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Fertility and female wages: a new link via house prices�

Abstract

The analysis in this paper explains a new link between fertility and female wages that
occurs through the e¤ect of house prices. It is well known that higher female wages have an
ambiguous e¤ect on fertility: the positive income e¤ect is o¤set by a negative substitution
e¤ect due to the higher opportunity cost of the maternal time required for child-rearing. Here
it is shown that housing costs add a new dimension to this relationship. If the housing needs
of children are a su¢ ciently important cost of child-rearing, then other costs of child rearing
such as the opportunity cost of maternal time are rendered relatively less important. Hence
the negative substitution e¤ect of higher female wages on fertility is weaker, implying that
higher female wages are more likely to boost fertility. This e¤ect is stronger when the housing
supply elasticity is high since house prices, and hence the costs of children, are kept in check.
The analysis here helps to reconcile empirical observations about fertility, female wages and
house prices in a number of countries. For governments concerned about low fertility, policies
to increase housing supply elasticity in order to keep house prices in check would be helpful.

Keywords: Endogenous fertility, House prices, Gender wages, Working-age populations.
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1. Introduction

The analysis in this paper connects two streams of literature on fertility. One is the well-
established literature on the e¤ect of economic growth on fertility. This e¤ect is ambiguous a priori
given that children are a normal good (Black et al., 2013), since higher household wages make
children more a¤ordable but raise the opportunity cost of maternal time. The negative opportunity
cost e¤ect, or substitution e¤ect, is stronger the more that economic growth raises female wages
relative to male wages (Barro and Becker, 1988; Cigno and Rosati, 1996; Galor and Weil, 1996).
This literature has been extended to show that the substitution e¤ect is weakened if households
can substitute paid child care for maternal time (Apps and Rees, 2004; Day, 2004; Martinez and
Iza, 2004; following Galor and Weil, 1996). Similarly, government-funded child care allowances
unambiguously raise fertility (Yasuoko and Gotto, 2011; Ishida et al, 2015). The purpose of this
paper is to explore how fertility responds to rising female relative wages if other cots of child rearing
are taken into account. The particular cost here is housing costs of children.
The case for incorporating housing costs into models of endogenous fertility is strong. Housing

costs comprise a greater portion of annual childrearing costs than do childcare or education (Lino,
2014). And intuitively, household decisions about having children and housing expenditure are
made jointly, since children require housing as well as other implicit and explicit costs.1

In analyzing the role of housing costs the model here also connects with the literature on the
links between demography and house prices, the early examples being Mankiw and Weil (1989) and
Poterba (1991). A recent stream of empirical papers shows that rising house prices are associated
with declining fertility in some high income countries but rising fertility in others. Yi and Zhang
(2010) �nd that high house prices account for approximately 65 per cent of fertility decline in
Hong Kong. Pan and Xu (2012) �nd a strong negative correlation between house prices and urban
fertility in China. Also, countries where home ownership is most di¢ cult also have the lowest
fertility (McDonald, 2008; Mulder and Billari, 2010; Ost, 2012). On the other hand, Dettling
and Kearney (2014) �nd a 10 per cent increase in house prices in the United States has led to a
4 per cent increase in births among home owners and a 1 per cent decrease among non-owners.
And Lovenheim and Mumford (2013) �nd house price increases have a positive wealth e¤ect on
the fertility of existing home owners. The ambiguity of this empirical literature on the relationship
between house prices and fertility suggests the need for analytical support from endogenous fertility
modelling, as noted by others (McDonald, 2008; Malmberg, 2010). The endogenous fertility model
here provides such a contribution.
The analysis here has potentially important policy implications, since it provides a better un-

derstanding of both the determinants of fertility and the e¤ects of rising house prices. Persistent
low fertility remains a concern for policy makers in many advanced economies. Referring to Fig-
ure 1, high income Asian economies continue to experience below replacement total fertility rates,
whereas the total fertility rate is climbing back to replacement rate in Australia, France, United
Kingdom and United States. Recent evidence suggests that economic development can reverse fer-
tility decline when it is accompanied by increasing gender equality and opportunities for women to
combine work with family life (Luci-Greulich and Thevenon, 2014). This accords with analysis that
gender inequity explains low fertility in Asia (McDonald, 2008). The analysis in this paper o¤ers a
complementary explanation for fertility upturn in some developed economies and persistently low

1An important cost is high quality education. Economic growth raises the relative return to education per child,
encouraging households to choose fewer but better educated children (Becker et al, 1990). Developing the model in
this paper to incorporate a child quantity-quality tradeo¤ is an interesting direction for future research.
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fertility in others through the contribution of house prices to the cost of childrearing.
Figure 2 plots the real house price index for the same countries as in Figure 1. House prices

increased signi�cantly in the two decades prior to the global �nancial crisis in all countries except
Japan. As Figure 1 shows, during the same period the long run decline in fertility halted and
indeed reversed for some countries (Australia, France, United Kingdom and United States), while
it continued its downward trend for other countries (Hong Kong, Singapore and Japan). Hong
Kong and Singapore have witnessed the steepest rise in real house prices over the last decade, with
strong appreciations since the depth of the global �nancial crisis in late 2008. Our model shows how
the fertility behavior of both groups of countries can be consistent with their house price trends,
underpinned by growth in wages and working age populations. Figure 3 shows that working age
population shares of total population have held up in most countries over the period, except for
Japan where demographic pressure existed until the mid 1990s. Working age population shares are
highest in Hong Kong and Singapore, with Hong Kong experiencing a particularly strong recent
peak.
The core result from the analytical model developed in this paper can be explained intuitively as

follows. Households�fertility decisions are a¤ected by female wages both positively �as the income
supports the cost of children �and negatively as the female�s income imposes an opportunity cost
on child-rearing time. However, if the housing needs of children are a su¢ ciently important cost
of child-rearing, then the opportunity cost of maternal time becomes less important. In that case
the negative e¤ect of higher female wages on fertility is weaker, implying that higher female wages
are more likely to boost fertility. This relationship is more complicated in the case of a growing
economy, in particular driven by a rise in the working age population share. In this case, housing
costs of children, which depend on current house prices, expected future prices and real lending
rates, are important. Depending on the elasticity of housing supply, house prices may be bid up
and the costs of children may rise which tends to lower fertility. All of this suggests that fertility
decline depends on the gender wage gap, home lending rate and working age population share. The
theoretical results are supported by econometric estimation of an error correction model for the
illustrative case of Japan.
Section 2 of the paper provides the household intertemporal optimizing model used to analyze the

e¤ect of rising female relative wages and house prices on fertility. Section 3 models the determination
of house prices in a market for housing with housing supply price elasticity. Section 4 provides a
qualitative analysis of fertility decline under endogenous house prices and an econometric estimation
for the case of Japan.

2. Model

The model here builds on analytical models in Deaton and Laroque (2001) and Garino and
Sarno (2004) which explain rising house prices in a household optimization framework. Deaton and
Laroque (2001) is a two period, constant population growth model and Garino and Sarno (2004)
is a three period, �xed population model. These models are extended by linking house prices to
fertility through the e¤ect of female relative wages.
Consider an economy where people live for four periods. There are four generations alive at any

given time: children, young age working households, middle age working households and old age
households. Children consume maternal time and housing provided by their parents. The young
working age household consumes and saves for a deposit to purchase housing, with which they rear
children in middle age. The treatment of housing parallels the treatment of capital in the sense
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that capital must be saved for in middle age, but yields a return in retirement. Housing must be
saved for in young age, but yields a return in middle age when it is used to rear children.2

The middle aged household consumes, rears children, repays a mortgage and saves for retirement.
On retiring, the household funds old age consumption through the sale of the house and interest on
saved capital. By implication, if young households are being forced to save more because of rising
housing prices, then retiring households will consume a capital gain.
Each household derives utility directly from the number of children. Housing is a childrearing

input and therefore a derived demand. The basic unit of analysis is the couple and they are assumed
to be together from birth as in Galor and Weil (1996). The household is headed by a man and
woman with joint consumption and utility. Each household has identical lifetime preferences.
The periods of young, middle aged and retired adulthood are denoted t = 0; 1; 2, respectively.

For a person who is young in period 0, lifetime utility to be maximized is

U = u(c0) + � [u(c1; n)] + �
2u(c2)

where ct and n denote household consumption and pairs of children, respectively, and � = 1= (1 + �)
is the discount rate with a constant time preference parameter, �. Individuals do not own housing
in the �rst period of adulthood. As in Deaton and Laroque (2001), we may think of young working
adults as living with their parents. Similarly, as in Garino and Sarno (2004), there is no utility
from children or housing in old age.
Each agent is endowed with a unit of time. Men allocate their unit time endowment to the paid

labor force. To raise children, women employ a fraction of their time endowment, ẑ 2 (0; 1), in
which case their paid labor supply is (1� ẑn). Women and men receive real wages of wmt and wft ,
respectively, in young and middle age t = 0; 1. Income for a young and middle aged household is
therefore wm0 + w

f
0 and w

m
1 + w

f
1 (1� ẑn), respectively.

Housing yields child rearing services and enters the child rearing cost function Working age
households buy ĥ units of housing per pair of children, so that each household demands ĥn units
(square metres) of housing. Working age households purchase housing from newly retired households
at the market price, ph1 . Newly retired households at t = 2 sell housing to the next generation of
working age households at the market price, ph2 . The market price at time t, p

h
t , is endogenously

determined so that aggregate housing demand coincides with aggregate housing supply, which in
turn is a¤ected by the working age population ratio.

2.1 Utility Maximization

A young working age household faces the budget constraints

c0 +D0 = wm0 + w
f
0 (1a)

c1 + (1 + v1)(p
h
1 ĥn�D0) + w

f
1 ẑn+ s1 = wm1 + w

f
1 (1b)

c2 = (1 + r2) s1 + p
h
2 ĥn (1c)

when young, middle aged and retired at t = 0; 1; 2, respectively.3 The mortgage size is (ph1 ĥn�D0)
where the deposit D0 is optimally chosen be the young working age household. The mortgage

2We can distinguish two forms of savings: housing savings used to purchase a house and �nancial savings which
augment income in retirement (Creedy et al, 2015).

3All variables are real, with the price of aggregate consumption normalized to 1.
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repayment in middle age is (1 + v1)(p
h
1 ĥn � D0) where v1 is the real mortgage interest rate. On

retiring, the household sells their house and receives the prevailing real interest rate, r2, on the
amount of capital saved in middle age, s1.4

The utility functions are of log linear form,

u(c0) = ln c0 (2a)

u(c1; n) = � ln c1 + (1� �) lnn (2b)

u(c2) = ln c2 (2c)

where (1 � �) 2 (0; 1) captures the relative preference for children, and satisfy strict concavity of
U(:), so that the optimally chosen quantities of fertility and consumption are expected to be strictly
positive and female relative wages will have a strictly negative e¤ect on fertility where maternal
time is the only childrearing input (Galor and Weil, 1996, Apps and Rees, 2004).
Referring to the appendix, for a given childrearing input mix, ĥ and ẑ, the household chooses

fertility

n =
� (1� �)

h
(wf1 + w

m
1 )=(1 + v1) + (w

m
0 + w

f
0 )
i

[1 + �(1 + �)] pn=(1 + v1)
(3)

which is increasing in the present value of lifetime wages, (wf1 + wm1 )=(1 + v1) + (w
m
0 + wf0 ), and

decreasing in the per unit cost of rearing children, pn =
h�
(1 + v1)p

h
1 �

ph2
(1+r2)

�
ĥ+ wf1 ẑ

i
> 0, which

in turn depends on the optimal child rearing input mix.

2.2 Cost minimization

The total cost of rearing children is

C = �(ph1 ; p
h
2 ; v1; r2)h+ w

f
1 z (4)

where h = ĥn, z = ẑn and �(:) =
�
(1 + v1)p

h
1 � ph2= (1 + r2)

�
is the user cost of housing, which is

increasing in ph1 and decreasing in p
h
2 . We herein explain that p

h
t is determined by equilibrium in

the market for housing. In equilibrium, the user cost is strictly positive �(:) > 0, otherwise the
demand for housing would be unbounded. However, as house prices rise, the user cost may fall if
the increase in ph2 relative to p

h
1 , dp

h
2=dp

h
1 > (1 + v1) (1 + r2), is su¢ ciently large.

The household chooses the input mix, for a given n, to minimize (4) subject to the child rearing
production function,

n = z�h1�� (5)

where z and h denote total time input and units of housing, respectively, and � 2 (0; 1) captures the
relative importance of housing and time in childrearing. The production function is Cobb-Douglas
where maternal time and housing are essential childrearing inputs.5

4The interest rate earned on saving for retirement, r2, and paid on the outstanding housing debt, v1, can di¤er
due to tax rules and risk. All wages are after-tax in this model.

5Alternatively, we could postulate a CES production function, whereby maternal time is non-essential and the
household may buy out maternal time for a childcare fee. Developing the model along these lines, however, would
not overturn the results in this paper since, in a market equilibrium, childcare fees increase with the cost of unpaid
time (Yasuoka and Miyake, 2010).
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Referring to the appendix, the input demands for housing and time are, respectively,

h = ĥn =

�
1� �
�

�� 
wf1
�

!�
n (6a)

z = ẑn =

�
�

1� �

�1�� 
�

wf1

!1��
n (6b)

and the optimal per unit cost of childrearing is

pn = a
�
wf1

���
(1 + v1)p

h
1 �

ph2
(1 + r2)

�1��
(7)

where a = ���(1��)�(1��) and pn is strictly increasing and concave, which means that the input
demands are positive and downward sloping. The user cost of housing, �, could be negative if ph2 is
su¢ ciently large: ph2 > (1 + r2) (1 + v1)p

h
1 . However, the assumption � 2 (0; 1), which implies that

child rearing requires shares of housing and time, rules out this possibility. Referring to equations
(6a) and (6b), under this assumption, � < 0 would imply h < 0 and z < 0. However, women�s paid
labor supply, (1� z), cannot exceed the time endowment of 1 and, by equation (5), z = 0 is not
feasible because time and housing are essential for n > 0.

2.3 Optimal fertility for exogenous price of housing

From (3) and (7), household demand for children is

n =
� (1� �)

h
(wf1+w

m
1 )

(1+v1)
+ (wm0 + w

f
0 )
i

[1 + �(1 + �)] a
�

wf1
(1+v1)

�� �
ph1 �

ph2
(1+r2)(1+v1)

�1�� (8)

the key properties of which are summarized in the following remarks.

Remark 1 For given house prices, demand for children may rise with female relative wages if
housing comprises a su¢ ciently large share of childrearing.

Referring to the appendix, fertility rises unambiguously in male wages. If fertility also rises
with female wages, then fertility rises as female wages rise relative to male wages. Referring to the
appendix, fertility is more likely to increase with female wages, the higher: the share of housing in
childrearing, female relative wages, and present value of middle age female wages relative to young
household male and female wages.
The intuitive explanation for a positive response of fertility demand to female relative wages

lies in a comparison of substitution and income e¤ects. To see this, consider the special case where
maternal time is the only childrearing input (� = 1). Referring to the appendix, in this case,
fertility unambiguously declines with rising female relative wages. Intuitively, when both husband
and wife work, female wages constitute a portion of household income. When maternal time is the
only childrearing input, the cost of childrearing rises proportionately to female wages. As female
relative wages rise, the substitution e¤ect dominates the income e¤ect and fertility declines.
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However, when both maternal time and housing are childrearing inputs, the cost of childrearing
rises less than proportionate to female wages. A rise in female relative wages has competing e¤ects
on the demand for children. On the one hand, the increase in household wages makes children
more a¤ordable. On the other hand, children are more costly to raise using maternal time. The
larger the intensity with which housing is used in childrearing, the smaller the e¤ect of rising female
wages on the marginal cost of childrearing. The income e¤ect of rising female wages now dominates
the substitution e¤ect and fertility rises. Empirical evidence indicates that housing comprises the
largest share of childrearing (Lino, 2014). Thus, we can infer that demand for children would indeed
rise with female relative wages, for given house prices.

Remark 2 If the user cost of housing falls with rising house prices, then demand for children
increases, all else equal.

From (8), fertility is decreasing in ph1 , and increasing in p
h
2= (1 + r2) (1+v1). Intuitively, children

are a normal good. Housing is used to rear children. On the one hand, an increase in current house
prices reduces the fertility of a young household that is saving for a deposit. On the other hand, a
young household also realizes that the family home is a means of storing and transferring wealth
from working age to retirement. Thus, an increase in the discounted value of future house prices
has a positive wealth e¤ect on the demand for children.6 This is consistent with evidence that rising
house prices reduces the fertility of non-home owners and increases the fertility of home owners via
a wealth e¤ect (Lovenheim and Mumford (2013)). If future house prices increase relative to current
house prices such that the user cost of housing falls, then the wealth e¤ect dominates and fertility
rises.
Thus far the e¤ect of rising female relative wages on fertility has been analyzed for given house

prices, ph1 and p
h
2 . By (6a), rising female wages also increase demand for housing per child. At

the individual household level, the household may take house prices as given. However, at the the
aggregate level, house prices are endogenous. We now endogenize house prices by assuming that
housing is bought at a price determined by market demand and supply.

3. Housing Market

From (6a) and (8), the �nal demand for housing by a working age household is

h1 =
� (1� �) (1� �)

h
(wf1+w

m
1 )

(1+v1)
+ (wm0 + w

f
0 )
i

[1 + �(1 + �)]
h
ph1 �

ph2
(1+r2)(1+v1)

i (9)

which is increasing in household preference for children, (1� �), the share of housing in childrearing,
(1� �), the present value of lifetime wages and decreasing in the user cost of housing.
The expression for demand for housing services may be generalized to

hdt =
� (1� �) (1� �)

h
(wft +w

m
t )

(1+vt)
+ (wmt�1 + w

f
t�1)

i
[1 + �(1 + �)]

h
pht �

Etpht+1
(1+Etrt+1)(1+vt)

i (10)

6 It is worth noting that the capital gain from sale of the family home in t = 2 is not a pure wealth windfall,
since parents implicitly revert to rental accommodation which is included in c2 and rents increase with house prices.
Extending the model to include an endogenous price of rental accomodation is an interesting direction for future
research.
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where, under rational expectations, Et(:) are conditional expectations of the variable based on
information available at time t.
Housing has intrinsic value through childrearing. There are Lwt working age households pur-

chasing housing and Lot retired households that are selling housing to the new young working age
households. Under perfect competition, housing sells for the same market price at which the older
generation is selling housing.
Aggregate demand for housing at time t is

hdtL
w
t =

� (1� �) (1� �)
h
(wft +w

m
t )

(1+vt)
+ (wmt�1 + w

f
t�1)

i
[1 + �(1 + �)]

h
pht �

Etpht+1
(1+Etrt+1)(1+vt)

i Lwt (11)

Equation (11) suggests a feedback loop between fertility and house prices. By (8), for given house
prices, demand for children may increase as female wages rise relative to male wages. Demand for
housing increases with male and female wages, which in turn puts pressure on house prices to rise.
One possibility is that wages growth simply results in higher house prices. Referring again to (8),
an increase in the contemporary house price raises the user cost of housing. This in turn reduces
fertility. The e¤ect of increasing aggregate demand for housing on the market price will obviously
depend on the housing supply elasticity. We herein introduce a �nite elasticity supply function
(Guest, 2005).
The aggregate supply of housing is

hst =
b
�
pht
� 

(1 +N)
Lwt where b > 0;  � 0 (12)

where b is a shift variable that represents factors that in�uence housing supply other than price. In
the special case where supply of housing is price inelastic ( = 0), b denotes an exogenous supply
of housing that may be increased due to government land release policy for example. N is growth
in the working age population: Lwt = (1 +N)L

o
t = (1 +N)L

w
t�1.

The market price of housing is determined so that aggregate demand coincides with aggregate
supply. Equating (11) and (12) yields the equilibrium condition�

pht �
Etp

h
t+1

(1 + Etrt+1) (1 + vt)

� �
pht
� 
=
� (1� �) (1� �)
[1 + �(1 + �)]

(1 +N)

b
yt (13)

where yt = (wmt�1+w
f
t�1)+(w

f
t +w

m
t )=(1+vt) denotes the present value of lifetime wages. Equation

(13) says that pht is an implicit function of Etp
h
t+1, yt and (1 +N).

7 Referring to the appendix,

@pht
@Etpht+1

> 0;
@2pht

@
�
Etpht+1

�2 � 0 (14a)

@pht
@yt

> 0;
@2pht

@ (yt)
2 � 0 (14b)

@pht
@(1 +N)

> 0;
@2pht

@(1 +N)2
� 0 (14c)

7An implication of the partial equilibrium nature of the model is that N does not a¤ect market wages for males
or females, hence N cannot a¤ect fertility through wm or wf .
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where the second order derivatives hold with strict inequality for  > 0.8

Intuitively, housing demand from working age households is downward sloping or decreasing in
the user cost of housing, which is increasing in the current price and decreasing in the discounted
expected future price. Increases in the present value of lifetime wages shift out demand for housing,
which is derived from demand for children, a normal good. An rise in the ratio of working age
households to retired households increases housing demand which increases price. Housing supply
from retired households is upward sloping or increasing in the current price. Thus, a rise in the
support ratio raises the market price.
High wages, expected future prices and working age to elderly population ratios all put pressure

on the market price of housing. Some elasticity in supply dampens the price increase. When
supply is perfectly price inelastic, the second order derivatives in (14) are zero. We summarize this
discussion with the following remark.

Remark 3 The market price of housing is increasing and strictly concave in the expected future
price, present value of lifetime wages and the support ratio. For a perfectly price inelastic supply of
housing, the market price of housing is increasing and concave in these variables.

We characterize the behavior of pht that obeys equation (13) in order to analyze the impact of
speculative demand on the endogenous determination of house prices. To solve explicitly for pht , we
consider the case where housing supply is price inelastic ( = 0)9 and assume rational expectations.
From equation (13),

pht =
1

at
Etp

h
t+1 + cyt (15)

where at = (1 + Etrt+1) (1 + vt) and c = [� (1� �) (1� �) (1 +N)] =b [1 + �(1 + �)] : Referring to
the appendix, using the law of iterated expectations and solving recursively yields

pht =
TY
i=0

Et
1

at+i
pht+T+1 + c

TX
i=0

Etyt+i

TY
i=1

Et
1

at+i�1
(16)

where T is the time horizon of the household. The term
QT
i=0Et

1
at+i

pht+T+1 captures expected house
price appreciation which is central to the existence of a bubble (Feng and Wu, 2015). Referring to
the appendix,

pht = c
1X
i=0

Etyt+i

1Y
i=1

Et
1

at+i�1
(17)

is a solution, which gives the price of housing as the present discounted value of expected future
income.
Although equation (17) is a solution to equation (15), it is not the only solution. Relaxing

the condition that the expected house prices will not explode too fast, equation (15) has a general
solution of the form

pht = ph�t +Bt (18)

8 If  = 0, then equation (13) provides an explicit solution, pht =
Etp

h
t+1

Et(1+rt+1)(1+vt)
+

�(1��)(1��)
[1+�(1+�)]

(1+N)
�h

yt.
9Equation (13) is a non-linear expectational di¤erence equation when  > 0.
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where ph�t denotes the solution given by equation (17). Referring to the appendix, for positive real
interest and lending rates, Bt explodes in expected value

lim
t!1

EtBt+1 =

�
+1 if Bt > 0
�1 if Bt < 0

(19)

where several examples of Bt processes show that Bt embodies speculative bubbles.10 . Thus, while
ph�t is the fundamental solution, Bt is called a speculative bubble. Intuitively, in a model with
in�nitely lived households who are forward looking and have perfect foresight, Bt ought to equal zero
under rational expectations. However, in our model, a speculative bubble may arise in equilibrium
under rational expectations because households who make no bequests and sell housing to fund
retirement consumption have �nite horizons. Thus, our model captures speculative demand and
bubbles as a driving force of rising house prices. As current prices and expected future prices rise,
the e¤ect on fertility depends on the housing cost of children, which the following section recognizes
is endogenously determined by housing supply, household wages and working age population share.

4. Equilibrium

We herein analyze how fertility responds to female relative wages and the working age population
ratio under endogenous house prices. Substituting for pht �Etpht+1= (1 + Etrt+1) (1+vt) in (8) from
(13), fertility is

n =

264� (1� �) y
�
wf1 ; w

m
1 ; w

f
0 ; w

m
0

�
��

wf1
(1+v1)

�
[1 + �(1 + �)]

375
� "

b
�
ph1
�
ph2 ; (1 +N) ; y (:)

�	 
(1 +N)

#1��
(20)

where y =
h
(wf1+w

m
1 )

(1+v1)
+ (wm0 + w

f
0 )
i
:

The focus of the analysis does not deny the importance of other factors. Along with the market
price of housing, the price per living area also a¤ects fertility (Sato, 2007; Simon and Tamura,
2009). Moreover, metropolitan area commuting times are negatively associated with labor force
participation rates of married women with children (Black et al, 2014). We can address spatial
analysis in the model by adjusting the exogenous supply of housing space, b. Referring to (6a),
each working household demands ĥn square meters of housing. That is, households who want to
have more children, n, prefer larger houses. In urban locations, where space is limited, b would be
lower. Referring to (13) and (20), price per square meter would be higher and fertility would be
lower, all else equal. Thus, it would take sharp declines in overall prices to incentivize increased
fertility in urban locales where b remains low, and thus price per square meter and cost of the daily
commute between home and workplace remain high. Conversely, increased fertility may be easier
to incentivize in rural locations where space is plentiful.

4.1 Qualitative analysis

10For example, the following process Bt+1 =
�

atBt with probability q
et+1 with probability 1� q

where Etet+1 = 0, describes a

bursting bubble. The bubble continues with probability q or bursts and returns in expected value to zero with
probability 1� q.
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Referring to the appendix,

@ lnn

@ lnwf1

8><>: > 0 if  > �
(1��)

"�
@ ln ph1

@ ln(wf1 =y)

��1#
< 0 if  = 0

(21a)

@ lnn

@ ln(1 +N)

(
< 0 if  <

�
@ ln ph1

@ ln(1+N)

��1
< 0 if  = 0

(21b)

where the �rst condition of (21a) says that fertility is more likely to rise with female wages if the
price elasticity of housing supply ( ) is high, the share of housing in child rearing (1��) is high and
the elasticity of house prices with respect to female wages relative to household wages is low. The
second condition of (21a) says that fertility unambiguously declines with female wages if housing
supply is perfectly price inelastic.
Equation (20) reveals that a contemporaneous increase in female wages relative to male wages

impacts fertility in three respects. First, an increase in wf1 and w
m
1 increases y, which has a positive

income e¤ect on demand for children. Second, an increase in wf1 increases the opportunity cost
of maternal time, which has a negative substitution e¤ect on the demand for children. Third, the
increase in demand for housing, brought about by an increase in y raises the market price, ph1 , which
in turn induces a positive housing supply response if  > 0.
In the special case where housing supply is perfectly price inelastic ( = 0), we observe only

the �rst two e¤ects. Fertility unambiguously declines with an increase in wf1=w
m
1 . Intuitively,

household wages rise less than proportionately to female wages while the cost of maternal time
rises proportionately to female wages. Accordingly, the negative substitution e¤ect of rising female
wages outweighs the positive income e¤ect and fertility declines.
To demonstrate the role of endogenous house prices, it is helpful to compare the result from

equation (20) that n declines with an increase in wf1=w
m
1 for endogenous house prices when  = 0,

with the result from equation (8) that n declines with an increase in wf1=w
m
1 for exogenous house

prices, only if housing�s share of childrearing, (1� �), is su¢ ciently large. Fertility rises with wm1 ,
but the e¤ect of an increase in wf1 on fertility is ambiguous for exogenous house prices. Referring to
(8), an increase in wf1 raises both household wages, y, and the opportunity cost of maternal time.
The cost of child rearing comprises the opportunity cost of maternal time, wf1 , weighted by �, and
the user cost of housing

�
ph1 � ph2= (1 + r2) (1 + v1)

�
, weighted by (1� �). For an exogenous user

cost of housing, an x% increase in wf1 raises y by less than x% and the cost of rearing each child
pair by �x%. The overall e¤ect of increase in wf1 on n is positive only if � is su¢ ciently low.
For endogenous house prices, the e¤ect of an increase in wf1 on fertility is unambiguously negative

when  = 0. Referring to equation (13), the user cost of housing now increases proportionately to y
in a market equilibrium. Intuitively, an increase in y raises demand for housing, which in turn raises
ph1 relative p

h
2 . Referring to equation (8), a less than x% increase in the user cost of housing raises

the cost of child rearing by less than (1� �)x%. Household wages relative to housing childrearing
costs therefore increase by less than �x%. The increased cost of maternal time raises the cost of
child rearing by �x%. The latter e¤ect more than outweighs the former. Hence, fertility declines
unambiguously with an increase in wf1 .
We now consider the case where there is some price elasticity in housing supply. By equation

(13), in equilibrium the user cost of housing is decreasing in housing supply, which now responds
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positively to an increase in ph1 , brought about by an increase in p
h
2 , (1 +N) or y. The housing

supply response to an increase in y will dampen the increase in ph1 , and hence the rise in the user
cost of housing. This explains the third positive e¤ect of an increase in y on fertility when housing
supply is increasing in ph1 . In the presence of this third e¤ect, it is possible for fertility to rise with
female wages if the price elasticity of housing supply is su¢ ciently high to satisfy the �rst inequality
in (21a).
The �rst condition of (21b) says that a rise in the support ratio, (1 + N),will reduce fertility

if the price elasticity of housing supply ( ) is less than the inverse of the elasticity of house prices
with respect to the support ratio. Intuitively, the less responsive is housing supply to an increase in
ph1 , the more the increased housing demand brought about by an increase in (1+N) feeds through
to an increase in ph1 , which reduces fertility. The second condition of (21b) follows from the result
that when  = 0 the equilibrium the user cost of housing,

�
ph1 � ph2= (1 + r2) (1 + v1)

�
, increases

proportionately to (1 +N). An increase in the user cost of housing raises the cost of childrearing,
thereby reducing fertility.

The following remark summarizes our discussion of the e¤ect of female relative wages and
working age to retired population ratios on fertility when house prices are endogenously determined
in a market where housing supply is either �xed or price responsive.

Remark 4. For endogenous house prices, fertility
i. may increase with female relative wages if the price elasticity in supply is su¢ ciently high

relative to the share of maternal time in childrearing and the elasticity of price with respect to female
wages as a portion of household wages;
ii. declines unambiguously as female relative wages rise if housing supply is �xed;
iii. declines as the working age population ratio increases if the price elasticity of supply is less

than the inverse of the elasticity of house prices with respect to the working age population ratio.

Whereas gender wage gaps remain high in Japan, gender wage gaps in Hong Kong and Singapore
compare with the OECD average. Despite ranking among countries with the lowest fertility in the
world, Hong Kong and Singapore experience above average population growth for high income
economies. International migrant stock now approximates 39 percent and 38 percent of the total
population in Hong Kong and Singapore, respectively, which is more than three times the average
for high income economies (World Bank, 2014).11 Immigration of working age adults ameliorates
the pace of ageing, but places pressure on housing constraints. There are approximately 8.3 and 5.9
persons of working age per elderly in Hong Kong and Singapore, respectively. Remark 4 suggests
that, all else equal, house prices would be highest in Hong Kong and Singapore, which is indeed
the case.

[Table 1 about here]

4.2 Empirical illustration

An empirical model for Hong Kong con�rms the results of our intertemporal analysis. Yi and
Zhang (2010) use an Error Correction Model (ECM) to estimate the e¤ect on the total fertility rate
(TFR) of real house prices, female wages and male wages for the period, 1971-2005. They �nd that

11 International migrant stocks approximate 10 percent and 14 percent of the total population in the United
Kingdom and the United States, respectively.
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the coe¢ cient on house prices is signi�cant and implies a long run elasticity of TFR with respect
to house prices of -0.45. The coe¢ cient on female wages is negative, but statistically insigni�cant
at the 10 per cent level. They infer that, holding house prices constant, demand for children need
not decline with female wages because the substitution e¤ect of female wages does not dominate
the income e¤ect. This is consistent with Remark 1.
However, our intertemporal analysis goes further by explaining that house prices are endoge-

nously determined. Remarks 1 and 2 explain that female wages relative to male wages and house
prices a¤ect demand for children. House prices are in turn a¤ected by growth in household wages
and the working age population. This suggests an empirical model of fertility with explanatory vari-
ables that avoid the problems of endogeneity in house prices and multicollinearity between wages
and house prices. Remark 4 provides a reduced form equation for fertility

TFRt = nt

��
wf
wm

�
t

; Nt; vt

�
(22)

where @n=@ (wf=wm) < 0, @n=@ (1 +N) < 0 and @n=@ (1 + v) > 0 when the housing supply is
price inelastic. Equation (22) may be viewed as an equilibrium or cointegrating relationship.
Whereas female and male median hourly wages currently di¤er by around 17 percent in Hong

Kong, the gender gap in median hourly wages in Japan is currently around 28 per cent.12 However,
Japan�s female to male median hourly wages have increased from 59.2 per cent to 72.2 percent over
the period, 1980 to 2012. The above analysis explains the persistence of fertility decline despite
rising female relative wages, because growth in wages and the working age population raise the user
cost of housing, which in turn depresses fertility since housing is used to rear children.
The dynamic representation of equation (22) may be given by the following Error Correction

Model (ECM)
�TFRt = a+ �i�Xit + �TFRt�1 + biXit�1 + et (23)

where Xi are the explanatory variables in our reduced form equation (22),
�
wf=wm

�
t
, Nt, and vt, �

is the error correction coe¢ cient which determines the speed of adjustment, and et is the error term.
All variables entering the model are in logarithmic form. This allows us to interpret elasticities to
con�rm the results from the qualitative analysis.
As an illustrative example, we estimate equation (23) for Japan, 1980-2012. The variables

nt,
�
wf=wm

�
t
, Nt and vt are measured by annual data on TFR, median hourly female wages

relative to median hourly wages, percentage of population aged 15-59 years (WAPOP ) and the
long term prime lending interest rate adjusted for in�ation as measured by the GDP de�ator (LLR),
respectively (World Bank, 2014, Statistics Japan, 2015).
If two or more I(1) variables are cointegrated, that is, if there exists a linear combination of the

non-stationary variables that is stationary, then a long run relationship suggested by the reduced
form equation (22) exists. The mechanism that drives the variables to their long-run relationship
is captured by equation (23) in which the equilibrium error also drives the dynamics of the series.

[Table 2 about here]

Table 2 reports the results of the augmented Dickey-Fuller (ADF) tests for the four series.
Following the standard recommendation (Hamilton, 1994), we run the tests for the general model
with both a time trend and a constant and for the speci�c model without a time trend. Referring to

12Calculations based on 2013 hourly wage data from http://www.censtad.gov.hk/ and http://www.e-stat.go.jp/.
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Table 2, the test statistics are insigni�cant at the 5 per cent level. Therefore, we do not reject the
null hypothesis that each series exhibits a unit root. The results of the unrestricted cointegration
test indicate the presence of at least one cointegrating equation between the four variables. The
Trace Statistic (P-value) is 49.81 (0.004) and Maximum Eigenvalue Statistic (P-value) is 27.46
(0.017). Therefore, we can reject the null hypothesis of no cointegration between the variables at
the 5 per cent level. The existence of a cointegrating vector means that the equilibrium relationship
among the nonstationary series can be uniquely identi�ed.

[Table 3 about here]

The estimated long run elasticities of TFR with respect to the explanatory variables from (23)
are reported in the upper panel of Table 3. The estimated error correction coe¢ cient, �̂, suggests
a plausible speed of adjustment of -0.45 and is signi�cant at the 1 per cent level, supporting the
evidence of co-integration. The estimated coe¢ cients for wf=wm and WAPOP are signi�cant at
the 5 and 1 per cent level, respectively, and imply long run elasticities of TFR with respect to female
relative wages and the working age population ratio that are negative and of similar magnitude.
These elasticity estimates are consistent with our theoretical prediction that fertility is decreasing
in female relative wages and the working age population ratio in an economy where housing supply
price elasticity is low. The estimated coe¢ cient for LLR implies a positive long run elasticity of
TFR with respect to the home loan lending interest rate, also consistent with our intertemporal
analysis, but the coe¢ cient is only signi�cant at 5 per cent level, using a one-sided test.
While estimating the reduced form equation (23) for other high income economies is outside the

scope of this paper, the estimates for Japan suggest interesting implications for existing and future
empirical work. Referring to Figure 1, Japan and Hong Kong witnessed similar TFR decline over
the period 1980-2012. However, referring to Figure 2, Japan�s house prices started declining in the
mid-1990s. Hong Kong house prices rose steeply until the late 1990s, then fell until the mid-2000s,
before rising again. Over the period 1970-2005, house prices in Hong Kong exhibited more of an
upward trend throughout, which our model explains could contribute to TFR decline if current
prices rise relative to expected future prices, thereby raising housing costs of children. The negative
trend in house prices in Japan over 1980-2012 could also raise housing costs of children if expected
future prices fall relative to current prices. Our model explains that housing costs of children are
endogenous and that TFR depends on the gender wage gap, working age population ratio and real
lending rate, as shown by equation (23). Nonetheless, given the di¤erences between Hong Kong
and Japan, we scrutinize our empirical estimates more closely with diagnostic tests.

[Table 4 about here]

Table 4 reports the diagnostic tests for serial correlation, heteroskedasticity, and nonnormality
of the residuals. First, the Breusch-Godfrey Lagrange Multiplier (LM) test statistic is insigni�cant
(P-value 0.578), indicating that we do not reject the null hypothesis of no serial correlation in the
residuals. Second, the LM test for Autoregressive Conditional Heteroskedasticity (ARCH) in the
residuals identi�es a dynamic form of heteroskedasticity where the magnitude of residuals is related
to the magnitude of recent residuals. This test can identify when large or small errors tend to occur
in clusters. The Breusch-Pagan test may detect more general forms of heteroskedasticity. Both
the ARCH and the Bresuch-Pagan LM test statistics are insigni�cant (P value 0.429 and 0.997,
respectively). Finally, the Jarque-Bera test statistic is also insigni�cant (P-value 0.757), indicating
that we do not reject the null hypothesis that the residuals are normally distributed. Thus, the
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diagnostic tests indicate that there is no signi�cant presence of serial correlation, heteroskedasticity
and nonnormality.

5. Conclusion

The analysis in this paper connects two streams in the literature on fertility modelling and in
doing so helps to reconcile di¤erent observed relationships between fertility and house prices in
some Asian countries. The analysis shows that house prices can a¤ect fertility by mediating the
e¤ect of female wages on fertility. The key idea is that the well-known negative substitution e¤ect
of rising female wages on fertility depends on how important housing is as a cost of children, and
on what is happening to house prices as a rising working age population puts upward pressure on
housing demand. It turns out that the negative substitution e¤ect on fertility is weaker the more
important housing is as a cost of children.
In countries where the price elasticity of housing supply is low, as in some Asian countries, the

model predicts that rising female wages at the same time as rising housing demand may result in
lower fertility. For example, Japan�s proportionate decline in fertility was largest between 1980 and
the early 1990s, when a high working age population ratio correlated with rising real house prices. In
Hong Kong and Singapore, where recently the proportional increase in the working age population
ratio has been large and price elasticity of housing supply is low, we would expect fertility decline
to continue. In other developed economies, such as Australia, where housing supply is relatively
price elastic and parents place a premium on homeownership, we would expect fertility decline to
reverse with rising female relative wages and house prices.
For governments concerned about low fertility, policies to increase housing supply elasticity in

order to keep house prices in check would be helpful. This is all the more important for countries
where housing demand is rising due to a rising working age population share, and conversely, less
important for countries where housing demand is weaker. In the context of Japan, the empirical
estimates of our model suggest that demographic pressure on house prices contributed to past
fertility decline. Looking forward, the current and future demographic trend of a shrinking working
age population ratio points to rising female wages as the more important factor in fertility decline.
This provides an interesting focus for future research.
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Appendix

Utility maximization

The inter-temporal household choice is determined by backward induction. At t = 1, the household
chooses c1 and c2 to maximize

u (c1; n) + �u (c2(n)) (A1.1)

subject to (1b) and (1c),

c1 + (1 + v1)(p
h
1 ĥn�D0) + w

f
1 ẑn+

(c2 � ph2 ĥn)
(1 + r2)

= wm1 + w
f
1 (A1.2)

where past fertility, housing and deposit choice, n, ĥn and D0, respectively, are given from t = 0.
Substituting for (2a) and (2b) in (A1.1), the maximization problem at t = 1 is

max� ln c1 + (1� �) lnn+ �(ln c2(n)) (A1.3)

subject to (A1.2), rewritten as

c1 +

��
(1 + v1)p

h
1 �

ph2
(1 + r2)

�
ĥ+ wf1 ẑ

�
n� (1 + v1)D0 +

c2
(1 + r2)

= wm1 + w
f
1 (A1.4)

The optimality conditions imply
c2(n)

c1
=
(1 + r2) �

�
(A1.5)

which substituted into (A1.4) give the optimal consumption in middle age and old age,

c1 =
�

� + �

h
wf1 + w

m
1 � pnn+ (1 + v1)D0

i
= c1 (n;D0) (A1.6a)

c2 =
�

� + �
(1 + r2)

h
wf1 + w

m
1 � pnn+ (1 + v1)D0

i
= c2 (n;D0) (A1.6b)

At t = 0, the household chooses c0, D0 and n to maximize

u(c0) + � [u (c1 (n;D0) ; n)] + �
2u (c2 (n;D0)) (A1.7)

subject to (1a), (A1.6a) and (A1.6b). Substituting for (2a), (2b) and (2c) in (A1.7), the maximiza-
tion problem at t = 0 is

max ln c0 + � [� ln c1 (n;D0) + (1� �) lnn] + �2 (ln c2(n;D0)) (A1.8)

subject to (1a) and (A1.4). The �rst order optimality conditions give the optimal deposit for a
housing loan

D0 =
�(1 + �)(1 + v1)(w

m
0 + w

f
0 )� (wm1 + w

f
1 )

[1 + �(1 + �)] (1 + v1)
(A1.9)

which is increasing in the mortgage interest rate, @D0=@(1 + v1) > 0, and the optimal fertility for
a given pn,

n =
� (1� �)

h
(wf1 + w

m
1 )=(1 + v1) + (w

m
0 + w

f
0 )
i

[1 + �(1 + �)] pn=(1 + v1)
(A1.10)
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Cost minimization

The household chooses h and z to minimize (4) subject to (5). The optimality conditions imply

z

h
=

�

wf1

�

1� � (A2.1)

which substituted into (5) give the input demands (6a) and (6b). Substituting from (6a) and (6b)

for ĥ and ẑ in pn =
h
�ĥ+ wf1 ẑ

i
gives the optimal per unit child rearing cost

pn = ��� (1� �)�(1��)
�
wf1

��
(�)

1�� (A2.2)

where

@pn

@wf1
=

�
�

1� �

�1�� 
�

wf1

!1��
= ẑ > 0 (A2.3a)

@pn

@�
=

�
1� �
�

�� 
wf1
�

!�
= ĥ > 0 (A2.3b)

@2pn

@
�
wf1

�2 =
@ẑ

@wf1
< 0;

@2pn

@�2
=
@ĥ

@�
< 0 (A2.3c)

Proof of Remark 1

From (8),

d lnn =
@ lnn

@ lnwf1
d lnwf1 +

@ lnn

@ lnwm1
d lnwm1 � (1� �) d ln� (A3.1)

where (d lnwf1 � d lnwm1 ) > 0 if female wages rise relative to male wages and

@ lnn

@ lnwf1
=

wf1

(1 + v1)(wm0 + w
f
0 ) + (w

f
1 + w

m
1 )

� � R 0 (A3.2a)

@ lnn

@ lnwm1
=

wm1

(1 + v1)(wm0 + w
f
0 ) + (w

f
1 + w

m
1 )

> 0 (A3.2b)

By (A3.2b), fertility rises unambiguously in male wages. From (A3.2a), fertility rises with female
wages when the following condition is met

@ lnn

@ lnwf1
> 0, (1� �)

�
>
(wm0 + w

f
0 )

wf1=(1 + v1)
+
wm1

wf1
(A3.3)

where wm1 =w
f
1 > 1 if a gender wage gap exists and (1� �)=� > 1 if housing is a greater portion of

childrearing than maternal time (� < 0:5). According to (A3.3), fertility is more likely to increase
with female wages, the higher: the share of housing in childrearing, (1� �); female relative wages,
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(wf1=w
m
1 ); and present value of middle age female wages relative to young male and female wages,

(wf1=(1 + v1))=(w
m
0 + w

f
0 ).

Referring to (A3.2a), if � = 1, then @ lnn=@ lnwf1 < 0, since middle age female wages are a
fraction of the present value of lifetime wages, wf1 < (1 + v1)(w

m
0 +w

f
0 ) + (w

f
1 +w

m
1 ). Substituting

for @ lnn=@ lnwf1 < 0 and d ln� = 0 in (A3.1), d lnn < 0 since �wm1 (d lnw
f
1 � d lnwm1 ) � (1 +

v1)(w
m
0 + w

f
0 )d lnw

f
1 < 0.

Proof of Remark 3

F
�
pht ; Etp

h
t+1; N; yt

�
=

�
pht �

Etp
h
t+1

(1 + Etrt+1) (1 + vt)

� �
pht
� � � (1� �) (1� �)

[1 + �(1 + �)]

(1 +N)

b
yt = 0

Using the implicit function theorem, @pht =@x = �Fx=Fpht , where x = Etp
h
t+1; (1 +N); yt:

@pht
@Etpht+1

=
1�

(1 + Etrt+1) (1 + vt)pht � Etpht+1
�
 
�
pht
��1

+ (1 + Etrt+1) (1 + vt)
> 0

! 1

(1 + Etrt+1) (1 + vt)
> 0 as  ! 0

@pht
@yt

=

�(1��)(1��)
[1+�(1+�)]

(1+N)
bnh

pht �
Etpht+1

(1+Etrt+1)(1+vt)

i
 
�
pht
��1

+ 1
o�
pht
� > 0

! � (1� �) (1� �)
[1 + �(1 + �)]

(1 +N)

b
> 0 as  ! 0

@pht
@(1 +N)

=

�(1��)(1��)
[1+�(1+�)]

yt
bnh

pht �
Etpht+1

(1+Etrt+1)(1+vt)

i
 
�
pht
��1

+ 1
o�
pht
� > 0

! � (1� �) (1� �)
[1 + �(1 + �)]

yt
b
> 0 as  ! 0

Proof of Remark 4

From equation (22),
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@ lnn

@ lnwf1
= �

 
@ ln y

@ lnwf1
� 1
!
+ (1� �) @ ln p

h
1

@ ln y

@ ln y

@ lnwf1

< 0 if  <
�

(1� �)

24 1
@ ln ph1
@ lnwf1

� 1
@ ln ph1
@ ln y

35
where

@ ln y

@ lnwf1
< 1) [:] > 0

< 0 if  = 0 since
@ ln y

@ lnwf1
< 1

@ lnn

@ ln(1 +N)
= � (1� �)

�
1�  @ ln ph1

@ ln(1 +N)

�
< 0 if

1

 
>

@ ln ph1
@ ln(1 +N)

< 0 if  = 0 since 0 < � < 1

Derivation of equation (16)

Writing equation (15) at time t+ 1 and taking the expectations of both sides conditional on infor-
mation at time t yields

Etp
h
t+1 = Et

1

at+1
Et
�
Et+1p

h
t+2

�
+ cEtyt+1

Using the law of iterated expectations,

Etp
h
t+1 = Et

1

at+1
Etp

h
t+2 + cEtyt+1

Replacing in (15) gives

pht =
1

at
Et

1

at+1
Etp

h
t+2 +

1

at
cEtyt+1 + cyt

Solving recursively up to time T ,

pht =
1

at
Et

1

at+1
:::Et

1

at+T
Etp

h
t+T+1

+c
1

at
:::Et

1

at+T�1
Etyt+T

+:::+
1

at
cEtyt+1 + cyt

which using summation and product notation, gives

pht =
TY
i=0

Et
1

at+i
pht+T+1 + c

TX
i=0

Etyt+i

TY
i=1

Et
1

at+i�1
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The transversality condition

lim
T!1

TQ
i=0

Et
1

at+i
Etp

h
t+T+1 = 0

means the expectation will not explode too fast. Assuming this condition, as T !1,

pht = c
1X
i=0

Etyt+i

1Y
i=1

Et
1

at+i�1

Derivation of equation (19)

If pht = ph�t +Bt, then Etp
h
t+1 = Etp

h�
t+1+EtBt+1. Replacing p

h
t and Etp

h
t+1 in equation (15) implies

that
ph�t +Bt =

1

at
Etp

h�
t+1 +

1

at
EtBt+1 + cyt

By the de�nition of ph�t in (17),

ph�t = c
1

at
:::Et

1

at�1+1
Etyt+1 + :::+

1

at
cEtyt+1 + cyt

Etp
h�
t+1 = cEt

1

at+1
:::Et

1

at+1
Etyt+1+1 + :::+ cEtyt+1

where substituting for ph�t and Etph�t+1,

ph�t +Bt =
1

at
Etp

h�
t+1 +

1

at
EtBt+1 + cyt

) c
1

at
:::Et

1

at�1+1
Etyt+1 + :::+

1

at
cEtyt+1 + cyt +Bt

= c
1

at
Et

1

at+1
:::Et

1

at+1
Etyt+1+1 + :::+

1

at
cEtyt+1 + cyt +

1

at
EtBt+1

) Bt = c
1

at
Et

1

at+1
:::Et

1

at+1
Etyt+1+1 +

1

at
EtBt+1

) Bt =
1

at
EtBt+1

since 1
at
Et

1
at+1

:::Et
1

at+1
! 0. Thus,

Bt = (at)
�1
EtBt+1 , EtBt+1 = (at)

1
Bt

where the assumption at > 1 , (1 + Etrt+1) (1 + vt) > 1, is equivalent to assuming real interest
and mortgage rates are positive. Note that since at > 1, (at)

i !1 as i!1. Thus,

lim
i!1

EtBt+i = (at)
i
Bt =

�
+1 if Bt > 0
�1 if Bt < 0

22



0.5

1

1.5

2

2.5

3

3.5

4

4.5

5

5.5

1960 1965 1970 1975 1980 1985 1990 1995 2000 2005 2010

Australia France Hong Kong Japan Singapore United Kingdom United States

FIGURE 1
Total Fertility Rate (births per woman), 1960-2010
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FIGURE 2
Real House Price Index, High Income Countries, 1980-2012
Source: Federal Reserve Bank of Dallas, National Sources
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FIGURE 3
Working age population (percentage of population), 1980-2012

Source: United Nations (2015)
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TABLE 1
Population Support Ratios and Immigration

Support Ratio Population Growth Migrant Stock
Country (15-64/65+) (average annual) (% population)

2010 (1990-2009) 2010
Australia 5 1.3 21.1
France 3.9 0.5 10.6
Hong Kong 5.9 1.1 38.9
Japan 2.86 0.2 1.7
Singapore 8.33 2.6 38.3
United Kingdom 4 0.4 10.4
United States 5 1.1 13.8
High Income 4.35 0.7 12.0
Source: World Bank (2014)
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TABLE 2
Augmented Dickey Fuller Test Statistics for logarithm of variables

Variable With trend P-value Without trend P-value
TFR 0.269 0.998 -1.44 0.550
Wf=Wm -3.181 0.106 0.577 0.987
WAPOP -1.478 0.810 -0.774 0.809
LLR -2.113 0.519 -1.514 0.513
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TABLE 3
Estimates of Long run Elasticities and Speed of Adjustment in ECM

Variable Elasticity with respect to TFR Standard Error P-value
Wf=Wm -2.935* 0.478 0.0118
WAPOP -2.986** 0.397 0.0028
LLR 0.017 0.006 0.2195
Speed of adjustment -0.447** 0.155 0.0086
R-squared 72.51% Sample period: 1980-2012
Adjusted R-squared 62.51% Observations: 33

*Signi�cant at the 5% level
**Signi�cant at the 1% level
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TABLE 4
Diagnostic tests

�2 Statistic P-value
Breusch-Godfrey LM test for serial correlation 1.098 0.578
Breusch-Pagan test for heteroskedasticity 1.124 0.997
ARCH test for heteroskedasticity 0.627 0.429
Jarque-Bera Test for normality 0.557 0.757
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