the quantum phase as

θ
(M )

q,k̃
= 1

2π

∫ ∞

−∞
η
(M )

k̃
(ωτG)|FG(ω; τG)|2S−(ω)dω, (50)

where the relevant repetition kernel now reads

η
(M )

k̃
(ωτG) ≡ cos

(
(k̃ − 1)MωτG

)
ξ (M )(ωτG)

+ sin
(
(k̃ − 1)MωτG

) (
D(M )(ωτG)− 1

)
,

(51)

with D(M ) being the Dirichlet kernel,

D(M )(ωτG) = sin
(
(2M + 1)ωτG2

)
sin
(
ωτG

2

) .

We can then establish the following analog to Theorem 1.

Theorem 2 (Multiple-resets asymptotic quantum phase).
Assume, as before, that the control FF for the DD-
protected gate G has an LF expansion of the form
|FG(ω; τG)|2 ∼ ω2αp . Then, if

sp = s + 2αp > −1
2

, (52)

the quantum phase contribution converges to a finite value,

lim
K→∞

K∏
k̃=1

cos
(
θ
(M )

q,k̃

)
=

∞∏
k̃=1

cos
(
θ
(M )

q,k̃

)
.

Proof. We wish to show that, under the above assump-

tions, θ(M )

q,k̃

k̃→∞−→ 0 fast enough such that
∏∞

k̃=1 cos
(
θ
(M )

q,k̃

)
is finite. To perform a similar analysis as in Sec. III A, we
utilize the alternative representation

η
(M )

k̃
(ωτG) = 2

M∑
m=1

sin
(
(m + (k̃ − 1)M )ωτG

)
.

This yields

θ
(M )

q,k̃
=

M∑
m=1

θq,m+(k̃−1)M , (53)

where each phase contribution θq,n has the form given in
Eq. (34). Under the stated assumptions on the LF behavior
of noise and control, we can invoke the asymptotic expres-
sion for θq,n given in Eq. (35). Using the triangle inequality,
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we obtain, from Eq. (53),

|θ(M )

q,k̃
| ∼ 
(sp + 1)

∣∣∣cos
(πsp

2

)∣∣∣

× O
(

M∑
m=1

1

(m + (k̃ − 1)M )
1+sp

)
, (54)

in the limit where k̃ → ∞. We can now quantify under
what conditions and how fast the following product con-
verges:

K∏
k̃=1

cos
(
θ
(M )

q,k̃

)
K→∞−→

∞∏
k̃=1

cos
(
θ
(M )

q,k̃

)
.

We do this by upper bounding the relative difference as
follows:

1 −
∏∞

k̃=1 cos
(
θ
(M )

q,k̃

)
∏K

k̃=1 cos
(
θ
(M )

q,k̃

) = 1 −
∞∏

k̃=K+1

cos
(
θ
(M )

q,k̃

)
,

= 1 − e
∑∞

k̃=K+1
log
[

cos
(
θ
(M )

q,k̃

)]

≤
∞∑

k̃=K+1

(θ
(M )

q,k̃
)

2
,

where we have assumed the θ(M )

q,k̃
to be small enough for a

lowest-order Taylor expansion to hold. We can then insert
the asymptotics in Eq. (54), to obtain

1 −
∏∞

k̃=1 cos
(
θ
(M )

q,k̃

)
∏K

k̃=1 cos
(
θ
(M )

q,k̃

) ≤ 
2(sp + 1) cos2
(πsp

2

)
M 2sp

× O

⎛
⎝ζ(2 + 2sp)−

K−1∑
k̃=1

1

k̃2+2sp

⎞
⎠ ,

after some simple estimates. Equation (52) provides a
sufficient condition for convergence; thus the claim fol-
lows. �

It is worth noting that the condition in Eq. (52) is a
weaker condition than the one in Eq. (31) for a single
reset. Even for the case of, e.g., free evolution (αp = 0),
a negative Ohmicity parameter would be allowable in the
multiple-reset setting, as long as s > − 1

2 . For fixed values
of s and αp, the convergence toward the asymptotic gate
fidelity is faster for the multiple-reset case than it is for
the single-reset case, in terms of the total number of rep-
etitions N . Note that this a priori has no implications on
the value of the asymptotic gate fidelity, as we do not have

explicit formulas for the case of multiple resets. This ques-
tion and other (transient) phenomena are studied for the
spin-boson model, as a function of relevant parameters, in
the remainder of this section.

B. The range of possibilities

In this section, we will work under the same assump-
tions as outlined in Sec. III B [Eq. (37)]. However, we will
not require a fast-reset limit where the inter-reset time is
constrained to be shorter than 1/γ0, MτG � 1/γ0. Rather,
we shall generally allow that Mγ0τG �� 1, in line with the
fact that DES is relatively “cheap,” whereas performing
QEC operations is more costly. From this point of view, the
use of relatively small values of M would be considered
nonoptimal, in terms of leveraging maximal benefit from
DD. Additionally, the general idea of combining DES with
QEC is to perform error correction on a time scale longer
than the correlation time of the LF noise, hence dealing
with the approximately uncorrelated (white) remainder of
the noise, as outlined in Sec. I.

1. Asymptotic gate fidelity under low-frequency noise

For the case of periodic repetition in the presence of LF
noise only, we can readily make two observations that are
in line with the conclusions for the K = 1 case:

(i) For a given fixed initial gate infidelity at ts = 0,
a narrower LF-noise peak consistently performs
worse in the asymptotic limit. This can be seen in the
cyan circles versus magenta triangles of Fig. 6, start-
ing at N = KM = 30. The asymptotic gate fidelity
is, accordingly, reached faster for the wider noise
peak. Notably, for an increasing number of rep-
etitions M , the difference in the asymptotic gate
infidelity becomes larger, as evidenced in the last
plot, with M = 30.

(ii) While one can show that the ratio χc/θ
(M )

q,k̃
does not

depend on �0, the history dependence of the gate
infidelity is significantly weaker when both χc and
θ
(M )

q,k̃
become smaller, as can be seen for the cyan

triangles in Fig. 6. The opposite effect can be seen
for the magenta circles, where the infidelity rapidly
reaches 1/2, indicating a maximally mixed qubit
state at the final time NτG + τG = ts + τG.

In terms of the number of repetitions between resets, we
can see that when increasing M from a small number (say,
M = 5) to values that are more resource efficient in terms
of reset operations (e.g., M = 10, 20), the gate fidelity gen-
erally decreases. This is not all too surprising, since the
reset operation can in itself only help to preserve the sys-
tem state. This is in perfect analogy with a true QEC,
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(a) (b) (c) (d)

FIG. 6. The gate infidelity of a Carr-Purcell-Meiboom-Gill (CPMG) sequence with cycle time τG, after a variable number K of
resets, with M repetitions of the CPMG sequence before every reset operation: (a) M = 5; (b) M = 10; (c) M = 20; (d) M = 30. Only
LF noise is considered, with Ohmicity parameter s = 2. Note that for the larger value M = 30 (d), we have Mγ0τG �� 1; hence these
parameters are not in a fast-reset limit.

where it is only if the rounds of error correction are per-
formed frequently enough that the (logical) qubit state can
be protected. Nonetheless, when comparing M = 20 and
M = 30 for, e.g., the cyan circles, we see that the asymp-
totic gate fidelity increases for the larger value of M . This
shows an intricate dependence of the quantum effect on the
inter-reset time, in a way that is a priori unpredictable.

2. Control-induced resonance effects for high-frequency
noise

In Fig. 7, we show representative results for a case in
which a narrow HF-noise peak is present and, for simplic-
ity, the LF-noise parameters are chosen so that LF-noise
effects are negligible in first instance, given the DD pro-
tection. This is to be contrasted with the previous scenario
in Fig. 6, where LF noise alone causes a substantial gate
infidelity. In turn, the HF-noise parameters are chosen
in the same regime of Sec. III B 2, characterized by the
double-time-scale separation

γ1τG � δω̄1τG � 1.

A first conclusion is that the case of a narrower peak (tri-
angles) consistently leads to higher gate infidelities than
the case of a broad peak (circles), no matter where exactly
the noise peak is centered. This is to be contrasted with
the single-reset case, where for large-enough detuning δω̄1
from the IRFs, the width γ1 does not play a major role.
This may be explained by noting that for a small M , the
relevant repetition kernel η(M )

k̃
(ωτG) is not sharply peaked

around the IRFs, making the precise location of the HF-
noise peak comparatively less important. Furthermore, as
a function of k̃, the phases θ(M )

q,k̃
decay more slowly for a

narrower peak, as the individual θq,n [defined in Eq. (34)]
that enter θ(M )

q,k̃
(see Eq. (53)) decay over a characteristic

“time scale” of the order n ∼ 1/(γ1τG) in practice, for HF-
dominated noise. A narrower HF-noise peak will thus have
a larger number of phases contributing significantly to the
control-history dependence.

Turning our attention to the center frequency ω̄1 of
the peak, we find that the gate fidelity is (monotonically)
decreasing in the fast reset limit where Mδω̄1τG � 1.
However, for the noise parameters of Fig. 7, this would

(a) (b) (c) (d)

FIG. 7. The gate infidelity of a CPMG sequence with cycle time τG, after a variable number of resets, with M repetitions of the
CPMG sequence before every reset operation, in the presence of both LF and HF noise: (a) M = 5; (b) M = 10; (c) M = 15; (d)
M = 20. The LF-noise parameters read s = 2, �0τ

2
G = 7, and γ0τG = 0.1, while the HF-noise strength is �1τ

2
G = 0.3. For these noise

parameters, the (in)fidelity is dominantly determined by the HF noise. For comparison, when only LF noise is present, as in Fig. 6
(�0τ

2
G = 7, �1 = 0), the infidelity drops to approximately 2 × 10−7.
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correspond only to M = 1, 2, which we consider to be
resource-inefficient scenarios and hence are not shown.
For increasing M , the gate fidelity exhibits a nonmono-
tonic and highly sensitive dependence upon M , both in
the transient and the asymptotic regime. This behavior
can be partially explained from the intuition that we have
gained from the single-reset case. Indeed, the noise param-
eters corresponding to the cyan plots are chosen to yield
a local maximum of the quantum phase θ(M )

q for M = 5
in the K = 1 setting and a local minimum for M = 10.
The two leftmost panels of Fig. 7 clearly show that in fact,
for M = 10, all the quantum phases θ(M=10)

q,k̃
, k̃ = 1, . . . , K

are correspondingly small (not just for k̃ = K = 1), con-
firming that our intuition gained from the single-reset case
carries over. For the magenta curves, we have an exactly
analogous scenario, where now a local maximum for θ(M )

q
is chosen to occur at M = 10, while a local minimum
happens at M = 20.

In summary, on top of the nonmonotonic dependence on
M that we have identified for LF noise, the presence of
HF noise can lead to an a priori increasingly unpredictable
control-history dependence of the gate fidelity. In realistic
scenarios in which both LF and HF noise are simultane-
ously present, one can only expect the complexity of this
multiparameter problem to increase further, making the
gate performance essentially unpredictable.

3. High-order performant decoupling for idling

Throughout our analysis thus far, we have seen that
the fidelity of a fixed DD-protected gate applied at ts is
impacted negatively by the control history applied before
ts, in a way that generically only gets worse with an
increasing number of reset operations. Furthermore, for a
wide range of control histories under the established con-
ditions, the gate error can increase by a whole order of
magnitude. One could argue that such a poor performance
is due to the low-order nature of the DD schemes that
we have considered before executing the DD-protected
gate, which in our situation are key to allowing for a
fast application of subsequent gates. Often during a com-
putation, however, there may be time intervals during
which one does not need to perform increasingly more
operations on the system, in which case one can realis-
tically apply higher-order DD schemes to achieve better
protection. Given the assumed constraint on a finite min-
imal switching time, however, this can only be accom-
plished at the cost of longer time durations—which may
make it challenging to combine them with the “decou-
ple, then compute” approach that we consider in this
work.

In Fig. 8, we consider the effect of interjecting a period
of such a high-order DD sequence, idling the system, after
several repetitions of a fixed low-order gate sequence.

(a) (b)

(c) (d)

CDD1 CDD1 CDD1
CDDn

CDD1
idle

FIG. 8. The fidelity of the qubit at designated prereset times
t−, for a family of protocols as depicted at the top. A Hahn-
echo (CDD1) sequence (circles) with cycle time 2τ0 is repeated
a fixed number of times, after which a higher-order CDDn idling
sequence, with the same minimal switching time τ0, is repeated
a variable number Midle of times (square), finally followed by
one last application of the Hahn-echo sequence (last circle): (a)
two CDD3 repetitions, Tidle = 16τ0; (b) six CDD3 repetitions,
Tidle = 48τ0; (c) one CDD4 repetition, Tidle = 16τ0; (d) three
CDD4 repetitions, Tidle = 48τ0. A reset operation R is applied
after every Hahn-echo sequence and after the (repeated) CDDn
sequence. The duration of the idling period is marked by dot-
ted vertical lines. The fidelity of the final identity gate is seen
to depend mostly on the total duration of the repeated idling
sequence, provided that the idling sequence is sufficiently high
fidelity.

Since the goal here is not to focus on possible reso-
nance effects with HF noise, we consider only LF noise.
Furthermore, to maximally cut off the system-side error
propagation, we perform a reset after every application
of the low-order DD. While the evolution of the fidelity
of the repeated Hahn echoes (circles) is qualitatively sim-
ilar to that of Fig. 6, a first important observation is
that the fidelity of the idling sequence (squares), which
precedes the last reset, is several OOMs higher. By keep-
ing the minimum switching time τ0 constant, we explore
the dependence of the fidelity on the last DD sequence,
effecting the target identity gate (rightmost circle) on two
parameters that characterize the idling: the order nidle of the
CDD idling scheme and its number of repetitions, Midle,
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before the last reset. The following observations may be
made:

(i) For the higher value of nidle [Figs. 8(c) and 8(d)], the
fidelity of the idling scheme is always higher. One
could then expect that since in such cases the qubit
is less entangled with the bath prior to the reset and
the implementation of the protected gate, the final
gate fidelity would always be higher for larger nidle.
Instead, we do not see an explicit change with nidle,
since Figs. 8(c) and 8(a) [or, respectively, Figs. 8(d)
and 8(b)] show very similar final gate fidelities. We
note that this approximate independence of nidle is
true as long as the idling sequence is high fidelity
relative to that of the low-order DD.

(ii) The number of repetitions Midle of the idling
sequence appears to play a key role and the final
gate fidelity improves drastically for the larger value
of Midle, as can be seen in Figs. 8(b) and 8(d).

(iii) As long as the idling fidelity remains high, we
also see that the final gate fidelity is monotonically
increasing with Midle and eventually approximately
restores the initial fidelity at time t = τG, when the
gate is applied at ts = 0.

Thus, the use of high-performant DD prior to execution
of a DD-protected gate effectively suppresses the control-
history dependence that the quantum memory introduces
in the gate fidelity and, with that, it allows for a notion of a
constant EPG to be approximately recovered. In Sec. V, we
seek further physical insight into this behavior by directly
examining the bath dynamics and by characterizing the
extent to which the emergence of an approximately con-
stant control performance is related to an approximate
reequilibration of the quantum bath statistics toward their
original values, after being perturbed by an intervening
low-fidelity control history.

V. PHYSICAL INTERPRETATION FROM
QUANTUM BATH DYNAMICS

In both the single- and multiple-reset scenarios of
Secs. III and IV, a key step has been to establish exact
formulas that capture the control history of the intended
DD-protected gate in one or more quantum phase con-
tributions θq, which would identically vanish if the noise
were classical. We now provide an alternative viewpoint
in explaining the emergence and meaning of these nonclas-
sical contributions, by explicitly considering the quantum
state of the bath after the final reset operation. Indeed,
as noted at the end of Sec. II B, since the reset opera-
tions R are considered to be perfectly disentangling, any
relevant control history applied before the kth reset must
be encoded in the post-reset state ρB(t+k ). Explicitly, to
capture the relevant noise properties of the bath during

the DD-protected gate, we consider the bath multitime
correlation functions

〈B(tK + τj ) · · · B(tK + τ1)〉ρB(t
+
K )

, j = 1, 2, 3 . . . , (55)

which together fully determine the qubit reduced dynamics
after the K th (last) reset.

First, we will work toward a decomposition of ρB(t+K )
into Gaussian components. This will reveal a clear inter-
pretation of the different Gaussian components as consec-
utive displacements of the bath state, conditional on the
state of the qubit. Additionally, in combination with the
general strategy for updating the quantum bath statistics
of Ref. [94], this decomposition will allow us to obtain
closed-form expressions for the correlation functions in
Eq. (55). Next, as alluded to above, we will reinterpret the
results of Fig. 8 in the light of a reequilibration process
of the quantum bath statistics after a prolonged period of
high-fidelity control.

A. Exact bath-statistics update by decomposition into
Gaussian components

In order to develop the argument, consider first the case
of a single reset operation, applied at time tK=1 = ts. By
using the fact that the joint system-bath unitary evolution
is diagonal in the {|z = ±1〉} basis and the reset is perfect,
it is immediate to see that the post-reset bath state can be
written as the (equal) convex combination

ρB(t+s ) = ρB(t+1 ) = 1
2
(
ρB,−1(t1)+ ρB,+1(t1)

)
, (56)

where the two components are given by

ρB,∓1(t1) ≡ U∓1(0, t1)ρ̄BU†
∓1(0, t1),

in terms of the bath unitaries

U∓1(0, t1) = T+ exp
(

±i
∫ t1

0
yhist(t)B(t)dt

)
.

By linearity of the correlation functions in Eq. (55) with
respect to the bath state, we can focus on the correla-
tion functions corresponding to the components ρB,∓1(ts)
individually.

Because, by assumption, ρ̄B is Gaussian, it follows
that ρB,∓1(t1) are such that the noise (sub)processes
(B(t1 + τ); ρB,∓1(t1)) are Gaussian. In Appendix B, we
derive the first two cumulants, thus completely characteriz-
ing their statistical properties. The qubit-induced evolution
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of the means are exactly opposite and read

〈B(t1 + τ)〉ρB,∓1(t1) = ∓μ(t1; τ), (57)

with

μ(t1; τ) ≡ −i
∫ t1

0
yhist(t)C−

ρ̄B
(t1 + τ − t) dt. (58)

We see that the respective means depend on the con-
trol history and the original quantum correlation function.
Notably, the explicit dependence upon the elapsed time τ
makes the resulting noise statistics nonstationary. The sub-
processes (B(t1 + τ); ρB,∓1(t1)) have the same centralized
second-order moment (equivalently, second-order cumu-
lant), as the original noise process at time t1 = ts = 0,
namely,

〈B(t1 + τ2)B(t1 + τ1)〉ρB,∓1(t1) = 〈B(τ2)B(τ1)〉ρ̄B

+ 〈B(t1 + τ2)〉ρB∓1(t1)〈B(t1 + τ1)〉ρB∓1(t1),

where now nonstationarity manifests through the depen-
dence on both τ1 and τ2. One can check that, together
with Gaussianity, the above two properties imply that each
of the subprocesses (B(ts + τ); ρB,∓1(t1)) is statistically
indistinguishable from a mean-displaced version of the
original zero-mean stationary noise process,

(
B(τ )+ 〈B(t1 + τ)〉ρB,∓1(t1); ρ̄B

)
.

Importantly, this is true for arbitrary Gaussian dephasing
noise. In the specific case of a bosonic bath, ρB,∓1(t1) can
be further recognized to have the structure of (multimode)
thermal coherent states [95] and regular coherent states in
the limiting case of zero-temperature—as is assumed here
in Secs. III B and IV B.

Before moving to the case of multiple resets, we can use
these exact results to discuss the (update of the) correlation
functions of the full physical post-reset bath state. Since
ρB,∓1(t1) give rise to exactly opposite means, the updated
bath state has, as ρB(0) = ρ̄B, zero mean,

〈B(t1 + τ)〉ρB(t
+
1 )

≡ 0, ∀τ ∈ R.

Crucially, however, ρB(t+1 ) is no longer stationary, unless
μ(t1; τ) is constant in τ , and no longer Gaussian, unless
μ(t1; τ) = 0, ∀τ ∈ R, which is highly nongeneric. Note
that without the decomposition Eq. (56) into Gaussian
components, one would then require all-order cumulants
to characterize the statistics of the post-reset state ρB(t+1 ).
For the leading-order nonzero cumulants, we have the

following exact expressions:

C−
ρB(t

+
1 )
(τ2, τ1) ≡ 〈[B(t1 + τ2), B(t1 + τ1)]〉ρB(t

+
1 )

= C−
ρ̄B
(τ2 − τ1),

C+
ρB(t

+
1 )
(τ2, τ1) ≡ 〈{B(t1 + τ2), B(t1 + τ1)}〉ρB(t

+
1 )

= C+
ρ̄B
(τ2 − τ1)+ 2μ(t1; τ2)μ(t1; τ1).

The classical correlation function thus directly reveals that
the updated noise process is not stationary. Interestingly,
only the classical correlation function is updated but the
update itself depends solely on the original quantum corre-
lation function and, via Eq. (58), it explicitly encodes the
past control history.

Similar conclusions may be drawn for the general case
of multiple reset operations, in which case tK = ts. By
introducing the compact notation zK ≡ (z1, . . . , zK), with
zk ∈ {−1, 1}, k = 1, . . . , K , as shown in Appendix B, we
find that the bath state following the last reset can still be
expressed as a uniform mixture of Gaussian components:

ρB(t+s ) = ρB(t+K ) = 1
2K

∑
zK∈{−1,1}K

ρB,zK(tK), (60)

where all ρB,zK(tK) have the same centralized second-order
moment as ρ̄B and, in analogy to Eq. (57), we may write

〈B(tK + τ)〉ρB,zK (tK )
=

K∑
k=1

zkμ[k](tK ; τ), (61)

where

μ[k](tK ; τ) ≡ −i
∫ tk

tk−1

ds yhist(s)C−
ρ̄B
(tK + τ − s). (62)

Just as for the single-reset case, one deduces that the
updated bath state ρB(t+K ) is zero-mean, non-Gaussian, has
an unchanged quantum correlation function,

C−
ρB(t

+
K )
(τ2, τ1) ≡ C−

ρ̄B
(τ2 − τ1),

and is explicitly nonstationary, as manifested in its updated
classical correlation function:

C+
ρB(t

+
K )
(τ2, τ1) = C+

ρ̄B
(τ2 − τ1)

+ 2
K∑

k=1

μ[k](tK ; τ2)μ[k](tK ; τ1). (63)

All the different scenarios for the control-history-
dependent gate fidelity studied in Secs. III and IV can now
be reinterpreted and explained based on the nonzero means
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μ[k](tK ; τ) of the bath-state components, which encode the
control history. Indeed, following an independent deriva-
tion for the qubit fidelity at time tK + τG, now starting
from the initial joint state |+〉〈+| ⊗ ρB(t+K ), as shown
in Appendix B, we can derive the following alternative
expressions directly:

χc =
∫ τG

0
dτ2

∫ τG

0
dτ1yG(τ2)yG(τ1)

[
C+
ρB,zK (tK )

(τ2, τ1)

−2〈B(tK + τ2)〉ρB,zK (tK )
〈B(tK + τ1)〉ρB,zK (tK )

]
,

(64a)

θq,[k] ≡ 2
∫ τG

0
dτ yG(τ )μ[k](tK ; τ). (64b)

Note that these expressions are written directly in terms of
the statistics of the updated bath-state components, with no
explicit reference to the initial bath states ρ̄B. In turn, we
have described the statistics of the updated bath-state com-
ponents in terms of those of the original bath state—and,
importantly, the control history. If we substitute Eq. (61)
[Eq. (62)] into Eq. (64a) [respectively, Eq. (64b)], we thus
obtain back the original expressions in Eq. (22) [respec-
tively, Eq. (48)]. The expressions in Eqs. (64a) and (64b)
shed a different light on the dynamics, however, as now we
can directly interpret the quantum phases as being acquired
through the non-zero-mean (Gaussian) components of the
physical quantum state of the bath, which are in turn deter-
mined by past control operations applied to the system.
In particular, one can see explicitly from Eq. (64b) that if
the bath state was reset after every qubit reset, one would
have that μ[k](tK ; τ) ≡ 0 and consequently all the quantum
phases would vanish.

In the remainder of this section, we specifically focus
on explaining the results of Sec. IV B 3 (and Fig. 8
in particular), which are indirect evidence of approxi-
mate reequilibration under prolonged high-fidelity DD. For
completeness, the case of periodic control repetition is also
included in Appendix C.

B. Approximate reequilibration of quantum bath
statistics

Consider K − 1 time intervals of general, possibly low-
fidelity, control, characterized by a switching function
yhist(t) ≡ yctrl

hist(t) and separated by K − 1 reset operations
applied at times tk, k = 1, . . . , K − 1. The high-fidelity
idling sequence of length Tidle is, in turn, characterized
by a switching function yhist(t) ≡ y idle

hist (t) (for a graphical
illustration, see Fig. 9). We will now argue that, under the
same assumptions on the LF noise as before, the means
of the updated bath state after the last reset at time tK ,
〈B(tK + τ)〉ρB,zK (tK )

, converge to a value that is determined
by the mean of the idling period alone, in the asymp-
totic limit where Tidle → ∞. Thus, the means converge

CDDnidle

FIG. 9. The schematics for the reequilibration analysis of the
quantum bath statistics. The prolonged high-fidelity idling period
has duration tK − tK−1 ≡ Tidle.

to a value that is ultimately limited by the finite control
resources τ0 > 0.

By using Eq. (61), we can write the mean corresponding
to ρB,zK(tK) in the decomposition of the bath state after the
K th reset at tK = tK−1 + Tidle as

〈B(tK + τ)〉ρB,zK (tK )
= 〈B(tK−1 + Tidle + τ)〉ρB,zK (tK )

≡
K−1∑
k=1

zkμ
ctrl
hist,k(tK ; τ)+ zKμ

idle
hist(tK ; τ),

where the two mean contributions are given by Eq. (62),
in terms of the appropriate switching functions. By first
focusing on μk,ctrl(τ ), we may write it as an overlap
integral in the frequency domain:

μctrl
hist,k(tK ; τ) = −i

∫ tk

tk−1

yctrl
hist(t)C

−(tK−1 + Tidle + τ − t)

= 1
2π

∫ ∞

−∞
ei(tK−1−tk−1+Tidle+τ)ω

× e−itk−1ωFctrl
hist(−ω; tk−1, tk)S−(ω) dω.

Under the stated LF assumptions on the noise, we may then
define the LF expansion

eiωtk−1Fctrl
hist(ω; tk−1, tk) ∼ F̃Reω

αRe
p (tk − tk−1)

αRe
p +1

+ iF̃Imω
αIm

p (tk − tk−1)
αIm

p +1,

where F̃Re / Im ∈ R. By following a reasoning analogous
to the one in Theorem 1, one can then show that, pro-
vided that s is not an odd integer, we obtain the asymptotic
expansions

|μctrl
hist,k(tK ; τ)| Tidle→∞∼ dRe�0γ

αRe
p

0 (tk − tk−1)
αRe

p +1

×

∣∣∣∣cos
(
π(s+αRe

p )

2

)∣∣∣∣
(γ0|tK−1 − tk−1 + Tidle + τ |)1+s+αRe

p

+ dIm�0γ
αIm

p
0 (tk − tk−1)

αIm
p +1

×

∣∣∣∣sin
(
π(s+αIm

p )

2

)∣∣∣∣
(γ0|tK−1 − tk−1 + Tidle + τ |)1+s+αIm

p
,
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with

dRe ≡ 2
(1 + s + αRe
p )

π
( 1+s
2 )

|F̃Re|,

dIm ≡ 2
(1 + s + αIm
p )

π
( 1+s
2 )

|F̃Im|.

Hence, the contributions before the idling sequence decay
to zero in a power law, on a time scale 1/γ0. For transient
values of γ0Tidle, however, this contribution can a priori be
of the same order as for Tidle = 0. Importantly, when s is an
odd integer, μctrl

hist,k(tK ; τ) can still decay superpolynomially
in Tidle, since αRe

p and αIm
p have opposite parity. In such a

case, the bath statistics would only reequilibrate faster.
Turning to the second term, μidle

hist(tK = tK−1 + Tidling; τ),
one expects that by choosing a sufficiently high-order
DD scheme applied in the fast-control limit, γ0τ0 � 1,
μidle

hist(tK ; τ) can be made negligibly small for a value of
the minimal time scale Tidle needed to make the first
term, μctrl

hist,k(tK = tK−1 + Tidle; τ), decay. While obtaining
a quantitative upper bound to supτ>0 |μidle

hist(tK ; τ)| for fixed
(but large enough) Tidling is an interesting problem, which
we leave to future analysis, the existence of such a bound
is expected from the fact that a rigorous nonzero bound is
known for the minimum decay χc achievable by any DD
sequence, subject to a timing constraint τ0 > 0 [23].

VI. SUMMARY AND OUTLOOK

In this work, we have shown that temporally corre-
lated nonclassical noise introduces an additional mecha-
nism for bath-mediated error propagation, even when the
system-side error propagation is fully removed through
perfect reset operations. Such bath-side error propagation
is generally detrimental to the performance of DES, which
becomes dependent upon the control history through an
intricate interplay between the properties of the underly-
ing nonclassical noise spectrum as well as the details of
the implemented quantum protocol. In the context of a
minimal single-qubit model, we have quantitatively char-
acterized the impact of such a control-history dependence
on the fidelity of a DD-protected identity gate under tem-
porally correlated Gaussian dephasing noise with both
low- and high-frequency components, and dephasing-
preserving unitary control subject to a finite timing con-
straint.

We find that significant quantum effects, resulting
in transient gate-fidelity oscillation and eventual gate-
performance saturation, can arise even in parameter
regimes in which decay effects only contributed by clas-
sical noise are suppressed to high fidelity. The presence of
narrow high-frequency noise peaks is especially harmful
in conjunction with digital control timing, due to the pos-
sible onset of resonant effects that can further contribute to

the emergence of erratic gate-fidelity behavior. Physically,
these effects are shown to arise from the non-negligible
“backaction” that the quantum bath can suffer due to the
qubit and the nontrivial way in which its statistical prop-
erties are modified, when temporal correlations remain
significant across multiple circuit locations. While sim-
ilar backaction effects have attracted renewed attention
recently [48,96–100], our work takes a first step toward
elucidating their implications for DES and fault-tolerant
QEC.

With the above in mind, we have seen that pro-
longed periods of high-fidelity qubit idling can success-
fully decouple the system and the bath and allow for
approximate reequilibration of the bath statistics. Although
this approximate reset procedure can be performed at will
in principle, and it approximately restores the notion of a
constant gate error, it comes at the expense of having to
idle the computational degrees of freedom for an increas-
ingly long time. Besides preventing the implementation of
other logical operations (or otherwise imposing additional
compatibility constraints on their execution [24]), such
extended idling could be problematic if temporally uncor-
related noise (not considered here) is also present—as
would always be the case to some extent in practice. Since
this could cause significant decoherence, additional trade-
offs would then have to be addressed for DES to remain
beneficial in the presence of both noise sources.

As we have acknowledged, the present analysis is ide-
alized in several ways. Nonetheless, it serves as a caution
that our current understanding about the interplay between
DES and QEC, which largely ignores the possibility of
backaction from the driven computational degrees of free-
dom onto a quantum bath, may fail to capture important
aspects that temporal correlations can engender in the
resulting error-propagation dynamics. This initial analysis
lends itself to a number of open questions and generaliza-
tions. From a characterization standpoint, it underscores
the importance of further developing protocols that can
unambiguously detect the presence of nonclassical noise.
As it turns out, “generalized Ramsey protocols” may be
devised to this end, which are less demanding than full
QNS and, unlike existing ones [101], rely solely on uni-
tary control resources. While we plan to report on that
in a separate paper [86], it is interesting to note that
the effect of arbitrary (instantaneous) off-axis gates can
still be analyzed in terms of the same decay factor χc
and quantum phases θq,[k] considered here. In terms of
error mitigation, a direction for future work is to assess
whether the knowledge of the applied control history,
possibly combined with prior knowledge on the origi-
nal noise statistics, obtained via QNS, can be leveraged
to design improved adaptive-control schemes to make
the bath statistics reequilibrate faster, or with less taxing
control resources. Such an approach would broadly con-
nect to the idea of “bath engineering”—although, in a
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non-Markovian setting and indirectly, since the bath would
be steered through the control applied to the system, akin
to “indirect controllability” [102].

Most importantly, it is crucial to determine the extent to
which similar limitations to combining DES and QES as
identified in this single-qubit study will emerge in a proper
QEC setting, where only the logical (not the full physical)
state is projected onto the code space at each round. A first
next step in this direction would be to revisit the setting
of a three-qubit QEC code under bosonic dephasing con-
sidered in Ref. [50] and then move to one comprising at
least two logical qubits, where protected two-qubit gates
would also be needed. We expect that the presence of a
quantum bath will still result in additional constraints that
would need to be accounted for to properly choreograph
DES and QEC into a layered quantum computing archi-
tecture. For instance, carefully designed evolution blocks
may need to be included that allow for the relevant tem-
porally correlated bath to be reequilibrated, without rein-
troducing Markovian noise that may also generically be
present. Additionally, we expect that noise spatial correla-
tions, which could analogously entail a component enabled
solely by the nonclassical nature of the bath, would need to
be treated on an equal footing, as the system size increases.
With quantum information and QEC protocols continuing
to grow in complexity, our work highlights the importance
of additional theoretical and experimental investigations
into the combined effect of classical and quantum error
mechanisms, in concert with DES and QEC taken together.
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APPENDIX A: DERIVATION OF GENERAL
SYSTEM OBSERVABLES AND GATE FIDELITY

Recall that the relevant gate fidelity [Eq. (19)] is
defined as

FG(tK) = 〈+|ρS(tK + τG)|+〉

= 1
2

∑
z,z′∈{−1,1}

〈z|ρS(tK + τG)|z′〉

= 1
2
(1 + 〈z = +1|ρS(tK + τG)|z = −1〉 + H.c.) ,

(A1)

where, as noted in the main text, |z = −1〉 = |g〉,
|z = +1〉 = |e〉 denotes the qubit eigenbasis. The remain-
der of this appendix is dedicated to calculating the
above coherence matrix-element, 〈+1|ρS(tK + τG)|−1〉 =
1
2

(〈σx(tK + τG)〉 + i〈σy(tK + τG)〉
)
, step by step.

Keeping the switching function y(t), t ∈ [0, tK + τG)

fully general and recalling that the reset operations R
are assumed to be instantaneous, we can write the joint
system-bath state at the final time tK + τG as

ρSB(tK + τG) = U(tK , tK + τG)R(ρSB(t−K ))

× U†(tK , tK + τG),

where the consecutive prereset states are given by the
recursion

ρSB(t−k ) = U(tk−1, tk)R(ρSB(t−k−1))

× U†(tk−1, tk), k = 1, . . . , K , (A2)

where the joint unitaries are defined as in Eq. (5) and the
initial joint system-bath state is factorized into ρSB(0) =
|+〉〈+| ⊗ ρ̄B. We can again represent the |+〉〈+| state and
also the reset operation R in the σz basis,

R(ρSB(t−k )) = 1
2

∑
zk+1,z′

k+1

|zk+1〉〈z′
k+1|

⊗
∑

zk

〈zk|ρSB(t−k )|zk〉, k = 1, . . . , K ,

where from here on, the summation limits z ∈ {−1, 1} are tacitly assumed. It is then easy to verify that

〈+1|ρS(tK + τG)|−1〉 = 1
2

∑
zK+1,z′

K+1;zK

〈+1|TrB[U(tK , tK + τG)
(|zK+1〉〈z′

K+1| ⊗ 〈zK |ρSB(t−K−1)|zK〉)U†(tK , tK + τG)]| − 1〉

= 1
2

∑
zK

TrB[〈+1|U(tK , tK + τG)|+1〉〈zK |ρSB(t−K−1)|zK〉)〈−1|U†(tK , tK + τG)|−1〉]

. . .
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= 1
2K

∑
z1,...,zK

TrB[〈+1|U(tK , tK + τG)|+1〉〈zK |U(tK−1, tK)|zK〉 . . . 〈z1|U(t0, t1)|z1〉

〈z1|ρS(0)|z1〉ρ̄B〈z1|U†(t0, t1)|z1〉 . . . 〈zK |U†(tK−1, tK)|zK〉〈−1|U†(tK , tK + τG)|−1〉]

= 1
2K

∑
z1,...,zK

〈〈z1|U†(t0, t1)|z1〉 . . . 〈zK |U†(tK−1, tK)|zK〉〈−1|U†(tK , tK + τG)|−1〉

〈+1|U(tK , tK + τG)|+1〉〈zK |U(tK−1, tK)|zK〉 . . . 〈z1|U(t0, t1)|z1〉〉ρ̄B
. (A3)

Here, we have used that the projectors |z〉〈z| commute with
all unitaries ∀z ∈ {−1, 1}, ensuring that no cross terms of
the form 〈zk′ |U(tk−1, tk)|zk〉, zk �= z′

k survive and, in the last
line, we have used the cyclicity of the trace.

At this point, it is useful to introduce an indexed family
of switching functions that encode the specific values zk,

yz,zK(t) = y∓1,zK(t)

≡
{

zky(t), t ∈ [tk−1, tk), k = 1, . . . , K ,
∓ y(t), t ∈ [tK , tK + τG).

(A4)

With this definition, we can write

〈z|U(tK , tK + τG)|z〉〈zK |U(tK−1, tK)|zK〉 . . . 〈z1|U(t0, t1)|z1〉

= T+ exp
(

−i
∫ tK +τG

0
yz,zK(s)B(s)ds

)
.

Employing this relationship in Eq. (A3) then allows us to
more compactly write the desired coherence element as

〈z = +1|ρS(tK + τG)|z = −1〉 = 1
2K

∑
z1,...,zK

EzK , (A5)

with

EzK ≡ 〈T− exp
(

i
∫ tK +τG

0
y−1,zK(s)B(s)ds

)

× T+ exp
(

−i
∫ tK +τG

0
y+1,zK(s)B(s)ds

)
〉ρ̄B.

Finally, defining

H̄zK(t) ≡
{

y−1,zK(tK + τG − t)B(tK + τG + t), t ∈ [0, tK + τG),
y+1,zK(tK + τG + t)B(tK + τG − t), t ∈ [−tK − τG, 0),

we can write

EzK ≡
〈
T+ exp

(
−i
∫ tK +τG

−tK −τG
H̄zK(s)ds

)〉
ρ̄B

.

We can now utilize generalized cumulants to calculate
EzK . Since the noise process (B(t), ρ̄B) is Gaussian, sta-
tionary, and zero-mean, one only needs to calculate the
second-order cumulant, namely,

EzK = e− 1
2C

(2)
zK (tK +τG),

where

1
2
C(2)zK

(tK + τG) =
∫ tK +τG

−tK +τG
ds
∫ s

−tK −τG
ds′〈H̄(s)H̄(s′)〉ρ̄B

=
∫ tK +τG

tK
ds
∫ tK +τG

tK
ds′y(s)y(s′)C+(s, s′)

+ 2
∫ tK +τG

tK
ds
∫ tK

0
ds′y(s)yzK(s

′)C−(s, s′). (A6)

Here, the last line is obtained after splitting up the integra-
tion domain appropriately. Recalling that C+ is real and C−
is purely imaginary, we define the classical decay factor

χc(tK , tK + τG)

≡
∫ tK +τG

tK
ds
∫ tK +τG

tK
ds′y(s)y(s′)C+(s − s′), (A7)

and the quantum phase

θq,zK(0, tK ; tK , tK + τG)

≡ −2i
∫ tK +τG

tK
ds
∫ tK

0
ds′y(s)yzK(s

′)C−(s, s′), (A8)

010323-25



MICHIEL BURGELMAN et al. PRX QUANTUM 6, 010323 (2025)

to obtain

1
2
C(2)zK

(tK + τG)

= χc(tK , tK + τG)+ iθq,zK(0, tK ; tK , tK + τG).

First, note that the first term does not depend on the multi-
index zK and hence exp(−χc(tK , tK + τG)) factors out in
Eq. (A5). To simplify the remaining sum in Eq. (A5), it is
instructive to split up the second integral in Eq. (A6) into

∫ tK

0
ds =

K∑
k=1

∫ tk

tk−1

ds.

This yields

θq,zK(0, tK ; tK , tK + τG) =
K∑

k=1

zkθq,[k](tk−1, tk; tK , tK + τG),

(A9)

where θq,[k](tk−1) is defined in Eq. (23). Then, performing
the sum over z1, . . . , zK ∈ {−1, 1} in Eq. (A5), we obtain

〈+1|ρS(tK + τG)|−1〉 = 1
2

e−χc

K∏
k=1

cos
(
θq,[k]

)
,

with

θq,[k] ≡ −2i
∫ tK +τG

tK
ds
∫ tk

tk−1

ds′y(s)y(s′)C−(s − s′).

Finally, inserting this into Eq. (A1) yields the stated gate
fidelity in Eq. (47), if one considers splitting up the general
switching function as

y(t) ≡
{

yhist(t), t ∈ [0, tK),
yG(t − tK), t ∈ [tK , tK + τG).

In the special case K = 1, Eq. (21) is recovered.

APPENDIX B: DERIVATION OF UPDATED BATH
CORRELATION FUNCTIONS

In this appendix, we set out to derive the main results
reported in Sec. V A. While the method of propagating
quantum bath statistics to a later time after interaction
with the system can be formulated for more general open
quantum system dynamics [94], in order to make the
presentation self-contained, the necessary ingredients are
developed in the derivation in this appendix.

1. Decomposition of evolved bath state into Gaussian components

As a first step, let us work toward a representation of the bath state after the K th reset operation, in terms of bath-only
unitaries acting on the initial bath state,

ρB(t+K ) = TrS[U(tK−1, tK)(|+〉〈+|⊗ρB(t+K−1))U
†(tK−1, tK)]

=
∑
zK

〈zK |U(tK−1, tK)|zK〉 〈zK |zK〉 + 〈+|zK〉 ρB(t+K−1)〈zK |U†(tK−1, tK)|zK〉

= 1
2

∑
zK

〈zK |U(tK−1, tK)|zK〉ρB(t+K−1)〈zK |U†(tK−1, tK)|zK〉. (B1)

Following through with this recursion, we obtain

ρB(t+K ) = 1
2K

∑
zK∈{−1,1}K

ρB,zK(tK), (B2)

with

ρB,zK(tK) ≡ 〈zK |U(tK−1, tK)|zK〉
· · · 〈z1|U(0, t1)|z1〉ρ̄B〈z1|U†(t0, t1)|z1〉
· · · 〈zK |U(tK−1, tK)|zK〉.

We thus see that ρB(t+K ) is the uniform convex combination
of 2K different bona fide bath states, as stated in Eq. (60).
It is straightforward to see that all ρB,zK(tK) are Gaussian,
by writing

〈zK |U(tK−1, tK)|zK〉 · · · 〈z1|U(0, t1)|z1〉

= T+ exp
(

−i
∫ tK

0
yzK(t)B(t) dt

)
,

with yzK(t) ≡ zk yhist(t), for t ∈ [tk−1, tk). We are thus left
with calculating the first- and second-order moments of the
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Gaussian component ρB,zK(tK). For the first moment, we
can write

〈B(tK + τ)〉ρB,zK (tK )

≡ TrB[B(tK + τ)ρB,zK(tK)]

= TrB

[
T− exp

(
i
∫ tK

0
yzK(t)B(t) dt

)
B(tK + τ)

× T+ exp
(

−i
∫ tK

0
yzK(t)B(t) dt

)
ρ̄B

]
.

The method to calculate this quantity exactly (by virtue of
ρ̄B being a Gaussian state) is to substitute

B(tK + τ) = i
d

dλ
(e−iλB(tK +τ))

∣∣∣∣
λ=0

in such a way that

〈B(tK + τ)〉ρB,zK (tK )

= i
d

dλ

〈
T+ exp

(
−i
∫ tK + λ

2

−tK − λ
2

Bλ,zK(t) dt

)〉
ρ̄B

∣∣∣∣
λ=0

, (B3)

with

Bλ,zK(t) ≡

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

−yzK

(
tK + λ

2
− t
)

B
(

tK + λ

2
− t
)

, t ∈
[
λ

2
, tK + λ

2

)
,

B(tK + τ), t ∈
[
−λ

2
,
λ

2

)
,

yzK

(
tK + λ

2
+ t
)

B
(

tK + λ

2
+ t
)

, t ∈
[
−tK − λ

2
, −λ

2

)
.

Relying on (Bλ,zK(t), ρ̄B) being a (zero-mean) Gaussian noise process, we can again utilize generalized cumulants (and
simple time reparametrizations) to obtain

〈
T+ exp

(
−i
∫ tK + λ

2

−tK − λ
2

Bλ,zK(t) dt

)〉
= e− 1

2C
(2)
λ,zK

(0,tK ),

with
1
2
C(2)λ,zK

(0, tK) = λ2

2
〈B2(tK + τ)〉ρ̄B + λ

∫ tK

0
yzK(t)〈[B(tK + τ), B(t)]〉ρ̄B dt.

Substituting this in Eq. (B3), we then finally obtain

〈B(tK + τ)〉ρB,zK (tK )
= −i

∫ tK

0
yzK(t)C

−
ρ̄B
(tK + τ − t) dt. (B4)

The second-order moment of ρB,zK(tK) can be calculated in a completely analogous way. Explicitly, we have

〈B(tK + τ2)B(tK + τ1)〉ρB,zK (tK )

= TrB

[
T− exp

(
i
∫ tK

0
yzK(t)B(t) dt

)
B(tK + τ2)B(tK + τ1)T+ exp

(
−i
∫ tK

0
yzK(t)B(t) dt

)
ρ̄B

]

= − ∂2

∂λ2∂λ1

〈
T+ exp

(
−i
∫ tK +λ2

−tK −λ1

Bλ2,λ1,zK(t) dt
)〉

ρ̄B

∣∣∣∣∣
λ2=λ1=0

,

with

Bλ2,λ1,zK(t) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

−yzK(tK + λ2 − t)B(tK + λ2 − t), t ∈ [λ2, tK + λ2, ),

B(tK + τ2), t ∈ [0, λ2),

B(tK + τ1), t ∈ [−λ1, 0),

yzK(tK + λ1 + t)B(tK + λ1 + t), t ∈ [−tK − λ1, −λ1).
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Again, working this out by utilizing the second order of the generalized cumulant expansion, one obtains

〈B(tK + τ2)B(tK + τ1)〉ρB,zK (tK )

= 〈B(τ2)B(τ1)〉ρ̄B −
∫ tK

0
yzK(t)C

−
ρ̄B
(tK + τ2 − t) dt

∫ tK

0
yzK(t)C

−
ρ̄B
(tK + τ1 − t) dt

= 〈B(τ2)B(τ1)〉ρ̄B + 〈B(tK + τ2)〉ρB,zK (tK )
〈B(tK + τ1)〉ρB,zK (tK )

, (B5)

where, in the last line, we have used Eq. (B4) for the updated mean. Thus, we indeed see that ρB,zK(tK) and ρ̄B have the
same centralized moments, as claimed in Sec. V A.

2. Updated statistics for the full post-reset bath state

Putting everything together and performing the sum in Eq. (B2), we then obtain

〈B(tK + τ)〉ρB(t
+
K )

= − i
2K

∑
zK∈{−1,1}K

K∑
k=1

zk

∫ tk

tk−1

yhist(t)C−(tK + τ − t) dt = 0,

whereas for the updated quantum and classical correlation functions, we obtain

C−
ρB(t

+
K )
(τ2, τ1) ≡ C−

ρ̄B
(τ2, τ1), ∀τ2, τ1,

C+
ρB(t

+
K )
(τ2, τ1) = 1

2K

∑
zK∈{−1,1}K

(
C+
ρ̄B
(τ2, τ1)− 2

K∑
k1=1

K∑
k2=1

zk2zk1μ[k2](tK ; τ2)μ[k1](tK ; τ1)

)

= C+
ρ̄B
(τ2, τ1)− 2

K∑
k=1

μ[k](tK ; τ2)μ[k](tK ; τ1),

as reported in Eq. (63).

3. Alternative representation of post-reset qubit-only
dynamics

Lastly, it is also interesting to calculate the qubit-
only dynamics at the final time tK + τG directly from the
updated bath state at time ρB(t+K ). Note that for every
Gaussian component ρB,zK taken separately, the required
calculation is analogous to the one given in Appendix A
starting from ρ̄B, so we merely provide the result of apply-
ing the generalized cumulant expansion to compute every
term:

〈z = +1|ρS(tK + τG)|z = −1〉

= 1
2K

∑
zK∈{−1,1}

〈
〈−1|U†(tK , tK + τG)|−1〉

× 〈+1|U(tK , tK + τG)|+1〉
〉
ρB,zK (tK )

,

= 1
2K

∑
zK∈{−1,1}

e−iC(1)zK (0,τG)− 1
2C

(2)
zK (0,τG). (B6)

Since the subprocess ρB,zK(tK) is no longer zero-mean, for
the first cumulant we now have

C(1)zK
(0, τG) = 2

∫ τG

0
dτ yG(τ )〈B(tK + τ)〉ρB,zK(tK )

= θq,zK(0, tK ; tK , tK + τG), (B7)

where, in obtaining the second equality, we have used the
expression in Eq. (B4). The second cumulant reads

C(2)zK
(0, τG) =

∫ τG

0
dτ2

∫ τG

0
dτ1yG(τ2)yG(τ1)

×
(

C+
ρB,zK

(τ2, τ1)− 2〈B(tK + τ2)〉ρB,zK(tK )

× 〈B(tK + τ1)〉ρB,zK(tK )

)

= χc, ∀zK ∈ {−1, 1}K , (B8)

where, in obtaining Eq. (B8), we have used the fact that
ρB,zK(tK) has the same centralized moments as ρ̄B, as
established in Eq. (B5). We thus see that in Eqs. (B7)
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and (B8), we have derived expressions for the quantum
phase θq,zK and the classical decay factor χc that are equiv-
alent, respectively, to those of Eqs. (A8) and Eq. (A7)
but are directly expressed in terms of the statistics of the
(Gaussian components of the) updated bath state ρB(t+K ).
To arrive at Eq. (64b) for the phases θq,[k] cited in the main
text, it suffices to use Eq. (A9).

APPENDIX C: DRESSING OF BATH NOISE
SPECTRA WITH PAST PERIODIC CONTROL

In this appendix, we set out to study the updated quan-
tum bath statistics of Sec. V A for the case of periodic con-
trol repetition. For this, we start by representing μ(t1; τ)
(single-reset case) and μ[k](tK ; τ) (multiple-reset case)
in the frequency domain and considering the respective
asymptotic regime.

1. Single-reset case

We start by expressing μ(t1; τ) in Eq. (58) in the
frequency domain:

μ(t1; τ) = −i
∫ ts

0
yhist(t)C−

ρ̄B
(ts + τ − t) dt

= − i
2π

∫ ∞

−∞
eiω(ts+τ)Fhist(−ω; 0, ts)S−(ω) dω.

Now restricting to the case of periodic repetition, t1 = ts ≡
MτG,

eiωtsFhist(−ω; 0, ts) = ei(M+1) ωτG2
sin
(
M ωτG

2

)
sin
(
ωτG

2

) FG(−ω; τG),

we obtain

μ(M )(τ ; τG) ≡ μ(MτG; τ) = 1
2π

∫ ∞

−∞
eiωτμ(M )(ω; τG),

(C1)

with

μ(M )(ω; τG) ≡ − i
2
(
D(M )(ωτG)− 1 + iξ (M )(ωτG)

)

× FG(−ω; τG)S−(ω), (C2a)

= −i

(
M∑

m=1

eimωτG

)
FG(−ω; τG)S−(ω).

(C2b)

From Eq. (C2a), we can deduce the asymptotic limit, as

ξ (M )(ωτG) → Pv
cot
(
ωτG

2

), D(M )(ωτG) → 2π
τG

III 2π
τG
(ω),

with

III 2π
τG
(ω) ≡

∑
�∈Z

δ

(
ω − 2�π

τG

)
.

Inserting this in Eq. (C1), we obtain

μ(∞)(τ ; τG)

= − i
2τG

∑
�∈Z

e2i�π τ
τG FG

(
−2�π
τG

; τG

)
S−
(

2�π
τG

)

+ 1
4π

Pv
∫ ∞

−∞

(
cot
(ωτG

2

)
+ i
)

FG(−ω; τG)S−(ω) dω.

We thus see that the infinite periodic repetition singles out
the IRFs and additionally includes the (regularized) anti-
symmetric singularities of the Pvcot(ωτG/2) term, plus a last
overall contribution.

From Eq. (C2b), we can in turn derive the speed of con-
vergence, as well as the criterion for convergence, fully
analogously to the derivation in Sec. III A. We readily
obtain that

|μ(M )(τ ; τG)− μ(∞)(τ ; τG)|

∼ F̃Re
(1 + sRe
p ) cos

(
πsRe

p

2

)

×
(
ζ(1 + sRe

p )−
∞∑

m=M+1

1

m1+sRe
p

)

+ F̃Im
(1 + sIm
p ) cos

(
πsIm

p

2

)

×
(
ζ(1 + sIm

p )−
∞∑

m=M+1

1

m1+sIm
p

)
,

where we have introduced

sRe/Im
p ≡ s + αRe/Im

p > 0

and we have exploited the LF expansion

FG(ω; τG) ∼ F̃Reω
αRe

p + iF̃Imω
αIm

p . (C3)

Note that, due to the parity of the FF, αp,Re (αp,Im) is an
even (odd) integer.

2. Multiple-reset case

For the case of multiple resets, let us introduce

μ
(M )

k̃
(τ ; τG) ≡ μ[k=K−k̃+1](KMτG; τ), k̃ = 1, . . . , K ,
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We then obtain, from the definition in Eq. (62),

μ
(M )

k̃
(τ ; τG) = 1

2π

∫ ∞

−∞
ei(τ+(k̃−1)MτG)ωμ(M )(ω; τG) dω

= − i
2π

M∑
m=1

∫ ∞

−∞
dωeiω(τ+(m+(k̃−1)M )τG)FG(−ω; τG)S−(ω).

Employing the same LF expansion in Eq. (C3), we can then upper bound the means for asymptotically large values of k̃:

|μ(M )

k̃
(τ ; τG)| ≤ F̃Re
(1 + sRe

p )

∣∣∣∣∣cos

(
πsRe

p

2

)∣∣∣∣∣
M∑

m=1

1

(τ + mτG(k̃ − 1)MτG)
1+sRe

p

+ F̃Im
(1 + sIm
p )

∣∣∣∣∣sin

(
πsIm

p

2

)∣∣∣∣∣
M∑

m=1

1

(τ + mτG(k̃ − 1)MτG)
1+sIm

p

≤ MF̃Re
(1 + sRe
p )

∣∣∣∣∣cos

(
πsRe

p

2

)∣∣∣∣∣
1

(τ + (k̃ − 1)MτG)
1+sRe

p

+ MF̃Im
(1 + sIm
p )

∣∣∣∣∣sin

(
πsIm

p

2

)∣∣∣∣∣
1

(τ + mτG(k̃ − 1)MτG)
1+sIm

p
, (C4)

for k̃ → ∞ and for a fixed value of τ . We have again
excluded the case in which the Ohmicity parameter s is
an odd integer.

This decay formula for |μ(M )

k̃
(τ ; τG| can then be utilized

to show pointwise convergence of any multitime correlator
of the asymptotic bath state ρB(t+K ) for the case of periodic
control repetition (tK = KMτG). This can easily be seen for
the classical correlation function by rewriting Eq. (63) as

C+
ρB(t

+
K )
(τ2, τ1)

= C+
ρ̄B
(τ2 − τ1)+ 2

K∑
k̃=1

μ
(M )

k̃
(τ2; τG)μ

(M )

k̃
(τ1; τG)

and utilizing the fact that, for fixed τ1, τ2, (and M , τG),
μ
(M )

k̃
(τ1,2; τG) decay according to Eq. (C4) for k̃ → ∞.

Pointwise convergence of any higher-order statistics of the
total bath state in the multiple-reset case under periodic
control can be shown in an analogous way.
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