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ABSTRACT

The failure modes of reinforced concrete (RC) beams strengthened in shear with fiber
reinforced polymer (FRP) sheets or strips are not well understood as much as those of RC
beams reinforced with steel stirrups. When the beams are strengthened in shear with FRP
composites, beams may fail due to crushing of the concrete before the FRP reaches its rupture
strain. Therefore, the effective strain of the FRP plays an important role in predicting the
shear strength of such beams. This paper presents the results of an analytical and experimental
study on the performance of reinforced concrete beams strengthened in shear with FRP
composites and internally reinforced with conventiona steel stirrups. Ten RC beams
strengthened with varying FRP reinforcement ratio, the type of fiber material (carbon or glass)
and configuration (continuous sheets or strips) were tested. Comparisons between the
observed and calculated effective strains of the FRP in the tested beams failing in shear
showed reasonabl e agreement.
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1. Introduction

Fiber Reinforced Polymer (FRP) is a relatively new class of composite material

manufactured from fibers and resins and has proven efficient and economical for the

development and repair of deteriorating structuresin civil engineering.

The strength of FRP-strengthened RC members is influenced by the type of fibers, fiber

directions, fiber distributions, and bond schemes. The effectiveness of FRP is maximized by

bonding the external FRP reinforcement paralel to the direction of principa tensile stress.

FRP bond schemes (e.g. side bonding, U jacketing, wrapping) can also result in different

shear capacity of FRP-strengthened RC members. Detailed investigations on the shear

strengthening of RC members have been relatively limited, and many questions regarding the

strengthening mechanism are yet to be resolved. With afew exceptions, most researchers have

idealized the FRP materials as being analogous to internal steel stirrups, assuming that the

contribution of FRP to shear capacity emanates from the capacity of the fibers to carry tensile

stresses at a more or less constant strain, which is equal to or lower than the FRP ultimate

tensile strain. Current national code provisions are available for designing elements externally

bonded with FRP, and many experimental tests have been carried out in this field of research.

Both experimental evidences and code suggestions indicate that a performance improvement

can be realized, but even if alot of solutions are possible, their performances and beneficial

effects are not yet quantified [1].



Table 1 shows various equations (see Eqg. 1 to 5) developed by others to estimate the
effective strain of FRP (&) a shear failure. Recently, Teng et al. [2] tested nine FRP-
strengthened RC beams: three as control specimens, three with bonded FRP full wraps, and
three with FRP full wraps left unbonded to the beam sides. The test results showed that the
unbonded FRP wraps had a slightly higher shear strength capacity than the bonded FRP wraps.
In addition, Deifalla and Ghobarah [3] tested six half-scale beams externally bonded with FRP
composites constructed using a specialy designed test setup in order to investigate the
strengthening techniques for beams subjected to combined shear and torsion. Test results
indicated that externally bonded CFRP strengthening schemes enhanced the shear and torsion
carrying capacities of RC beams. Grande et al. [4] tested fifteen RC beams strengthened in
shear by externally bonded fiber-reinforced plastics (FRP) sheets to study the influence that
the geometrical percentage of transverse steel reinforcement could had on the FRP resisting
action. The experimental investigation indicated the variability of the FRP shear resisting
action over the amount of the transverse steel reinforcement. In particular, the FRP shear
resisting action was generally smaller in beams with closer stirrups. Fico et al. [5] studied the
assessment of Eurocode design equations for the evaluation of the shear strength of FRP RC
members, as proposed by the guidelines of the Italian Research Council. Li et al. [6] tested
sixteen RC beams with or without FRP composites to study the shear strengthening effect.

The experimental results indicated that the shear comtribution of FRP composites was



influenced by the applied FRP composite area, the spacing between the steel stirrups, and the
longitudinal steel bar diameter of the RC beams. Although there are many proposed equations
to determine &4, it is generally agreed that the effective strain of FRP is difficult to predict
solely by rigorous analysis because ¢, is influenced not only by matierial properties but
also by the shear failure modes of strengthened RC members.

This research aims to investigate the effective shear strain of the FRP used as shear
strengthening material in beams that show two different shear failure modes. Included in the

study are the stresses and strains of concrete, steel stirrup, and FRP at shear failure.

2. Resear ch significance

The shear failure modes of FRP strengthened concrete beams are quite different from
those of the beams strengthened with steel stirrups. This paper presents the results of an
experimental and analytical study on the performance of reinforced concrete beams externally
wrapped with FRP composites and internaly reinforced with steel stirrups. In this
investigation, emphasis was placed on the effective strain of the materials (concrete, FRP, and

stedl bars) of the FRP shear strengthened RC beams at peak load (ultimate stage).

3. Effective strain of the FRP

3.1 Failure modes of RC beams shear-strengthened with FRP composites



The failure modes of RC beams shear-strengthened with FRP composites are more complex
than those of RC beams reinforced with conventional steel stirrups. Debonding of FRP
composites or concrete crushing, before yielding of the steel stirrups, cause brittle failure. On
the other hand, concrete crushing or FRP rupture, after yielding of the steel stirrups, cause
ductile failure modes. In this paper, we define the two latter failure modes as:

. Failure mode 1: concrete crushing after yielding of the stedl stirrups.
. Failure mode 2: rupture of FRP composites after yielding of the steel stirrups

without concrete crushing.

For the beams showing failure mode 1, the shear resistance contribution of FRP (V;)
should be calculated by using the effective strain of FRP (&4, ), because the stress of the FRP
at shear failure does not reach its rupture strength ( f; ). However, for the beams exhibiting
failure mode 2, the stress of the FRP at shear failure can be replaced by its rupture strength.
FRP debonding failure is one of the main failure modes for RC beams strengthened in shear
with externally bonded FRP. The separate treatment of FRP debonding and FRP rupture is
essential to develop accurate shear strength models because the failure mechanism of FRP
debonding is quite different from that of FRP rupture [10]. This paper placed emphasis on
presenting a model to predict the effective strain of RC beams shear strengthened with FRP

wraps failing in Failure mode 1 or 2 without debonding.



3.2 FRP ratio at the balanced shear failure

The following is the most widely used expression to calculate the shear capacity of FRP-
strengthened RC beams, V,,:

V, =V, +Vs+V; (D
where V., V,, and V; are the shear resistance contributions of concrete, steel stirrups, and
FRP, respectively. Based on the truss model, the shear resistance contribution of FRP can be
derived as follow,

where &, isthe effective strain of FRP when a RC member reaches its shear capacity; E;

is the elastic modulus of FRP; p; is the FRP reinforcement ratio; b, is the minimum width

of cross section; d is the effective depth of cross section; € isthe diagonal crack angle; and

o isthe angle between principal fiber orientation and longitudinal axis of the member.

As indicated by the test results in the literatures, the strain distributions of the FRP

composites were not uniform and the strain concentrations occurred near the locations of

diagona cracks. In this study, the assumption of continuous material was applied to the

compatibility aided truss model to get the effective strain of FRP because the stress (or strain)

distributions of the FRP composites are not uniform. Thus, al the stresses and strains

involved in this model are the average (or smeared) stresses and average (or smeared) strains.

The effective strain of the FRP at shear failure was related to the amount of shear



reinforcement and the failure mode. In this paper, the effective strain of the FRP at shear
failure was formulated starting with the FRP reinforcement ratio corresponding to a balanced
shear failure. Fig. 1 shows the stress conditions of the FRP strengthened RC beams after the
formation of diagona cracks. Based on the well-known variable-angle truss modelsin which
the angle @ of the cracks in concrete is assumed to be equal to the angle of the principal
compressive stress of concrete, the tensile force p,, f, in the stirrup must counteract the
vertical component of the diagonal compressive strut under the eguilibrium conditions, and

the required FRP reinforcement ratio can be estimated as:

1
f; sina

pi (~f,sin? 6= fycos’ 6 py, f,, ) (3)

where f, and f, are the principa tensile and compressive stresses of concrete,
respectively; p,, and p; arethe steel ratio in the transverse direction and the FRP ratio,
respectively; f,, and f; are the steel stress in the transverse direction and the stress of the
FRP, respectively.

Fig. 2 shows two typical examples of beam responses up to failure. The horizontal axis
indicates the shear strain. The vertical axis in the upper direction indicates stress of the FRP
composites and stress of the steel bars, while the vertical axisin the lower direction indicates
principal compressive stress of concrete ( f,) and the effective compressive strength of
concrete (Vf,"). For the beams with the majority of FRP composites showing failure mode 1,

the concrete crushes before the stress of the FRP reaches its rupture strength ( f; < f;, and



f, =vf."), while for the beams with smaller amount of FRP composites showing failure mode
2, the FRP ruptures before concrete crushing ( f; = f;, and f, <vf;'). The boundary
between Failure mode 1 and 2 represents the balanced shear failure in which the concrete
crushes at the same time as the FRP reaches its rupture strength after the steel stirrups yielded.
In the balanced shear failure mode, the principal compressive stress of concrete f, in Eq. (3)
must equal the effective compressive strength of concrete Vf, ', and the tensile stresses f,,
and f; must be equal to theyield strength  f,,, and the rupture strength  f, , respectively.
Fig. 3 shows the Mohr's stress and strain circles at the boundary between failure mode 1
and failure mode 2. The principal tensile stress of concrete f, isignored because it is much
smaller than the other strengths Vf, fuy @nd fq . Therefore, the FRP ratio (pg,) at the

balanced shear failure can be formulated as;

1
fesSina

Pi= (_Vfc 'sin®6-p, ftvy) 4
where pg, isthe FRPreinforcement ratio required for abalanced shear failure.

The angle @ of the diagonal cracks in Eq. (4) can be determined using Mohr’s strain
circle as shown in Fig. 3(c). & and ¢ are the normal strains in the longitudinal and
transverse directions; ¢ and &, are the strains of concrete in the principal tension and

compression directions, and y is the shear strain. Thus, the angle @ can be expressed in

terms of the strains as:

cosez\/(gt)/(gI +&-6) (5)



At the balanced shear failure, the strains of the steel stirrups and the FRP are equal to the

rupture strain &, of the FRP. In addition, because the principal compressive strain of

concrete &, ismuch smaller than &5 and g, the principal compressive strain of concrete

can be ignored in Eq. (5) resulting in the following equation:

cosf = [(eq )/ (& +&4) (6)

Severa equations [11-14] gave the constitutive relationships of cracked concrete in the
principa compressive and tensile directions of concrete. In this study, the effective

compressive strength of concrete proposed by Collins etal:” will be adopted as below:

= ! £ @)
08+170(¢ + £, )

The effective compressive strength coefficient of concrete v of Eq. (7) was originaly
formulated to predict the shear strengths as well as the deformations of RC membrane

elements, such as panels; subjected to shear and normal loads. The equation was also utilized

to predict the shear behavior of RC beams[16, 17].

The equilibrium conditions for the longitudinal stresses must satisfy the following Eg. (8):
0= f,cos’ @+ f,(1-cos” 8) + p Eg + p; Ty, COSr (8)

By substituting Eq. (6) into Eq. (8) and assuming thate, = f; =0 for the reasons mentioned

earlier, the strain of the tensile longitudinal steel bars & can be obtained using Eq. (9):

gfr

Vi ")+ p E.g +p; f. cosar=0
€|+€fr(c) PEE +P¢ Ty

(9)

The FRP balanced shear reinforcement pq, f;, was calculated by substituting vf,' and



6 in Eq. (4). The FRP balanced shear ratio vs. the compressive strength of concrete curves
for a RC beam calculated using Eq.(4). It is noted that the balanced shear ratio of the FRP
Py increases as the compressive strength of concrete f, increases. This is because as the
rupture strain of FRP increases, the strain of concrete in the principal tension direction &,
increases. Accordingly, the pg, is correspondingly reduced due to the decrease in the

effective compressive strength of concrete vf,' that decreases with the increase of ;.

3.3 Calculation of the effective strain of the FRP
As mentioned in the early part of this paper, for the beams showing failure mode 1, the
concrete crushes before the stress of the FRP reaches its rupture strength. Therefore, the
effective strain of FRP at shear ‘failure can now be determined by replacing pg, f;, with
pi T (=piErer) INEq.(4).
For the failure mode 1 beams,
EreP By Sin“:(_vfc'gnze_/)tvftvy) (Pt 2pp) (104)
For the failure mode 2 beams,
e =€x (Pi <Pw) (10b)
In Eq.(10a), vf,' and @ can be calculated by replacing &, with &; in Egs. (7) and
(6), respectively. The amount of the FRP vs. the strain of the FRP curves for a RC beam are

shown in Fig. 4 in which the solid line represents the FRP reinforcement p; f;, calculated



using the right term of Eq.(10a), while the dotted line calculated using the left term of Eq.

(10a) that linearly increases as the strain of the FRP (¢&; ) increases. The intersecting point
where two lines crossis the effective strain of FRP at shear failure calculated by Eq.(10a).

In case of a beam having balanced shear FRP ratio pg, and f.'=40MPa (Beam 1,
pr = Py =0.000244, f. =3825MPa, &, =0.0153, E, =250GPa, £=90"), two lines
cross at point A where the calculated strain is 0.0153 that is the rupture strain of the FRP. If

the beam is strengthened with a great amount of the FRP than required for the balanced shear

failure, say p; =0.0008, the slope of the dotted line increases and the effective strain of the
FRP &, becomes 0.01 of the value at point B (Beam 2). Therefore, this beam fails due to
crushing of the concrete before the FRP reaches its rupture strain because the effective strain
of 0.01 at point ““B™” is smaller‘than the rupture straing; =0.0153. Similarly, if the FRP
reinforcement ratio p; becomes 0.0016, the calculated effective strain of the FRP &,
decreases to &; =0.0077 of point ““C”” as shown in Fig. 4 (Beam 3). It is noted that the
effective strain of the FRP &, decreases as the FRP reinforcement ratio p; increases for
the equilibrium of compressive force of concrete and tension force of FRP composites. The
material properties and analytical results of these three example beams are listed in Table 2.
To be able to define the shear strength of RC beams, the effective compressive strength
coefficient of concrete v the normal strain in longitudinal direction ¢, and the angle 6 of

the diagonal cracks should be calculated from Egs. (6), (7), and (9), respectively. This will



then allow the effective strain of the FRP, &, to be determined using Eq. (10). Eq. (2) is

then used to calculate the shear resistance contributions of FRP, V; .

4. Test program and measurements
4.1. Test specimens

A total of 10 RC beams with the same cross-sectional dimensions were strengthened by
FRP-wrap and tested to investigate the effectiveness of FRP at shear failure in detail. The
proposed equation (10) is applicable to predict the effective strain of the FRP in RC beams
that fail due to crushing of the concrete or FRP rupture without debonding (or premature
failure/ peeling off). Therefore the test beams were strengthened by FRP wrapping and
designed to prevent debonding failure. The overall dimensions, arrangement of reinforcement,
and loading system are shown in Fig. 5. Three parameters were considered in this
investigation: FRP reinforcement ratio, the type of fiber materials (carbon “C” or glass “G")
and configuration (continuous sheets “C” or strips “S’). All beams were reinforced with ten
bottom 25.4mm steel bars (D25 steel bar) and five top 25.4mm steel bars. The longitudinal
tensile reinforcement ratio of all beams was 0.0367. The shear reinforcement consisted of
9.53mm steel stirrups (D10 steel bar) spaced each 200mm. The ratio of steel stirrups was
0.00204. The yield strengths of D25 and D10 steel bars were 524.5 MPa and 300.0 MPa,

respectively. All beams were designed to share the same shear span-to-depth ratio (a/d =3).



The specimens were cast in formworks of which four corners were rounded at radius of
10mm. These round corners were necessary to alleviate stress concentraion which causes
premature failure of the external FRP. The beams were removed from the forms after 72
hours. The beams were cured at room temperature for a sufficient period. After curing the
beams, the surfaces of the specimens were cleaned using an electric grinder, and primer was
applied to the surfaces of the beams. The FRP sheets were then placed using the epoxy
(Epondex by Hankuk Carbon Co. Ltd.) after the primer had completely dried.

One concrete batch was used to cast all the beams at the same time. Concrete cylinders
were tested on the first and the last day of beam testing. Each test consisted of three
cylinders. The average concrete strength of the two cylinder tests was 35.0MPa
Specifications of specimens are given in Table 3. Mechanical properties of the FRP

composites and the longitudinal steel rebars used in thisinvestigation are shown in Table 4.

4.2. Loading system and measurements

The specimens were ssmply supported and were subjected to a concentrated load at mid-
span. Electrical strain gages were installed on the surfaces of the steel bars and FRP sheets to
record the strains during the test, as shown in Fig. 5. Because the strain gages can measure
only one point strain of stirrups or FRP sheets, five linear displacement transducers (LVDTS)

were atached to each face of the beam near the shear critical region to measure the



longitudinal, transverse, and shear average strains of each region. It is noted that the effective

strain in Eqg.(10) is not the maximum strain but the average strain derived from the

compatibility aided truss model. An additional LVDT was placed under the beam at mid-span

to measure the deflection of the beam.

5. Test Results

All beams failed in shear before flexural yielding, except beam C2 which failed in shear

after flexura yielding. Premature failure due to local fracture or debonding of the FRP did not

occur in any of the specimens. In the beams strengthened with FRP sheets (beamsin C- or G-

series), obvious diagonal cracks were not observed at a lower load level because of the

presence of the FRP sheets. As the applied load increased, part of the FRP close to the

diagonal cracks was tornapart, producing noise. In some specimens, partial debonding of the

FRP occurred near the critical shear crack or on the edge of the beam though, eventual failure

occurred due to crushing of the concrete. At onset of the concrete failure, strain measurements

by strain gages and LV DTs indicated that the FRP did not reach its full tensile capacity.

5.1. Load-deflection curves

The beams strengthened with glass-FRP strips showed flexural cracks near the bottom

surface of the beam close to mid-span. The formation of these cracks was also reflected in the



load-deflection curve as a sudden reduction in the stiffness of beams. The test results
including the shear strength of the beam and the failure modes are shown in Table 3.

The load-deflection curves of the 10 RC beams are presented in Figs. 6 (a) through (c).
The strengths of the beams increase with an increasing amount of FRP sheets and strips.
Enhanced behaviors of FRP strengthened beams are not only observed in the strength but also
in the deflection corresponding to the peak load, leading to higher energy dissipation capacity.
As an example, the peak load and the corresponding deflection of beams C1 and C2, which
were strengthened with one layer and two layers of carbon FRP, respectively, are 1,206.3kN
(271.4 kips) and 30.6mm (1.21 inch) and 1,432.0kN (322.2 kips) and 41.8mm (1.66 inch),
respectively. The load-deflection curves of the beams in the G and GS-series showed similar
behavior like the beams in the C-series. The shear strengths and the deflections corresponding
to the peak loads of all 10 beamsare given in detail in Table 3.

Figs. 7(a) and (b) show the maximum load and deflection versus the FRP ratio multiplied
by its modulus of elasticity p:E; , respectively. The maximum load and deflection
corresponding to the maximum load of al beams except beam C2 increase aimost linearly
with the increase of p; E; , regardliess of fiber materials (carbon or glass) and configuration
(continuous sheets or strips), while those of C2 do not because this beam failed in shear after

flexural yielding.



5.2. Srain distributions of the FRP, the steel stirrups, and the LVDTs
The strain distributions of the FRP composites and stedl stirrups just prior to shear failures
of some beams (C1, G1, GS1, and GS5), which are considered to represent typical strain
distributions of al specimens, are shown in Fig. 8. The figures also include the vertical strains
measured by the LVDTs attached to the beams. Because the strain gages can measure only
one point strain of stirrup or FRP sheet, the effective strains of FRP calculated by Eg.(10)
were also compared with the average strains measured from LVDTS. In Fig. 8, the x-axis
represents the location along the length of the beams (the distance to the section from the left
support), while the y-axis represents the measured values of the strain gages or LVDTSs.
Almost al of the stedl stirrups reached the yield strain before shear failure occurred, while the
maximum strains of the FRP composites just prior to shear failures remained well below the
rupture strains. The strains measured by the LVDTs were similar to those by the strain gages
attached on the FRP.
Fig. 9 shows the effective strain at shear strength versus the FRP ratio multiplied by its
modulus of elasticity p; E; . The strain in the transverse direction at the peak |oad tended to
decrease as the amount of the FRP increased and as the spacing of the FRP strips decreased.

The strains in the transverse direction of all beams at the peak loads are presented in Table 3.



6. Comparison between the experimental and calculated results
6.1. Effective strain of the FRP
Fig. 10 shows the experimental and calculated effective strains of the FRP for the 9 test
beams strengthened with FRP. The beam C2 that failed in shear after flexural yielding was
excluded in the comparison. The open circles, in these figures, are the effective strains of the
FRP measured using the LVDTSs, while the open squares are the effective strains measured
using the strain gages. The effective strains (£¢,_,,,) calculated according to Eq. (10) are also
provided in the figure for comparison. The effective strains of FRP calculated by Eq.(10) were
compared with the strains measured from both strain gages and LV DTs. The effective strain of
the FRP decreases as the amount of FRP ( p; f; ) increases, and the effective strain predicted
by the considered equation shows good agreement with the experimental results. The effective
strain of the FRP (&), the effective strength of concrete (vf,'), and the longitudinal
strain (& ), of the 10 test beams calculated by the Egs. (7), (9), and (10) are listed in Table 5.
As the amount of FRP ( p; f; ) increases, the effective strain of the FRP decreases.
Accordingly, the effective compressive strength of concrete and the longitudinal axial strain
of the beam are correspondingly reduced due to the decreasein &,,.
To further verify the applicability of the proposed method in predicting the effective strain
of FRP, the predicted values of the proposed method were compared with the experimental

results of FRP strengthened reinforced concrete beams [17, 19-22] reported in the technical



literature. Although there are abundant test results of load vs. deflection curves for RC beams
strengthened with FRP, available test results of the effective strain of the FRP in RC beams,
which failed due to crushing of concrete or FRP rupture without debonding (or premature
failure/ peeling off), are limited. Thus, atotal of 29 RC beams strengthened by FRP.wrapping
were compared in this study. All of the beams failed in shear due to crushing of the concrete
or FRP rupture without debonding. The maximum compressive strength of concrete of the 29
beams was 40.5 MPa. All of the beams had a rectangular cross-section. It is reminded that the
proposed method is capable of predicting the effective strain of the FRP in the RC beams that
fail due to crushing of the concrete or FRP rupture without debonding (or premature failure/
peeling off). Thus the test results of the RC beams failed due to debonding were omitted in the
comparison. The comparisons between the experimental and predicted results of the effective
strains of the 29 beams are shown in Fig. 11 and summarized in Table 6. Fig. 11 compares the
observed and predicted effective strains of the FRP. The predicted strains were calculated by

EQq.(10). The mean and variance values of the effective strain ratio €;o o / Efe_ana Of the 29

RC beams as predicted by the proposed method are 1.00 and 16.2 %, respectively. The mean

and variance values of the effective strain ratio €, g / €teana  Of the 20 RC beams without
the current beam tests were 0.94 and 14.35 %, respectively. The calculated effective strains by
the existing equations in Table 1 were also compared with the observed ones aslisted in Table

6. The variance values of £, g as predicted by these equations were about 27.5%.

/gfe—ana



6.2. Shear strength of beams

Twenty two more RC beams [18, 23 & 24] reported in the technical literature were
added to the 29 beams in Table 7 to check the applicability of the proposed equation based on
the compatibility aided truss model in predicting the shear strength of the RC beams
strengthened with FRP composites. Thus, total of 51 RC beams were compared with some of
the existing models and the proposed equation. Four models are considered in this
comparison: Chaallal et al.’s model [7], Triantafillou and Antonopoulos' model [8], Khalifa et
al.’s model [9], and Chen and Teng's model [10]. These four models are chosen because, in
authors opinion, they represent a wide spectrum of prediction models available in the
literatures.

All of the beams were reported to fail in shear without debonding (or premature failure/
peeling off) before flexural yielding. The amount of the FRP composites ( p; f, ) varied from
0.33 MPa to 12.65 MPa. Three type of fiber materias (carbon, glass, and aramid) and two
types of configuration (continuous sheets and strips) were used.

To define the shear strength of RC beams, the effective strain of the FRP, &, were
calculated from the equations in Table 1 and Eq.(10). Thiswill then allow the shear resistance
contributions of FRP, V; , to be determined using Eq. (2). Eq. (1) is then used to calculate the

shear strength of RC beams, V,,. The shear strength, V, , in Eq.(1) isinfluenced by not only



V; but dso V, and V. The shear equations of V, and V, in the design code (ACI 318-
08 design code) were selected to calculate Eq.(1). No safety factors were considered in all
shear strength calculations by the ACI 318-08 code. The angle of inclination of diagona
compressive stresses to the longitudinal axis of the member (8) was assumed to be 45 degree
in the calculation of V, and V;. The comparisons between the calculated and observed
shear strength of the 51 beams are shown in Fig. 12 and summarized in Table 7.

Fig. 12 indicates the prediction results of each analytical model for varying p; i / f.' on
the shear strengths of the 51 RC beams. As can be seen from Fig. 12(a), the anaytical result
of Chaallal et al.’s modd for the shear strength of 51 RC beams dlightly overestimates with a
mean Vi !V, value of 0.93 and a COV (Coefficient of Variance) of 26.6%. As illustrated
by Figs. 12 (b) and (c), the Triantafillou and Antonopoulos’ model and Khalifa et al.’s model
underestimated the observed shear strength of the 51 RC beams strengthened with FRP
composites. The mean values of the shear strength ratios (Ve /Vaw ) Of the test beams
calculated using Triantafillou and Antonopoulos' model and Khalifa et al.’s model are 1.78
and 1.24, with coefficient of variance values of 41.2% and 32.0%, respectively.

As shown in Fig. 12 (d), Chen and Teng's model underestimated the observed shear
strength of the 51 RC beams, which derived the effective stress of FRP by using the stress
distribution factor, Dgr, (ratio of the average strain to the maximum strain within the

effective FRP height). It is noted that considering the simplicity of Chen and Teng’'s model,



this model predicted the shear strengths of 51 beams strengthened with FRP composites with
reasonabl e agreement.

Fig. 12 (e) shows that the proposed solution method based on the smeared strains provides
improved results compared to those obtained from the existing models for the different values
of psfq/f." investigated in thisresearch. It can be also seen from Fig. 10 (€), the numerical
comparison of the proposed method indicates reasonable correlations with-the experimental
shear strength of the 51 RC beams with a mean of 1.04 and a COV of 20.6%. It is, therefore,
worth noting that the compatibility aided truss model based on the average strains adopted in
this study to calculate the effective strain of FRP is reasonably applicable to calculate the
shear strengths of the RC beams strengthened with FRP composites. However, the vaidity of
the proposed model needs to be verified against more independent experimental data, because
the shear equations of V., and 'V, in the design code (ACI 318-08 design code) used to
calculate Eq.(1) may not predict the exact shear resistance contributions of concrete and steel

stirrups. Hence, the comparisons reported here are limited to those obtained from the current

study. More elaborate comparisons with the test results of V; are needed for future research.

7. Conclusions
The effective strain of the FRP plays an important role in predicting the shear strength of

RC beams strengthened with FRP composites. In this paper, the effective strains of the FRP



used as strengthening material in RC beams were studied. Ten RC beams strengthened by

FRP were tested and the strain of the FRP composites was measured at specified load

intervals by the LVDTs attached to the beams and electrical strain gages installed on the

surfaces of the FRP. The test results indicated that the effective strain of the FRP at shear

failure decreased as the amount of FRP increased and also as the spacing of the FRP strips

decreased.

An equation based on the compatibility-aided truss model was proposed to predict the

effective strain of the FRP. The effective strain of .the FRP calculated by the proposed

equation depended on the interaction between the amount of FRP and the compressive

strength of concrete. Even if the proposed Eq. (10a) was rather tedious to calculate the

effective strain, this equation will help to understand the effects of the effective strength of

concrete and the stress-conditions of the materials of the beams at shear faillure on the

effective strain of the FRP. The obtained results showed that the proposed equation predicted

the effective strains of the 29 FRP-strengthened RC beams with reasonable agreement. In

addition, the numerical comparison of the proposed method indicates reasonable correlations

with the experimental shear strength of the 51 RC beams with a mean of 1.04 and a COV of

20.6%.

The proposed method was capable of predicting the effective strain of the FRP in the RC

beams that fail due to crushing of the concrete or FRP rupture without debonding. Thus



further rigorous research containing the effect of bond failure on the effective strain of the

FRP compositesis needed.
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Table

Table 1
Various equations for the effective strain of FRP.
Reference Efe Note
Chaallal et al.” 0.8¢¢, -
0.17[“0 Y2/ ]0'30 . For fully wrapped
Triantafillou Ef of v CFRP (CFRP fracture)
and

Antonopoulos®

047

£2/3

oosg| ()",
Etpi

For fully wrapped
AFRP (AFRP fracture)

Khalifa et al.®

(0.5622(p¢ E¢)? —1.2188p; E +0.778)e¢, < 0.554,

Chen and
Teng™

L+0)12

where ¢=21/2z,, z =dpgpy, 2, =0.9d

For FRP rupture failure
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Table 3
Specification of specimens and test results.

FRP composites Vertical strains (%)
Serie Beams Distrib | St N Yo, PeEs o Ao 3 Ete_LvDT| Ete-trp| &
s Fiber _ F 1 (mPa) | (kN) | (mm) | M. scgcel
ution | (mm) (%)

C1 Carbon | sheets - 1 | 0.063 0.775 | 0.923 | 0.956

¢ C2 Carbon | sheets - 2 | 0.126 | 157.5 | 1206.3 | 30.6 S | 0.614 | 0.747 | 2.045

Gl Glass | sheets - 1] 0286 | 3150 | 14320 | 418 | F | 1.193 /| 1.452 | 0.990

G2 Glass sheets - 2 | 0572 | 48.6 938.0 18.5 S 0.877 1.282 | 1.557

¢ G3 Glass | sheets - 310858 | 97.2 | 11030 | 265 | S| 1.000 | 1.172 | 1.026

G4 Glass sheets - 4 | 1144 | 1459 | 11625 | 32.0 S 1.012 1.094 | 1.226

GS1 Glass strips | 300 | 1 | 0.095 | 1945 | 1379.0 | 453 |4 S | 1.728 | 1.533 | 2.148

GSla Glass strips 200 | 1 | 0143 | 16.2 639.0 140 | S 1.589 1.633 | 1.597

6 GS3 Glass strips | 200 | 3 | 0.429 | 243 | 7125 | 143 | S | 1225 | 1.316 | 1.242

GS5 Glass strips | 200 | 5 | 0.714 | 729 | 8550 | 19.0 | S | 0.989 | 1.196 | 2.521

(Note: 1 MPa = 145 psi; ; 1 kN = 0.225 kip; 1mm = 0.0394 in.)

Note: s; is the spacing of FRP strips, n; is the number of FRP layers; p¢ is the ratio of FRP, F.M.: failure mode,
P, is the maximum load; A is the midspan deflection correspondingto P, ;& ypr IS the strain measured using the
vertical LVDT; &g, ¢, and &g, g are the'strains measured using the strain gage attached on the FRP and the steel

stirrups, respectively; F.M.: failure modes; S : shear faiure due to concrete crushing before yielding of the flexural steel,
F : shear failure after yielding of the flexural steel.

Table 4
Material properties of steel rebars and FRPs.
Section
t, f, or fg E, or E;
Materials area E,0r &
(mm?) (mm) (MPa) (MPa)
D10 (Stirrups) 71.3 - 0.0017 300 180,000
D25 (Long. Reinforcement) 506.7 - 0.0028 525 190,000
Carbon FRP
) - 0.11 0.0180 4,510 250,000
(Shear reinforcement)
Glass FRP
) - 0.50 0.0200 350 17,000
(Shear reinforcement)

t; is the thickness of FRP, &, and g, are the rupture strain of FRP and yield strain of steel bars,
respectively, f, and fy are the rupture strength of FRP and yield strength of FRP bars, respectively, E,

and E_ are the modulus of elasticity of FRP and steel bars, respectively.
(Note: 1 MPa = 145 psi; 1mm = 0.0394 in.)



Table 5

Experimental and calculated results of the 10 test beams.

Analytical results Test results
Series | Beams | i - Efe-LVDT | Efefrp
fc ! Vfc 4 €te-ana €fe-LVDT Ete—frp € fe_ana Efe—ana
(MPa)
Cl 0.081 | 13.39 | 0.00163 | 0.00801 | 0.00775 0.00923 0.85730 1.0210
C Cc2 0.162 | 15.02 | 0.00174 | 0.00634 0.00614 0.00747 0.84573* 1.0289*
G1 0.029 | 11.29 | 0.00145 | 0.01074 | 001193 0.01452 0.98758 1.2020
G2 0.057 | 12.43 | 0.00155 | 0.00901 | (.00877 0.01282 0.85063 1.2435
G

G3 0.086 | 13.23 | 0.00162 | 0.00800 | 0.01000 0.01172 1.0823 1.2684
G4 0.114 | 13.86 | 0.00166 | 0.00730 0.0101 0.01094 1.1896 1.2886
GS1 0.009 | 10.10 | 0.00133 | 0.01311 | 0(.01728 0.01533 1.2033 1.0675
GS1a | 0.014 | 10.46 | 0.00136 | 0.01232 0.01589 0.01633 1.1667 1.1990
GS GS3 0.029 | 11.29 | 0.00145 | 0.01074 0.01225 0.01316 1.0141 1.0894
GS5 0.043 | 11.92 | 0.00151 | 0.00974 | (o989 0.01196 0.89421 1.0814

Ave. 1.03 1.16
V. C. 13.73 % 8.47 %

gfe—ana

variance coefficient. * C2 failed in shear after flexural yielding.

is the effective stain of the FRP calculated by the proposed method; Ave. is the mean value; V.C is the
(Note: 1 MPa = 145 psi)

Table 6
Experimental and calculated effective strains of FRP in RC beams.
& fe—test & fe—test
Beams * | %2 | *3 | *4 | *5 Beams *1 | *2 | *3 | *4 | *5
(%) (%)

39 0.50 < | 054 | 1.06 | 1.26 | 1.09 | 0.83 || AN-1/52-3?Y | 125 | 1.03 | 1.12 | 1.66 | 2.08 | 1.04
BS121 0.84 0.87 | 144 | 144 | 1.75 | 1.03 || AN-1/2Z2-3% | 079 | 0.65 | 0.94 | 1.04 | 1.31 | 0.94
BS24 17 0.62 065 | 1.31 | 1.87 | 1.29 | 1.02 || CN-1/LZ-2® | 092 | 0.76 | 1.07 | 1.22 | 1.53 | 0.87
BMO6 17 1.17 122 | 1.63 | 1.95 | 2.44 | 1.10 S-2% 065 | 051 | 0.66 | 0.81 | 1.08 | 0.74
BM12 1" 0.93 097 | 159 | 160 | 1.94 | 1.14 S-42 044 | 034 | 062 | 072 | 073 | 0.72
BM18 1V 0.78 081 | 151 | 1.76 | 1.62 | 1.13 CcS2® 080 | 057 | 062 | 091 | 1.33 | 0.66
BM24 17 0.60 062 | 1.27 | 1.81 | 1.25 | 0.98 C1 092 | 064 | 085 | 1.03 | 1.54 | 1.02
BL06 7 0.84 087 | 1.17 | 1.40 | 1.75 | 0.79 Gl 145 | 091 | 085 | 1.45 | 2.42 | 1.20
BL12 0.78 081 | 1.34 | 1.34 | 1.62 | 0.96 G2 128 [ 080 | 092 | 1.28 | 2.14 | 1.24

BMWO06 0.84 087 | 1.24 | 1.40 | 1.75 | 0.93 G3 117 [ 073 | 095 | 1.17 | 1.95 | 1.27
BMWO012 T 0.69 072 | 1.25 | 1.19 | 1.44 | 1.00 G4 1.00 | 068 | 097 | 1.09 | 1.82 | 1.29
BMW24 1) 0.46 0.48 | 1.03 | 1.39 | 0.96 | 0.90 GS1 153 | 096 | 064 | 1.53 | 2.56 | 1.07
21 1.20 1.25 | 1.34 | 2.00 | 250 | 1.00 GS1a 163 | 1.02 | 077 | 1.63 | 2.72 | 1.20
31 1.03 1.07 | 1.42 | 1.72 | 2.15 | 0.96 GS3 132 | 0.82 | 0.77 | 1.32 | 2.19 | 1.09
GS5 1.20 | 075 | 0.79 | 1.20 | 1.99 | 1.08

Ave. 0.78 | 1.06 | 1.37 | 1.74 | 1.00
V. C.(%) 276 | 28.0 | 245 | 295 | 16.2

*1= 7 *9— 8) %q— 9)
1_‘gfe—test/ Efe—chaallal 2=¢ fe—test/ Efe-Tri.&Anto 3=¢ fe—test/ Efe—Khalifa

*f— 10) xp—
4= € fo—test / gfe—Chen&Teng ) *= € fetest le fe—Eq.(10)




Table 7

Experimental and calculated shear strengths of RC beams.

Vn—exp. Vn—exp.
Beams *1 *2 *3 *4 *5 Beams *1 *2 *3 *4 *5
(kN) (kN)

39 59.5 0.77 | 059 | 1.78 | 1.02 | 0.95 N-E100Z*2 132 1.28 | 1.42 | 245 | 1.79 | 1.87
BS12 1) 310 1.37 | 1.19 | 3.20 | 1.69 | 1.86 N-E100%2 %) 183 113 | 1.3 | 3.34 | 244 | 1.99
BS24 1) 396 134 | 092 | 3.96 | 2.02 | 1.62 N-E100S %@ 103 096 | 1.07 | 191 |{ 1.39 | 143
BMO6 " 192 099 | 1.00 | 1.72 | 1.24 | 1.32 || N10-E200S ® 139 092 | 099 | 1.42 | 1.17 | 1.20
BM12 1" 264 1.09 | 095 | 232 | 1.32 | 1.44 RB-CF-45 *® 241 1.18 | 1.09 | 1.45 | 1.24 1.3
BM18 1 315 112 | 0.87 | 272 | 148 | 1.42 | RB-CF-64' 267 1.18 | 1.0 1.59 | 1.22 | 1.32
BM24 1" 325 1.04 | 0.72 | 277 | 152 | 1.25 RB-CF-97 ® 313 1.22 | 0.93 | 1.83 1.2 1.34
BLO6 169 0.80 | 0.81 | 1.31 | 0.98 | 1.04 | RB-CF-131* 365 1.28 |°0.88 | 2.11 | 1.21 | 1.38
BL12 ' 250 096 | 0.85 | 1.91 | 1.15 | 1.25 || RB-CF-243'® 415 1.17 | 0.62 | 2.33 | 1.28 | 1.13

BMWO06 ") 181 1.04 | 098 | 1.74 | 1.23 | 1.31 || RB-AF-60*® 242 1.22 |.0.94 | 141 | 1.12 | 1.34
BMW012 17 239 1.12 | 0.88 | 2.26 | 1.24 | 1.36 RB-AF-90 *® 264 122 | 0.82 | 1.51 | 1.04 | 1.36
BMWw24 17 293 1.08 | 0.66 | 269 | 1.42 | 1.16 || RB-AF-120*) 318 1.36 | 0.81 | 1.79 | 1.09 | 1.52
21 430 1.08 | 1.14 | 1.45 | 1.27 | 1.31 No.2 % 285 1.08 | 1.14 | 1.44 | 1.27 | 1.32
31 530 114 | 1.15 | 1.77 | 1.37 | 1.44 No.3 2 236 098 | 093 | 1.18 | 1.04 | 1.15
AN-1/57-3% 75.2 0.82 | 0.82 | 1.03 | 0.91 | 0.94 No.7 29 569 1.03 | 1.10 | 1.45 | 1.25 | 1.31
AN-1/2 Z-3% 86 082 | 0.71 | 1.17 | 0.87 | 0.92 No.8 % 530 1.03 | 1.00 | 1.33 | 1.15 | 1.30
CN-1/LZ-2% 93.1 1.11 | 1.04 | 218 | 1.37 | 1.50 C1 603 0.89 | 0.76 1.2 0.91 | 1.00
S22 691 055 | 049 | 0.75 | 0.58 | 0.62 Gl 469 0.83 | 0.79 | 0.95 | 0.86 0.9
S-42 942 057 | 0.38 | 0.99 | 0.60 | 0.61 G2 551 0.89 | 0.79 1.1 0.91 | 0.99
N-E100Z @ 103 132 | 141 | 1.93 | 1.61 | 1.68 G3 581 0.87 | 0.72 | 1.15 | 0.87 | 0.98
N-E100 ® 160 149 | 166 | 297 | 215 | 2.22 G4 689 097 | 075 | 1.36 | 0.95 | 1.10
N10-E100 @ 169 111 | 1.20 | 1.72 | 1.42 |.1.45 GS1 319 0.62 | 0.62 | 0.65 | 0.63 | 0.64
N-E200 % 165 1.01 | 1.17 | 3.01 | 220°| 1.80 GSla 356 0.67 | 0.66 | 0.73 | 0.69 | 0.71
N10-E200 201 1.05 | 1.09 | 2.03 | 1.69 | 1.48 GS3 427 0.76 | 0.72 | 0.86 | 0.79 | 0.82
N-H100 % 149 14 | 1.26 | 2.68 | 1.66 | 1.82 GS5 513 | 0.86 | 0.80 | 1.03 | 0.89 | 0.95
N10-H100 % 169 123 | 1.04 | 169 | 1.26 | 1.34

Ave. 093 | 1.78 | 1.24 | 1.28 | 1.04

V. C.(%) 26.6 | 41.2 | 32.0 | 26.9 | 20.6
*1:Vn—exp . /Vn—chaallal P, %= Vn—exp./Vn—Tri.&Anto K *3:Vn—exp./vn—Khalifa %, *4:Vn—exp . /Vn—Chen&Teng o,

*S:Vn—exp./vn—Eq.(l)




Figure

Fig. 1 A truss model of a FRP strengthened RC beam.
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Fig. 2. Stresses of materials versus strain of RC beams strengthened with FRP composites.
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Fig. 4. Calculation of the effective strain of FRP composites at shear failure. (Note: 1 MPa = 145 psi)
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Locations of LVDTs and gages attached on FRP and steel stirrups

Fig. 8. Strain distributions of the FRP, the steel stirrups, and the LVDTSs.
(Note: Imm = 0.0394 in.)
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Fig. 9. Effective strain of the test beams at shear strength. (Note: 1 GPa = 145 ksi)
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Fig. 10. Comparison between the experimental and calculated effective strains of FRP in 9

test beams.
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Fig. 11. Comparison between the experimental and calculated effective strains of FRP in RC

beams reported in the technical literature.
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Fig. 12. Comparison between the experimental and calculated shear strengths RC beams

strengthened with FRP composites reported in the technical literature.





