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Constraining molecules in simulations (such as with constant bond lengths and/or angles) reduces
their degrees of freedom (DoF), which in turn affects temperature calculations in those simulations.
When local temperatures are measured, e.g. from a set of atoms in a subvolume or from veloci-
ties in one Cartesian direction, the result can appear to unphysically violate equipartition of the
kinetic energy if the local DoF are not correctly calculated. Here we determine how to correctly
calculate local temperatures from arbitrary Cartesian component kinetic energies, accounting for
general geometric constraints, by self-consistently evaluating the DoF of atoms subjected to those
constraints. The method is validated on a variety of test systems, including systems subject to a
temperature gradient and those confined between walls. It is also shown to provide a sensitive test
for the breakdown of kinetic energy equipartition caused by the approximate nature of numerical
integration or insufficient equilibration times. As a practical demonstration, we show that kinetic
energy equipartition between C and H atoms connected by rigid bonds can be violated even at the
commonly-used time step of 2 fs, and that this equipartition violation appears to usefully indicate
configurational overheating.

I. INTRODUCTION

In molecular dynamics (MD) simulations, nanoscale temperature profiles are often required. For example, tempera-
ture profiles in confined fluid flows1,2 or across solid-liquid interfacial discontinuities3–6 are required to gain molecular
insights into thermal conductivity and local heating. In such simulations, locally-averaged particle thermal kinetic
energies provide the local temperature, or more strictly the local “kinetic temperature”. “Cartesian” kinetic tem-
peratures (components of the kinetic temperature due to velocities in the x, y and z directions) are also useful for
correctly thermostatting non-equilibrium simulations. For example, calculating the temperature of a group of atoms
in a fluid that is flowing requires subtraction of the streaming, non-thermal velocity, but using only transverse velocity
components is an expedient alternative7.

MD simulations also often impose rigid constraints using constraint dynamics8 or algorithms such as SHAKE9,
RATTLE10 or LINCS11. The temperature of a system of atoms with constraints is straightforwardly calculated by
subtracting one degree of freedom (DoF) for each constraint imposed. However, when a local temperature calculation
includes some, but not all, atoms or Cartesian directions which participate in a given constraint, it is not straightfor-
ward to determine how many DoF should be associated with that subset. Popular molecular dynamics codes often
simply split DoF evenly between atoms (such as treating two atoms joined by a bond of fixed length by subtracting
half a DoF each), and this approach often gives an approximately correct result on average, but any inhomogeneity
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(such as an interface or alignment under a field) can result in apparent differences in temperature between neigh-
bouring subsets, even at equilibrium where the equipartition theorem dictates that their average temperatures should
match12. This problem could be further amplified when a thermostat is applied to the (incorrect) local temperature,
potentially resulting in the simulation having a vastly different temperature to the one prescribed. Such problems
have been identified, for example, in studies of the liquid-solid interface13 and polar molecules under an electric field14.

Recently this issue has been considered for some specific cases,13,15, but as highlighted by Matsubara et al.15, the
approaches presented to date are not easily extended into a practical, generally applicable procedure. For example,
treatment of systems with many connected constraints, such as a long carbon chain or a PF−

6 ion with rigid bonds,
would be challenging and require new derivations. Below we present an approach where these extensions are straight-
forward and, in addition, components of the kinetic temperature in different directions are directly obtained. The
results presented in this manuscript can be applied to any dynamical particle systems with geometric constraints,
although the concrete examples focus on molecular systems since geometrically-constrained molecular dynamics sim-
ulations are widely applied to systems as disparate as biological macromolecules and energy storage materials. Thus
“molecules” could be more generally interpreted as sets of particles which may have constraints between them, and
“atoms” the individual particles (so, for example, they could be united atoms or other coarse-grained point masses).

II. THEORY

Suppose we have a system of molecules consisting of the set of atoms, P, moving in D dimensions (usually {x, y, z}),
and we are interested in a subset of atoms, S, which each have mass mj and peculiar (thermal) velocity vj . The local
kinetic temperature of that subset, TS , is given by

TS =
1

2dSkB

〈∑

j∈S

∑

α∈D
mj (vj · êα)

2

〉
, (1)

where kB is Boltzmann’s constant, ⟨. . . ⟩ represents an ensemble average, êα is the unit vector in direction α, and dS
is the number of degrees of freedom in the subset.

In the absence of constraints, dS is simply |D| |S|; that is, the number of spatial dimensions multiplied by the number
of atoms in the subset (dS = 3NS for a system of NS ≡ |S| atoms in three dimensions). If a set of Nc constraints
acts on the relative motions of particles which are all in S, then one degree of freedom should be subtracted for each
such constraint. That is, dS in Equation 1 becomes |D||S| − Nc. For example, if we consider CH3CCl3 in 3 Cartesian
dimensions, and constrain the 3 C-H bond lengths, the number of degrees of freedom of the subset of atoms in CH3

will be dS = (3 × 4 − 3) whereas for the subset in CCl3 it will be dS = (3 × 4) and the total number of degrees of
freedom of the molecule will be d = (6 × 4 − 3).

However, if we now defined S as just the H atoms, it is no longer straightforward to determine the correct dS to
use, since the set of constraints involves atoms both within and outside the subset of interest. This work aims to treat
such cases, which are further illustrated in Fig. 1.

A. Rigid Bodies

We first consider the case of a fully rigid body, i, that could be a molecule or a molecular fragment. The rigid body
comprises an arbitrary set of atoms, Ri, in 3-dimensional space (D = {x, y, z}) and its kinetic energy is given by

Ki =
1

2

∑

j∈Ri

mjvj · vj , (2)

=
1

2

(
vT

i Mivi + ωT
i Iiωi

)
, (3)

= Ktr
Ri

+ Krot
Ri

, (4)

where vi is the center of mass velocity of the rigid body, ωi is its angular velocity,

Mi =
∑

j∈Ri

mj1 (5)
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FIG. 1. An illustration of the system, constrained atoms, and various subsets relevant to local temperature measurement. P
is the set of all atoms in the system. S is the subset of interest for local temperature measurement (S ⊆ P). Ri are sets of
atoms which form rigid bodies (Ri ⊆ P). Fi are sets of atoms which form semi-rigid fragments (Fi ⊆ P). Qi are the subsets
of Ri and Fi which intersect with S. The DoF associated with a given Qi is straightforward to determine when all atoms in
a constraint are included, and thus Qi = Ri or Qi = Fi (e.g. Q6), while the methods described in this manuscript are needed
for correct DoF determination when some constrained atoms are excluded from the local temperature measurement, making
Qi a proper subset of Ri or Fi, so that Qi ̸= Ri or Qi ̸= Fi (e.g. Q3, Q4, Q5 or Q7).

is its translational inertia matrix (or mass matrix), with 1 being the identity/unit matrix of size 3, and

Ii =
∑

j∈Ri

−mj




0 −rij,z rij,y

rij,z 0 −rij,x

−rij,y rij,x 0




2

(6)

≡
∑

j∈Ri

−mj [rij,×]
2

(7)

=
∑

j∈Ri

Iij (8)

is its rotational inertia tensor (or moment of inertia tensor) relative to the center of mass of the rigid body. Here rij,α

is the α component of the position of atom j relative to the center of mass of its rigid body, i, and the × subscript
notation, defined by Eqn. 7, denotes a matrix which applies the cross product; that is, [rij,×]v ≡ rij × v for a vector
v.

We start by considering the process for treating the translational DoF associated with each mode (i.e. translation
in the x, y and z directions). For self-consistency it is required that at equilibrium the DoF of each mode must be
partitioned between atoms of the rigid body such that the same temperature is obtained when it is calculated for any
non-empty subset of atoms, Qi, within Ri. That is, for direction α,

〈
Ktr,α

Qi

〉

dtr,α
Qi

=

〈
Ktr,α

Ri

〉

dtr,α
Ri

∀Qi ⊆ Ri, (9)

where Ktr,α
Ri

is the translational kinetic energy along direction α, so Ktr
Ri

=
∑

α∈D Ktr,α
Ri

. Since the translational
velocity of each atom of the rigid body must be the same and the subset Qi could be the single atom j, this leads to
a unique solution for the DoF of atom j in translational mode α of rigid body i as

dtr,α
j =

mj∑
k∈Ri

mk
, (10)

=
êT

α (mj1) êα

êT
αMiêα

. (11)
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The first line shows that this is a simple partitioning based on atom j’s contribution to the total mass of the rigid body.
However, we write it in a more general form in the second line to aid generalisation later. Hence, the translational
DoF should be partitioned based on the contribution of each atom participating in the mode to the translational
inertia (mass). In the example considered above, if the CH3 group is completely rigid, all atoms in this group will
have the same translational velocity and, according to Eqn. 11, the C atom has dtr

C = 3 × 12.011/15.035 and each H
atom has dtr

H = 3 × 1.008/15.035, with a total of dtr = 3 for the CH3 group. For the translation degrees of freedom,
the partitioning only depends on the masses of the atoms and not on the structure of the rigid molecule or molecular
fragment. We note in passing that this partitioning also applies to the DoF reduction associated with the constraint
on the total center of mass momentum for a system with only internal forces, as has been demonstrated by Uline et
al.16.

This process extends straightforwardly to the rotational modes. The rotational inertia tensor, Ii, is symmetric
positive semi-definite, and thus always has an eigendecomposition Ii = QiΛiQ

T
i , in terms of the projection matrix of

eigenvectors Qi and the diagonal matrix of eigenvalues Λi. As such, the columns q̂iβ of Qi (representing the normal
modes of rotation) are the orthonormal unit vectors pointing in the principal axes, β, and each diagonal entry, λiβ ,
of Λi is the corresponding principal moment of inertia. Hence the rotational kinetic energy of any subset Qi can be
decomposed into components from each normal mode (i.e. about each principal axis) by

Krot
Qi

=
∑

β∈D
Krot,β

Qi
, (12)

where

Krot,β
Qi

≡ 1

2

∑

j∈Qi

ωT
i Iijωi, (13)

=
1

2

∑

j∈Qi

ωT
i q̂iβq̂T

iβIijq̂iβq̂T
iβωi, (14)

=
1

2
ωT

i q̂iβq̂T
iβωi

∑

j∈Qi

q̂T
iβIijq̂iβ , (15)

=
1

2
|ωi|2

∑

j∈Qi

q̂T
iβIijq̂iβ . (16)

In the first line, ωi is projected onto the basis vector of mode β in order to determine the kinetic energy in that mode,
while the following lines show a convenient simplification, noting that |q̂iβ | = 1.

To calculate the partitioning of the DoF for each non-zero rotational mode (λiβ ̸= 0), we again require for self-
consistency that any subset Qi ⊆ Ri has equal modal temperature when at least one particle in Qi participates in
the mode; that is

〈
Krot,β

Qi

〉

drot,β
Qi

=

〈
Krot,β

Ri

〉

drot,β
Ri

∀Qi ⊆ Ri, λiβ ̸= 0. (17)

Considering the subset Qi to be the single atom j leads to the solution

drot,β
j =

q̂T
iβIijq̂iβ

q̂T
iβIiq̂iβ

=
q̂T

iβIijq̂iβ

λiβ
, (18)

where the denominator is the total inertia of mode β. Hence, as for the translational case, the DoF associated with
a given rotational mode is partitioned between atoms based on their contribution to the modal inertia. However, in
this case the DoF will depend on both the mass of the atoms and the geometry of the rigid body through Iij .

The above is sufficient to calculate the total DoF associated with particle j in a rigid body as

dj =
∑

α∈D
dtr,α

j +
∑

β∈D
λiβ ̸=0

drot,β
j , (19)

and hence to obtain the local temperature TS from Eqn. 1 based on

dS =
∑

j∈S
dj . (20)
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This is a generalisation of the method presented in Ref.13 for rigid water molecules viewed from a modal reference
frame, and the result is equivalent to that recently derived by Matsubara et al.15 based on equilibrium statistical
mechanics. Directly applying these equations to the same rigid body geometry of the simple point charge extended
(SPC/E) water model17 yields values of 1.5947 and 2.8106 DoF for H and O atoms, respectively, regardless of
the reference coordinate system. This is in agreement with previously published values13,15, and testing on other
geometries confirmed that symmetrically equivalent particles within a rigid body are always assigned equal DoF as
expected. Further validation by simulation of rigid ethane molecules in contact with a flexible graphene membrane
can be seen in Section III A.

1. Directional temperature

We now extend this framework to consider cases where the local temperature due to components of the thermal
kinetic energy in particular orthogonal directions is required, such as measurement of temperature parallel or perpen-
dicular to an interface. In these cases, the orthogonal unit vectors in the directions of interest, êγ , are not necessarily
aligned with the basis vectors of the reference frame, êα.

For translational DoF, it is trivial to see from projection of each mode along each êγ that

dtr,γ
j =

∑

α∈D
dtr,αγ

j (21)

=
∑

α∈D

êT
α êγ êT

γ (mj1) êγ êT
γ êα

êT
α êγ êT

γ Miêγ êT
γ êα

, (22)

=
mj∑

k∈Ri
mk

, (23)

and therefore, as expected, the partitioning of translational DoF is invariant to rotation of the coordinate system.
To find the DoF of atom j associated with motion in direction γ due to rotational mode β, Eqn. 18 can be

decomposed in a similar manner to obtain the directional inertia of each mode. For rotational motion in mode β with
angular velocity of magnitude a, the velocity of atom j ∈ Ri, projected along direction γ, is given by

vrot,βγ
j = aêT

γ [−rij,×] q̂iβ , (24)

and hence the inertia of that atom in direction γ of mode β is

Irot,βγ
j = mj

(
vrot,βγ

j

)2

a2
, (25)

= mj

(
êT

γ [−rij,×] q̂iβ

)2
. (26)

As before, the fractional DoF associated with motion in mode β of atom j in direction γ is obtained from the relative
inertia contribution as

drot,βγ
j =

Irot,βγ
j

λiβ
. (27)

Summing over all translational and rotational modes yields the total DoF of atom j for motion in direction γ,

dγ
j =

∑

α∈D
dtr,αγ

j +
∑

β∈D
λiβ ̸=0

drot,βγ
j , (28)

and hence the directional kinetic temperature of a subset of atoms, S, measured along some set of mutually orthogonal
êγ for γ ∈ G can be obtained from

TS,G =

∑
j∈S

∑
γ∈G mj (vj · êγ)

2

kB

∑
j∈S

∑
γ∈G dγ

j

. (29)

Note that since motion is treated here in the global reference frame rather than a body-fixed frame, it allows direct
calculation of DoF in Cartesian directions without requiring further transformations. Alternatively, since the direc-
tional DoF in a body-fixed frame is rotationally invariant, if it has already been calculated in one reference frame (or
orientation) then it may be rotated into another. We demonstrate and validate this directional DoF decomposition
in Section III B.
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2. Volumetric rigid bodies

It is interesting to consider that while this formalism has been derived in terms of rigid bodies composed of point
masses, it could be equally applied to volumetric rigid bodies described by a mass density function, ρi(r). It is simple
to see that the density of DoF for the translational mode in direction α is given by

dtr,α
i (r) =

ρi(r)∫∫∫ ∞
−∞ d3rρi(r)

. (30)

For the rotational modes, the contribution of point r to the rotational inertia is given by

Ii(r) = −ρi(r) [(r − ri)×]
2

, (31)

where ri is the center of mass of the rigid body, and the × subscript is as defined in Eqn. 7. The total rotational
inertia of the rigid body is then given by

Ii =

∫∫∫ ∞

−∞
d3rIi(r). (32)

Hence, with Qi defined as before from the eigenvectors of Ii such that QT
i IiQi is diagonal, the density of DoF

associated with rotational mode β can be obtained as for the translational modes from the fractional contribution of
a point in space towards the total inertia of the mode,

drot,β
i (r) =

q̂T
iβIi(r)q̂iβ

λiβ
. (33)

Hence, the total density of DoF for rigid body i is

di(r) =
∑

α∈D
dtr,α

i (r) +
∑

β∈D
λiβ ̸=0

drot,β
i (r). (34)

From this, the kinetic temperature in a subvolume, V, of a system containing N rigid bodies can be obtained as

TV =

∫∫∫
V d3r

∑N
i=1 ρi(r)vi(r) · vi(r)

kB

∫∫∫
V d3r

∑N
i=1 di(r)

, (35)

where vi(r) is the velocity induced at position r due to the combined translational and rotational motion of rigid
body i. This treatment reduces to the previous consideration of point mass rigid bodies when ρi(r) is a sum of Dirac
delta functions.

An intriguing consequence of this formalism is the possibility to observe a temperature gradient across a rigid body
in a system undergoing heat flow by measuring kinetic temperature in subvolumes which are relatively small. This is
investigated in Section III C.

B. Semi-rigid fragments

Finally, we demonstrate that this framework can be extended in a practical manner to arbitrary sets of constraints
by considering an internal coordinate system for semi-rigid fragments such that the constraints are implicit. For
example, again considering CH3CCl3, this time with rigid C-H bond lengths but angles which are free to change,
the CH3 atoms form a semi-rigid fragment since they are all connected by at least one rigid constraint. The kinetic
energy of a semi-rigid fragment, i, consisting of the set of atoms j ∈ Fi is given by18

Ki =
1

2
θ̇T

i Iiθ̇i =
1

2
θ̇T

i JT
i




m11 · · · 0
...

. . .
...

0 · · · mj1


 Jiθ̇i, (36)

where θ̇i is the velocity in the internal coordinate system, Ii is the inertia, and Ji is the Jacobian with rank equal to the
total DoF which transforms from internal coordinate velocities to lab-frame atom velocities (further described below).
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It has been shown that internal coordinate systems, when transformed to the modal frame, satisfy the equipartition
theorem19. With, again, the eigenvectors, q̂iβ of the generalised inertia Ii as columns of Qi, the generalised velocity

in the modal frame is given by QT
i θ̇i, and the modal inertia is QT

i JT
i MiJiQi, where Mi is the mass matrix in Eqn.

36. As in previously considered examples, self-consistency dictates that the DoF associated with the motion of atom
j in a particular mode is given by its contribution to the modal inertia, which may be calculated for mode β by

dβ
ij =

q̂T
iβJT

i MijJiq̂iβ

q̂T
iβJT

i MiJiq̂iβ
=

q̂T
iβJT

i MijJiq̂iβ

λiβ
, (37)

where Mi =
∑

j∈Fi
Mij . The per-atom mass matrix, Mij , is equivalent to applying a switch matrix, Sij to Mi,

where Sij contains all zeroes except for the diagonal elements corresponding to atom j. Similar switch matrices can be
constructed to obtain directional DoF, or the DoF of a group of atoms within the fragment. Note, for these semi-rigid
fragments, the matrix Ji depends on the particular instantaneous configuration, and hence the DoF of a given atom
may change with time during a simulation, as was noted by Matsubara et al.15.

To illustrate the process for constructing the Jacobian, consider first the simple example of a water molecule with
rigid bond lengths, but an H-O-H angle which is free to change. Arbitrarily choosing one hydrogen atom (H1) as the
reference atom, the Jacobian describing the motion of this semi-rigid fragment is

JH2O =




1 0 0
1 − [rO − rH1]× 0
1 − [rO − rH1]× − [rH2 − rO]×


 , (38)

where the first block row describes the motion of H1, the second the motion of O, and the third the motion of the
second hydrogen, H2. The first block column accounts for translational motion, while the other two account for
rotation of O around H1, and rotation of the O-H2 bond relative to the rotation of O. Note that other choices are
also possible, but any choice which enforces the constraints will produce equivalent results since the inertia matrix
is diagonalized. Also note that omission of the third block column would result in a Jacobian suitable for treating a
rigid water molecule, and yields results identical to those in Section II A.

More generally, consider an acyclic (open chain) molecular fragment with atoms connected by a network of rigid
bonds. In this case there is a unique path between any two atoms (tree topology) and it is simple to see that the
Jacobian can be constructed in a similar manner, regardless of the number of atoms. For example, a methyl group
with rigid C-H bonds, choosing C as the reference atom, would have the Jacobian

JCH3
=




1 0 0 0
1 − [rH1 − rC]× 0 0
1 0 − [rH2 − rC]× 0
1 0 0 − [rH3 − rC]×


 , (39)

where the block rows correspond to C, H1, H2, and H3, respectively. This is applicable to the CH3 groups in an
ethane molecule where only the C-H bond lengths are held fixed, and we test this system in Section III D.

Constraints other than rigid bond lengths and on fragments with kinematic loops (e.g. in cyclic molecules) require
a more complicated process to construct the Jacobian, but can ultimately still be treated under the same framework.
We leave further discussion and application of this as future work.

It is important to highlight that although partial and local temperature measurements are in principle suitable for
use with a thermostat, doing so requires that (1) the thermostat should only be applied to the motion contributing
to the temperature measurement, and (2) for constrained molecules undergoing flow, all streaming modal motion
must be subtracted before measuring the kinetic temperature. Point (2) is particularly important; even if kinetic
temperature is measured only in directions perpendicular to the flow, rotational motion (e.g. under shear flow) can
contribute to the velocities being measured, and hence the streaming angular momentum must still be accounted for.
Similarly, if some mode in a semi-rigid fragment has a non-zero average modal velocity, that too should be treated as
streaming motion.

III. SIMULATIONS

Various molecular dynamics simulations used to verify the above theory are detailed below. Simulations were
performed using LAMMPS20 (version June 2023), with initial configurations generated using Moltemplate21, Visual
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Molecular Dynamics (VMD)22 and “make graphitics”23 as appropriate. Integration time steps were chosen to ensure
that the drift in energy was insignificant using the symplectic velocity Verlet integrator, in which energy corresponding
to a shadow Hamiltonian is conserved for step sizes within the stable regime24–26. Visualisations were generated using
VMD with the Tachyon renderer27.

A. Temperature profile across an interface

As a simple prototypical inhomogeneous test system, we model 500 rigid ethane molecules in contact with a flexible
7-layer graphene membrane inside a 3.92 × 3.82 × 5.5 nm3 periodic unit cell (see Fig. 2a). This gives a system with
two regions having approximately equal number density of atoms, but with all rigid constraints concentrated in the
ethane phase. The rigid body equations of motion were integrated using LAMMPS’ rigid integrator. The ethane
geometry, interaction parameters, and partial charges were from the Automated Topology Builder28,29 based on the
GROMOS 54A7 forcefield30, and geometric mixing rules were applied for Lennard-Jones parameters between ethane
and graphene. To equilibrate the system at 300 K, we initially applied a Nosé-Hoover thermostat31 to the atoms in
the graphene membrane and a separate Nosé-Hoover thermostat to the rigid ethane molecules, both with a coupling
time of 100 fs. After 50 ps with a 0.5 fs integration time step, the thermostats were removed and the system was
further equilibrated for an additional 10 ps under Newton’s equations of motion before measuring the kinetic energy
in 100 slabs equally spaced in the z direction (perpendicular to the membrane) over a period of 100 ps. To keep
temperature profile data comparable over time, the graphene membrane was restrained in the z direction by coupling
its center of mass to a harmonic oscillator with spring constant 5000 kcal mol−1 Å−2 at the mid-point of the periodic
unit cell. This was done consistently throughout the equilibration and production stages of the simulation.

The total number of DoF throughout the system is three for each graphene atom (total 4032 atoms) plus six per
rigid ethane molecule (total 4000 atoms in 500 molecules), or 15096 DoF in total. Figure 2b compares the kinetic
temperature profiles using three DoF partitioning methods, namely

1. Homogeneous partitioning: dividing 15096 DoF by 8032 atoms and assigning the resultant 1.88 DoF to each
atom.

2. Näıve partitioning: assigning 3 DoF to each atom in graphene, and dividing the 6 rigid body DoF evenly between
each atom in an ethane molecule (thus 0.75 DoF per ethane C or H).

3. Inertia-based partitioning: using equation 19 and the rigid ethane geometry gives 1.754 DoF per ethane C and
0.415 DoF per ethane H.

Note that while homogeneous partitioning may seem overly simplistic, it is the default in some molecular dynam-
ics packages, and a reasonable approach for homogeneous systems when local temperatures are measured within
reasonably sized subvolumes.

The inertia-based DoF partitioning scheme yields a uniform kinetic temperature profile of 300 K as expected, despite
the system’s inhomogeneity, while the näıve method results in artificial ringing at the interface due to the packing of
ethane molecules against the flat surface. As the näıve method underestimates the DoF of C and overestimates that
of H, this corresponds to relatively low apparent temperature in regions with high H concentration, and relatively
high apparent temperature in regions with high concentration of ethane C atoms. The homogeneous method, pre-
dictably, yields significant error throughout the system due to underestimating the DoF of atoms in graphene, and
overestimating that of atoms in rigid ethane.

B. Directional temperature

Results for an example calculation of the directional DoF of atoms in a rigid water molecule are shown in Fig.
3a. The water molecule is oriented so that it lies in the xy-plane, with one O–H bond along the x axis of the
Cartesian frame. Note, although the two hydrogen atoms are symmetrically equivalent and their total rotational and
translational DoF are the same, the directional rotational DoF components are different. This is because the reference
frame of the calculation does not correspond to the modal frame (i.e. the reference frame’s Cartesian axes do not
align with the principal axes of the rigid body).

We test this directional DoF assignment by simulating 1000 rigid water molecules confined between two walls, as
illustrated in Fig. 3b, and analysing the local, directional kinetic temperature of the hydrogen atoms. The 1152 wall
particles were modelled as copper atoms (mass 63.546 amu) on a FCC lattice with (100) surface. Lennard-Jones
interaction parameters for Cu were as for Ref.32, with arithmetic mixing rules for Cu-O interactions. Rigid water
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FIG. 2. Test of local DoF calculation using rigid ethane molecules (white and gray) in contact with a flexible graphene
membrane (purple) at equilibrium. A snapshot of the system is depicted in (a), aligned with the x axis of the plot in (b) which
shows the local temperature of 100 equally sized slab subvolumes centered around the corresponding z values. The “const.
DoF per atom” method calculates local temperature based on the assumption that each atom (whether it is part of a rigid
molecule or not) has the same number of DoF associated with it. The “näıve” method assigns the same DoF value to each
atom in a rigid body, giving atoms in graphene 3 DoF each, while those in rigid ethane are assigned 6/8 DoF. The inertia-based
partitioning method uses each atom’s contribution to the inertia of each mode, as per Eqn. 19, resulting in 3 DoF per graphene
carbon atom, 1.754 per carbon in rigid ethane, and 0.415 per hydrogen. Each line in (b) represents the average temperature
profile over a 20 ps time window. Note, some bins between graphene sheets had poor statistics due to low occupancy, and were
therefore omitted.

molecules were of the simple point charge extended (SPC/E) type17, and were integrated using Newton’s equations of
motion. For initialization and initial equilibration, using an integration time step of 1 fs, the initial configuration was
allowed to relax for 2 ns with the inter-wall spacing slowly adjusted from 7.25 nm until the density in the central 20%
of the channel matched that of a constant pressure simulation of SPC/E water at the same temperature and 1 atm.
During this process, the wall atoms were fixed at their lattice points, while a Nosé-Hoover thermostat at 300 K with
τ = 100 fs was applied to the water molecules. The simulation box size was fixed throughout at 3.063 × 2.6897 × 6.8
nm3, and the final channel width between surface wall particle centers was approximately 3.79 nm. The system was
then equilibrated with fixed inter-wall distance for a further 4 ns, before reducing the integration time step to 0.5
fs and equilibrating for another 100 ps. Each wall particle was restrained about its initial lattice position with a
three-dimensional harmonic potential of spring constant k = 65 kcal mol−1 Å−2), or a fundamental oscillatory period
of ∼ 48 fs. A three-particle chain Nosé-Hoover thermostat was applied to the combined group of upper and lower
wall particles with temperature T = 300 K and coupling time τ = 100 fs, using the LAMMPS tloop 5 keyword
to integrate the thermostat variables over five substeps per main integration step for added accuracy. SHAKE9,
RATTLE10 (both with 10−4 relative accuracy), or LAMMPS’ rigid integrator were used to impose constraints, with
differences between constraint algorithms all within statistical uncertainty. The data presented in Fig. 3 used the
SHAKE algorithm.

Figure 3c shows that due to ordering of the rigid water molecules near the walls, kinetic energy is not equally
partitioned between Cartesian directions. Considering that the system is at equilibrium, equipartition of kinetic
energy between the degrees of freedom is expected. Where the the water molecules are randomly oriented, like in the
bulk, the average orientation-dependent directional components of the rotational degrees of freedom would average
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FIG. 3. Directional DoF calculation and local temperature measurement of rigid SPC/E17 water molecules. (a) Example
results for the rotational, r, and translational, t, DoF in each Cartesian direction (on axes) and in total (below atom labels)
for a water molecule lying in the xy-plane with the x axis aligned with the O–H2 bond. (b) Illustrates the test system, (c)
shows the directional kinetic energy of hydrogen atoms in each subvolume, KS , normalised by a näıve approximation of the
DoF in each subvolume calculated by dividing the 6 rigid body DoF evenly between each direction of each atom (i.e. 2/3 each
in each direction), and (d) shows the same normalised instead by the orientation-dependent directional DoF, as calculated by
Eqn. 28. Dashed lines in (c) and (d) indicate the expected value of 0.5kBT per DoF, and four sequential 100 ps averages have
been superimposed for each observable.

out. However, this is not the case near the interface, and it is clear that orientational ordering of the molecules at the
interface causes some directions to have different DoF to others. In Fig. 3d, we introduce a scaling factor equal to the
total DoF in the given local volume for motion in the given direction, which is dynamically calculated based on the
orientation of each water molecule. This clearly shows that ⟨TS,γ⟩ = T , ∀ γ ∈ D, S ⊆ P; that is, the ensemble average
of the local, directional temperature agrees with the set-point temperature for all local subsets and all Cartesian
directions, as expected at equilibrium.

C. Temperature gradient across rigid bodies

In simulations of long molecules where there is a temperature gradient present, it is likely that different ends of the
molecule will be in different thermal environments, and the approach developed here should enable examination of
this for molecules with constraints. A simple test for a temperature gradient across a rigid body can be constructed
using rigid dumbbells consisting of two point particles; one interacting with a bath of hot particles, and one with a
bath of cold particles, as illustrated in Fig. 4a. The hot and cold bath particles occupy the same physical space but
do not interact directly, hence heat transfer must occur through the rigid dumbbells. All particles, including those
that formed the rigid dumbbells, were simple Lennard-Jones (LJ) particles of unit size and mass with an interaction
cut-off of 2.6 LJ units. The hot and cold particles were coupled to separate Nosé-Hoover thermostats at TH = 1.8
and TC = 0.8, respectively, with a coupling time of 0.1, all in normalised LJ units. The LAMMPS rigid integrator
was used to maintain the rigid constraints, and equations of motion were integrated with a dimensionless time step
of 0.001. The cubic periodic unit cell of side length 10.77 LJ units contained 990 hot particles, 990 cold particles,
and 10 dumbbells with bond length 1.077, for a total effective density of 0.8 for each set of interacting particles. This
ensured that both baths were in the liquid phase. Free particles simply have 3 DoF each, while each particle within
a dumbbell has 2.5 DoF (1.5 translational and 1 rotational). Particles were initially generated on a cubic lattice, and
then simulated for 250 LJ time units to reach the steady state before gathering data.

Figure 4c shows the kinetic temperatures of the baths, the hot and cold ends of the dumbbells, and the translational
and rotational modes of the dumbbells in the steady state. It can be seen that while the overall translational and
rotational temperatures of the dumbbells are approximately equal, the dumbbell particles in contact with the hot
bath have significantly more kinetic energy on average than the ones in contact with the cold bath. This implies some
correlation between the translational and rotational velocity components, resulting in a situation which is on average
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FIG. 4. Demonstration of temperature gradient across rigid dumbbells. Panel (a) shows a snapshot of the molecular dynamics
simulation. The purple (green) particle of each dumbbell interacts only with particles of the same color and with the orange
(cyan) bath particles. Orange bath particles are thermostatted to a normalised temperature of 1.8, and cyan particles a
temperature of 0.8. All particles are the same size and mass, although dumbbells are drawn larger for clarity. (b) Illustrates a
situation in which one end of a dumbbell carries more kinetic energy than the other, despite excitations of the rotational and
translational modes being of similar magnitude. (c) Shows the kinetic temperature of bath and dumbbell particles, and of the
translational and rotational dumbbell modes, plotted with time at the steady state (averaged over bins of 5 LJ time units for
clarity). Similarly, (d) shows the correlation between the translational and rotational velocity components of the hot and cold
dumbbell particles, averaged over the 10 dumbbells in the system.

similar to that illustrated in Fig. 4b. Figure 4d plots the correlation function between the velocity component of a
particle in a rigid dumbbell due to translation and that due to rotation, clearly showing a positive correlation for
the hot particle, and a negative one for the cold particle. Thus, the rigid body motion is such that one end of the
dumbbell is consistently and significantly hotter than the other.

D. Semi-rigid Fragments

We test the calculation for DoF of semi-rigid fragments again on ethane, this time in the bulk phase, with three
directional temperatures calculated from the set of all C atoms, and another three from the set of all H atoms. In
this case, the C–H bond lengths are fixed, but bond angles, dihedral angles, and C–C bond lengths are free to change,
as is common in molecular dynamics force fields for organic molecules. 1000 ethane molecules, initially placed on a
10 × 10 × 10 grid, were simulated in a 7 × 7 × 7 nm3 periodic volume, with interaction parameters as for Section III A
and an integration time step of 0.5 fs. Atoms were given initial velocities from a Boltzmann distribution at 300 K,
and allowed to relax under a Nosé-Hoover chain thermostat at T = 300 K with a 100 fs coupling time and a chain
length of 3. C–H bond lengths were fixed using the RATTLE10 algorithm with a 10−4 relative accuracy. A 10−5

relative accuracy was also trialed, and found to have negligible effect on results.
Table I shows that during the simulation, C and H atoms have geometry-dependent DoF that are almost always

similar to values from an energy-minimized geometry. The resulting DoF (about 2.77 per C atom and 2.08 per H
atom) differ significantly from a uniform distribution of 2.25 DoF per atom (24 unconstrained DoF, minus 6 C-H
bond length constraints, divided by 8 atoms). Based on uniformly-distributed DoF, the trajectory-averaged local
kinetic temperatures of C and H atoms are 374 K and 276 K respectively and give no meaningful information about
thermodynamic observables.

Figure 5 shows by contrast that inertia-based DoF partitioning gives meaningful local kinetic temperatures. At the
smallest integration time step shown, 0.5 fs, the local kinetic temperatures of both C and H atoms quickly converge
to 300 K as the long-time expectation value underlying instantaneous fluctuations, in agreement with the set-point of
the thermostat and the temperature of the overall system. Thus, it is clear that the inertia-based DoF partitioning
yields a correct local temperature measurement. However, Figure 5 also shows that at larger time steps the C and H
atoms converge to different temperatures whose difference from the expected temperature scales quadratically with
the time step (see Fig. S1 in the Supporting Information), reaching 4.5 K at 2.0 fs (commonly used in biomolecular
MD simulations). Notably, this is despite the system-wide global kinetic temperature converging to 300 K within
50 ps in all cases. It has previously been shown that, for the integration scheme used in this work, rigid constraints
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introduce a discretization error in the configurational distribution which scales with the square of the time step33,
as is observed in Fig. S2 of the Supporting Information. The probability distributions of structural features (bond
lengths, angles and dihedrals) are also affected by the discretization error, with a slight broadening at larger time
steps indicative of the configurational DoF being too hot, as shown in Fig. S3-S5 of the Supporting Information,
. Hence, we expect these temperature gaps are indicative of similar discretization errors in the local kinetic energy
distributions, which cancel out when only the total kinetic energy is measured. Similar issues have previously been
highlighted for rigid water molecules34.

Thus, beyond their fundamental importance to nonequilibrium properties (such as temperature gradients) and
dynamic properties (such as diffusivities and other transport coefficients), local temperatures (e.g. grouped by sym-
metrically equivalent atoms) may additionally serve as a useful indicator for the onset of discretization error in
integration schemes which otherwise preserve the distribution of the total kinetic energy. Importantly, checking for
discretization error using local atomic temperatures requires only structure and momentum data, and does not require
additional simulations with smaller time steps as a comparison point, thereby presenting a lower computational cost
than analysis of potential energy. We note, however, that because force fields are parameterized using a particu-
lar time step, any time step-dependent discretization error may be implicitly accounted for in parameterization, and
hence reducing discretization error may not correspond with improved agreement between simulated and experimental
results.
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FIG. 5. Directional kinetic temperature of hydrogen and carbon atoms in ethane with rigid C–H bond lengths (highlighted
red in the inset), using an integration time step of (a) 0.5 fs, (b) 1.0 fs, and (c) 2.0 fs. The x, y, and z components of the
temperature are plotted as separate lines, showing the average value over all time steps within a 50 ps window for clarity. The
system was thermostatted to 300 K, with randomly sampled initial velocities and molecules initially positioned on a uniform
lattice.

TABLE I. Distribution of the DoF for the H and C atoms in ethane with rigid C–H bond lengths.a

Atom Min. DoF Max. DoF Mean DoF b Std. Dev.
C 2.7685 2.7742 2.7709 5.8 × 10−4

H 2.0746 2.0773 2.0764 2.8 × 10−4

a From simulations at equilibrium (300 K, 0.5 fs time step).
b The mean values are in good agreement with those of the initial geometry taken from
the ground state of a single molecule energy minimisation calculation.

IV. CONCLUSION

In summary, we have derived a general and self-consistent framework for partitioning the degree of freedom as-
sociated with a given mode between participating masses by requiring only that any subset of masses has the same
kinetic temperature within the mode. This leads to the simple result that the fraction of a mode’s DoF associated
with a particular mass is equal to the inertia of that mass in the modal motion divided by the total inertia of the
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mode. This enables both local and directional kinetic temperature measurement, and is applicable both to rigid and
semi-rigid fragments consisting of point masses and/or volumetric rigid bodies. Results were validated on molecular
dynamics simulations of inhomogeneous systems, where the utility of the method is evident. Importantly, this method
enables local kinetic temperature measurements which encompass all relevant DoF, and, unlike other methods recently
presented in literature, it is general over arbitrarily constrained systems and can provide both modal and directional
information. Finally, by measuring separately the temperatures of carbon and hydrogen atoms with commonly-used
rigid C-H bonds, we have shown that for integration time steps above 0.5 fs, a steady state is reached in which the
two atom types have divergent temperatures, which may have implications on the development and transferability of
molecular dynamics force fields.

SUPPORTING INFORMATION: Analysis of the potential energy distribution (PDF)
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S1. ANALYSIS OF THE POTENTIAL ENERGY DISTRIBUTION

As shown in Fig. S1, the di�erence in temperature between C and H atoms and the thermostat set-point appears
to increase quadratically with the size of the integration time step. This observation is despite the fact that the total
kinetic energy of the system agrees with the set-point of 300 K. Hence, it is apparent that, at least for the simulation
conditions and integrator used, longer time steps result in a steady state in which C atoms are hotter than H atoms.

The velocity Verlet integrator, as implemented in LAMMPS, is expected to preserve the kinetic energy distribution
better than the potential energy distribution1, and Fig. S2 indeed shows that the potential energy also scales approx-
imately quadratically with the size of the time step. Furthermore, Figures S3{S5 demonstrate that while the error in
the rigid bond lengths remains the same at larger time steps, the bond length, bond angle, and dihedral angle distri-
butions broaden slightly, indicating overheating of the con�gurational degrees of freedom. These results indicate that
while the integrator may preserve the distribution of the total system kinetic energy out to relatively long time steps,
it may not preserve the local details of that distribution. It is therefore suggested that, at least for integrators which
accurately preserve the momentum distribution, breaking of equipartition between local kinetic temperatures in an
equilibrium simulation may be a good indicator of reduced accuracy in the con�gurational distribution. Importantly,
this metric does not require computationally expensive comparisons against other integration time steps.

[1] Zhang, Z.; Liu, X.; Yan, K.; Tuckerman, M. E.; Liu, J. Uni�ed e�cient thermostat scheme for the canonical ensemble with
holonomic or isokinetic constraints via molecular dynamics. J. Phys. Chem. A 2019, 123, 6056{6079.
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exible C{C (left) and rigid C{H (right) bonds in ethane for various integration time
steps, shown on a linear (top) and logarithmic (bottom) scale. Distributions measured over 3900 ps using snapshots 1 ps apart,
beginning after 400 ps of eqiuilibration time.
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FIG. S4. Bond angle distributions of H{C{H (left) and C{C{H (right) angles in ethane with rigid C{H bonds for various
integration time steps, shown on a linear (top) and logarithmic (bottom) scale. Distributions measured over 3900 ps using
snapshots 1 ps apart, beginning after 400 ps of eqiuilibration time.
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FIG. S5. Distributions of the H{C{C{H dihedral angle in ethane with rigid C{H bonds for various integration time steps, shown
on a linear (left) and logarithmic (right) scale. Distributions measured over 3900 ps using snapshots 1 ps apart, beginning
after 400 ps of eqiuilibration time. Measurements were taken only from the single dihedral angle of each molecule which had a
non-zero force constant in the force �eld, and averaged over the 0{120°, 120{240°, and 240{360°ranges to reduce noise. Hence,
only the 0{120°range is shown for clarity.


