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Abstract
The Laplace transform is a convenient mathematical tool for solving ordinary and partial
differential equations. The application of this technique to problems arising in drug penetration

through the skin is reviewed in this paper.

Keywords: Laplace transform, mathematical modelling, percutaneous drug delivery

1. Introduction

It is well recognised [1] that application of the Laplace transform technique to problems on
modelling transdermal drug delivery was pioneered by Jonathan Hadgraft (e.g. see [2-4]). In the
authors’ view, this awareness of mathematics and readiness in applying it to the selected field of
study is rather rare for pharmaceutical scientists, especially those scholars whose first degree is in
neither physics nor mathematics. As well as using the Laplace transform technique Jon later went
on to champion the use of ‘compartmental’ modelling of transdermal delivery (e.g. see [5-7]), using

software such as Stella® to improve the accessibility of mathematical approaches to predicting
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percutaneous absorption. Alongside his contribution to the use of mathematics in the drug delivery
field Jon has utilised his knowledge of physical chemistry in several key papers that address the
mechanistics of skin penetration enhancement [8-12] and he remains active in the many debates
that still rage in this arena. Professor Hadgraft’s mathematical knowledge is an example for present
and future pharmaceutical scientists as is his ability to often make his point with grace and humour.
One such occasion occurred at a Gordon Conference debate about the utility of electron microscopy
in the study of skin structure. Jon and one of the authors of this article were up until the small hours
of the morning constructing a presentation that would bring the debate to a conclusion, hopefully
suggesting that ‘the artefact’ was a real problem in the interpretation of electron micrographs of
skin. The creation of this presentation was aided, to a degree, by the consumption of some rather
good Scotch and was based around challenging proponents of the technique to tell the difference
between electron micrographs of the skin and various photographs of the solar system, its moons
and planets. Common features of the skin were generously pointed out with increasingly large
arrows on the pictures taken in space and the advocates of electron microscopy failed to tell if these
were celestial objects or highly magnified images of the skin. The audience was easily won over
and the debate convincingly won. There are many other examples of how Jon has used his good
nature to win arguments that he actually feels quite strongly about and his rigorous approach to
science, combined with a razor sharp brain and an excellent sense of humour and humility has

made him one of the most valued contributors to our field over the last 40 years or so.

In this paper we have tried to present a brief overview of the Laplace transform and a detailed
example of its application to a simple case followed by a review of many problems in the skin
penetration literature solved by Laplace transform. It is hoped that this format could be useful and
understandable (at least in part) for scholars with a non-mathematical background.
2. Laplace transform

The Laplace transform technique was developed at the end of the 18™ century by French
mathematician and astronomer Pierre-Simon Laplace. He later used his transform to find solutions
for the diffusion equation, which is at the centre of modelling drug penetration and transport

through the skin. In the notation relevant to the skin transport literature, Laplace transform of the

concentration C at the position x in the skin and time t, C(x,t) , is defined as:



C(x,8) = L{C(x,t)} = TC(x,t)e‘Stdt (1)

where L is the Laplace operator, s is the Laplace variable and the hat over function (*) denotes the
Laplace transform. If the Laplace transform of a function is known it can be inverted to time

domain:

C(x,t) = E‘l{é(x, s)} = Té(x, s)e’ds )

o—io
where £ is the inverse Laplace operator. Inverting to time domain using equation (2) is not trivial
and requires the knowledge of the theory of functions of a complex variable, but often tables of
Laplace transform (e.g.[13]) could help the inversion process.

The essential property of the Laplace transform in the context of solving differential equations is

that derivatives with respect to time are converted to multiplication by the Laplace variable:
E{%C(x,t)} =5C(x,5) — C(x,0) (3)

and thus reduces the partial differential diffusion equation to ordinary differential equation that is

much easier to solve.

Skin (SC)
Application of the Laplace transform is best
understood in the context of a simple example: let us
D
consider an experiment where a relatively large
Donor /AN Receptor o _
\; volume donor solution is applied to the external
Va -verylarge v, -very large surface of the skin at t = 0 and there is no drug in the
and well stirred and well stirred

skin before the application (also see Fig 1). For
C4 = const C(x,0)=0 | C»=const=0 . . :
’ simplicity we will assume that the skin can be

represented as a homogeneous membrane of

KCd Clx) thickness h. Further, the clearance of a solute due to
blood flow (or receptor stirring in the case of the in

0 s g vitro diffusion cell experiment) is fast, so that the

Fig 1. Schematics of the simple case of drug
penetration through skin.

sink condition is maintained at the internal surface

of the skin. The problem is to find concentration in

the skin and flux through the skin.



Transport of solutes in the homogeneous membrane is governed by the diffusion equation: [14]
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While the diffusion equation (4) remains the same for many problems of modelling skin solute
transport, the specifics of a given problem are usually expressed in boundary conditions. In the
simple case considered in this example, a large volume and well stirred donor solution provides
constant concentration in the receptor phase, therefore:

C(0,t) = KC, 5)
where C, is the constant donor concentration and K is the partitioning coefficient between the skin

and the donor phase. The boundary condition (5) represents the fact that for any time (t > 0)
concentration in the superficial layer of the skin (at x = 0) is proportionate to the concentration in
the adjacent donor solution. The coefficient of the proportionality (K) in equation (5) reflects
different physicochemical properties of the donor phase and the skin, e.g. if solute has greater
affinity for the skin compared to the donor phase then K > 1. The assumption of a large volume in
the receptor is necessary to provide virtually constant donor concentration, that is even though
solute diffuses into and through the skin and thus some solute is being lost from the donor, the loss
is much smaller than the amount present in the donor ( = Dose = C4Vy4, Where Vjy is the volume of
the donor) and can be neglected. Practically, if the loss is less than about 10%, the assumption of
constant donor concentration is justified. The assumption of a well stirred donor guarantees
constant concentration throughout entire donor phase. Theoretically, if no stirring is present, the
donor volume adjacent to the skin may get depleted, even when only small amount of solute
diffuses into and through the skin. Practically, the diffusion through skin is so slow that even
thermal convection in the donor phase may provide enough stirring to maintain a well stirred donor.

Stirring the donor may become important when the partitioning coefficient is very large (K >1).

The second boundary condition describes the sink condition at the internal surface of the skin (x =
h):

C(h,t)=0 (6)
Essentially, equation (6) is analogues to (5), but concentration in the receptor (C;) in vitro or
arterial blood in vivo is assumed to be zero. For the in vitro case stirring the receptor is often more
important than stirring the donor, as stirring the receptor not only serves to provide the sink
condition, but also provides representative sampling of the receptor phase (e.g. 10%



inhomogeneities of the concentration in the receptor will lead to 10% error in determination of the
flux through the skin).

Second order partial differential equation (4) requires an initial condition, which is readily supplied
by the assumption that there is no drug in the skin att = 0:
C(x,0)=0 (7)

Taking the Laplace transform of the diffusion equation (4) using equation (3) and then the initial
condition (7) yields:

d?C(x,s)

sé(x, s)=D > (8)
dx

2 2 2
where we used the fact that E{%C(x,t)} = %E{C(x,t)} = %C(x, s) (as there is no derivative
X X X

with any other variable in (8), partial derivative with x can be replaced with full derivative). The
Laplace transform of the boundary conditions (5) and (6) yields:
C(0,s) = KC,
S

C(h,s)=0 (10)

(9)

Equation (8) is a simple ordinary second order differential equation, which is much easier to solve
than the original partial differential equation (4), and has a well known solution:

2 . S S
C(x,s) = Asmh(x\/gj+ Bcosh[x\/g] (12)

where A and B are constants to be determined from using boundary conditions (9) and (10). Given
that sinh (x) = (exp(x) —exp(-x))/2 and cosh(x)=(exp(x) +exp(-x))/2 equation (11) can also be

expressed using exponentials, but for a problem involving finite thickness membrane (or few

membranes) the notation used in equation (11) leads to simpler mathematical expressions. It is

convenient to “repackage” expression x,/s/D in equation (11) to the term that has a more obvious

dimension: % st,, where t, =h?/D is the characteristic time of diffusion (and since the

dimension of the Laplace variable s is 1/time, the term is obviously dimensionless). Substitution of



equation (11) to boundary condition (9) yields B = KC, /s, and then the use of boundary condition

(10) determines the constant A, so that:

2 h t
C(x,s) = KS" cosh(%@)_cos (\/q)

sinh(\/i)

Using Hyperbolic functions identities this equation can be expressed as: [15]

KC, Sinh(y/st; (1-x/h))
s sinh({st,)

sinh(%ﬁ ] (12)

C(x,s) = (13)

Equation (13) can be inverted numerically to time domain (see next section) and used directly to fit
experimental data (such as skin tape stripping data, e.g. [16]), but some information and insight can
be gained directly from the Laplace expression (13). This can be done using the following

relationship:

lim f (t) = lim st (s) (14)
It is important to note that equation (14) is only valid if !Lrg f(t) exists (and is therefore finite). For
example at long times (t>>t,, but practically for t>t,/2) the steady state concentration profile
(C(x)) can be easily found:

C, (x) = limC(x,t) = lim sC(x,s) = KC, (1-%) (15)

At very short times (t <« t, ) in equation (13) large values of s (so that st, >1) must be considered,

and as sinh(x)~exp(x)/2 for x>>1, equation (13) simplifies to:

C(x,s) ~ KSC" exp(—%@j (16)

The inverse Laplace transform for equation (16) can be easily found using the table of Laplace

transform (e.g. [13]):

41 | KC, X _ Xty
C(x,t)=L {Texp( h\/ij} KCderfc(Zh\/?] (17)

where erfc(x) is the complementary error function (which can be calculated for example in Excel).

The flux of solute from the skin to the receptor (J) can be determined for the given concentration:



J(t) = _p&Y (18)
x=h
in the Laplace domain this equation is:
J(s)=-D dé((iz’ ) - (19)
Using C(x,s) from equation (13) in (19) yields for flux:
3(s)= KDC, st 20)
h  ssinh (\/E )
Using equation (14) with equation (20) the steady state flux (J ) can be easily found:
J, zlLrQJ(t)ZLmsj(s)z%cd =k,C, (21)

where k is the permeability coefficient of the skin. It is often preferable to express equation (20)

and (21) in terms of the maximum flux of a solute through skin:

KD C,

J s :_Cd = kpcd = ‘]max_ (22)
Sd

° h
where Jmax 1S the maximum flux of a solute through skin, realised when maximum possible
concentration (= solubility in the donor, Sy) for a given donor phase is used. The advantage of
equation (22) is that Jmax unlike kj, is a donor phase independent parameter, providing that the donor

phase does not change the transport properties of the skin. [17]

In skin diffusion experiments the data is often expressed as the total amount (Q) of solute
penetrated into the receptor phase (or systemically absorbed, for the in vivo case). The total amount

can be readily found from the flux:
t
QM) = [ A (r)de (23)
0

where A is the area of the skin in contact with the donor and receptor phases. Since integration is
inverse operation to differentiation (and derivative corresponds to multiplying by s, see equation (3)
) it is intuitively clear that the Laplace transform of an integral corresponds to multiplication by
s =1/s, and the Laplace transform of (23) yields:

AJ(s)
S

Q(s) =

(24)

Together with equation (20) this gives:



KDAC, st,

Q(s) = (25)
h g2 sinh(\/i )
At long times (practically t > t4/2)
Q(t)~ Al (t-lag) (26)
where lag is the lag time which can be expressed using Q(s) - [17, 18]
— 1 d 2 b
lag __L'ngln(s Q(s))_g (27)

3. Numerical inverse Laplace transform

The usefulness of Laplace domain solutions have been enhanced by implementation of numerical
inverse Laplace transform algorithms in readily available nonlinear regression programs such as
MULTI FILT, MINIM and SCIENTIST. These software packages permit fitting experimental data
points directly using Laplace domain solutions, avoiding mathematical complexities associated
with obtaining infinite series time domain solutions which, in more advanced models, also require

solving transcendental equations.

While using the software packages is sufficient in most cases of experimental data analysis in
modelling skin penetration, there are problems that require a more flexible approach. For example,
the abovementioned software packages do not allow batch processing of data, which is
inconvenient when fitting large massive of data. One of the authors encountered an insurmountable
problem trying to use SCIENTIST with the Laplace solution involving Bessel functions [19]. To
address these problems programming languages, such as Fortran or Python can be used. For
reader’s convenience Python program for numerical inverse Laplace transform is presented in the

Appendix.

4. Various problems in skin penetration literature solved by Laplace

transform

Table 1 lists common models of skin penetration with schematics, brief description and Laplace
solution equations for the flux into the receptor phase (J(s)), amount absorbed into the receptor

phase (é(s)), and concentration in the skin (or Stratum Corneum, SC,é(x,s)) when available.

Equations are normally given for simpler models with fewer parameters and, when possible, have

been converted to the notations consistent with this work.



Table 1

Schematics of the model Equations Description ref
Skin (SC inh(./st. (1=x/h The simplest model with | [14,
) é(x, s)= KC, SN ( St ( X/ )) infinitely large well stirred 20]
S sinh (Jstd ) donor phase (no depletion) '
Cq= const [.)"‘*:._ C,= const=0 and |nf|n|::]e|y I(argli [18],
o ~ receptor  phase sin .
Vy= V= o J(s) = KDC, _ Sty conditions). In the | 1S
h ssmh(\/std) references provided more | work
complex scenarios are
~ KDAC st considered.
Q(s) = 1t
h s smh(,/std)
Skin (SC ; [ot (1_ The model with infinitely | [21]
&) é(x 5) = KCyo smh( Sty (l X/h)) large donor phase with
’ f(s) diffusion (e.g. thick solid
Ca () ?ﬁ:_._ C,= const=0 vehicle)  and sink
V= @ (¥ A KDC,, /Sty conditions in the receptor
Ca (40)=Cao V= @ J(s) sz— phase. In the reference
Dy st (s) provided the solution is
AY given for the case with
— Q(s) _KDACy, Sty barrier between the donor
h  s*f(s) and skin and the skin and
receptor is present.
f(s) :sinh(\/i)+ K/D/D, cosh (\/i)
Skin {5C) A KC,, Vst sinh( /_Std (1—x/h)) The model with finite | [22]
C(x,s)= S f(s) donor phase (depletion)
D . " .
Calt) | Ge= const=0 ~ ) and sink conditions in the
gﬂ';“lﬂg W . f(S) =V /Sty smh(\/i )+cosh(\/i ) receptor phase. In  the
10FCao ‘ 3()= KDC,, Vot . Y, reference provided more
- ! dN
h f(s) KAh complex scenarios are
A (s) _Dose 1 | Dose = C.. considered.
—S _f s) ’ doVd
Skin {SC) . KC,, Vst sinh( /std (1—x/h)) The model with the | [15]
\C'e" C(x;8)= S t(s) parameters as above with
D .
\ ~ | C=const=0 evaporation (Cley,
e ' Vst +K,,
Ca) |[¥ f(s)= dN\/dT smh(\/i)+cosh(\/i) dimension  volume/time)
Vg - finite V= Sk e )
= rom the donor phase.
Co O Can ()~ KDCa Vs, . _fCl, P
h f(s)' © KDA
- Dose 1
(S)=—75"
s f(s)




Skin (SC t sinh(./st. (1= x/h The model with finite | [23],
%) C(x,s) = KCyy — >N ( sty (1-%/ )) donor phase (thickness hy) [20]
b h/h, \/tdd/tdf(s) wilt_r:j diﬁ;u_silor; (e.g. thiE
G x’t L~ Cr= const=0 Soll venicle an Sin
V:Eﬁr)me 2 f(s)= VdN\/73"‘“(\/7)+C°ta”h(\/ﬂ)005h(\/i) conditions in the receptor
Cal,0/=Cao V=@ phase. (Similar model with
Ds R KDC t h /h h2 additional evaporation
A J(s)= 0 44 == from the donor phase is
= h \/Stdd f(s) Dy given in [7], but equations
Q(S) Dose ﬁre ;oo bulky to be given
ere
Jstdd f(s)
Skin (SC) A( ) KC, st sinh(\/i(l— x/h)) The model for brief | [15]
C(x,s)=
. s \/;cosh(\/i) exposure  (t, <t,/6) of
Cq= const WA C;= const=0 skin to a large donor
- Ve= e j(s) _ KDCy 2ytte phase. In the equations t=0
: h Jxcosh (\/Std ) corresponds to the removal
A =t of the donor phase.
- Q(S) _ KDAC, 2,/tyt,,
D | G= const=0 h
4| o s\ cosh (st )
Skin (3C) A KC, 2.fst,, sinh(\/i(l— x/h)) The model for brief | [15]
i C(x,s) = NS exposure (t, <t,/6) of
Cq= const A C;= const=0 « skin to a large donor phase
- V= fs)= COSh(V Sty )+ [st Smh(\' Sty ) when evaporation from
d
1 skin occurs after the donor
Clay A =t J(s) = KDC, 2thtex phase removal. In the
N\ ©) == Jrt = KDA
0 | ¢= const=o (S) equations t=0 corresponds
= =
« ﬂ__:j's V= o (j(s) _ KDAC, 2, t,t., to the removal of the donor
S— I h  sJzt(s) phase.
8C  VE . 2 [st The two layer (SC and | [24],
Q(s)= KDAC, N viable epidermis, VE) 4]
b h  s7f(s) model with metabolism in
Ce=const | | 2% lc = const=o _ the VE (rate of metabolism
! VAV f(s) =cosh /st, sinh /(s +k)t,, + kn, dimension 1/time). Dy
Vy= @ ¥n V=@ Kh and D, are the diffusion
qugm e ———=_sinh/st, cosh /(s +k,)t, coefficients of drug and its
ho " Kvehfe\/? metabolite in the VE and
hye is the thickness of the
Qe A 7Q( )kmtve(COSh (s+k,)t,, —cosh Stvem) VE. Ky is the partitioning

()= cosh /st (1/(s+km)tve—‘/stvem)
= hvze / Dve’ tvem = hvze/Dvem

coefficient of drug
between donor and VE.
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The model when solute

Skin (SC) Cir s LKC, 9(s)sinh (g (s)ty (1-x/h)) [25],
(x,8)= S ssinh(m) undergoes rate limiting | [17]
Cd= const D,-.. C|= const=0 -1 SIOW blndlng in the SC fOI’
LV sk k
s)=s+—2_  f =|1+-20 example due to
‘l“!'a:oo K‘WITKW Vl_:cp g( ) s+koﬂ u ( koﬁ] p - -
imbrglcjn?]ﬁe partitioning into
drug j () = KDC, AJas)t, corneocytes. Here ko, and
h ssinh(‘/g(s)td) ket are binding and
unbinding rate constants
Q(s) = KDAC, v 9(s)ty (dimension 1/time).
h ssinh/g(s)t,
5C . KC, Sinh(\/i(l_X/h))ﬂinh(\/ix/h) The model for sorption. | [17]
Clus)=—g" sinh(\/i) SC originally devoid of
C,4= const p | Ca=const solute is immersed into the
V= o Yy i) = KDC, 2Vt tanh(VStd /2) donor solution. Flux and
4= T T == -
h S amount of drug absorbed
~ KDAC, 2,/st, tanh (Jstd /2) into the SC is given here.
Q(s) = - 7
5C ¢ K, | sinh(@(l_X/h))mnh(\/gx/h) The model for desorption. | [17],
o)==t sinh ({/st, ) SC that has concentration | [19]
C=0 C=0 C(x,00=KC, at t=0 is
s P A R KDC. 24/Sty tanh (,/Std /2) (x.0) ‘
V= A Yz J(s) = h : s immersed into the receptor
solution.
. KDAC, 2\/st; tanh(/st, /2)
Q(s) = - %
E(x S)=ﬁf(s)x The model for desorption | [17],
S when slow binding occurs | [25]
sc {1_5'“(“9(5”" (1__X/ ))-+sinh (/o s)t / h)] in the SC. SC that has
Smh( o)ty ) concentration
o o | 7° f(s)z{fuvL—koﬁ (1k_ fU)] C(x0)=KC, at t=0 is
P o) = S+
e [V Ulyze ot . immersed into the receptor
ke ;
b"ol[:':;w 9(s) = s+ SkIZn Cf= (1+:ij solution.
imrgobile S+ Ko off
rug
. 2f(s)tanh(/g(s)t, /2
J(s)=Knc, ( /2)
\/g ()t
Gt < Kanc, 21 () tanh(,/g(s)td /2)
S \/g(s)td
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5. Conclusion

We hope in this work we have demonstrated that the Laplace transform is a powerful mathematical
tool for solving the diffusion equation and analysing solutions for solute transport in skin. It is
important to recognise that this tool has its limitations. Most notably, to be solvable by the Laplace
transform partial differential equations have to have coefficients that are independent of time (e.g.
constants or functions of x only). This excludes an important class of problems in skin transport
that involve diffusion coefficient that is changing in time. For example changing diffusion
coefficient can result from drying of skin due to exposure to an environment. Another limitation is
that the Laplace transform only works for linear differential equations, and therefore will not work
for a model with diffusion coefficient that is dependent on concentration. This scenario is likely for
example in a case of diffusion or co-diffusion of a penetration enhancer. In the cases that the
Laplace transform could not be used, numerical solution of the diffusion equation has to be
undertaken and Laplace solutions can be used to finetune the numerical solution. An example of the
numerical approach, that represents skin as an array of compartments, is discussed in [15, 17, 26]

and gives required flexibility to address difficult skin penetration scenarios.

6. Appendix

Presented below is Python program for inverting function described by equation (25) (adapted from

http://code.activestate.com/recipes/576938-numerical-inversion-of-the-laplace-transform-with-

[history/1/, see also [27]). The algorithm is based on using inverse Laplace integral (equation (2))
directly, but modifying the integration paths from the straight line in equation (2) to a properly

selected curve to speed the convergence of the integral.

from numpy import sqgrt,pi,sin,tan,exp,sinh

# Laplace function: QI(s) to be defined below
def Ql(s,td):

sr=sqgrt(s*td)

return sr/sinh(sr)/s**2

# function in time domain Q(t)

def Q(t,td):

#These constants are dependent on the function and might be different if the function changes
shift=0.01
N =24

ift==

print "ERROR: Inverse transform cannot be calculated for t=0"
return ("Error™);

12
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# Initiate the stepsize

h = 2*pi/N
ans = 0.0
# parameters from T. Schmelzer, L.N. Trefethen, SIAM J. Numer. Anal. 45 (2007) 558-571
cl = 0.5017
c2 = 0.6407
c3 = 0.6122
c4 = 0+0.2645j

# The for loop is evaluating the Laplace inversion at each point theta i
# which is based on the trapezoidal rule
for k in range(N):
theta = -pi + (k+0.5)*h
z = shift + N/t*(cl*theta/tan(c2*theta) - c3 + c4*theta)
dz = N/t * (-cl*c2*theta/sin(c2*theta)**2 + cl/tan(c2*theta)+c4)
ans += exp(z*t)*Ql(z,td)*dz
return ((h/(2jJ*pi))*ans).real
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