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Abstract

It has been almost eighty years since quantum mechanics emerged as a complete theory, yet debates
about “how should quantum mechanics be interpreted” still occur. Interpretations are many and
varied, some taking us as fundamental in determining reality (orthodox interpretation), while others
proposing that reality exists outside of us, but it is a lot more complicated than that implied by classical
mechanics. In this thesis I am going to try to provide new light on this debate by investigating
dynamics under both the orthodox and modal interpretation. In particular I will answer the question
what is the interpretation of non-Markovian stochastic Schréodinger equations? I conclude that under
the orthodoxr view these equations have only a numerical interpretation. They provide a rule for
calculating the state of the system at time t if we made a measurement on the bath (a collection
of oscillators {ax}) at that time, yielding results {z}. However in the modal view they have a
meaning: non-Markovian stochastic Schrodinger equations represent the evolution of the system
part of the property state of the universe (bath + system).
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Chapter 1

Introduction

The purpose of this introduction is to outline the two central topics of this thesis, non-Markovian
stochastic Schrodinger equations (SSE) and interpretations of quantum mechanics. In particular in
this thesis I will (or try to) answer the question, which interpretation of quantum mechanics provides
the best understanding of non-Markovian SSEs?

A non-Markovian SSE is a non-linear, differential equation for a quantum state [, (¢)) con-
ditioned on some noise function z(¢,s) for s < t. For example, what I call the quadrature non-
Markovian SSE (first derived by myself and Wiseman in 2002 [59]) is

Ga0) = [~ = (L4 L= L+ D000+ (L + L1 = (£ + 190 (0),
2t ) (L = (E)0) [w=(0)) (L1)
where
2t 5) = 2(to, ) +/t:ﬁ(s—t’)<ﬁ—|—ﬁ>t/dt’ (1.2)

and z(tg, s) obeys the statistics

Elz(to,s)] = 0, (1.3)
Elz(to, 8), 2(tg,8)] = pB(s—5). (1.4)

Thus it generates the evolution of a quantum state through time, but what quantum state? As we
are all aware universal dynamics in a quantum system is usually governed by a linear, Markovian
and deterministic Schrodinger equation,

7 A

= Huni (1) [P (1)), (1.5)

di|¥(t)) = 7

so what dynamics do non-Markovian SSE describe? Do they represent a new interpretation of
quantum mechanics (this is the view of Bassi and Ghirardi [5, 6, 7]) or can they be explained within
the current interpretations of quantum mechanics and if so do they shed any new light onto the
measurement problem?

To answer these question I am going to break my thesis into two parts. The first part will be
concerned with interpretations of quantum mechanics, while the second part will deal with SSEs

and their interpretation.



2 CHAPTER 1. INTRODUCTION

1.1 Interpretations of quantum mechanics

Presently I believe there are only four interpretations of quantum mechanics worth considering.
These are the orthodox [13, 57, 82, 101, 131], modal [4, 11, 23, 38, 124, 62, 80, 114, 126], many worlds
[36] (or relative state [54, 55, 130]) and the dynamical reduction interpretation [5, 7, 44, 72, 71, 73,
76, 99]. These interpretations all try to solve the measurement problem. This problem concerns
how is the reality of a property (for example the position, momentum, etc of a system) defined in
the quantum regime. In quantum mechanics it is well known that two non-commuting properties
can not be measured simultaneously. That is we can not give definite status to all properties, with
out a contradiction (see chapter 3). What I believe the measurement problem refers to is how do we
choose which properties will be given definite values, and given this choice can reality be ascribed
independently of us. Thus I believe the measurement problem is a two-fold problem, the problem of

choice and the problem of reality.

In the orthodox interpretation (see chapter 2 for more detail) to answer the measurement problem
we say that the universe is split into two worlds, a quantum (described by |¥(#))) and a classical world
(described by Lagrangian mechanics). We live in the classical world and reality is only ascribed to
the quantum world when we choose to observe it (hence why properties are commonly referred to as
observables). Depending on how we intend to observe the system (arrangement of the experimental
apparatus) determines what property we will be observing. For example a quantum system can
not be ascribed both a position and momentum, until we decide we are going to be observing (say)

position, then and only then position receives a definite value while momentum stays undefined.

In the modal interpretation (see chapter 4 for more detail), we introduce an extra quantum state
(or hidden variable) to the universe. Thus the universe is now describe by two states, |¥(¢)) (the
guiding wave) and |¥,,(¢)) (the property state). The property state is stochastic in nature [jumps
between different n’s with a weighting factor determined by |¥(¢))] and determines which value of
the property is definite. In this interpretation reality is defined independently of us, it exists even
when we are not looking at it. That is, reality is objectively real. However, in this interpretation the
problem of choice still remains. That is, presently there is no satisfactory answer to the question:
what chooses the set of property states? Some variants of the modal theory try to answer choice by
proposing different constraints [4, 80, 22, 38, 114, 126] [based on the universal wavefunction |¥(¢)}]
which determine what projectors can be given definite status. However, as shown by Wiseman and
myself choice is actually a lot bigger problem then previously thought [62].

The next interpretation which I believe is a valid interpretation is the many worlds (or relative
state interpretation). In this interpretation the universe is actually a multi-universe. For a measure-
ment with D different results the universe splits into D worlds, with each results occurring in one
of these worlds. Thus we can ascribe reality to the property independently of us (we see only one
result depending on which world we are in). However like the modal interpretation (which is similar
to this view, except instead of having D different worlds, there is D possible property states) choice
presently can only be answered partially.

The last interpretation which I believe is a valid interpretation is that based on dynamical
reduction models. In this interpretation the wavefunction is considerd to be the basic element of (an
objective) reality and to solve the measurement problem the linear Schrédinger equation has to be
replaced by a modified stochastic non-linear Schrodinger equation. The three most presented and
discussed models are the spontaneous localization [7, 72], the continuous spontaneous localization
[7, 44, 71, 73, 76, 99] (CSL), and the gaussian dynamical reduction model [5, 7]. The CSL models
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result in Markovian SSEs while the gaussian dynamical reduction models result in non-Markovian
SSEs.

I am aware that by saying that there are only four interpretations of quantum mechanics is a
rather bold statement given the success of Bohmian mechanics [14, 15], but I hope by the end of this
thesis I will convince you of this. For example, in chapter 4 I will show that Bohmian mechanics is
the continuous limit of modal dynamics.

To summarize, in part I, T will review the orthodox (chapter 2), modal (chapter 4), many worlds
(chapter 5), and the dynamical reduction (chapter 5) interpretations as well as briefly describing the
contextual and non-local nature of quantum mechanics (chapter 3). Secondly I will generalize the
modal theory to include non-orthogonal decompositions, and apply this generalization to a simple

system: a harmonic oscillator (chapter 4).

1.2 Stochastic Schrodinger Equations

The second part of my thesis will be devoted to both Markovian and non-Markovian SSEs. Before
my work, satisfying interpretations of non-Markovian SSEs did not exist. Didsi, Gisin and Strunz
[46, 47, 48, 116, 117] who were the first to propose a diffusive non-Markovian SSE (with complex
noise) presented it as a numerical tool for finding the master equation (reduced state evolution
equation) of a non-Markovian system. But at the same time they indicated that it should have
an interpretation [48]. They have also applied it to complicated systems such as Brownian motion
[119, 118]. Cresser has re-derived it from a Heisenberg equation of motion [33] and others have
presented non-Markovian SSE (but I believe these should be referred to as post-Markovian SSE),
as numerical tools for evaluating perturbative non-Markovian master equations [69, 18]. In 2002
Wiseman and myself [59] generalized non-Markovian SSE to include real noise by illustrating how
they could be derived under the orthodox interpretation of quantum mechanics (see chapter 9). At
the same time Bassi and Ghirardi [5] simultaneously published a non-Markovian SSE similar to ours,
but under the view that it represented a new interpretation of quantum mechanics (a new dynamical
reduction model).

Thus it appears, history is repeating itself. By this I mean around the late 80’s to early 90’s
when Markovian SSE first emerged they had many different interpretations. Didsi [44], Pearle [99]
and Gisin [73] each proposed that their Markovian SSE represented a new interpretation of quantum
mechanics, a dynamical reduction model for continuous spontaneous localization, CSL for short (for
a more complete version, with real noise, see Ref. [71] and for complex noise see Refs. [76, 77]).
In Ref. [76, 77] Gisin and Percival said that their Markovian SSE (complex noise) represented “the
evolution of a quantum system in interaction with its environment” (for a Markovian environment).
Ghirardi, Pearle, and Rimini [71] believed their (real noise) Markovian SSE represented the pure
state evolution for the same master equation as Gisin and Percival. Thus we already have a problem:
how can two different evolution equations represent the true objective quantum evolution for the
same master equation.

In 1992 Dalibard, Castin, and Mglmer [34, 95] presented a new type of Markovian SSE (jump-
like), which when averaged gives the same average dynamics (Markovian master equation) as Ghi-
rardi, Pearle, and Rimini real noise and Gisin and Percival complex noise Markovian SSE. However
they took the view that their method (which they label the Monte-Carlo wave function (MCWF)
method) is really just a numerical tool for finding the reduced state of a Markovian system (al-
though they do indicate in Ref. [95] that this method may have an interpretation under quantum
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measurement theory).

In 1993 Carmichael [28] showed that by introducing a Markovian bath (a collection of harmonic
oscillators) the solutions of the real-noise diffusive and jump-like Markovian SSE can be interpreted
as trajectories for the system state conditioned on continuous-in-time measurements of the bath.
He termed this quantum trajectory theory. He showed that the real noise Markovian SSE corre-
spond to continuous homodyne detection, while the jump-like Markovian SSE corresponds to direct
detection. Later Wiseman [137] showed that the Gisin and Percival Markovian SSE corresponds to
continuous heterodyne detection of the bath. For a nice review of quantum trajectory and quantum
measurement theory see Ref. [134] and for a complete parameterization of diffusive Markovian SSE
see Ref. [135].

The success of quantum trajectory theory is that it provides one theory which explains all Marko-
vian SSE, whereas other interpretations, like the dynamical reduction models, cannot provide reasons
for preferring one SSE over another. Thus one would have to conclude that quantum trajectory the-
ory provides the best understanding of Markovian SSEs and since this is just an application of the
orthodox interpretation to continuous monitoring, we must conclude that the orthodox view pro-
vides the best interpretation of Markovian SSEs. In this thesis I will present quantum trajectory
theory in more detail in chapter 7.

Due to the success of quantum trajectory theory in explaining Markovian SSEs, in 2002 Wiseman
and myself sought a continuous measurement interpretation of non-Markovian SSEs. While we came
to the conclusion that non-Markovian SSEs can be generalized and given an interpretation under
the orthodox theory, it was not a quantum trajectory type interpretation. We showed that they
provide a method for calculating what the system state at time ¢t would be, given a measurement on
the bath (a collection of harmonic oscillators) at that time which yielded results {r(Zj,t) = 2z} (in
Eq. (1.1) 2(t,t) is a function of {r(Zg,t)}). The choice of Zj is determined by what type of bath
measurement is performed [59] (see chapter 9).

If we want to give an interpretation to the non-Markovian SSE, rather than a solution at one (and
only one) time, we have to consider the modal view of quantum mechanics. Doing this Wiseman
and myself [61, 63] have shown that we can give an objective interpretation to non-Markovian SSEs,
which is not along the lines of Bassi and Ghirardi dynamical reduction model [5]. Non-Markovian
SSEs represent the evolution equation for the system part of the property state of the universe, they
also act as a guiding field for the objective bath values {v(Zy,t) = 2z }. This is presented in chapter
9. This result implies that the current interpretations of Markovian SSEs also have to be extended
to include this type of objective trajectory.

To summarize this section, chapter 6 is devoted to defining open quantum systems and deriving
the master equation for both non-Markovian and Markovian baths. In chapter 7 quantum trajectory
theory will be presented in more detail and in chapter 8 I will show a nice application of quantum
trajectory theory to quantum state and dynamical parameter estimation. This application will show
how under continuous-in-time measurements information concerning both the state of the system
and an unknown dynamical parameter can be obtained for five different detection schemes.

In chapter 9 diffusive non-Markovian SSEs will be derived for three different unravelings, the
coherent-state, quadrature and position-state. I will also show in this chapter that the modal theory
provides the best interpretation of non-Markovian SSEs. In chapter 10 I will conclude part II by
presenting the current perturbative techniques used to evaluate non-Markovian SSEs [60, 139, 140].
I will show that in general it turns out that non-Markovian SSEs are not as useful as originally
thought [48] in calculating the reduced state (master equation). There are more effective methods,
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namely the enlarged system method of Imamoglu [88, 115].

Finally in chapter 11 I will conclude this thesis and introduce some topics for future work.



Part 1

INTERPRETATIONS OF
QUANTUM MECHANICS



Chapter 2

The Orthodox Interpretation of

Quantum Mechanics

The central aim of this thesis is to investigate the interpretation of non-Markovian SSEs. However,
before we can begin down this path, we must first of all provide a general overview of the different
interpretations of quantum mechanics. This will be the aim of part I of this thesis. To do this we
need to firstly review the orthodox interpretation of quantum mechanics and define the measurement

problem within this interpretation.

2.1 Review of quantum mechanics

2.1.1 States and Hilbert spaces

The standard claim of quantum mechanics is that all the information about the system is contained in
something called the wave function or quantum state. We represent this by |¢(¢)) (Dirac notation),
which is a vector belonging to some Hilbert space (H). Here I am not going to go into all the
mathematical detail about this space, except to say it is a complex vector space (satisfies all the
requirements of a vector space) and has a scalar (or inner) product between vectors that can have
complex numbers as values. That is, it is the complex equivalent of a Euclidean space. For two
vectors in H, |1 (t)) and |¢(t)) the scalar product is denoted by (¢(¢)[¢(t)), where (¢(¢)| is referred

to as the dual vector of |¢(t)). The conditions this scalar product must obey are

((®)](1)
(@)l (®)) + c2lx ()]

W()lo(t))", (2.1)
(@)Y (1)) + c2(o(t) (1), (2.2)

where ¢; and ¢ are complex numbers and |x(¢)) is a third vector in H. If the quantum states are

normalized to one, then the scalar product must also obey

1> [(@(t)[(1))* = 0. (2.3)

The scalar product can be though of as a measure of how much the vector |1 (t)) overlaps (projection
onto) the vector |¢(t)). If this is zero then these vectors are said to be orthogonal and when equal

to one they are the same vector (provided our vectors are normalized).
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The dimensions D of this space is defined as the maximum number of linearly independent
(orthogonal) vectors in H. If there is no maximum number; that is, if there are arbitrarily many
linearly independent vectors, then H is infinite-dimensional. The set of linearly independent vectors
(denote {|¢;(t))}) is referred to as a basis set for the Hilbert space. As in a Euclidean space there
are infinite ways we can define this linear set, but they will always contain D basis vectors. When

this set is normalized it forms an orthonormal basis, which means

(05 (0)|Dr(t)) = 0ok, (2.4)

where 6; 5, is a Kronecker delta function. In terms of this orthonormal basis any state |¢(t)) can be

written as

[¥(8) = ZCj(t)lqu(t))» (2.5)

where ¢;(t) = (¢;(t)|1(t)). This defines the identity operator (the operator that maps any vector in
H to itself) as

D
1= Z |¢5(£))(b; (2)]- (2.6)

The above is for discrete basis sets, but in quantum mechanics we can also consider continuous
basis sets. I will define {|{(¢))} to label an arbitrary continuous basis set. Here the time dependence
implies a basis set changing in time. In the continuous case (which has D = c0), the basis states are

no longer normalized to one, instead we define the orthonormal condition as

(CBIC(1) = (¢ =), (2.7)

where §(¢ — ¢’) is a Dirac delta function. The identity operator is

i:/ﬁqqm«u» (2.8)

which in turn allows us to define any state in terms on this continuous basis as

|wm=/«wmmw» (2.9)

where ¥((,t) = (C(¢)|¥(t)). The fact that these basis state are normalized to infinity can sometimes
lead to problems, but for the purposed of this thesis this does not occur.

2.1.2 Operators

To obtain the physics from this abstract mathematical space, and hence an understanding of [¢(t)),
we have to define something which we can give a physical meaning to; these are operators. An
operator is defined to act in H, it takes a state |¢(t)) to [¢'(t)), therefore mathematically speaking
it is a map which maps H to itself. That is, an operator A is mathematically defined as

A:H—H. (2.10)

In general for a discrete basis set, by using the above identity operator, Eq. (2.6), we can rewrite A
as

D
A=T1A1 =3 Aj()]e; () or ()], (2.11)

Jik
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where A; () = (¢;(t)|Al¢r(t)) is a complex number. For a continuous basis set, Eq. (2.8) allows
us to rewrite A as

A=idi= [ ac [aca.¢ ool (2.12)

where A(C,¢',t) = (C(t)|A|¢(t)) is a complex function of ¢ and ¢’

Traditionally the set of operators which have real eigenvalues (Hermitian) we assume represent
physical observables (or properties) such as position, momentum, and energy. These observables
obey R = R and take the diagonal form

) D
R=> rulrn)(ral, (2.13)

where the set {r,} are the eigenvalues of R and {|r,)} are the corresponding eigenstates (which
form an orthogonal basis set). This is where the connection between the physical world and this
abstract Hilbert space occurs. We say that if the state [4(t)) is |r,) then the physical observable R
has a definite value, this value being r,.

However when the state is in a superposition of at least two of these eigenstates, what value does
it take? Does it take both or is the value undefined? This question forms what I like to call problem
one of the measurement problem. In quantum mechanics the standard answer to this question is to
say that both the values were undefined prior to the measurement and upon measurement one of
these values is promoted to becoming definite. This is known as collapse of the wavefunction. Thus,
it is our observation (measurement) which determines the reality of the observable (hence the use
of observable rather than property).

For example, if the quantum state is

[(t)) = cr(t)lr1) + ca(t)|r2), (2.14)

then we postulate a mechanism which collapses this state to |r1) (or |rz)) with probability |c1(t)[?

(or |e2(t)[?) upon measurement of R. Once in this state the physical observable becomes defined
and has the appropriate value r; (or r3). For the general case (arbitrary state) the probability of
a collapse occurring from this state to |r,,) is determined by the Born rule [16]; the probability of

getting result r,, upon measurement of observable R at time ¢ is
Pr(ry,t) = () [rn) (ralt(t)). (2.15)
For observables that have a continuous basis set as their eigenset, we can write R as,
R= /r|7’><r|dr, (2.16)

where r labels the eigenvalue and |r) labels the eigenstate. These have the same physical meaning
as in the discrete case, except probabilities are restricted to a range. That is, the probability of

getting a results in the range r to r 4+ dr upon measurement of observable R at time ¢ is
r4or
Pr([r,r +o7],t) = / P(r', t)dr', (2.17)
T

where P(r',t) is called the probability density and is defined as

P(r,t) = (@ ()|r)(rlp(t)). (2.18)
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In the above argument we have only considered time independent observables. To explain time

changing observables we simply place a time dependence on the basis states. That is,

R(t) = raulra(®)) (ra(1)] (2.19)

Rt) = / dr |r() (r(1)]. (2.20)

for the continuous case.
What I refer to as the second problem in the measurement problem, occurs when we consider

different physical observables. It turns out that only when two physical observables commute
[R,R)=RR — RR=0, (2.21)

it is possible to diagonalise both observables in terms of the same set of eigenvectors {|r,)}. This
means that even if [¢(t)) = |r,,), not all physical observables have definite status, only those which
have {|r,)} as an eigenset do. This is a problem as it says that depending on the observable which
we wish to describe one has to choose the basis set in which the collapse occurs. The standard
example of this is position (Q) and momentum (P). Since [Q, P] = ih, it is impossible to assign
both position and momentum a definite status (for any quantum state), and if we chose to measure
position (give it a definite status) then momentum becomes undefined. For example if we take an

arbitrary quantum state |¢(t)), in terms of a position basis this can be written as

o(t)) = / e(g,1)|q)da. (2.22)

Then a perfect measurement of position will collapse |¢)(¢)) — |gq), thereby yielding a result ¢ with
probability Pr([g],t) = |c(q,t)|*dq. (Here [g] = limgsg—aq(q, ¢+ Jq]). It is well known that |g) in terms

of a momentum basis is

lg) = % / dp exp(—ipg/h)lp) (2.23)

which is completely flat in momentum space (each p-state has equal weight). Thus we can’t assign
P a definite value when a perfect measurement of position is made. If now we were to measure
momentum we would cause a collapse in momentum state, thereby giving momentum a definite
value and making position undefined.

Bohr’s [12, 13] resolution to this was to say that position and momentum are complementary
properties, and in an experiment one can only arrange a classical apparatus to measure either position
or momentum. That is we have to define a classical system which exists outside of the quantum
regime that has the ability of measuring the quantum system. He defines this idea by introducing
the word phenomenon to describe measurement. “No elementary phenomenon is a phenomenon
until it is a registered (observed) phenomenon” [12]. In terms of position and momentum example,
this means that until the apparatus registers a result the position and momentum of the system
are undefined and when the classical apparatus, for example, is designed to measure position, upon
measurement, position receives a definite value, whilst momentum stays undefined.

Bohr’s colleague, Heisenberg, however, I believe took a slightly different approach. He believed
that it is meaningless to assign a position and momentum to the system, as to acquire information
about the position of the system, the apparatus disturbs the momentum (and vice versa) [82, 83].
Nowadays these two belief have been grouped as one and labeled the Copenhagen interpretation
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of quantum mechanics. In either case a collapse postulate and a mechanism (classical apparatus)
which chooses which set of eigenstates this collapse occurs into has to be introduced.

The above is not intended to be a complete review on the Copenhagen interpretation, but just
to outline the key points which I will focus on in the rest of this thesis. One important point which
I neglected above and should be presented in any review of quantum mechanics is Heisenberg’s
uncertainty principle. This principle [107] states that for two Hermitian operators R and R’ we can
define two parameters AR and AR’, such that

ARAR' > S|(1R, R, (2.24)
where
AR? = (R?) — (R)2. (2.25)
Here (R) is defined as the expectation value
(R) = (W(B)|RI¥(2) ZrnPr (rn,t (2.26)

(R) = / dr rP(r,1), (2.27)

for a continuous basis. This obviously represents the average result obtained when measuring observ-
able R. Thus the parameter AR? represents the variance in this observable. Thus the uncertainty
principle can be interpreted as: if we prepared an ensemble of identical states |¢(t)) and on each
element we measured either observable R or R’. Then our uncertainty in these observables is phys-
ically restricted via this relation. For example when the commutator is a complex number (like
position and momentum) this uncertainty principle defines the lower bound in which an ensemble
of measurements can determine the uncertainty in both R and R’. Thus emphasizing that for any
state |¢(t)) two non-commuting variables can never be given definite status.

2.1.3 Time evolution (unitary)

So far we have only considered evolution under measurement, in 1926 Schrédinger proposed a wave
equation which determines the evolution of |1 (t)) [108]. This equation is,

di|3p(t)) = ——H( (1)), (2.28)

where H (t) is a Hermitian operator called the Hamiltonian, which, unlike in classical mechanics, is
always equal to the total energy. The solution of this equation is

[$(8)) = Ut t0) |9 (t0)) (2.29)
where
o0 . Sn . S2 R
Ult,tg) =1+ Z — / dsn H (s n)/ dsn,lH(sn,l).../ ds1 H(sy) (2.30)
n=1 h to to to
is the unitary time-evolution operator (that is, Ut = U~1) and |4 (to)) is the initial state. If H(t) is

time independent, the above reduces to U (¢, to) = exp(—zH (t — to)/h), which is obviously unitary.
Here I would like to point out that in quantum mechanics we can define different pictures to
describe evolution. The above picture is referred to the Schrodinger picture. The 2nd picture, the
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Heisenberg picture is defined by placing all the time evolution onto the operators. That is, the
quantum state in the Heisenberg’s picture (labeled with a subscript H) is a constant of motion and
equals
[Wrei(t)) = UT (¢, t0)[00(t)) = |9 (to))- (2.31)
Whereas, an Arbitrary operator A(t) becomes Apei(t), and is defined as
Anei(t) = Ut (t,10) A() U (t, o). (2.32)
With this definition we can derive Heisenberg’s equation of motion

dy Aprei () = —%[AHei(t), Bt (8)] + 4 A (8), (2.33)

where 9; Agei(t) = UT(t, t0)3, A(t)U(t,to). Tt should be noted that both these pictures produce the

same physical statistics, for example

(Priei ()| Artei (1) [omei (1)) = ((OIT (£, 00) U (1, t0) AU (¢, 80) U (2, 10) [10(£)) = ()| AE) [ (2)).-
(2.34)
Another useful picture is the interaction picture. In this picture we split the Hamiltonian H (t)

into Ho + V(t) This allows us to define the quantum state in this picture as

[Gin (1)) = U§ (t, t0)|$(£)) = Tins (1t t0) [0 (f0))- (2.35)

where Uy (t, to) = exp[—iHo(t — to)/h] and Usne(t, to) is defined by

Ut to) = Up(t, to) Ui (¢, o). (2.36)
In this picture an arbitrary operator A(t) becomes Aj(t) = (t to)A(t)Up(t, o), whose time
evolution is determined by
~ 7. A N ~
thint (t) = _ﬁ[Aint (t)a HO] =+ atAint (t), (237)

where 9; At (t) = UJ (t,10)0; A1) Up (2, to).
The evolution of the quantum state (Ui (¢, to)) is now determined by the Schrédinger equation,

diltbrn(8)) = = Vine () ims (), (2.38)

h

where ‘A/int(t) = Ug(t,to)V(t)Uo(t,to). The general solution for Uint(t,to) is

. . s t R Sn R S2 .

Uina(tst0) = 1+ 3 (5" / 01 Vit (50) / A1 Vet ($n1) / dsiVi(s1).  (239)
to to to

As in the Heisenberg picture the physical statistics found with this picture will agree with the

Schrodinger picture, using the mean example we get

(Wint (6)] A (8) [0t (£)) = (0 ()| T (8, 0) U (¢, 10) A(0) T (£, 10) U (¢, 0) [9(1)) = ((B)[ A1) [0 (1))
(2.40)
As we will see this picture is very useful for investigating the evolution of coupled (entangled)
quantum systems, as with this picture we can remove the free “boring” evolution (I:IO) from the

Schrédinger equation.
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2.1.4 Entanglement

As briefly mentioned above in quantum mechanics when there exists or has existed, a Hamiltonian
which couples at least two quantum systems the resulting quantum state can be entangled. For
example taking two systems “sys” and “env”, where sys stands for the system of interest and env
stands for environment (this notation will become clearer later), prior to the coupling Hamiltonian

we can write the composite quantum state for the total system as

(1)) = [¥(t))sys @ [ () env (2.41)

a tensor product of the two quantum systems. That is |¥(t)) belongs to a Hilbert space Hgys ® Henv,
whereas [1)(t))sys and |¢(t))env belong to the Hilbert spaces Hgys and Heny respectively. Here we
have introduced the notation, a capital |¥(t)) to refer to states that belong to a composite Hilbert

space. In terms of a orthonormal basis Eq. (2.5) this can be written as

DS}'S Denv

=3 > OB (E))sys @ 104 (D) env- (2.42)
J k

Now if a coupling Hamiltonian exists between the system and bath then the above composite
state will evolve to |¥(t")), which is no longer separable. In terms of the same orthogonal basis as
in Eq. (2.42) this is

bys Deny

v Z Z cji( |¢J )sys ® |95(t))env (2.43)

where the coefficients of the state ch{(t’ ) are no longer separable. For a continuous orthonormal

basis the general form of an entangled state is

1) = / 4CdC (¢, ¢ ) ayslC () e (2.44)

where (¢, (', ') is non-separable.

An example of an entangled state is the passing of a single photon through a beam splitter. Prior
to the introduction of a beam splitter the quantum state of this single photon is [¥(¢)) = |1)a|0)p
where [1)4 and |0)p refer to the photon in mode A and mode B having no photon. After the
introduction of the beam splitter the quantum state experience a Hamiltonian of the form,

Hg, = iha(abt — a'b) (2.45)

where a (a') and b (BT) are the annihilation (creation) operators form mode A and B respectively
and « is determine by the reflective strength of the beam splitter. This has the effect of evolving
the initial separable state to

|U(t)) = cos[a(t’ —t)]|1)a]0)p + sin[a(t’ — )]|1)A]0)B. (2.46)
For an appropriately chosen o and interaction time this becomes
[W(t') = [[1)al0)s + [1)a]0)B]/V2. (2.47)

This state is obversely entangled as it shows after the introduction of the beam splitter the total state
is a superposition of the photon being in both modes at once, and by performing a measurement on

mode A, we can predict with certainty the results of a measurement on mode B. This type of state
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is referred to as an EPR state, after Einstein, Podolsky and Rosen who in 1935 presented the EPR
paradox [51]. This paradox starts by defining the following criteria of reality: “If without in any
way disturbing a system, we can predict with certainty (i.e., with probability equal to 1) the value
of a physical quantity, then there exists an element of physical reality corresponding to this physical
quantity” [51]. Thus, the above example, under this criteria, implies we can give a reality to the
occupation number of mode B prior to performing a measurement on system B (a measurement on
A tells us what the occupation number of B is). EPR claimed this showed the incompleteness of
quantum mechanics. To get around this paradox, nowadays most physicists accept that quantum
mechanics is non-local, and that a measurement on one mode instantaneously measures the second
mode (I am not sure if the founding farther’s of quantum mechanics would have accepted these
ideas). This might at first sound like we can send useful information faster than the speed of light,
but for a second person to figure out what the value of B is (more correctly how to measure B to
get this value) they need to know what measurement we performed on A. This classical information
is restricted to the speed of light.

Entanglement is not only interesting in explaining non-classical correlations between quantum
systems, but as pointed out by Von Neumann [129] it should be considered when explaining quantum
measurements. The Schrodinger equation forbids us from mathematically proposing a difference
between the system and the meter attached to it. Thus when describing a system and meter
(measuring apparatus) in quantum mechanics we should first of all consider the composite state
|W(t)) = [1(t))sys|Mo)env Where |mg)eny labels the ready state of meter and [¢(t))sys labels the state
of the system. We now say that during the measurement the different states of the system couple

linearly to the different orthogonal states of the meter. This results in the entangled state

D
19 (t))sysImo)eny — Z cj ()| (1))sysImj (t))env (2.48)

which is commonly referred to as a bi-orthogonal (or Schmidt) decomposition [111]. Just before the

end of the measurement a collapse occurs in the meter Hilbert space. This then causes

D
> 2 &5 () syslm ()eny = 165(6))syslm; (@))en (2.49)
J
Thus the system is promoted to having the j'" definite value with probability |c;(t)|2.

In actuality this argument can be extended up the von Neumann chain to include the person
looking at the meter and so forth. That is, under the orthodox theory there is no physical equation
which governs the line between a quantum system and a classical apparatus. But as we are all aware
we don’t see classical objects in superpositions. This is precisely what was implied by Schrédinger in
his cat paradox [109]. This is actually an extension on what I call problem two of the measure-
ment problem. Thus I will restate problem 2 as: under the orthodox theory, what determines the
type of measurement being performed (arrangement of the classical apparatus) and where does the
distinction between the classical world and the quantum world occur; where is the Heisenberg cut
[83]7

Wigner in 1961 [132] proposed that it occurs when a conscience observer, enters the chain. I
don’t really believe in this view as I feel science is not ready to introduce the mind into physics. In
this thesis when explaining things under the orthodox theory I am going to take the view similar
to Wheeler “A phenomena in not yet a phenomenon until it has been brought to a close by an

irreversible act of amplification” [131] (an example of this is the cascade effect of electron in a
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photo-detector). In this thesis I will generally assume that this irreversible act occurs when the bath
(immediate environment) of a quantum system interacts with a classical detector. By this I mean
we have a system of interest (for example a two level atom) immersed in a bath (for example the
electromagnetic field) and we perform measurements on the bath (the collapse occurs here). This in
turn results (by for example Eq. (2.48)) in a measurement on the system. In the next section I will
discuss this measurement process in more detail and show that Eq. (2.48) is not general enough. But
before I go on to talk about this theory in more detail, I feel in any review chapter it is necessary
to talk about mixed states.

2.1.5 Mixed states

So far we have only considered pure states, but in quantum mechanics we can have states which are
mixed. To explain these states we have to introduce the statistical operator, p(t), (sometimes known
as state matrix or density operator). This operator is the only operator I will not denote with a
hat. This is because it is an alternative way of labeling a quantum state. The statistical operator is

a positive operator (all its eigenvalues are non-negative) and it is normalized by
Trp(t)] = 1. (2.50)

For pure states, [¢(¢)), the statistical operator takes the form p(t) = |¢(t))(¢»(¢t)]. But the
usefulness of this state matrix is fully displayed when we consider classical mixtures of pure states.
If for example, we assume there is some preparation device which prepares pure quantum states
|1, (t)) with probability Pr(v,t), then the statistical operator is defined as the ensemble average of
the pure states. That is,

p() = Elltr ) (8) vty (D], (251)
where r(v, t) refers to a random variable associated with the distribution Pr(v,t) and E refers to an

ensemble average. This is equivalent to
p(t) = D Pr(v )]t (8)) (w0 (1)]. (2.52)

The “mixedness” of p(t) can be defined in many ways, in this thesis I will use the purity, p(t), as a

measure of mixedness. It is defined as

p(t) = Tr[p(¢)). (2.53)
The purity is bonded by the upper limit of 1, which represents a pure state (completely unmixed

state), and a lower limit of 1/D for p(t) = 1/D (a completely mixed state).

The statistical operator allows us to define an expectation value for an observable R as
(R) = Pr(u, ) ()[Rl (1)) = Tr[Rp(t)]. (2.54)

The above is only one way mixed states can be defined. It is usually referred to as proper
mixtures. Improper mixtures arises when we trace over a larger system. That is, an improper mixed
state is defined as

p(t) = Trenv[[W(£)) (¥ (2)]] (2.55)
where |U(¢)) is the composite state for the system and bath. This is commonly referred to as the
reduced state and form now on I will label this by peq(t). With this mixed state a system observable

]:Zsys has an expectation value given by

<R> = <\I’(t)|Rsys ® ienvﬂ’@)) = Tr[Rsyspred ®)]. (2.56)
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2.2 Quantum measurement theory

Above I have presented a very limited introduction to quantum measurement theory, by only intro-
ducing the concept of a collapse. Here I will present in much more detail quantum measurement
theory. This will be done by firstly presenting von Neumann projective measures and then pro-
ceeding on to describe positive operator measures (POMs). After this I will outline linear quantum

measurement theory.

2.2.1 Projector measures
Direct projective measurements

In the above review I only talked about measurement of Hermitian operators by introducing briefly
the concept of wavefunction collapse. This measurement actually corresponds to projective mea-
surements. To explain projective measurements we have to define the projector #,(t). @,(t) is
Hermitian (7,,(¢) = 7 (t)) and only has eigenvalues of 0 and 1. The set of projectors is also defined

to satisfy the orthogonality condition,
T ()R (t) = Fon(t)0n,m (2.57)

and the completeness condition

D wa(t) = 1. (2.58)
In terms of this projector any physical observable R can be written as

R=> ryf. (2.59)

Comparing this with Eq. (2.13) we see that for observable R, the projector is 7, = |r,)(r,|. This
actuality represents a special case of projectors, rank one projectors. If for example our physical
observable had some degenerate eigenvalues (eg 1 = r2) the projector notation still allows us to
represent the observable by Eq. (2.59) (the sum would contain less elements), but the projectors
would not be rank one. For example, if 7; = ry the first projector would be rank 2 and of the form
71 = |r1)(r1| + |r2){r2|. In general a projector has the form 7, (t) = Z;V" |7ns 5)(rn, §|, where N,
represents the number of degenerate eigenvalues 7,,.

Before going on to explain measurements, I would like to note that we can actually measure
operators which are not Hermitian. These operators are called normal operators [97]. T will denote
these by Z. A normal operator is defined such that it satisfies [Z , Z ] = 0. That is,

ZA‘Z’G> = ZTL|Z7L>7 (260)

where {|z,)} is a set of orthonormal basis states and {z,} is the set of complex eigenvalues. With

this set we can write the normal operator as
Z=> zlzm)(znl = znfn, (2.61)
n n

which like above can be generalized, by including a second indies j, to include degenerate eigenvalues.

It can be shown that all normal operators can be written in the form Z = R+iR , where R and

R’ are commuting Hermitian operators (can be measured simultaneously). Thus a normal operator
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represents two physical observables which can be measured simultaneously with an eigenvalue z,
which lies in a complex plane, rather than just the real plane.

We can also argue that the result of a measurement does not have to be a number (or complex
number), it could be a string of numbers or even a statement, yes or no. Thus for completeness from
now on I will label an arbitrary observable by Z. When this observable is described by a projective

measurement it has the general form

Z(t) = {(zn, T (1))} (2.62)

That is, it is a set of paired elements containing both the results of the n measurements ({z,}) and
the projector operators for these results {7, (¢)}. The reason for choosing this notation will become
clearer when we consider POM measurements in the next section (Sec. 2.2.2). To find the moments

of this observable one can use the following rule

(Z7(1) = D (=)™ WO RaO(6) = D (20) " Pr(zn, t). (2.63)

n n

Here I have defined the Born rule in terms of the projectors as

Pr(zn, t) = (@ ()|7a ()[4 (1)) (2.64)

This reads as the probability of getting result z, at time ¢, when a measurement described by the
projective measure {7, (t)} is performed. It is effectively a measure of the likelihood of outcome z,.
I would like to note here that the time dependence on the projectors physically corresponds to the
classical apparatus changing in time what it measures (its experimental arrangement).

When we measure Z(t) the state of the system after the measurement is

T (8)[P(1))

N

where [(t)) is the state before the measurement, and N is the normalization constant. Here we

interpret |1, (t)) as the state conditioned on the measurement, so we call it the conditioned state.
The normalization constant by definition is

N = @@)|Fn(B)[¥ (1)) (2.66)

Thus N = Pr(z,,t) by Eq. (2.64). In terms of the set of conditioned states we can write |¢)(t)) as

[0() =D VPr(zn, 1) [$n(?)). (2.67)

For measurement of a non degenerate Hermitian operator R, the projector 7, will be rank one
and equal to |r,)(r,|. Thus the conditioned state for result r,, will be

[n(t)) = ITn), (2.68)

which is equivalent to the collapse examples considered earlier. Thus by introducing the projector
notation we can explain this simple rank one measurement as well as measurement of degenerate
observables.

One interesting point to note about quantum measurements is that if we repeate a projective
measurement then by Eq. (2.57) we always obtain the same result as the first measurement. This

may not sound so interesting, but if there is some unitary evolution acting on the system, we would
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naively expect our results to change in time. However, if the repeated measurement time is faster
than the unitary evolution time, the above shows that later measurement results will be the same
as the first measurement result (as with high probability we keep collapsing the conditional state
into the same state when we perform the next measurement). This to me clearly points in favour of
the idea that the measurement creates the reality. This effect is known as the Zeno effect, and for a
good review see chapter 12 of Ref. [101].

When the observables Z(t) represents a continuous spectrum, rather than the above discrete
version, we need to modify the above slightly. To represent the continuous spectrum, we define a

projector density #(z,t). This satisfies the completeness condition,

/dz 7(z,t) =1, (2.69)
and the orthogonal condition
#(z,)7(2,t) = 7t(2,t)6(z — 2). (2.70)
The probability density Eq. (2.18), in terms of #(z,t) is
P(z,t) = ($(@)|7 (2, 1) |4 (1)) (2.71)

To define a probability, as above we need to define a range z, + dz. The probability of getting a
result in this range (similar to Eq. (2.17)) is

Zn+0z
Pr([zn, zn + 62],t) = / dz P(z,t) = ($(t)|[7n (1) [1(1)). (2.72)

n

where

zn+0z
7 (t) :/ dz7(z,t) (2.73)
Zn
forms a set of orthogonal projectors {#,(¢)}. Taking the continuous limit 6z — dz this becomes
7n(t) = 7(2n, t)dz, which we label the “infinitesimal” projector. This infinitesimal projector obeys
the same conditions as the standard projector, Egs. (2.57) and (2.58) and the conditioned state for
this infinitesimal projector is given by Eq. (2.65).

So far we have only talked about projective measurements that assumed a pure initial state.
What about mixed states? If we have an initial mixed state, the only difference will be when we

measure Z(t) the state of the system after the measurement is

T (t)p(t)ﬁn (t)

pn(t) = Pr(ot) (2.74)

where p(t) is the mixed state before the measurement, p,,(t) is the mixed state after the measurement

(the conditioned state matrix) and the probability (normalization constant) is defined as
Pr(zn, £) = Telp(t)n (1)) (2.75)

For rank one projectors, 7, (t) = |z, (t)) {2, (t)| the conditioned state matrix will be pure and equal
to the projector. For higher ranks this will not be the case.
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Indirect projective measurements

In the above I presented quantum measurement theory for systems in which we could effectively
make the Heisenberg cut after the system. In this subsection I will consider the situation where the
Heisenberg cut can not be placed here, it must be placed later. I will assume that it can be placed
between the bath and the apparatus. That is, I will consider measurements on open quantum
systems. An open quantum system refers to as a composite system comprising of a “system of
interest” immersed in a bath (or environment). The typical example is a TLA immersed in the
electromagnetic field. In this example the quantum measurement occurs on the electromagnetic
field. The composite state, |¥(t)), for this system is described by Eq. (2.43) (or Eq. (2.44)).

Since measurement only occurs on the bath the projective measure is {7, (¢)ony ® isys}, where
7 (t)env acts only in the Hilbert space of the bath. For bath observable Z(t) [described by Eq. (2.62)]

the probability of measuring result z,, at time ¢ is
Pr(zn,t) = (U(t) |70 (t)eny @ Loys|T(2)). (2.76)

Upon measurement the conditioned composite state, |¥,,(t)), will be

7ATn(t)eHVPI’(ﬁ»

(1)) = Pr(zn,t)

(2.77)

where |U(t)) is the state before the measurement, and because of the completeness condition for

[U() =D VPr(za, 1) [¥a(t)). (2.78)

For rank one projectors, @, (t)eny = |2n(t))env (2n(t)|, we can rewrite this conditioned composite

projectors is equal to

state as
[U0 (1) = |2n(t))env ® [¢n(t))sys, (2.79)

where |1y, (t))sys is called the conditioned system state and is defined by

e (2.80)

‘¢n(t)>sys =
Here we see that by performing a rank one projective measurement on the bath the system is

projected into a pure state. For these projectors we can rewrite Eq. (2.78) as
|U(t)) = Z VPr(zn, t) [n(t))sys|2n (t))env- (2.81)

which is the more general form of the measurements I briefly talked about in section 2.1.4.
We can define a (proper) mixed state for the system as the average of this conditioned system

states,

p(t) =D Pr(zas O)[1n(t))sys (Vu (8- (2.82)

That is, this state represents an ensemble of conditioned system states, which we have obtained by
ignoring the results of the bath measurements.
Since the basis set |z, (t)) forms a complete basis set, we can rewrite the reduced state Eq. (2.55)

(an improper mixed state) as

prea(t) = Trony [T (D)) =D vawn (20 (D)D) (W(£)]2n () batn, (2.83)

n
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which equals Eq. (2.82) by Eqs. (2.76) and (2.80). Thus one interpretation of the reduced state is, it
represents the average state (ensemble of conditioned states) given that rank one measurements have
been performed on the bath. It should be noted that since Z(t) represents any arbitrary observable,
all conditioned system states must average to preq(t). That is, there are infinitely many ways (by
choice of {7, (t)}) one reduced state can be obtained from conditioned states. These different ways
are referred to as an unraveling. That is, an unraveling in the orthodox view corresponds to which
bath observable is being measured.

In the continuous limit the bath projectors become the infinitesimal projectors
T (t)eny = T(2n, Denvdz = [2(t) = zn)env(2(t) = 2, |dz. (2.84)

This only has a notational effect on the conditioned system states, Eq. (2.80) for the continuous case

should read
env <Z(t) = Zn|\11(t)>

Pr([zn],1)

where Pr([z,],t) now reads as the probability of measuring a bath result in the infinitesimal range

wjn(t»sys = , (2.85)

[2n, 2n + dz] at time t.

2.2.2 Positive Operator Measures (POMs)
Direct POM measurements

Above we only considered projective measurements. Actually we can have measurement into bases,
which are overcomplete (not orthogonal). Examples of these are informationally complete POMs
[30] and the Husimi (or Q-function) POM [87]. Other examples (which are not rank one POM)
of measurements described by POMs can be found in Refs. [84, 91]. All of these measurement

represent a measurement of the observable
Z(t) = {(2n, Fu())} (2.86)

where F),(t) is referred to as a POM element [84] or effect [91]. The POM elements, like the

projectors, must be non-negative and Hermitian. They must also be complete,
S F(t)=1. (2.87)
n

However they are not necessarily orthogonal (a POM with orthogonal POM elements is a projective
measure). Actually because they are not orthogonal we can’t represent this observable by an equation
similar to Eq. (2.61). That is, they represent observables which are not normal operators. Thus the
importance of the notation presented in Egs. (2.62) and (2.86) should be clearer.

If the system is in the quantum state |¢(t)), then the moments of Z(¢) are given by

(Z™(1) =D (z)™ (T En () (t) =Y (20)"Pr(zn, 1), (2.88)
where

Pr(zp, 1) = ($(8)| F () 9(1)).- (2.89)

As with projector measurements, the probability is defined as a measure, between 0 and 1, of how

likely it is that the system will yield the result z,, upon measurement.
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To calculate the conditional state for measurement of these observables, we have to decompose

E,(t) into measurement operators M, (t) (Kraus Operators) [91]. This decomposition must satisfy
Fy(t) = M (1) My (t). (2.90)
With this measurement operator the conditioned state is given by

M, (8)[4 (1))

inl0) = S

5 (2.91)
Here we see that in general (as M, (t) doesn’t necessarily obey a completeness condition) |¢(t)) #
Y on vV Pr(zn,t) [¥,(t)). 1 would also like to mention that this is not completely general as here I
have only considered perfect measurements.

When describing measurement into an overcomplete basis the POM elements will take the general

form )
Fa(t) = 5 lan(®)){2a ()], (2.92)
where N is a normalization constant (which in some circumstance could be time and n dependent)

chosen such that F}, (t) obeys Eq. (2.87). With this effect the only decomposition for the measurement

operators is

31,(8) = a0 (0 (2:93)

where |y, (t)) labels a completely arbitrary state. Thus with the measurement operators we can
explain not only measurements into non-orthogonal decomposition but also measurements which
can completely change the state of the system. An example of this is measurement of a photon (a
single mode harmonic oscillator). When we measure a single photon we usually say that during the
measurement the photon is completely absorbed by the detector, thereby collapsing the quantum
state to the vacuum state. Here |x,(t)) = |0) for all n.

For completeness of this section I will briefly outline POM measurements for mixed states. If
we have an initial mixed state, then when we measure Z(t) the conditioned state matrix after the

measurement is

M, (t)p(t) M ()
n(t) = —=——"—""—=, 2.94
pult) = =R (294)
where the probability (normalization constant) is defined as
Pr(zp,t) = Tr[p(t)F, (t))]. (2.95)

For a POM element of the form displayed in Eq. (2.92) the conditional state will be pure and equal

IXn (1)) (X (B

When the observables Z(t) has a continuous spectrum we can define POM element densities
F(z,t), which satisfy an integral completeness condition. Taking the infinitesimal limit these den-
sities can be written as POM elements of the form F),(t) = F(z,,t)dz, which satisfy all the above
equations for POMs, with the only difference being the probability should be written as Pr([z],t)
and interpreted as the probability of measuring a result z in the infinitesimal range [z, z, + dz] at

time ¢.

Indirect POM measurements

When considering open quantum systems and performing POM measurements on the bath, we
consider the POMs of the form {ﬁ'n(t)env ® isys}, where Fn(t)eIlV acts only in the Hilbert space of
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the bath. For bath observable Z(t) [described by Eq. (2.86)] the probability of measuring result z,,
at time ¢ is

Pr(2n,t) = (U()|Fp(H)eny © Lays| T (2)). (2.96)

Upon measurement the conditioned composite state, |¥,(t)), will obey

My (£)ene | (1))

¥a(8)) = Pr(zn,t)

(2.97)
where M, (t)eny satisfies Eq. (2.90). For POM elements described by Eq. (2.92), which have mea-
surement operators of the form depicted in Eq. (2.93), we can rewrite this conditioned composite
state as

[Wn(£)) = [Xn(t))env @ [¢n(t))sys, (2.98)

where |1y, (t))sys is called the conditioned system state and obeys

env <Zn (t) | \I/(t»

|tn(t))sys = N Pr(z,,t)

, (2.99)
which is similar to Eq. (2.80). The only difference is that {|z,(¢))} can refer to both an orthonormal
and overcomplete basis set. Because {|zp(t))env} still forms a basis set the reduced state (as in the
projector case) can be written as the ensemble average of the conditioned system state |1y, (t))sys
(Eq. (2.82)).

For cases when |x,(t))env = |2n(t))env (& quantum non-demolition or QND measurement) we

(1)) = Z V Pr(z%mln(t» _ Z V/Pr(zn, 1) |'l/’\n/(]vt)>sy8|zn(t)>cnv (2.100)

where both {|¢,,(t))sys} and {|z,(f))env} are not necessarily orthogonal basis states.

can write

2.2.3 Linear quantum measurement theory

In this section I am going to briefly outline linear quantum measurement theory, as it is a useful
technique for deriving linear stochastic Schrodinger equations. Linear quantum measurement theory
uses the same principles as quantum measurement theory except we use an ostensible probability
distribution, Ar(z,)) (which can be chosen time independent), in place of the actual probability
distribution [134, 79]. As its name suggests, the ostensible probability distribution need bear no
relation to the actual probability distribution. However, it must be a proper probability distribution
(non-negative, and sum to unity), and must be non-zero wherever the actual probability distribution
is non-zero. Using the ostensible probability distribution, and the measurement operators defined
in Eq. (2.93), the conditioned system state is

env <Zn |‘Il (t)>

|'(/;n(t)>sys = NAT(Z ) .

(2.101)
We will call this the linear conditioned system state, because it depends linearly on the pre-
measurement state |¥(t)), unlike Eq. (2.99). Since Ar(z,) is not equal to the actual probability,
¥ (t))sys Will not be normalized to 1 and to signify this we use a bar above the state. Here I
have considered only the composite system because the application to the single system is straight
forward.
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Because the linear conditioned systems state is unnormalized, it does not have a clear physical
interpretation. However, it still is useful as it is easier to calculate (involving only linear equations),

and we can write

pealt) = 3 env<Zn(t)‘\I/(t)]z;\:[/(t”zn(t»env

D Ar() [ (1)) sys (Pn (B)]. (2.102)

Thus the reduced state can also be found by averaging over an ensemble of linear conditioned system
state.
The actual probability Pr(z,,t) is related to the ostensible probability by the Girsanov transfor-
mation [70]. This is
Pr(zn,t) = sys(¥n(t)|thn(t))sysAr(zn), (2.103)

which follows from Eqgs. (2.101) and (2.96).

2.3 Representing bath measurements by system POMs

In the above I have presented quantum measurement theory for both projectors and POMs when
the Heisenberg cut can be placed after the system and after the bath. Here I am going to show
that when considering the second case (after the bath) we can represent all rank one projective and
rank one POM measurements (of the form depicted in Egs. (2.92) and (2.93)) on the bath by POM
measurements on the system. To do this we rewrite the conditioned composite state, Eq. (2.97) as

0, (1)) = Mn (t)can(tv to) |m(t0)>cnvw(t)>8ys ’ (2.104)

Pr(z,,t)

where |¥(t)) = U(t, to)|m(to))env|¥(t0))sys (using Eq. (2.29)). Here |m(to))env and |1(to))sys repre-
sent the initial state of the bath and the system.

For the cases when M, (t)eny = |Xn(t))env(zn(t)|/V'N where {|z,(t))} is in general a non-
orthogonal basis set we can define a measurement operator for the system as

Mn(t’ tO)sys _ _euv <Zn (t) |U\(/t],>\f0) |m(to)>env .

Because U (t,t0) operates in the Hilbert space Heny @ Hgys, by including the inner product of two bath

(2.105)

states the measurement operator will only act in Hgys. In this equation we see that this measurement
is no-longer instantaneous, it has a time duration T' =t — #;.

With this system measurement operator we can rewrite Eq. (2.104) as

|\Iln(t)> = ‘Xn(t»enijn(t»sys; (2106)

where

Mn (ta tO)syS|w(t0)>SyS
Pr(zp,t) .

|wn(t)>sys = (2.107)

This is the same as Eq. (2.99), the only difference is here we have defined a measurement operator
which acts in the system space (and is not instantaneous). This operator takes the initial system

state (prior to any entanglement with the bath) to the state after the measurement. By contrast in
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Eq. (2.99) the measurement operator was defined to act only on the bath (instantaneously) which
in turn collapses the system to a pure state.

With this notation we can rewrite the probability as
sys <w(t0)| sys <m(to) |UT (t7 tO) |Zn (t)>env <Zn(t)|U(t7 tO) |m(to)>env|'¢)(t0)>sys
N
SYS<¢(tO)|Fn(t7t0)5y5|w(t0)>sys- (2108)

Pr(zn,t)

where
Eo(t,to)sys = M (t,t0)sys M (t, to)sys- (2.109)

Thus the system POM elements must also satisfy the completeness condition
Z Fn(ta tO)sys = isys~ (2.110)
n

If we assume that the initial state of the composite system is W(t) = p(to)sys @ |m(to))env (m(to)|
where W (t) is the statistical operator for the composite system (for pure states it equals |U(t)) (¥ (to)|),
then the above system measurement operators and POM elements still hold. However, Eqgs. (2.106)
and (2.107) must be replaced by

Wi (t) = pn(t)sys ® [Xn (t))env (Xn (1)1, (2.111)
where W, (t) labels the conditioned composite state (which in general does not have to be pure) and

Mn (t7 tO)sysp(tO)sysMi (t7 tO)sys
Pr(zy,t) '

P (t)sys = (2.112)

By introducing a non-instantaneous system POM we can represent all bath measurements by
POM measurement on only the system. To me this method seems to hide the underlying dynamics,
but if you are only interested in how the system state is going to by affected by a measurement then
this method is fine. I would also like to note here, that we can go the other way, by which I mean we
can keep enlarging the Hilbert space until all POM measurements can be described by projectors.
This is obvious for system POMs, which arise from bath projectors (My, (t)eny = |2n(t))env (2n (t)],
where {|z,(t))} forms an orthonormal basis set); it is just the reverse. For cases which arise from
bath POMs (M, (t)eny = |Xn(t))env (zn(t)|/V/N , where {|z,(t))} forms a non-orthogonal basis set)
we can construct a Hilbert space Hgys @ Henv ® Haux Where Haux is purely a mathematical extension
to the Hilbert space which allows us to describe these measurements as projectors. This is Naimark’s

theorem [24, 84] which will be discussed in greater detail in Chapter 4.

2.4 Continuous measurement theory

For measurements which can be described by a projector on the system then continuous-in-time
measurements are trivial; we get the Zeno effect [101]. But for measurements which are described
by a POM acting on the system, this is not the case.

In continuous monitoring, repeated measurements of duration dt are performed on the state.
This results in the state being conditioned on a record 1y, ), which is a string containing the results
Zn, Of each measurement. Here the subscript k refers to a measurement at time ¢, = kdt, with

to = 0. From the record Iy, 1), the conditioned state at time ¢ can be written as

My (b tho1) Moy, (tr—1,th—2) . My, (t1,t0) [1b(t0))
Pr(I[t07t))

lvr(t)) = : (2.113)
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where |¢(g)) is the initial state of the system before monitoring started and Pr(Ij,, ¢)) is the prob-
ability for obtaining the record.

To completely achieve continuous monitoring we let the time step between measurements, ¢, tend
towards the infinitesimal interval dt. Doing this we can, for suitable measurements, derive a differen-
tial equation for |¢1(t)). This equation is equivalent to a Markovian stochastic Schrédinger equation
(SSE) (a non-linear modification to the Schrodinger equation, see part two of this thesis). Thus
Markovian SSEs have an interpretation under the orthodox theory.

In the above we considered initially pure state, for mixed initial states Eq. (2.113) needs to be

replaced by

pr(t) = %, (2.114)

where py(t) is an unnormalized state conditioned on I, 4 and is equal to

pi(t) = My (teytio1) My, (tr—1,ti—2) ... My, (t1,t0)p(to) M (t1,t0)

X M (te_y, teo) M (b tr_1). (2.115)

Nkg—1 Nk

The probability here is
Pr(I, ) = Tr[pr(t)]. (2.116)

In the continuous limit this gives a Markovian stochastic master equation (SME).

2.5 Summary of chapter

In this chapter I have outlined the orthodox interpretation of quantum mechanics as well as present-
ing the measurement problem within this interpretation. I concluded that this problem is a two part
problem. The first is that under the orthodox interpretation reality is not defined prior to a mea-
surement. It is the measurement that determines the reality; a phenomenon is not a phenomenon
until it is an observed phenomenon [12]. To explain why definite values occur when we measure a
quantum system we have to propose an extra dynamical equation (not just Schrédinger evolution)
which collapses the quantum state to a state which is consistent with the result of the measurement.
However the form of this collapse equation depends on what observable we are measuring (this is
what I call the second problem in the measurement problem).

The view which I have taken to explain this collapse is the world can be split into two, a classical
world and quantum world (the Heisenberg cut). Inside the classical world a measurement apparatus
exists which we can design to measure any observable Z(¢) (Eq. (2.86)). This answers the problem
of choice, but at the same time creates the problem of where to place the Heisenberg cut. I have
decided to choose the positioning of this cut by the place where an irreversible act of amplification
occurs (eg the cascade effect of electron in a photo-detector). Doing this, the general form of the
collapse equation for an arbitrary observable is Eq. (2.91) (when the cut can be placed after the
system) or Eq. (2.97) (when the cut occurs later). I would also like to note that this collapse is
non-local as suggested by Einstein, Podolsky and Rosen in the EPR paradox. Thus I feel if one
wants to give meaning to |t(t)) then it represents a state of knowledge (it is an epistemic state)
about the quantum system, and a collapse simply implies an update of this knowledge.

In recent times, with the success of quantum information theory many scientist have promoted
and developed this idea further, by defining the information interpretation of quantum mechanics [20,
56, 57]. In this interpretation the questions concerning reality and the positioning of the Heisenberg
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cut does not enter into the debate as quantum mechanics is only about information. Because of this
they take p(t) as being fundamental (the closest quantum equivalent to probability). In this view the
collapse simply refers to an updating of our information [Eq. (2.112) with no underlying meaning
to system measurement operators]. This is very similar to Bayesian inference with conditional
probabilities Pr([x], t|z,,t),

Pr(zy, t|[x], t)Pr([z], )

Pr([z]vﬂznvt) = Pl"(Zn t) . (2117)

Actually this is what I believe is the prime motivator for this interpretation. What I don’t like about
this interpretation is that it is very subjective. If you are doing the measurement the state only
exists for you, and other people would ascribe different conditioned states p,(t) depending on the
information they have obtained. Also, what is this information about? Fuchs in Ref. [57] has stated
that this information represents “the potential consequences of our experimental interventions into

nature”. I leave to the reader to decide if this is an adequate answer.



Chapter 3

Hidden Variables and Quantum

Mechanics

In the previous chapter I presented the orthodox interpretation of quantum mechanics. This in-
terpretation basically says that reality is undefined until we make an observation. Many scientists,
including Einstein [51] believe this is because this theory is incomplete. There is something missing,
a hidden variable. In this chapter I am going to consider the limitations we must place on a hidden
variable interpretation of quantum mechanic in order for it to agree with current experiments and
the predictions of the orthodox interpretation. I will show that the hidden variable interpretation
has to be both contextual and non-local. I will do this by presenting some simple proofs. These

proofs will also explain what I mean by contextual and non-local.

3.1 Contextual nature of quantum mechanics

To do this I am going to consider only simple systems: spin 1/2 systems (e.g. TLA’s). A spin-1/2
system is a system which is described by a 2-dimensional Hilbert space. For this system we can

define three observables

6o = {(00, = +L,77) = =) (=), (0o, = 1,77 = [N} = Y 0p, 70 (3.1)
n=+,—
5y = {(og, = +1L75 = 1@)(@)), (0, = —1,77) = = Y o7 (32
n=+,—
5. = {(o2, = +1,77 = 1)1, (0. = —1,777) = D U G %)
n=-+,—

where [|—), [<)], [|®), |®)] and [|1), ||)] form 3 different basis sets for the 2-dimensional Hilbert
space. Here I would like to note that this is only 3 of the many possible basis sets. These basis sets

can be related to each other by

(I®) + [@)]/V2, (3.4)
[—i|®) +i|e)]/V2. (3.5)

1) =) +[=)]/V2
1) = (=)= 1=0/vV2

27
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Thus we can write any arbitrary state as

() = @) +c(t)|]) (3.6)
= [aa(t) + c2(1)]|=)/V2 + [ea(t) — ea(B)][«)/V2 (3.7)
(t) —ica(D)]|®)/V2 + [e1(t) + ica(B)]|O)/V2. (3.8)

= o

In the orthodox interpretation this would be interpreted as: If the classical measurement apparatus
was designed to measure &, then the state would collapse into |T) (or ||)) with probability |c(¢)|?
(or |ca(t)|?), thereby promoting the value of 6., v(6.), to be +1 (or —1) and similarly for the other
observables.

In a hidden variable interpretation of quantum mechanics we would like to have a theory which
amounts to measurements being secondary. That is, if we measure observable &, then the measure-
ment only reveals the pre-defined value (e.g. o, = —1). One way to do this is to assign to all
observables a definite value, but as we will see this leads to contradictions (due to the contextual
nature of quantum mechanics)

The first no-go theorem for hidden variables was outlined by von Neumann [129]. He proposed
that since the expectation values of observables can be added then the values of these observables
must also obey the additivity equation. This is clearly in contradiction to the predictions of the
orthodox interpretation of quantum mechanics. Thus, he concluded that since these predictions are
experimentally verified then no hidden variable theory can exists. To illustrate this lets consider the

operator 69 = [6, + 6,]/v/2. From the orthodox theory we know that its expectation value obeys
(60) = [(62) + (3,)]/V2. (3.9)

and the possible measurement results (eigenvalues) of 69, 6, and &, are all £1. Thus we are lead
to the contradiction
+1 # [+1+1]/V2. (3.10)

Bell showed in Ref. [10] that the assumption for the additivity of values is invalid, by presenting
a counterexample (for a 2-dimensional Hilbert space). He defined a rather complicated assignment
procedure (based on a hidden variable A) which always ensures a 1 value for the observable and an
average which agrees with the quantum mechanical expectation value. Just because the expectation
values obey an additivity equation doesn’t mean the values should.

To understand the contextual nature of quantum mechanics we have to define a proposition. A
proposition is a question which can only have only a yes (=1) or no (=0) answer. Mathematically
it is represented by the value of a projector v(#,) (here 7, has no time dependence as the questions
don’t change in time). For example the question “is the value of the observable 6, +1?” would be
represented by the projector 7?5_0’) = |—=)(—|. This has a value v(ﬁf”)) =1 (or fu(frg_%)) = 0) for
a yes (or no) answer. A non-contextual (independent of questions asked about other observables)
hidden variable theory exists if we can assign to every projector a value 0 or 1 such that the
completeness condition (Eq. (2.58)) for projectors in not contradicted. By this, I mean the value
of the identity operator (i) must be 1, and by the completeness condition we get the following
constraint

v(i) = o) =1L (3.11)

n
Thus for every possible projective measure this constraint must be satisfied (below I will show
an example that contradicts this). Note for the 2 dimensional case, quantum mechanics is non-

contextual, it is possible to assign a value to every projector so that Eq. (3.11) is satisfied. This is
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because for every projector there is only one other projector orthogonal to it, and if we set its value

to 1 then the orthogonal projector must have value 0. Note, very Recently Cabello [26] has shown

that we can get a contradiction if we consider observables represented by POMs, Eq. (2.86). He uses

Naimark’s theorem to represent the POM elements by projectors in a larger Hilbert space.

Here I am not going to present the original Kochen-Specker [89] non-contextual hidden variable

theorem as it requires considering a 3-dimensional Hilbert space and 117 propositions, or Cabello’s

recent POM version. Instead I am going to review Cabello, Estebaranz, and Alcaine contradiction.

They assume a 4-dimensional Hilbert space (two entangled spin 1/2 systems) and show that by

defining 9 observables we can write 18 propositions which lead to a contradiction. These are [25]

70) —

7(6) —

70 = {EM D = e D2l = P,
(1) A(l) |

(29 7,y l>1<l|®|T>2<T|:p2)7
(25,70 = D11 @ |=)a(—| = By),
(20,70 = (1] @ [ =2 (| = Po)},

24 5Ty

Z® = {EP, 7P = e 1)l = Py,
(252,78 = 1Nl ® [D2(l] = B),
(52,77 = =) (=] @ 2(1] = By),
(22,7 = |l @ D21 = P},
z® = {5 = o=@ [<)a (] = By),
(8, 787 = |1 (] @ | =)af—| = P),
(2,7 = N1 (1] @ |=)2(—| = Py),
(2,77 = [l ® |=)2(—] = Pro)},
Z® = {5 = o)) @ [<)a (] = Br),
(Y, 75 o = [=)1 (=] @ |=)2{—] = Pu),
(2,48 = [ )1 (] @ 1)201] = Pr),
(42,4 = |1 (—] @ |12 (l] = Pra)},
{247 = 1)1 @ N1 = Py,
(7,487 = (1l @ |2l = By),
245 = 1) + (D1 D2l [T (T + (L (L]2]/2 = Prs),
07 = a2 = (DD (1 = (L (L2]/2 = Pra)},

{29,749 = )1 (Dol = By),
20,718 = | =) (=] =)2 (=] = Pr),

(
(9,745 = (11112 — (D112l (T (2 — (L (U2)/2 = Pra),
(2

(6) AG)

=[Nl = DMLz = (Lh(Tl2]/2 = Prs)},

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)
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ZM = {47 = [1hl=)2 — iVl [T =]z — (L (—]2]/2 = Prg),
(27,757 = [N 1l=)2 + 112l [Tz + (Ui (—l2)/2 = Pro),
(7,757 = 1)1 (12| = Py),

(7,77 = |1 U =)2 (=] = Pro)}, (3.18)

Z® = {7 = [101]=)2 = D1l [T (=2 = (Lite—]2]/2 = Pre),
(8,78 = [11]=)2 — D1l (=2 = (T1(l2]/2 = Prs),
(2,78 = |- (=121 = Po),

(=278 = | =) (=l1D)2(1] = P}, (3.19)

Z® = {277 = 1Nl + 12—z + (Li(—]2]/2 = Pig),
(2", 287 = (11l =)z = Dl =all(Us (=12 = (T (—]21/2 = Prs),
2,7 = [Nz + D1 D211 (T + (L (Ll)/2 = Pra),
(27,287 = (Dl D2 = [ D2l 2 = {LRTl2)/2 = Pis)}. (3.20)

The premise behind the Kochen-Specker argument is to assume that each proposition has a defi-
nite answer (0 or 1) and this answer is independent of which observable is being considered (non-
contextual). Then we should be able to assign a value (0 or 1) to each of the above 18 projectors,
which does not contradict the completeness condition (Eq. (3.11)). Since each projector occurs twice
in the nine observables then the total number of values equal to 1 must be even, however, by the nine
completeness conditions (nine different observables), it is only possible to assign nine (odd) values
equal to one. Therefore contradicting the assumption that we can assign a definite value to all the
projectors. Thus we have to conclude that only a subset of the observables (projective measures)
can be objectively real (have definite values for there projectors). This subset is the context, by
this I mean a hidden variable theory needs to contain both, a method for choosing the context, set
of propositions (projectors) which can be given definite values, as well as a way of defining which
one of these has a value equal to one. As this determines the actual value of the objectively real
observables.

This obviously leads to the question, what subset of projectors can be given definite values? In
this thesis, when considering hidden variable theories, I will take the view that definite status can

only be given to one complete set of projectors ({7, }) (by complete set I mean a projective measure).

3.2 Non-local nature of quantum mechanics

As illustrated in the above section objective reality can not be given to all observables. Here I am
going to consider another requirement of hidden variables, non-locality. In 1964 Bell [9] demonstrated
that if a hidden variable theory exists then this theory must be non-local. By non-local I mean if we
have (at least) two spacial separated system, which are described by an entangle quantum state (e.g
Eq. (2.47)) the values of local observables (local to each system) can be affected instantaneously by
operations performed on the distant observables. Bell demonstrated this by deriving a inequality
based on statistics from repeated measurements. This was later experimentally verified by Aspect,
Dalibard and Roger [2] in 1982.

To see the difference between Bell-type restrictions and the Kochen-Specker theorem, as well as

showing the non-local nature of quantum mechanics, I am going to consider three entangled spin
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1/2 systems (this is effectively an 8 dimensional Hilbert space). This is because in this example
the non-local nature of quantum mechanics can be observed directly rather then by a statistical
analysis. To do this we start by defining the Kochen-Specker theorem slightly different to that
presented in section 3.1 (with respect to observables rather than projectors[94, 100, 103]). Rather
then introducing a contradiction in terms of projectors, we consider the six local observables &1,
G2z, O3a, O1y, 02y, and 03y, and the four non-local observables 61,624,034, G1y02403y, 014024034,

and 61,0203, as well as the five constraints

V(01002y03y01202403y) = v(i) =1, (3.21)
V(614 Gou03y01y02203,) = v(1) = 1, (3.22)
U(61y02y03201y02y034) = U(i) =1, (3.23)
0(61062203201002203:) = v(1) =1, (3.24)
V(6126200300102 03001y 02403y 01202y03y) = v(—1) = —1. (3.25)

Here we have used the fact that the value of the identify operator is always one (only has one
eigenvalue) and

661 = i€ 1,101+ 611, (3.26)

where €; 1, is zero if any pair of indices are the same, 1 for cyclic indies, and otherwise equal to —1.

We now make the assumption that for commuting operators, [R, R ] = 0, we can assign a value
such that

o(f(R,R)) = f(u(R), v(R)). (3.27)

This directly equates to it being possible to perform simultaneous measurements of two commuting

observables in the orthodox interpretation. Doing this we can rewrite the above as

V(01202 03y )0 (012 )0 (529 )U(G3y) = 1, (3.28)
V(01yG2263y)V(G14)0(02:)0(63y) = 1, (3.29)
V(G1y02yG32)0(14 ) V(02 )V(F32) = 1, (3.30)
V(012624032)0(612)0(624)v(032) = 1, (3.31)
V(612622035 )U(61y G2y G35 ) V(61 G220y )V (612624 F3y) = —1. (3.32)

Here we see that on the LHS (left hand side) all the ten observables appear twice in the 5 equations.
Since by definition the values (eigenvalues) of all the ten observables are +1 the product must
be 1. However, for the RHS (right hand side) we get —1 a contradiction. Thus we are left with
two possibilities, our assumption about commuting observables, Eq. (3.27) is untrue (this would be
devastating for hidden variable theories, as it would contradict the orthodox theory for simultaneous
measurements) or we have to conclude that objective reality can not be given to all observables,
only to a subset.

To show the non-local nature of quantum mechanics we have to consider a specific quantum state
[78, 94, 123]

@) = [ID1[D2l s = [D1l1)2lD)sl/ V2, (3.33)

(this is an entangled state) and the four operators 614,625,035, 01402403y, 0140203z, a0d 51,5203y
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It can be shown that with this quantum state the expectation values of these four observables are

(61202203:) = —1, (3.34)
(O1y02403y) = 1, (3.35)
(G1yG2y03s) = 1, (3.36)
(61402y03y) = 1. (3.37)

Thus we can conclude that since these observables only contain the eigenvalues +1 or —1 then the
values of the above four observables must satisfy

V(1202y03y) = 1, (3.38)
V(G1y02203y) = 1, (3.39)
V(61yG2yG32) = 1, (3.40)
V(612024032) = —1 (3.41)

If a local hidden variable theory exists then one has to assume that the local observables ( 61, Ga.,
03z, 01y, 02y and 03,) have a definite value independent of each other (this is effectively a weaker

non-contextual argument as it is state dependent). Thus we obtain the 4 constraints

U(612)v(62y)(G3y) = 1, (3.42)
0(61y)0(G20)v(03y) = 1, (3.43)
0(61y)0(G2y)0(632) = 1, (3.44)
0(012)0(022)0(032) = —1 (3.45)

which is impossible because the LHS multiplies to 1 (each observable occurs twice) whilst the RHS
multiplies to —1. The thing which separates this from a Kochen-Specker argument is we have to
specify a state. If we were to consider a separable state the expectation values of the observables
would not be the eigenvalues. This means we would not be able to assign a value to the four
observables, thus no contradiction for local observables could be reached.

You can argue whether or not this argument supersedes the Kochen-Specker argument, but I
believe they are both important. Bell’s theorem shows that for entangled quantum states it is
impossible to assign a value to all local observables, whereas the observable version of the Kochen-
Specker argument shows that it is impossible to assign a value to all local and non-local observables
for any quantum state. But to me non-locality is a bit more complicated than shown in this
argument. For example we can have observables described by entangled projectors, see observables
5-9 (Egs. (3.16) — (3.20)) in the Kochen-Specker argument of section 3.1. These obviously represent
one type of non-local observables (one in which a non-local measurement is performed). Another
type of non-local observables are local projectors with non-local information (see Egs. (3.12) — (3.15))
which I believe is the non-locality implied by Bell [9]. To be more clear about the later case consider
observable 2 (Eq. (3.13)) in the Kochen-Specker argument of section 3.1. This observable represent
a situation where the value of system 2 depends (non-locally) on what type of local measurement
(either a 6, or &, measurement) is done on system 1.

A useful investigation would be to obtain a Kochen-Specker argument showing that it is im-
possible to assign an objective reality to all observables represented by local projectors (even with
above mentioned second type of non-locality). This is not done in section 3.1. If this can be done
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(which I think is possible) then the Kochen-Specker argument would be more powerful then Bell-
type arguments, as it would stress the point that objective reality can only be given to a subset of
observables, and this subset is restricted by the projectors. Thereby reinforcing my assumption (or
restriction?) at the end of the last section. This being that only one set of projectors ({#,}) can
be given definite status. In any case making this restriction does not contradict any of the above
limitation on hidden variables. Actually it is a bit too strong, but for the purposes of this thesis this

restriction will be satisfactory.

3.3 Summary of chapter

In this chapter I have briefly investigated the restrictions a hidden variable interpretation of quantum
mechanics must have in order for it to agree with the prediction of the orthodox interpretation and
current experiments (see Ref. [2] for a Bell-type experiment and Ref. [86] for a recent non-contextual
experiment). The conclusion which was drawn was a hidden variable interpretation needs to be both
non-local and contextual. This means it is impossible (at one time) to assign an objective reality
to all observables. Instead only a subset observables can be objectively real, the context. The
non-locality nature of quantum mechanics was illustrated when we consider a specific quantum
state, namely an entangled state. When considering this state it was observed that the subset of
observables can not include all local observables.

In the next chapter I will present a hidden variable interpretation of quantum mechanics which

obeys this requirements, namely the Modal interpretation.



Chapter 4

Modal Interpretations of Quantum

Mechanics

In the previous chapter I reviewed the proofs that if a hidden variable theory exists then it must
be both non-local and contextual. In this chapter I am going to consider a hidden variable theory
which satisfies these properties, the modal interpretation of quantum mechanics [4, 11, 23, 39, 124,
125, 62, 80, 90, 114, 126]. Actually I believe it is the only hidden variable interpretation of quantum
mechanics. This may sound like a strong statement given the success of Bohmian mechanics [14, 15].
But in this chapter it will be shown that Bohmian mechanics, for an appropriately chosen projective

measure, is simply the continuous limit of the modal interpretation (for all natural Hamiltonians).

4.1 General framework

Unlike the orthodox interpretation, the modal interpretation’s central goal is to keep the everyday
definition of reality intact: things exists even when not observed. However, as shown in Chapter
3, not all observables can be given definite status. That is, not all observables are simultaneously
objectively real. To satisfy the contextual requirements of a hidden variable theory, the modal
interpretation assumes only one set of projective measures is objectively real. This is referred to as
the preferred projective measure. Actually recently in Ref. [62] Wiseman and myself have shown
that by using Naimark’s theorem this can be extended to include POMs. In this case only one POM
is objectively real, the preferred POM. I would like to also point out here that work has been done to
extend the property ascription (for projectors) to include more then just one projective measure, but
not large enough to get a Kochen-Specker argument (see Ref. [127] and reference within). However,
for the purposes of this thesis, this overly strong condition regarding just one set of projectors (or
POMs elements) will be assumed as a criteria for the modal interpretation. By this I mean, given
the preferred POM {£),(t)} [or projective measure {#,(t)}] only observables of the form

Z(t) = {(za, Fu(t))} (4.1)

(for POMs) or

Z(t) = {(zn, (1))} (4.2)
(for projectors) are objectively real. This group of observables will be referred to as a property (or
beable after Bell [11]). That is a property refers to an observable that is objectively real. Thus in

34
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this interpretation the first problem of the measurement problem is solved, at least for measurements
of the preferred observables (property), as a measurement only reveals the pre-defined value. For

measurements of other observables see the discussion by Bohm in Ref [15] for their interpretation.

4.1.1 Properties represented by projectors

In this subsection I am going to consider only properties represented by projectors, see Eq. (4.2).
This is equivalent to Eq. (2.62) in the orthodox interpretation. To explain why Z(t) has the pre-
defined value z,, at time ¢ we have to introduce an extra quantum state, the property state, |1, (t)).
That is the system is now described by both |1, (¢)) and |¢(t)).

The property state, |¢,,(t)), represents the actual state of the system, it determines which value
of the possible values Z(t) has. [¢(¢)) (the solution of Eq. (2.28)) in this interpretation simply
determines the weights for choosing one property state out of the complete set of property states
{|¥n(t))} (representing all the other values). Hence the name modal (after modal logic and named
by van Fraassen [124]), it contains the necessity (the system must be in the state |1, (t))), the
possibilities (it could be any of the states {|¢,(¢))}) and the probability (determine by [¢(¢))).

The property state is defined as

[ (1)) = Fn(B)](2))/VN, (4.3)

where N is the normalization constant and by definition is

N = ((O)7n ()9 (2))- (4.4)

Here we see that the different property states arises from the different projectors in the complete
set {7, (t)}. Thus the property state is equivalent to the conditional state (see Eq. (2.65)) in the
orthodox interpretation. However here it represents the actual state of the system, whereas in the
orthodox view it represent the state after a measurement with result z,. The probability that the
system will be in this state is given by

Pr(zn,t) = (Y (8)7n(8)[(1)), (4.5)

the standard Born probability. Thus the average of Z(t) over all possible property states will
agree with (Z(t)) found by the orthodox theory. However, unlike the orthodox interpretation this
probability does not refer to the probability of observing results z, at time ¢ but to the probability
of the system possessing property z, at time t.

To explicitly show why Z(t) has a definite value (denoted v(Z)) equal to z,, when the system is
the state [¢,,(t)), we have to consider the higher moments of Z(t) (Z™(t) etc). If the system is in
this state then it can be shown by Eq. (2.63) that the mean value of Z(t) is

(Z() =D (2m) Wn (D) (6)|[¢n (1)) = 2, (4.6)
and the variance

(Z2(1)) = (Z2(0)* = D (2m) (W ()T (D) 9on (£)) — 2 = 0. (4.7)

m

Thus we can conclude that v(Z(t),t) must be certain and equal to z,, at time ¢t. The evolution of this

value is effected by both the property states smooth evolution in time (how the projectors change
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in time) as well the stochastic jumping between different z,. That is, even for time independent
properties, these values may change in time (stochastically). This will be considered in detail in
section 4.2.

I would like to note here that because no classical apparatus is needed to measure the system,
the system for all intents and purposes can be the complete universe. That is under the modal
interpretation quantum mechanics can be extended all the way up the von Neumann chain [129] to

include the entire universe. To signify this I will define the property state for the universe as
T ()Y (1))

) = L (48)
where
Pr(zn,t) = (U(0)|7 (1) 2(2)). (4.9)
The guiding state, |¥(¢)), obeys the Schrédinger equation
A U(D)) = —+ H ()9 (1) (4.10)

h
where quni(t) is the Hamiltonian of the universe. In terms of all the possible property states the

guiding state can be written as
(W) = V/Pr(zn, 1) [¥n(t)). (4.11)

Thus in this interpretation, not only does it solve problem one of the measurement problem
(reality is well defined and measurement only reveals this pre-defined value), there is no Heisenberg
cut. However the problem of choice (problem 2) still remains as we can choose a different projective
measure as preferred (different sets of 7,,(t)). This will give a different group of observables property
status. This problem, I believe, in the modal interpretations has not been resolved in a wholly
satisfactory way and may never be. Presently there is many variants which try to answer the

problem of choice or accept the arbitrariness of choice.

Beable (or Bell) variant

The first possibility is that we accept choice as being essential. If we do this then we arrive at the
beable variant [11, 120, 128, 121]. In fact in Bell’s original version [11] he chooses the projectors to
describe the fermion number configuration of the world, n = {nj,ns,...}. The form of this projector
would be
T = Tony ® fing-er @ lother (4.12)
where {7, }, {fn,}, and {...} label the projective measure for each fermion mode (each subsystem
of the universe) and L,thcr labels any other subsystems of the total universe not required when
considering only the fermion number configuration property.
The above example illustrate that actually choice enters into this variant in two ways. Given
a Hilbert space Hyn; we can choose both how to factorize it (what subsystems exist), as well as
within this factorization what properties (of the subsystems) will be objectively real? For example,
we could chose to factorize the total universe as Hyni = H1 ® Ha ® Hs (or any other of the infinite

factorizations) and in this factorization we could choose to describe the three properties:

ZW @) = {(zW,701) = 7, (t) @ 1, ® 13)1, (4.13)
ZO®) = {ER,72(t) =11 @ 7, (t) ® 13)}, (4.14)
ZO@) = {0, 23@) =1, @ 15 ® 7n, (1))}, (4.15)
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each referring only to one of the three subsystems. Thus if our theory needed to describe one
and only one of the above three properties then we would chose {7, (t)} equal to either {ﬁ%l)(t)},
{7?7(12) (t)}, or {7?7(13) (t)} depending on which property we were intending on describing. If however we
wanted to describe a property dependent on all subsystems as well as the above three properties
then

ZW(t) = {(=i, 70 (1)} (4.16)

where (" (t) = 7tny (t) ® Trny (£) ® 7ing (t). This combination of projectors is known as the principle

of composition [4]. This principle states that if (at least) two subsystems, 1 and 2, posses the
properties described by the set of projectors {#,, (t) ® 1rest} and {1,est ® 7n, (t)}, respectively, then
the property describing the system composed of both subsystems 1 and 2 must be described by the
set of projectors {7, (t) ® i, (t) ® Lest}. Here 1, refers to the identity operator for the rest of
the universe not included in the space described by the projectors.

An argument against this variant is that if reality is not defined until we specify what set (or
group since it satisfies all the constraint of a group) of the properties are going to be considered
(Eq. (4.2)), then with respect to the orthodox view we have not really made any improvement,
so why bother? I personally don’t agree with this statement as I feel the orthodox view tries to
force the idea that reality can’t be defined until a measurement is made, and this simple variant
shows otherwise (which I feel is merit enough to consider it as a counter example to the orthodox
interpretation). Also if we are prepared to accept that we live outside of the quantum world (which
is required in the orthodox interpretation) then it is not hard to envisage that the arrangement of
the experiment is what determines which properties are going to be given definite status. However
by doing this we again develop the problem of the Heisenberg cut.

Bub’s variant

If for now we assume that there is a classical world outside of the quantum world, which decides
the arrangement of the experimental apparatus we get Bub’s version of the Modal interpretation
[21, 22, 23]. He assumes that certain observables are always objectively real. These observables
include the pointer readings in an apparatus. When the apparatus comes in contact with a system
(via an interaction) then the composite quantum state (|¥(¢))) for the system-apparatus will be
an entangled state. He suggests that when (and only when) this composite state forms a Schmidt
decomposition, with one orthogonal set being the eigenset of the apparatus observable, then the
system can be given definite status. To explain this let’s assume that the apparatus has definite
values for properties containing the projector (> (t) = 1@ |pn(t))2(dn(t)|. Then provided the
guiding state can be written as

D
[T() = enl®)d),(D))1]n(t))2, (4.17)

n
where {|¢;,(t))1} forms an orthonormal set in Hsys, we can assign definite status to system properties
with the projector set {frﬁlsys) (t) = |4, (t))1 (b, (t)|®1}. Thus in this variant for both the system and
apparatus to be objectively real the property state will be of the form |, (¢)) = |}, (£))1]Pn(t))2,

perfectly correlated.

Thus in this variant reality is kept intact and as the problem of choice is partially answered.
By partially T mean we have to conjure something outside of the system (or system and apparatus)
which determines what properties are going to be given definite status (choice of |¢,(¢))2). This
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can be something as simple as how we arrange the experiment. Arguments against this variant are
obviously where is the Heisenberg cut? and as pointed out by Elby [52], if the measurement is non-
ideal (no Schmidt decomposition exists with the set {|¢,(¢))2} forming the apparatus basis) then
we can’t assign definite status to any properties for the system. I personally don’t feel the latter is
a problem as it simply means (in this cases) the system just acts as a guiding system (or phantom

system) which influences the properties of the apparatus, the thing which we actually measure.

Healey’s and Dieks’ variant

In these variants Healey [80, 81] and Dieks [39, 40, 41, 42, 43, 126] assume that the preferred
projective measure is determined by the guiding state for the universe. Let’s assume that the
universe can be factorized into 2 subsystems (the system and the rest of the world). If this is the
case then Healey and Dieks assume that the set of projectors that occur in the unique Schmidt
decomposition, see Eq. (4.17), (or more specially the spectral resolution of the reduced state of each
subsystem) determines the preferred projective measure. That is, if the guiding state of universe is

represented by Eq. (4.17) then we can define the two reduced states

Plea(t) = D cal®)ldh (E)1(&(2)], (4.18)

pfed(t)

chL(t)|¢n(t)>2<¢n(t)|' (4'19)

This in turn defines {7 (t) = |0/ (¢))1(¢) ()] ® 1} and {#2 () = 1 @ |pn(t))2(dn(®)|}, as the
preferred projective measures, each local to one subsystem. In the case of degeneracy (where there
is not a unique Schmidt decomposition) Dieks proposes [41, 126] that we just group the degenerate
projectors into one projector, (for example 7, (t) = > _;c; [#i(t))2(¢i(t)], where I, is the set of indies
with identical ¢;(t)) and use this to define the preferred projective measure. To describe properties
related to both systems we have to invoke the principle of property composition. That is all non-
local properties (assuming no degeneracies) must be described by the preferred projective measure
{#(t) = @), (1)) 1(D, (1)) @ |, (£))2(bn, ()]} Wwhere n here refers to (ny, nz).

To extend this to more than 2 subsystems they proposes that it is the reduced state spectral
resolution for each subsystem, which determines the preferred projective measure for each subsystem,
and any larger system are determine by the principle of compositions. That is if the universe has
a m'-order factorization H; ® Hs @ ... @ H,, then the spectral resolution for each subsystems
Prea(t) = D2, wn, 7, (t) determines the overall preferred projective measure for the universe by

the principle of composition. Thus the preferred projective measure for a property of the universe is
(A (1) = Ty () s (8)- T, (1)} (4.20)

where n = (n1,n2,...,n,,). This may seem like it has rectified the problem of choice, but choice
still remains here in the choice of the preferred factorization. Actually in Dieks’ earlier proposal
he assumed that factorization was arbitrary and we should be able to give definite status to all
factorizations (thus choice would completely disappear), but in 1995 Bacciagaluppi [3] showed that
if this is the case then a Kochen-Specker type contradiction exists. Because of this Dieks has
changed his stance and in Ref. [43] he assumes a preferred factorization, which he now calls the
atomic factorization. In this factorization each subsystems represents the atomic components of the

universe and all properties for composite systems must obey the principle of composition. This is
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motivated by the analogy; in a classical systems all physical properties of a composite system (eg a
molecule) depend on the properties of their elementary constituents (atoms).

I would also like to note that in this variant (for non degenerate projectors) the property state
takes the form

(Wn () = |Pni)1 @ [6ny)2 @ . @ [, )m (4.21)

and represent the actual state of the universe. Here we see that, unlike the Bub variant, for a 274
order factorization we can have property states (that have definite values for properties for both the

system and the rest of the world) with non-perfect correlations.

The entropy (Spekkens-Sipe) variant

This variant arises from the work of Spekkens and Sipe [113, 114]. As in the above variant we still
have to assume a preferred factorization of the universe (thus presently there is no way to get rid
of choice completely). However instead of proposing a preferred projective measuere, they assume
that the decomposition of the guiding state into property states is of product form. That is

[T(E) = eal®)Wn(t) (4.22)

n

where the property state is

[0 (t)) = (D)1 @ |Pn)2 @ .. @ [Dr)m (4.23)

They propose that given a preferred factorization and a product decomposition we can define a

measure for entropy as

Swwy =~ Y_ len(®)* log(|en (t)]?). (4.24)

They then assume that the preferred decomposition is the one that minimizes this entropy. This is
primarily motivated by the fact that by minimizing the entropy we are actually determining which
product decomposition has the least possibilities for the property state. Spekkens and Sipe show
that if the preferred factorization has only two factor spaces, then the decomposition that minimizes
the entropy is the bi-orthogonal decomposition. However, if the preferred factorization has N factor
spaces, then if there is a bi-orthogonal decomposition with respect to some bi-factorization that is
a coarse-graining of the N-partite factorization, and this decomposition happens to be a product
decomposition with respect to the N-partite factorization, then this decomposition minimizes the

entropy.

4.1.2 Properties represented by POMs

In a recent paper [62] Wiseman and myself have shown that there is actually more choices to be
made than previously realized. Specifically, it is not necessary to restrict the properties to be of the
form displayed in Eq. (4.2). We can also consider properties described by POM (see Eq. (4.1)). This
extra choice is motivated by the fact that in the orthodox interpretation of quantum mechanics we
can extend the theory of measurement from that using projective measures to that using positive
operator measures (POMs) (see chapter 2).

A typical example (in the orthodox interpretation) of an observable made from a POM is

2 = {2 o) al) (1.25)
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where {|z,)} forms an overcomplete basis in Huni, with 3 [2,)(z,| = 1B. For argument sake lets
assume that we can represent the universe by the two states (|, (t)), |¥(¢))), where
7z |20 ) (2n| 2 (1))

(0 = P (4.20)

with

Pr(zp,t) = é(@(tﬂznﬂzn\\ll(t)), (4.27)

and the guiding state, |¥(t)), still obeys the Schrodinger equation. That is, the property state is
effectively the conditional composite state for POM observables in the orthodox interpretation (see
section 2.2.2). In doing this we find that if the universe is in this property state then a definite
value can’t be attributed to Z. This is due to the fact that {|¥,(¢))}, for POM observables, are
not generally orthogonal. That is, with a finite probability when the universe is described by this
property state, in the orthodox theory, a measurement of Z is not certain. This clearly disagrees
with the above description of modal dynamics. Thus we cannot treat observables represented by
non-orthogonal states in the same manner as orthogonal states.

Also the above actually does not represent all POM-type observables (POMs are not always
generated from non-orthogonal states). Given any set of projectors {II,,(¢)} in a larger Hilbert space
K = Huni @ Haux Where Hauy is some auxiliary Hilbert space, it is well know that POM can always
be found by [84]

F(t) = Trans| (luni @ paus) T (1)) (4.28)
where paux is a state in Hauy. For simplicity we define it as paux = |¢){¢| (see section 2.3). Thus
we have the dilemma that not all observables can be described by the current projective type modal
theories.

To extend modal theory to include POM observables we invoke Naimark’s theorem [24, 84].
This basically says that given a POM {F),(¢)} it is always possible to generate a projective measure
{f[n(t)} in a larger Hilbert space Huni ® Haux, where dim[Hayx] is not necessarily equal to > 1.
Mathematical this reads as, we can define a projector ﬂn(t) such that

Ty, (19 () (W () B ()] = Tric[[ @ (D) (T (2)] © [$)(6[TLa (1)), (4.29)

uni [

or in another way
Fo(t) = (0[T1.(8)9), (4.30)

for all [¥(t)) € Hyn; and for all possible F,(t) (n =1,..., N). |$)(¢] is called the Naimark projection
of K onto Hyni. To work out the set {f[n(t)} it is necessary to introduce another projector fINJrl(t)7
such that

N+1 .
Z I, (t) = iuniJrauxa (431)
and
T, ()L (t) = T (t)Sm, (4.32)

is satisfied for n, m = 1,..., N + 1. The set of projectors in this enlarged Hilbert space is labeled the
Naimark extension of F,(t) [84]. A worked example of this is shown later in this section.
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We now propose that to calculate modal dynamics for POMs, the observables defined by Egs. (4.1)
and (4.25) become properties in K. The set of properties which are objectively real is now defined
by

Z(t) = {(zn, (1))}, (4.33)

and if z, is a real (or complex) number this is represented by the Hermitian (or normal) operator

Z(t) =) zalln(t). (4.34)

n

I would like to note here that the value of zy1 is arbitrary. The guiding state becomes

[@(1)) = [ () @ |9), (4.35)

where |¥(¢)) is still the solution to the Schrédinger equation (Eq. (4.10)). With this guiding state
and the enlarged-Hilbert space projector I, (t) we can write the probability for Z(¢) having the
definite value z,, as

Pr(z,t) = (@(1)[L (1)@ (1), (4.36)

where Pr(zy41,t) = 0 for all time as the projector ﬁN+1(t) by definition projects into the null space
of |®(t)). The property states are defined in K as

L, ()| (1))

@ (1)) = o D)

(4.37)
which as in the projective case now forms an orthogonal (distinguishable) set. Thus the guiding
state can be written as

(1)) = > V/Pr(zn, £)|®n(t)). (4.38)

Here we see that to explain properties represented by POM elements, we have to enlarge the Hilbert
space of the universe and in this larger Hilbert space we can define both a guiding wave and the
property state. That is, the universe is now described by the two states (|®,(t)), |®(¢))). Thus the
standard analysis of modal dynamics now applies. However, because the property state is generally
in an entangled state (between the universe and the auxiliary system), we can no longer really call it
the state of the universe. This may raise interpretational difficulties, but I will leave this question for
later work and just treat the above as a purely mathematical procedure to dealing with properties
representing POM.

To illustrate Naimark’s theorem I will consider a simple example, a universe consisting of only a
spin-1/2 system, and consider the observable Z defined by

Z = {(zn, Fu = 5 ) e} (4.39)

with n being 1, 2, and 3 and z,, = exp(i27n/3) [84]. The states |z,) are defined by
1 *
Jon) = 5 (anll) + 221)) (4.40)

where |1) and ||) are the eigenstates of o, (the Pauli spin matrix). In the Bloch sphere these states

all lay in the x — y plane with an angular separation of 27 /3.
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Using Naimark’s theorem we extend this 2-dimensional Hilbert space to a 4-dimensional Hilbert

space, where it can be shown (using Eqs. (4.31) and (4.32)) that the four projectors are [84]

I = F1®e)(d] - v2/3l21) (22| @ [9)(¢'| — V2/3]22) (1] @ [¢') (9] + 1/3]22) (2] @ |¢)(¢],
o = Fy®¢)(0] + vV2/3|22) (22| @ [9)(¢'] + V2/3|22) (2] @ |¢')(d] + 1/3]22) (2] @ |¢)(¢],
s = F3@[0)(g] + V2/3|z3){z| @ [6){¢'] + V2/3]22) (23] @ [¢/ )] + 1/3]z2) (z2] © |6) (¢,
I = 10¢') |~ |22)(z] @ [¢')(¢']- (4.41)

The two states |¢) and |¢') form a set of orthogonal basis states of the auxiliary Hilbert space and
I1, is an added projector needed to complete the set of projectors.

The modal dynamics for these states is formulated as follows. By Eq. (4.35) and Eq. (4.37)
the three possible property states are {|®,,(t)) = I1,|¢)|¥(t))/\/Pr(zn, )}, where n = 1,2,3. The
fourth projector is not included as for all possible states it projects into the null space of |®(t)).
The observable Z becomes the property 7= Yon znﬂn, and for this example the possible values are;
i2m /3 “r/3 25 = 1, and depending on which property state represents the extended

zZ1 = € Z9 = €

universe determines which one of these three values Z has.

4.2 Dynamics in modal interpretations

In the above section I have presented the general outline of the modal interpretation of quantum
mechanics. We saw that by introducing an extra quantum state, the property state, the collapse
postulate in the orthodox interpretation is no longer needed. However, I have said nothing about
how this state evolves in time. In this section I will briefly outline how this states evolution can be
calculated for both the projective case (which is basically a reproduction of the results presented in
[11, 120, 128] and generalized in [37, 4, 121] to include time-dependent projectors) and the POM case
[62]. We will find it contains both a smooth evolution, due to the time evolution on the projectors

(or POM elements), and a stochastic evolution, jumps between different values of n.

4.2.1 The projective case

Before reproducing the standard results for the projector case, lets assume we have a system (or
universe) consisting of IV distinct states, representing some property Z(t), with possible values {z,}.
We will also assume that there is a probability distribution Pr(z,,t) for this system. That is Pr(z,, t)
is the probability that the property will have the value z, at time t. We will now show that we can
associate with this probability distribution a stochastic trajectory, jumping between the different
states z,, for the value of this property (v(Z(t),t)).

To do this we start by defining a parameter T}, as

T (t) = dltigO[Pr(zm t + dt|zm,t) — Pr(zn, t|zm, t)]/dt. (4.42)

Here Pr(zy,,t + dt|zm,t) is a conditional probability and is read as the probability of the system

being in state z, at time t + dt given it was in state z,, at time ¢. From this definition it follows that
Z Ty = 0. (4.43)
n

For distinct states the conditional probability Pr(z,, t|zm,t) must be 0 for n # m. This allows us to
interpret T, (t)dt = Pr(z,,t + dt|zm, t), for n # m, as a transitional probability, so we call T, (t)
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the transition rate, it is a measure of the rate at which z, gains probability at the expense of z,,.
For n = m, Pr(zp,t + dt|z,,t) = 1 and T, (which is negative) is a measure of the rate at which
state z, loses probability. Once these transitions rates are known we can easily imagine that given
an initial value for Z(tp) at time to, v(Z(to),t0) = 2z, we can calculate a stochastic trajectory for
v(Z(t),t) which when averaged over all trajectories agrees with the probability distribution.

To determine these transition rates we use

Pr(zpn,t +dt) = > Pr(zn,t + dt|zm, t)Pr(zm, ) (4.44)

and
Pr(zn,t) = > Pr(zm,t + dt|zn, t)Pr(z,, 1), (4.45)

to find a evolution equation for Pr(z,,t). Taking the difference of these two equations gives
Pr(zp,t + dt) — Pr(z,,t) = Z Pr(zn,t + dt|zm, t)Pr(zm, t) — Pr(zm, t + dt|zn, t)Pr(z,,t).  (4.46)
m

Dividing by dt and taking the continuous limit, assuming that this limit exists (T, is well defined),
we find that Pr(z,,t) is differentiable and obeys the master equation

diPr(zn, ) = Y [T ()P (2m, t) = TrinPr(zn, 1)]. (4.47)

m

Defining a probability current J,,,,(t) as

Jam () = Trm (OPr(2zm, t) — T Pr(zn, t), (4.48)
results in Jp,, (t) = —Jmn(t) and allows us to rewrite the probability master equation as
A Pr(zn,t) = Jnm(t). (4.49)

Given Jym, (t) and Pr(zy,,t) for all n it is possible to calculate the transition rates. Actually there

is an infinite range of solutions. One solution, chosen by Bell [11] is as follows: For J,,,,,(t) < 0,

Tnm(t) = 0, (450)

Ton(t) = —Jum(t)/Pr(zn,t), (4.51)
and for Jp,(t) >0

Toum(t) = Jum(t)/Pr(zm,t), (4.52)

Ton(t) = 0. (4.53)

The other solutions are found by adding an extra term 10, () to Ty, (t) [4, 37, 128], where T2, (t)
is constrained only by

10 (OPr(2m,t) — T2, (t)Pr(2p,t) = 0. (4.54)

To make the link with quantum mechanics we say that the N distinct states are the property
states {|U,(¢))}, and the property or properties which are objectively real form the group G, defined
by elements

Z(t) = znn(t), (4.55)

n
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with the value of property Z (t) being the corresponding z,. That is, for the property state |¥,,(t)),
v(Z(t),t) = z,,. The evolution of |¥,(t)) (the stochastic trajectory for v(Z(t),t), jumping between
different z,) is determined by the rates T, (t), which themselves depend upon J,,, (¢).

To work out Jy,, (t) we take the time derivative of Eq. (4.5). Doing this we obtain the differential
equation

diPr(zn,t) = 20m[(W(6) |7 () Huni (8) 2 ()] /B 4 (0 ()] e [ (D] 9 (1)), (4.56)

where we have used Eq. (4.10). This can be simplified by defining the Hermitian operator, R(t), for
which

7 A

dtﬁ—n(t) = _ﬁ[R(t)ffrn(t)] (457)
This allows us to rewrite Eq. (4.56) as
AuPr(z, ) = 2 (D (0)) o (6 Fus () — RO W(0))} /1 (458)

Comparing this with Eq. (4.49) and using the fact that ) 7,(t) = 1, one possible probability
current (that was chosen by Bell [11]) is

T (8) = 20m{ (U () 70n (6) [Huni (1) — B0 (8)[ (1))} /D (4.59)

Note that this is only one of infinitely many possible currents, as we can add any current J,° (t)
to Jpm(t) which satisfies > J,.% =0, to give a valid probability current. For the purposes of this
thesis I will only consider the simple solutions (not containing the extra T, (¢) and J,% (¢) terms).
For a discussion about these solution see Refs. [128] and [37].

Once we have J,,,,(t) we can work out the stochastic trajectories for the values of the property
Z, v(Z(t),t). This in turn allows us to work out a trajectory for the property states, this I will
denote by |W, (7, (t)). It represents the actual evolution of the universe, and in the second part
of this thesis we will see that the evolution equation d¢|¥,z«) (t)) is non-linear and is equivalent

to a stochastic Schrodinger equation for an appropriately chosen preferred projective measure.

4.2.2 The POM case

To work out the transitional rates for properties described by POM elements, as in the projector
case we need to find the probability current. Taking the time derivative of Eq. (4.36) and using the
Schrodinger equation (Eq. (4.10)) we get

diPr(z,,t) = 2Im{(®(t) |11, () [Huni (t) @ Taux — R (£)]|®(t))} /. (4.60)
Comparing this with Eq. (4.49) and using the fact that ) f[m(t) = 1, Bell’s probability current is
Tum () = 200 {(® ()L (1) [Huni (8) ® Tawx = &' ()11 ()| 2(2)) 3} /P, (4.61)

where R/(t) is Hermitian and defines the evolution of the projectors II,, (t), by
. i .

d 1, = —E[R’(t), 11,,]. (4.62)
In this case an actual trajectory is represented by |®,(z() ) (t)). In the second part of the thesis
we will see that the evolution equation for this property state, for an appropriately chosen POM,
gives the Diési, Gisin, and Strunz stochastic Schrédinger equation [48], in the non-Markovian limit
and Gisin and Percival stochastic Schrodinger equation in the Markovian limit [76, 77]. T would also
like to point out here that this equation corresponds to the heterodyne quantum trajectory in the
orthodox interpretation [137].
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4.3 Bohmian Mechanics

In Bohmian mechanics [14, 15, 35] the preferred projective measure is the position projective mea-
sure. That is the (dimensionless) position {z;} (vector notation) of the system is assumed to be
objectively real and the wavefunction ¥({z;},t) = ({z,;}|¥(¢)) is then interpreted as an objec-
tive real field which guides the position in a non-classical way. Here ({z;}| is the dual vector of
{z;}) = |71) ® |22) ® .. @ |T1m), a position eigenstate in a m'l-order factorization of the universe. In
Bohm’s original papers he showed that this non-classical behavior could be represented by an extra
potential in the Hamiltonian-Jacobi equation, the quantum potential which depends on ¥({z,},?).

In this thesis I will not introduce the quantum potential, but instead describe Bohmian trajec-
tories with reference to a continuous probability current Jy({x;},t). I will also consider |¥(¢)) to
belong to a tensor product H,@H’', where H, is the Hilbert space containing the position eigenstates

[{z;}). Then the wavefunction becomes a vector given by

[ ({w;},0)) = ({2;}9(2)) € ' (4.63)

This allows us to take into account a Hilbert space for the universe which is larger than that
for the positions of the system (for example one that includes spin as well). Here we see that
{a; ) ]({x;},1)) is the continuous equivalent of our unnormalized property state, and the set of
properties with definite status, are the (dimensionless) position operators {X (@)Y, That is, in my

notation, the jt property is

2=} = { ({zs} 7 Dafas} = Hab) (oY} © L) }. (4.64)

where the results here are not a number but a string of continuous numbers. Thus the possible
values for the property Z at time ¢ [denoted v(Z,t) = {v(Xj,t)}] are {z;}.
With #({x;}) we can define the probability density as

P({a;},t) = (W7 ({2 1)) (4.65)

which is a conserved quantity that obeys the continuity equation
0
o P({z;},t) = - Zk: a—ka({xj},t). (4.66)

The functional form of Jy({z;},t) depends on the form of Hy,i(t). As in the discrete (modal) case
there is not a unique solution to Jx({z,},t). For example in three dimensions we can add any vector
field V x A(x,t) to J(x,t) as V-V x A(x,t) = 0.

To work out the actually trajectory {v(Xg,t)} we use the fact that the continuous probability
current Jy({x;},t), by definition, is related to the velocity field vi({x;},t) by

Je({zi} ) = vi{z; 1 ) P({z;}, 1) (4.67)
This then allows us to determine the Bohmian trajectories for the set of values {v(Xy,t)} by
dtU(Xk, t) = Vk({l‘j}, t)|{zj:v(Xj,t)}~ (4.68)

Because this is a deterministic equation, probability enters only through the initial conditions,
{v(Xk,0)}. Eq. (4.68) is only one of the possible continuous trajectories which satisfy Eq. (4.65),
other possibilities include stochastic approaches; see Ref. [128] and references within.
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It should be noted that so far nothing has specified that the properties {X;} must be positions,
and in fact Brown and Hiley in Ref. [19] develop a formalism where {X}} can be either position or
momentum. As examples, they consider a simple universe (a single 1-D particle) and derive d;v (X, t)
and dyv (P, t) for a linear, quadratic and cubic potential.

4.4 Continuous modal dynamics

In this section I investigate the continuum limit of modal dynamics. This has been previously
done by Sudbery and Vink in Refs. [120] and [128] respectively, where it was shown that Bohmian
mechanics can be obtained by taking the appropriate decomposition (property states). In this section
I will briefly outline their work, then extend it to show that the Brown and Hiley’s generalization
of Bohmian mechanics to include the momentum representations [19] is not the continuum limit
of Bell’s modal dynamics. I also present an alternative (I believe easier) method for finding the

continuous trajectories, that works when the modal dynamics has a continuum limit [62].

4.4.1 When Bohmian-type theories are the continuous limit of modal
dynamics

To demonstrate that the modal dynamics does give Bohmian mechanics as its continuum limit, let’s

first consider the Hamiltonian

Huni(t) = [A(t) + ZBk Wi + ZYk Bt + ch A mekc 0],  @69)

where A(t), Bi(t) and Ci(t) are arbitrary functions of the operators {Xj} and the rest of the
universe, and {V3} are the conjugate operators to {X;}. That is, [Vj, Xi] = —id,r. The set {V;.}
can be view as dimensionless momentum operators.

To calculate dyv(Xy,t) in Eq. (4.68) we need to calculate the velocity field vi({z;},t), which
in turn requires calculation of Jy({z;},t). Taking the derivative of Eq. (4.65) and using the
Schrédinger equation (Eq. (4.10)) we can write

P({es}ht) = 20m[(W(6) {5} o5} Huns() 9 ()]/
- —22Re[ d({a;} ) {2Re[Br ({5}, )]0,
+akae[Bk<{xj},t)]}w?({mj},t>>]/h
—2Zhn[ ({5, DI{2Re[Ck ({2}, D102, + 201, Cl({2;}, )00,

+aikc,1<{xj}7t)}\&({w»}/h, (4.70)

which can be simplified to

P({z;}.t) = —Z%{Re[ P({w;}, ) {2Re[Bi({;},8)] — 4iRelCr({z;},£))0%,
—22‘%[@({xj},t)]}m({xj},t»}}/n. (4.71)

Comparing this with Eq. (4.66) gives one solution for Ji({z;},t),
Je({z;},t) = Re[@({%‘}7t)|{2Re[Bk({$j}vt)] — 4iRe[Cr({w;},1)]0x,
=210, [C} () O 9({,).0)] /. (172)
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For illustration we consider the 1-dimensional case and assume A(t) = V(X), B(t) = 0, and
C(t) = CT(t) = h?1/4M, describing for example an electron in a 1-D potential, with the operator
nature of 1 and V signifying operation on the Hilbert space for the internal structure of the electron.

That is
N h2Yy2 X

For this example J(z,t) becomes
I, 1) = - Im{(i e, 0]0:1 e, 1), (474)
e (5,010, . 1)
*Em V(x,1)|0g, |¢(x,t
do(X,1) = 721 [ e O e 6] } . (4.75)
To simplify this we can rewrite |¢)(x,t)) as
[P, 1)) = ZRJ(UM) expliS;(x, )]17), (4.76)

J

where R;(xz,t) and S;j(z,t) are real functions and {|j)} is an orthonormal basis set, which for example
spans the Hilbert space of the internal structure of the electron. Then Eq. (4.75) simplifies to

Ej R?((E, t>aw [Sj (z, t)]

dv(X,t) =h
t'U( ’ ) MZ; R?(.T,t) z=v(X,t)

. (4.77)

To compare this to the modal dynamics defined in Sec. IT we have to discretize z. In Refs. [128]
and [120] this is done by defining a lattice of size N and lattice separation e. Thus z becomes
&, = en, and the projectors 7, = |en)(en| ® 1. With these projectors the property states Eq. (4.3)
become |U,,(t)) = |en)(en|W(t)) = |en) |t (t)) where |, (t)) is an unnormalized state representing
the internal structure of the electron. Using the results of Sec. 4.2.1 the probability current is

T () = 2Im[ (U, (£)| (€n] Hynilem) [¢hm (£))] /2, (4.78)
and the discretized version of the Hamiltonian is
(en|Hunilem) = [=h2(Bnims1 + Onm—1 — 200.m)/2M e + V (en)dp. m)- (4.79)

This gives

Jnm(t) = 7]\4562 Im {<1Z}n(t)|1zjn—1(t)>5n,m+l + <1Ln(t)|1/~)n+l(t)>§n,m—l . (480)

Taylor expanding [, _1(t)) and [, _1(t)) gives
Inm (t) = %Im{@n(t)|Ae[|¢7n(t)>}5n,m+1 — (@)A1 (£))8n,m—1 + O(e)}4 (4.81)

where A, is the discretized version of a derivative. That is

Ae|1;n(t)> — |wn+1(t)> — Iwn(t» (482)

€

As in the continuous case we write |¢),,(t)) in terms of the real functions S;(en, t) and R;(en,t) which

results in Jy,,,, (¢) becoming

Jm(t) = %{Z B3 (en) A8 (en)]6n 1 — Y R (En)AclS; (en)]dn ms + O(6)). (4.83)
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In the € — 0 limit (continuum limit) we can neglect the higher order terms in the above expression
for Jpm(t). That is the only terms which will contribute are the transitions from m to m — 1 (or

m + 1) state. Because of this we can write

i) == 3 3 Ren)AS en)] (1.89)
Tnm-1y(t) = % Z Rjz (en)A.[S;(en)]. (4.85)

It RZA[Sj(en)] > 0 then Jy(n41)(t) < 0 and Jy,—1y(t) > 0 then by Eqs. (4.50) — (4.53),

>, B (en)Ac[S(en)]

Ting1yn(t) (4.86)
Me3~; R (en)
T-1yn(t) = 0. (4.87)
It RZA[S;(en)] <0 then Jy(ny1y(t) > 0 and Jy(—1)(t) < 0 then by Eqs. (4.50) — (4.53)
Tins1yn(t) = 0 (4.88)
- R2(en)A[S; (en
ronlty — i RS ) s
Mey>; R3(en)
These transition rates imply that in an interval dt the average displacement dz will be
Mldx] = 6T(n+1)ndt — ET(n,l)ndt
- R%(en)A.[S;(en
25 By () B[S, (en) dt + O(e)dt. (4.90)

sz R?(en)

Provided S;(en) and Rj(en) are continuous, the average M [dx] reduces to Eq. (4.77) as € — 0.
However, to show that the trajectories are smooth and deterministic from the initial v(X,ty) we

require also that the dispersion M [dx?] goes to zero in the continuum limit. That is
M[d2?) = ET(ni1yn + EdtT(—1)ndt = O(e)dt (4.91)

which goes to zero as e — 0. This can be extended to the general case, Eq. (4.69).

4.4.2 When Bohmian-type theories are not the continuous limit of modal
dynamics

The above demonstrates that in the continuum limit Bell’s modal dynamics becomes Bohmian

Mechanics. However, if we consider the Hamiltonian
Huni = [kY? + V(X)) (4.92)

We will show that this is not the case. This Hamiltonian is unphysical if X is position as this says we
have a cubic dependence on momentum, which is not present in any natural Hamiltonians. However,
if X corresponds to momentum (and —Y to position), as in Brown and Hiley’s [19] extension to
include the momentum representation, then this Hamiltonian is possible.

As before if we discretize x to z,, = en, the probability current again will be given by Eq. (4.78).

However, the discretized version of the Hamiltonian in this case is

(en|Humilem) = [i6nm+s — i0pm—s — 3i6ums1 + 3i6nm1] + V(en)dpm,  (4.93)
€
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which results in
Jnm(t) = E%Im i(sn,m4r3<dn(t)|1z)n73(t)> - Z‘én,m73<1/;n(t)|qz)n+3(t)> - 3i5n,m+1<7/~’n(t)|1/~)n—1(t)>
+3i0p,m—1 (G ()|t 1 (1)) | /1o (4.94)

Taylor expanding this gives a rather large expression, but since <1/~)n(t)|1[Jn (t)) is a real number and
1/€2 >> 1/€% in the € — 0 limit we can ignore all orders of the Taylor expansion. This allows us to

write

Jnm(t) = M[én,m+3 - 5n,m73 - 36n,m+1 + 36n,m71]/h~ (495)

Since (U (£)|hn(t)) is always positive, for > 0 the transitions rates defined in Egs. (4.50) — (4.53)
become

Tin-a(t) = 0 (4.96)
K

Tin+3)n(t) = 7o (4.97)
3K

Tin-1)n(t) 73 4.98)

Tint1yn(t) = 0. (4.99)

These transition rates imply that in an interval dt the average displacement dx will be

M[dl’] = 3€T(n+3)ndt - ET(n_l)ndt =0 (4100)
and the dispersion will be
12kdt
Mda?] = 9T 1y + €T (- 1yudt = ——, (4.101)
€

which diverges as € — 0. Thus the continuum limit does not exists. This implies that Brown and
Hiley’s [19] extension of Bohmian mechanics to include momentum (where Hamiltonians of this form
can exist) is not the continuum limit of Bell’s modal dynamics. It is possible that a different choice
for Jum(t) or Ty (t) would allow their equations to be derived, but that is beyond the scope of this
thesis. However I would like to speculate that I believe this will most likely be a different choice of
Jum (t) as different T}, (t) in the Y2 case results only in the actual trajectories becoming stochastic
rather than the deterministic ones given by Eq. (4.68), see Ref. [128].

4.4.3 The velocity operator technique

In the above section we have demonstrated that when using the Bell solution for the transition rates,
modal dynamics for some continuous property only reduces to a deterministic theory (apart from
the random initial conditions) if the Hamiltonian is at most quadratic in the conjugate variable to
the property. If the property is position then this deterministic limit is Bohmian Mechanics and the
trajectories are then found using Eq. (4.68), which requires calculation of the probability current

density, Ji({z;},t). Here we present an alternative to this, a method to calculate vy ({x;},t) directly:

Re[(W(t)[{z;}) ({z; e ()2 (2)]

vil{a; 1) = (4.102)
! (W(t){; ) ({30 (1))
Here ¥ (t) is the k*® component of the velocity operator. This operator is defined as
N 1o -
Vi(t) = — 5 [Xi, Huni(t)]- (4.103)

h
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To show that this does give the same trajectories as Bohmian mechanics, we note that the top line
of Eq. (4.102) should be J({z;},t) by definition. Now using the Hamiltonian defined in Eq. (4.69),

the velocity operator is

e(t) = {Br(t) + [BeD]" + 2Ck ()i + 2V G} (1)} /. (4.104)

This results in the following velocity field

1 ~ .
nllaht) = e e X Re ({1 O 2RelBu{a . )
~4iReCi ({5}, 1]0n, — 2i0n, [C]({os} O}k )] (4205)

Comparing this with Eq. (4.72) we see that the top line is indeed Jy({z;},t). This completes
our proof that our velocity method does generate the same trajectories as Bohmian mechanics for
Hamiltonians of the form displayed in Eq. (4.69). However, by extending this argument to higher
orders it can shown that our velocity method does not agree with Bohmian mechanics. That is, this
is another example of a method that only works for Hamiltonians that do not contain terms of order
Y,f and higher.

4.5 Simple example: Harmonic oscillator

4.5.1 Husimi POM

To illustrate modal dynamics for properties representing POMs, I will investigate a simple model; a
universe consisting of a one dimensional harmonic oscillator of frequency w. This system of course

has the Hamiltonian

. 1 A P2
Hni(t) = —mw?Q? + —

4.106
2 om’ ( )

where m is the mass of the oscillator and Q and P are positions and momentum operators respec-

tively. This can be written in terms of the dimensionless position (X ) and momentum operators

(Y) as
- hw

Hyni(t) = 7(5(2 +7Y?), (4.107)
where
X = \/? Q (4.108)
and
Y = \/% P. (4.109)

If we now define an annihilation operator a as
(X +4Y)
\/§ )

d:

(4.110)

we can write the Hamiltonian as .
Huni(t) = hw(a'a + 5). (4.111)

It should be noted that the commutation relation for the annihilation and creation operator is

[a,a'] = 1. (4.112)
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The preferred POM we consider is the Husimi POM [87], which has infinitesimal POM elements
(or effects) given by

F(a) = %|a)<a\d2a, (4.113)

where |a) is defined by the eigenvalue equation ala) = ala). The observable (one of the many) we
associate with this POM is )
A ={(a,—|a){a|d?a)}, (4.114)
0

with complex results a. This result can be represented as a point in some complex space (phase
space), which we denote by (z*, y~). That is a = 2+ + iy~ in complex notation. In the orthodox
theory this POM corresponds to a measure of both position and momentum with minimal additional
uncertainty [84].

Before analyzing the modal dynamics that corresponds to this POM, we need to define a few
operators that act in the enlarged Hilbert space K. We define

it = [a+at+b+01/2 (4.115)
i~ = [a+af—b-01/2 (4.116)
gt = [—ia+iat —ib+ibT]/2, (4.117)
- = [—ia+iat +ib—ibt)/2, (4.118)

where b and b' are annihilation and creation operators which act in H,ux. These four operators obey

the commutator relations

@59 =[27,97] =14, (4.119)
@t 97 1=1&",9"] =0, (4.120)
it @7 =[9",97] =0, (4.121)

thus 27 and ¢~ have joint eigenstates, which we denote as |z+,y~). Theses are given by

de’ |zt — 2o zt +2/ B
oty ) = > > e 4122
| y > \/% \/5 aux \/5 uni ( )

where |(2T 4 2)/v/2)uni is an z-state (an eigenstate of X = (a4 at)/v2) and |[(# — 2/)/v/2) aux is
a x-state for the auxiliary system.

Because £+ and §~ can be well-defined simultaneously, we interpreted them as being suitable
modal properties to represent simultaneously the position and momentum of the harmonic oscillator.

This can be justified on the grounds that for |¢) = |0) (a vacuum state)

mw

@ 00) = (@OIXW)/VE= [T @ OIQI), (4.123)
@O 18(0) = (ORI =[5 (WP, (4.124)

where |®(t)) = |U(¢))]0) is the guiding wave for K and |¥(¢)) is the solution of the Schrédinger equa-
tion. Thus we see that their average value is equal to the average value of the dimensionless mo-

mentum and position (up to a factor of v/2). Considering the higher moments we find that

X2 MT mw N

(@)|zTat|e(t) = Mt)p; 7 () + <O|bz 0 _ ﬁ<\ll(t)|Q2|\I/(t)>+i, (4.125)
ol oy A

(@M)|g~ g |®(t) = <‘I’<t)|}; () + <O|bz o _ 2mlwh(\ll(t)\P2|\IJ(t)> + i. (4.126)
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In the classical limit (7 — 0) these operators have essentially the same statistics as a dimensionless
position and momentum operators (as the 1/4 term becomes negligible compared to the first terms
in each equation).
In terms of this larger Hilbert space, IC, we can rewrite Eq. (4.107) as
N . hw(@tat + 272" + 2872 + 99T + 979 + 29797

Huni & ]-aux = 4 s (4127)

where we have used X @ 1, = [#T +27]/v2 and V @ laux = Wt +971/v2
To define the modal dynamics in K we use Naimark’s theorem, with a Naimark projector |¢) =
|0}, to extend the POM elements defined by Eq. (4.113) to the projector

H(a)d*a = |2ty Moty |doTdy ™. (4.128)
This implies
1 - _
—la){al = (02", y~}a™,y™[0) (4.129)

To show this we consider only the term (0lz*,y~) = |a)/y/7. Using Eq. (4.122) and the standard

definition of a x-state

) = # exp(—a?/2) Y ) ) (4.130)

where H,, () is a n'® order Hermite polynomial. This term can be written as

_ de’ 1 —(zt —a2")? 2t + 2 P
N exp[ ; H = >uniey . (4.131)
Defining 8 = (z+ + 2/)/v/2 allows us to rewrite this as
_ an 1 —(2zF — V/2R)? 0 (VIR—zt
O™ = | i o [ 1 N A N C R E )

which with definition Eq. (4.130) can be expanded to

. dx o L HL()
0|z, = /— exp(—ztzt + V2Rt — N2 4+ iy~ V2R — iy 2 H) L In) 4.133
(0=, y7) Zn: — oxp( y y )ml ) (4.133)
and simplified by using a = 2™ + iy~ to
) dn H,(N)
+ _ 2 2 2 n .
Olz*,y) = exp(—]dl /2)%:/7Texp(—N )exp(20R/V2 = 0% /2) S ). (4.134)

Then using the identity > t™H,,(R)/m! = exp(2tX — ¢?) [8] this can be written as

exp(—|al? a™
OlzF,y7) = p( 7|T‘ /2 Z\/Q—mm!mM)um/dNexp(—Nz)Hm(N)Hn(N) (4.135)

and since [ dNexp(—8?)H,,(R)H, (R) = 2"n!\/T8,, [8] this becomes

(Olz*,y7) = exp(\/|;|/2) > \%Imum = %Mum, (4.136)

QED.
With this enlarged projector the observable A becomes the property,

A={(a=a* +iy" Ma)d®a = |27,y ) 2",y |da*dy ™)} (4.137)
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or in operator notation

i= [ [ et ) ey ey

53

(4.138)

Since {|z*,y~)(x*,y|} forms a complete orthogonal basis and Eq. (4.127) contains no cubic or

higher order terms involving £~ or §T, the results of section 4.4.3 are applicable (the velocity operator

method). That is, a deterministic differential equation for the v(A,t) = v(z™,t) + iv(y~

determined.

,t) can be

Using Eq. (4.103) with the Hamiltonian displayed in Eq. (4.127) gives the following two velocity

operators
wt) = SIS
Y_(t) = —%:ﬁ—g”
Substituting these into Eq. (4.102) (with |U(¢t)) — |®(t))) gives
_ o wRe[i(@()|rt,y ), (2t y T |9(1)] | w
R R A= T
@ty = _CREROR IO ey W) w
A 2<<1><t>|o:+7y ety [00) 2"

Thus the differential equations determining the trajectories for the actual values are

d’U(CUJr t) _ WRe[_i<(I)(t)|x+7y > w+< +7y7‘q)(t)>]
T 2(0(t) |,y ) (@t y~ [0(1)) vt 1)~ =u(y- 1)
v(y 1),
L eRefi(@Blat,y)0, oty 18]
doly™) = 2@,y VT g O] et 0u-=ulr )

5 (x+,t)

Using the fact that

Wy ) = (@t oy w) = SR “’ VA G J%)mmw»

the partial derivatives can be written as

Ore (et [B(1) = exp[(ﬁ;; yZ)/Q];m(ﬁf%)ml<mwt>>
o 1000

0ty lo@) = —iSPE ; v /Q; I e
T 10().

which allows us to write

do(et ) = +3o(ym. 0 + SImlw (ot 0,07, 1)),
doly™1) = —Su(t,0) = SRelyw (1) vy 1),

(4.139)

(4.140)

(4.141)

(4.142)

(4.143)

(4.144)

(4.145)

(4.146)

(4.147)

(4.148)

(4.149)
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where

>zt — iy )™ m| U (2)) /v/m!

vzt t), vy, 1) = ) 4.150
(v )l 1) Yo (@t —iy=)m(m| V() /vVm!  let=v@t.t)y-=v(y~.1) ( )
Thus the differential equation for the value of property A is

dv(A,1) = = 0(A,t) = Sxu(o(et, 1), v(y, 1), (4.151)

When |¥(t)) is a number state

Let’s first of all consider a number state |n) as the initial condition for |¥(tg)). Then with the
Schrédinger equation,
di |0 (t)) = —iwala|W(t)), (4.152)

the guiding wave will be |¥(t)) = e~ (=) |n). Substituting this into Eq. (4.150), gives

xw(v(®,t),v(y™, 1) = n[E;((g; 1’7?)__25)(& _”%]]T; - U(;’ b= ﬁ?ﬁé;é (4.153)
Thus )
dyv(A,t) = —%w (1 + my}m, t). (4.154)
This has the solution
V(A t) = v(A, tg)e ™ (t=to) (4.155)

where v’ = w (1 +n/|v(A4, t0)|2) /2 and v(A4, to) is the initial value of A (which is stochastic in nature,

as it is chosen from the initial distribution).

When |¥(t)) is a coherent state

If we assume that initially the system in is a coherent state |¥(¢g)) = |3), then by Eq. (4.152),

—twn(t—to)

(1)) = exp((pz/2) S

I (4.156)

Substituting this into Eq. (4.150), gives

_ iw(t—te) 2m m(v(A,t)*fewlt—to)ym=1 /] iw(t—to
Xy (v(a, 1), 0(y™ 1)) = Bem ) S (oA B = P (t=t0)  (4.157)
Thus ) )
dyv(A,t) = —%“’U(At) - %wﬁe_i“t. (4.158)
This has the solution
V(A1) = [(A, tg) — fle” @ E10)/2 | geiwlt—to), (4.159)

4.5.2 Bohmian mechanics, the position projector

In this section we consider the modal dynamics for the case when the preferred projective measure is
the position projective measure. That is, the preferred projective measure is {7 (z)dx = |z){(x|dz}.
Since this is already a projective measure, there is no need to enlarge the universe, and as shown
above (and in Refs. [120] and [128]) the modal dynamics for this case is just Bohmian mechanics.
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Using the Hamiltonian depicted in Eq. (4.107) and the velocity operator technique (as there are

no terms of order Y3 and higher) it can easily be shown that the velocity field is

wRe[—i(U(t)]|2)0, (x| T (t))]

e T I L 10 R (4.160)
as v = wY. Using Eq. (4.68) this gives
Tm(W ()], (2] ¥ (1))
e e O LG I T ) (4.161)

Since Y does not commute with X , we can not give both X and Y definite status (to give
Y property status we would have to chose the preferred projective measure to be the momentum

projective measure). However, as in Bohmian mechanics, we can define a momentum field, y(z,t),
by

Re[(¥(t)]a) (@|Y(1))] _ Im[(W(t)|2) D (x|¥(1))]
(W(t)|z) (| W (2)) (W(t)|z) (| W(t))

We interpret this momentum field as, if the system has the position v(X,t) then its momentum

y(z,t) = (4.162)

is y(z,t)|z=v(x,+)- Thus with this momentum and position we can define a point in phase space

(v(X,t), y(z,t)|2=v(x,+)), Which in complex notation is written as

. U(X, t) + iy(x, t)‘z:v(X,t)
at) = e .

The factor 1/v/2 is to scale this to agree with the preceding section (value of observable A).

(4.163)

When |¥(t)) is a number state

As before when we assume a number state initial condition the guiding wave at time ¢ is |¥(¢)) =
e~wn(t=to)|p). Substituting this into Eq. (4.161) and using Eq. (4.130) we get

wIm{0, [exp(—x2/2)H, (x)]/v2"n!}

dv(X,t) = =0
t'U( ) eXp(—Z‘Q/Z)Hn (l‘)/‘ /onn) x=v(X,t)

(4.164)

Using a similar argument and Eq. (4.162) we get y(z,1),—(x,s) = 0. That is, once the initial value
v(X,to) is picked from the quantum mechanical distribution is stays there for all time. In terms of
the complex notation «(t) we get

a(t) = v(X, 1)/ V2. (4.165)

When |U(t)) is a coherent state

If we assume that initially the system in is a coherent state |¥(¢o)) = |G), then Eq. (4.156) in the

position representation is

|0 (t)) = mﬂ% / dz’ exp(—xz'?/2) exp(v/2e~ @ Et0) g — f2e=i20(t—t0) /9)|47) (4.166)

Substituting this into Eq. (4.161) gives

wIm{9, [exp(—z'%/2) exp(v/2Be~ < =t0) z)]}
exp(—2/2/2) exp(v/2[e~iw(t=to)g) z=v(X,t)

div(X,t) = = wV2Im[Be~ @t (4.167)



56 CHAPTER 4. MODAL INTERPRETATIONS OF QUANTUM MECHANICS

and using Eq. (4.162) we get y(x,t),—y(x,1) = V2Im[Be~* (%), Taking the derivative of this gives

(@, )amu(x.t) = —wV2Re[Be 0], (4.168)
Thus
a(t) = w{Im[Be~@E10)] — jRe[fe 10|} = —jwBew(t—t0), (4.169)
This has the solution
a(t) = Be”™7") + (a(to) - B) (4.170)

where a(tg) is defined by
~u(X,to) + iy (m,to) le=u(x 1)

a(to) = NG

(4.171)

4.5.3 Classical limit

In classical mechanics the value of all properties can be defined simultaneously. Hence at the same
time we can assign a value to position, X, and momentum, Y. Let these be denoted v(X,t) and
v(Y,t). With these values we can determine the trajectories via Hamiltonian’s equations. In terms

of the dimensionless position and momentum these are

1 8I_Iuni(xa yat)
do(X.t) = =Zwilhdb 4.172
(X, 1) ho dy (z=0(X 1) y=v (V1)) (4.172)
1 aHuni(‘rvyvt)
do(Y,t) = —-Zlwil®yb . 4.173
(¥ ?) ho Ox (w=0(X,),y=v(Y,1)) (4.173)

Here I have introduced the Hamiltonian as a function of the generalized coordinates (x, y) for position
and momentum. To work out the classical trajectories for a harmonic oscillator we substitute the
Hamiltonian (Eq. (4.107)) with the operators changed to the corresponding generalized coordinates

into these equations. Doing this we get
dv(X,t) = wou(Y,t), (4.174)
do(Y,t) = —wu(X,t), (4.175)

which in terms of a property, A = (X +iY)/v/2 (a complex representation of X and Y in phase

space), we can write a differential equation for the value of A as
div(A,t) = —iwv(A,t). (4.176)
This has the well known solution
V(A1) = v(A, tg)e Wt (4.177)

Now lets compare the above classical result to the classical limit of the modal dynamics presented
in Secs. 4.5.1 (the preferred measure is the Husimi POM) and 4.5.2 (the preferred measure is the
position projective measure). In Sec. 4.5.1 we saw that when the preferred measure is the Husimi
POM, in the enlarged Hilbert space, the property is A=z3t+ iy~. In the classical limit £+ and
§~ have the same statistics as the dimensionless position (X (t)/v/2) and momentum (Y (¢)/v/2)
properties. I now ask the question what is the classical limit for the trajectory of v(A,t)? First I
will consider a number state initial condition, Eq. (4.155). From the probability formula (Pr(a,t) =
(®(t)|T1(a)|®(t))d%a) it can be shown that for the number state initial condition,

1 2\n
Pr(a,tg) = - exp(—|a|2)% d?a, (4.178)
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which in turn implies
(JA]?) =n+1, (4.179)

and

AJAP = {JAPP) - ([4P)2 = Vn +2. (4.180)

Thus the value of property |A|?, as n — oo, will be approximately n. Now v(]A|?,tg) = |v(A, to)|?
(since properties |A|? and A commute, see Eq. (3.27)), so in the large n limit, o’ — w in Eq. (4.155),
thus reproducing the classical dynamics.

When considering the case with a initial coherent state we can similarly argue that 8 =~ v(A4,ty)
with high probability. Then in the limit |3] — oo, the difference between the classical formula and
Eq. (4.159) is negligible.

By contrast, in the position case (Bohmian mechanics), for the number state, a(t) = v(X, to)/v2
for all n, thus no classical limit exists. However, it can be argued that when we consider the second
case (the coherent state initial condition), again the difference between the classical formula and
Eq. (4.170) is negligible. This is not surprising, as the coherent state is a classical-like state. What
is surprising is that it is possible to obtain classical modal dynamics even for a non-classical state,
by using POMs.

4.6 Summary of chapter

In this section I have presented the modal interpretation of quantum mechanics. This interpretation,
unlike the orthodox interpretation, provides an answer to problem one in the measurement problem.
That is things really do have a value prior to measurement; measurement only reveals the pre-
existing value. Because of this I introduce the notation that an observables, Z(t) should be called a
property, and the value of this property at time ¢ is denoted v(Z(t),t). I also showed the standard
modal dynamics [11, 37, 4, 120, 121, 128] for calculating how this value changes in time can be
extended to include observables represented by a POM [62].

Although this interpretation provides an answer to problem one of the measurement problem,
because of Kochen-Specker type arguments not all observables can be given property status. This
means the problem of choice still remains, what chooses which observables are objectively real? This
question I feel may never be answered (especially with the extension of modal dynamics by Wiseman
and myself), but for the purposes of this thesis I will not consider this a problem. I will sometimes
take the view that we have to live with choice, it is essential (similar to Beable variant) and when
trying to explain measurements I will take the view that we live outside the quantum world and the
choice is made by the way we arrange the experiment (the whole apparatus is important). However,
this introduces the problem of the Heisenberg cut.

In this chapter I also showed that Bohmian mechanics [14, 15], when we chose a position projector,
is simply the continuous limit of the modal interpretation when the Hamiltonian is at most quadratic
in momentum. This by definition is true for all natural Hamiltonian. However Brown and Hiley’s
[19] extension of Bohmian mechanics to include the momentum representation is not the continuous
limit of modal dynamics (at least for Bell-type dynamics) for all natural Hamiltonian, as it is possible
to get potentials of cubic order and higher in position.

To illustrate the modal dynamics I considered a simple example: a universe considering of a single
Harmonic oscillator. I then chose two preferred measures, the first one being the Husimi POM (made



58 CHAPTER 4. MODAL INTERPRETATIONS OF QUANTUM MECHANICS

from coherent state POM elements) and the second the position projective measure. It is observed
that for the two initial state conditions |¥(tg)) = |n) (a number state) and |¥(¢y)) = |5) (a coherent
state) the trajectories for the value of the Husimi POM have a classical limit which agrees with
our classical theories. When comparing to the modal dynamics for the position projective measure
(Bohmian mechanics) we find that only position is defined, and for |¥(¢)) = |n) the dynamics are
highly non-classical. Only for a classical-like state |¥(tg)) = |3), and by defining a momentum field,

can a classical limit be obtained.



Chapter 5

Other Interpretations of Quantum

Mechanics

Although not important for this thesis I would like to point out that the orthodox and modal
interpretations are not the only interpretations of quantum mechanics. To give credit to the second
part of my title “interpretations of quantum mechanics” I feel that mentioning (even if very briefly)
the relative state (or many worlds) interpretation and the dynamical reduction interpretation is

necessary. Thus in this Chapter I will very briefly outline these two interpretations.

5.1 Many worlds interpretation

The many world interpretation arises form the earlier work of Everett [54, 130], and later expanded
in Ref. [55]. However here it was referred to as the relative state interpretation. It was later named
the many worlds (or universes) interpretation by De Witt [36]. In this interpretation instead of
introducing an extra dynamical equation or supplementing the theory with an extra quantum state
(or hidden variable) we take the theory as being complete and assume that the universe as we know
it is a lot more complicated than we currently are aware (experience it).

To explain this interpretation and how it is different from the orthodox and modal interpretations,
I will consider the quantum state |¥(¢)) and the unique bi-orthogonal (or Schmidt) decomposition

(if there are no degeneracies)

D
MOED A GICAGIN NG (5.1)

where {|¢", (¢))1} and {|¢,(t))2} form a orthogonal basis set in H; and Hs respectively. In the many
worlds (or relative state) interpretation, like the modal interpretation, we say that the universe is
described by |¥(¢)). Thus there is no classical world outside of the quantum world. Instead of
introducing an extra quantum state to describe measurement we conclude that the universe is not
the standard universe we are all used to, it is a multi-universe. For the above example |¥(t¢)) would
correspond to a D dimensional multi-unverse, with the n*® universe being described by the state
|7, (£))1]Pn(t))2. Here |@l (t))1 describes the state of the system and |¢,(t))2 describes the rest of
the universe, including us. Thus the unique bi-orthogonal decomposition has chosen that we are

59
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measuring an observable described by

Z = {(zn, |6,,(1))1(n ()]} (5:2)

That is all possible results of Z occur in the multi-universe, each result z,, occur in the corresponding
universe. The measurement problem is never encountered as we are part of the multi-universe and
relative to each universe (where we have the state |¢,(t))2) we will only see one of the results of the
measurement (the one corresponding to projector |¢! (t))1(¢),(¢t)]). Thus, because all results occur
reality can be assigned before a measurement.

The problem of choice is partially answered by the uniqueness of the Schmidt decompositions
[36]. The reason why only “partially” is if there is degeneracy then there is more than one possible
Schmidt decomposition for |¥(t)). This is called the preferred decomposition problem. Bub and
Elby [53] have partially answered this problem by showing that if the multi-universe can represented

by a tri-orthogonal decomposition for |¥(t)),

D
[U() =D en®)dr (D167 (E)2ldn(t))s, (5-3)
n
then this decomposition is unique even if the coefficients, ¢, (t), are degenerate. Note not all states
have a tri-orthogonal decomposition [53, 29, 102].

Personally 1 feel that this view is similar to the modal (except the range of possibilities are
replaced by the range of universes) and because of this the introduction of a multi-universe is not
really necessary. Also in the orthodox interpretation (as well as the modal interpretation) it has
been shown that projective type measurements are only a subset of all possible measurements. We
can measure observables described by POM elements. However for this to occur in this theory we
would have to enlarge the universe. This is similar to the work Wiseman and myself have done in
the modal interpretation [62] (also see chapter 4), but in this view since |®) represents the state of
the universe this enlargement does not make sense. This argument to some extent can be applied
to the modal interpretation, but because |¥(¢)) in this interpretation is just a guiding state for the
hidden variables it is easier to accept this enlargement.

5.2 Dynamical reduction interpretation

Another interpretation which I feel is necessary to mention, as it provides another view for both
non-Markovian SSEs [5, 6, 7] and Markovian SSEs [7, 44, 45, 70, 71, 73, 74, 75, 76, 77, 99] is
the dynamical reduction interpretation. This theory also covers the non-linear stochastic evolution
equation of Ghirardi, Rimini, and Weber [72, 7]. In this interpretation the wavefunction is considered
to be the basic element of reality and to describe the measurement problem the linear schrodinger
equation has to be replaced by a modified stochastic evolution equation. Currently there are three
versions of this interpretation: the spontaneous localization model, the continuous spontaneous
localization model and the dynamical reduction with gaussian noises model. Here I will briefly

explain each of these models.

5.2.1 Spontaneous localization models

The spontaneous localization model was first introduced by Ghirardi, Rimini, and Weber in 1986

[72]. In this model they assume that the there is some spontaneous localization process which occurs
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with a mean rate, A\. This localization is described by the equation
|9 (1))
(W (6) (1))

where |1, (t)) = Lg|t(t)) and 2 represents a point in real space. L, is positive, self-adjoint, linear

(1) — (5.4)

operator that represents the localization of a quantum state [¢)(¢)). The probability density for the

occurrence of a localization at point z is assumed to be

P(x,t) = ()]t (). (5.5)
Thus
/ def? = 1. (5.6)

The form of L, is assumed to be

A « 1/4 A
L= (%) expl-a(@ - 2/2) (5.7
where Q is the position operator and « is a free parameter.

With the above assumptions we can derive the non-linear stochastic master equation by

i

perw (t + dt) = (1 + Adt){parw (t) — 7 [Huni (1), parw (8)]dt} + AdtT (L) parw (1), (5.8)
where 7 is a superoperator and represents the operation
To(t) = [ dapl)Ls (5.9)

and (1 — A\dt) is the probability for no localization (thus Adt is the probability for a localization).
Rearranging this, and ignoring dt? terms, gives

FEN .
%[Huni(t% PGRW(t)} - )‘(p(t) - TPGRW(t))7 (510)

the Ghirardi, Rimini, and Weber evolution equation [72, 7]. The free parameter «, as well as A

diperw (t) = —

are chosen such that when describing a macroscopic system, superpositions quickly disappear (thus
there is no Schrodinger cat paradox [109]) and when describing micro systems, like a free particle,
the average dynamics agree with the orthodox theory. I would also like to note that when A = 0
this reduces to the standard Schrodinger equation evolution. With this equation is can be shown
that the average of the Q and 13, for a free particle, obey

(@ = T[Qpcrw(t)] = Tr[Qp(t)] (5.11)
(P) = Tr[Pperw(t)] = Tr[Pp(t)], (5.12)

where p(t) is found by the standard Schrédinger evolution. That is the average values for the position
and momentum agree with the orthodox interpretation.

I would like to point out that while this equation does provide an alternative view to quantum
mechanics, 5.10 can also be derived under the orthodox theory. In the orthodox interpretation L,
is effectively a measurement operator, corresponding to the continuous results x (see section 2.2.2).
Thus under this interpretation Ghirardi, Rimini, and Weber evolution equation simply represents
the average evolution of a continuous trajectory for the following situation. We have a classical
measuring apparatus that measure observables described by the complete set of POM elements IA/Z
This apparatus is designed such that in every interval dt it flips a weighted coin (or any other
classical device which generates binary outcomes with a weighting factor for success equal to \) and

depending on the result it make a measurement or not.
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5.2.2 Continuous Spontaneous Localization (CSL) models

Continuous spontaneous localization models are simply the continuous limit of the spontaneous
localization models. The continuous limit is found by letting A — oo, @ — 0 and aA = 2v. Doing
this the GRW equation reduces to

7 A

dipesi(t) = *ﬁ[Huni(t% pesL(t)] = YLepesL(t) Le — LpesL(t)/2 — pesL(t)L2 /2], (5.13)

which is in Lindblad form [92]. Assuming the more general Lindblad form (L is not necessary defined
by Eq. (5.7)) we can rewrite the above master equation as
7~ A A A Ay A
diposr(t) = — 3 [Huni(t), pesi(t)] YLpest(t) LT — LT Lpcse (8)/2 = post(t)LTL/2).  (5.14)
With this equation believers of CSL looked for a modified Schrédinger equation (stochastic in nature)
which when the outer project is averaged gives posy(t). That is

pesi(t) = Ep[[e(t)) ()], (5.15)

where P is the probability distribution for the stochastic process. Diési fist published a non-linear
modified Schrodinger in 1988 [44] and in the same year applied it to Brownian motion [45]. A short
time later Pearle [99] (also with Ghirardi and Rimini [71]) along with Gisin [73] (also with Gatarek
[70]) proposed one for arbitrary L.

The standard method for deriving these equations is to assume the simplest stochastic differential
equation (SDE) for [¢(t)). Here a bar has been used because the simplest case does not persevere
the norm. However the average norm must be 1 (otherwise Eq. (5.15) would not be satisfied). Doing
this we start by proposing

(D)) = [ Huni(t) + A+ /7 LED]G0)), (5.16)

where A is an arbitrary operators and & (t) is a white noise function satisfying

EE@®)] = 0, (5.17)
Ble(t)e)] = ot 1), (5.18)
Integrating this equation gives
900~ [9Ge0)) = [ dslog Hu(s) + A +v7 [ Ld)EEs (6.19)
which in the infinitesimal limit is
- i A - to+dt
d|$(to)) = [= Huni(to)dt + Adt][¢)(t0)) + /7 /t Llip(s))&(s)ds. (5.20)

The last term in this equation due to the white noise correlations can not be treated like a standard
integral.

To work with this integral we have to consider a Wiener process. This process is described by
the probability density [64]

1 2
Alw,t) = m exp[—(w — wg)*/2(t — tp)]- (5.21)



5.2. DYNAMICAL REDUCTION INTERPRETATION 63

With this distribution is can be shown that

Exlr(W,t)] = wo, (5.22)
Exlr(W,t)r(W,t)] = t—to+ wd, (5.23)
Exlr(W,to)r(W,to)] = wd. (5.24)

where (W, t) is my notation for the random variable associated with the Wiener process at time
t. We can redefine this process by defining the variable Aw = w — wyp this allows us to rewrite
Eq. (5.22) as

AAw, 1) = m expl— (Aw)2/2(t — to)], (5.25)

thus
Ex[r(AW,1)] = 0, (5.26)
Exlr(AW,)r(AW,0)] = ¢ —to. (5.27)

To make the connection with the white noise we define

(AW, ) = /t £(s)ds. (5.28)

This can be shown to be correct by substituting it into Eq. (5.26) (and Eq. (5.22)) and using the
white noise properties defined in Eq. (5.17) and Eq. (5.18). In the infinitesimal limit ¢t — tq = dt,
r(AW,t) = £(tp)dt and for short hand it is customary to use dw(to) = r(AW,t) = &(to)dt, dw(t)
is called the Wiener increment and satisfies the infinitesimal limit of the correlations displayed in
Egs. (5.26) and (5.27). That is it is a Gaussian random variable of mean 0 and variance v/dt . With

this Wiener increment we can rewrite any integral containing £(t) as

t t
[ b0 @)els)ds = [ bw(s) v (s)duts (5.29)
t() tO
which can be evaluated by using either the Ité6 method or Stratonovich method [64]. These methods
involve defining the integral as a Riemann-Stieltjes integral, namely we divide the interval [to, ]
into N subintervals such that ty < t; < ts... < tyn, and define intermediate points 7; such that
ti—1 < 7; <t;. That is, we define this integral as,

t N
[ 600610 $)duls) = 3 b0, " (7)) dulti-) (5.30)
to i=1
There are many ways we can define the midpoints. The Itd method chooses them such that 7, = ¢;_1,

and this allows us to write the integral as,

N

7 / b (s), 0 ())duo(s) = S b (ti1), 9" (b 1)ldw(ti1). (5.31)

i=1
By contrast the Stratonovich (mid point) method is defined by
¢ N

S [ b(eb(s), ¥ (s))dw(s) = Zb[l/f(tifl) + 5d(tion), ¥  (ti1) + 3d0* (1) ]dw(tio1).  (5.32)

to i=1
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Here I will use the It6 method as It6 calculus is easier to work with. Doing this Eq. (5.20) can be

written as

A (t0)) = [~ 3 Fuws (o)t + Adt + /7 Edu(to)] I (t0)). (5.33)

To determine the form of the operator A we use the fact that the average of the norm of |t)(t))
must be 1 (EA[((t)|(t))] = 1). Using this constraint we find that A = —%'yﬁTﬁ, thus

dlp(t)) = [—%ﬁuni(t)dt + —3yLTLdt + /7 Ldw(t)][$(t)). (5.34)

This equation may average to the correct master equation, but to have an evolution equation we
can associate a meaning to we need it to be norm conserving. To find the normalization modified

Schrodinger equation we simply use It6 calculus [64]. Doing this we obtain

d|y(t)) . 1 . 1
v = Tmene Y mane Y Taemey, P
where _ _ _ _
J 1 ___dE@ORO)] B[ (O)[P(E)]* (5.36)
VWO0) 2@ (@) 8[(W(1)[v(t))]/2
Using the above it can be shown that
A0 (1))] = 7 (W)L + LT|9(t))dw(t) (5.37)
and thus
1 _ Vi (L L) edw(t) 3(L + L2t 5 38
O~ TR T

where (A); is shorthand notation for (¥ (t)|Al¢(t)). Substituting this into Eq. (5.35) gives

ap(®) = | (= Buni ()= 39L L4 (B LD = 39 E(L+ L), ) dty/5 (D= L+ L) ) duw () | J(e),

(5.39)
a stochastic modified Schrédinger equation that preserves the norm. However using the Wiener
increment defined by the distribution A(dw,t + dt) = 2wdt~'/? exp[—(dw)? /2dt), this equation does
not average to pcsy,(t). This can be seen by

pesL(t) = Ealld() (1)) = B[ @) ) 9 (0) ()] = Ep[l¢(t)) (1)) (5.40)
where
P(dw,t) = ((t)|0(t))Aldw, t). (5.41)

This T will call the Girsanov transformation after [70]; others refer to it “cooking the probability”
[71]. To work out the new set of increments, dw(t) we use the fact the Wiener increments are

Markovian in nature. This allows us to rewrite Girsanov transformation as
P(dw, to+ dt) = (1 + d{i(to)[dh(to)))A(dw, to + dt) = (1 + /7 (L + L), dw)A(dw, to + dt). (5.42)

Since dw? = dt this can be written as,

P(dw,to +dt) = eXp[_(;l\/:_;:/ 200 1y o 3L+ Ly dw + (D + LN2 (dw? — dt)/2).(5.43)
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defining x = /7 (L + LYY dw — y(L + f/T>t20dt/2 we can write the above as,

exp|—dw? /2dt]

Pldw,ty+dt) = ———L"21 4 v+ x2/2 5.44
exp[—dw? /2d¢] T s aiia

= ——¢x L+ L")y dw—~v(L+L"); dt/2 5.45
Noron p(v7 Yo dw = Vo dt/2) (5.45)
exp[—(dw? — 2,7 (L + L)y, dwdt + (L + LT)? dt?) /2dt] (5.46)

V2mdt .
_ exp|—(dw — /7 (L + LT),dt)?/2dt] (5.47)

V2mdt ‘

Thus the new increment dw(t) (which is not necessary a Wiener increment) must satisfy

Ezldw(t)] = 7(L+ LY)at, (5.48)
Epldw(t)?] = dt. (5.49)

Since the above modified Schrodinger equation was developed, Gisin and Percival have consider
cases when the noise is complex [74, 75, 76, 77]. In this situation (Ref. [76, 77]) the normalized
modified Schrodinger equation is

dp®) = [( = §Bai(t) = 39ET L+ 3(E)(EN) = 3y (LN )t + /7 (L = H(E) ) dw* (1)
— v (L dw ()] (), (5.50)
where
Epldw(t)] = /7 (L)dt, (5.51)
Ep[dw(t)dw*(t)] = dt, (5.52)
Ep[dw(t)dw(t)] = 0. (5.53)

For those who are familiar with the form of Gisin’s and Percival’s CSL model [76, 77] (which they
call quantum state diffusion) will note that my equation appears different. I would like to point out
that they are only different by a time-dependent phase factor and since |1)(t)) and exp(—ip(t))|(¢))
are actually the same state then in fact they are the same equation [135].

My view on the CSL model is although it does propose a new interpretation of quantum mechan-
ics, as we will see in the second part of this thesis (chapters 7 and 9) these equations can actually
be derive within the orthodox and modal interpretations, by introducing a Markovian bath. That is
the two Egs. (5.39) and (5.50) are actually just a member of the class of evolution equations known

as Markovian stochastic Schrodinger equations.

5.2.3 Dynamical reduction with general Gaussian noises

The last dynamical reduction model I am going to consider is dynamical reduction with general
Gaussian noises. This was very recently proposed by Bassi and Ghirardi [5, 6, 7]. In this model we
extend the ideas of the CSL model to include noises which are not necessarily white. That is, to
start with we assume a modified Schrodinger equation of the form

i - . _

di|(8)) = [—3 Humi (1) + A+ w(t)L][9(1)), (5.54)
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here w(t) is a complex Gaussian stochastic process (not white noise) whose first two moments are

Elw(t)] = 0, (5.55)
Elw(t)w(s)] = ~D(t—s) (5.56)

and L = LT. As in the CSL case we can work out the A by using the requirement that the average

of the norm must be 1. Bassi and Ghirardi show that by using the Furutsu-Novikov formula,

E[Flw(t)lw(t)] =~ / D(t - s)E[(J@F[w<t>]} (5.57)

where F[w(t)] is a functional of the path w(t) and &, (which is short hand for §/0w(s)) is a
functional derivative, the correct modified Schrédinger equation is
_ i A . . [t § _

(1)) = [~ Buns(t) + Eao() + 2712 / D(t, ) g 1900 (5.58)
This is actually equivalent to the linear form of a non-Markovian SSE derived by Wiseman and
myself in [59] (with L =1L see chapter 9) and by considering complex noise we can derived the
linear non-Markovian SSE first derive by Didsi, Gisin and Strunz [48] using this method. Thus
dynamical reduction with gaussian noise is one interpretation of non-Markovian SSE. Bassi and
Ghirardi take the view that, Eq. (5.58) when normalized, represents an objective description of the
world when the dynamical reduction mechanism is controlled by general Gaussian noises. However
as shown by Wiseman and myself, by introducing a bath, non-Markovian SSE have an interpretation

in both the orthodox and modal interpretation of quantum mechanics. This will be shown in chapter
9.

5.2.4 Summary of dynamical reduction interpretation

To summarize the dynamical reduction interpretation, I believe that since it is possible (although
presently not done for the random spontaneous localization model) to explain these equations under
either the orthodox or modal interpretation by introducing an underlying bath (this is what causes
the noise conditioning) then this is only a different way of looking at quantum mechanics. Further-
more in my opinion the motivation behind this method is limited in comparison to the modal and
orthodox interpretation. By this I mean dynamical reduction models cannot provide reasons for
preferring one stochastic equation over the others, whereas in the orthodox and modal interpreta-
tion all these stochastic equation can be explained under the one theory. However, I can see the
usefulness in proceeding down these paths as they provide alternative mathematical procedures for
developing very complicated non-linear SSEs. I would also like to say that the non-Markovian SSE
presented by Bassi and Ghirradi [5] was developed simultaneously by Wiseman and myself [59] in
2002 .
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Chapter 6

Open Quantum Systems

In nature it is very unlikely to find a system existing in isolation; usually it is immersed in an
environment (or bath). In quantum mechanics we label this type of system an open quantum
system. Due to the many degrees of freedom of the bath it is impractical (in general impossible)
to solve the Schrédinger equation for this system. Instead it is best to introduced a reduced state
Pred(t) for the system, as

Pred(t) = Treny [[W(2)) (L ()], (6.1)

where |¥(t)) is the composite state of the system and bath (which is effectively the universe). In
this chapter I will show that we can derive a closed evolution equation for preq(t), known as the
master equation. I will present this equation for both a Markovian and non-Markovian bath and in
doing this I will point out explicitly what the difference is between a Markovian and non-Markovian
bath. I will also present the numerical interpretation of SSEs.

6.1 Underlying dynamics

For the purposes of this thesis when considering an open quantum system I will always be referring

to the following underlying dynamics. The total Hamiltonian of the universe (system and bath) is
Hypi = Hyys @1+ 1@ Hepy + V. (6.2)

The system Hamiltonian is split into two parts, defined by Iflsys = lflw + H. The bath is modeled

sys
by a collection of k£ harmonic oscillators, so the Hamiltonian for the environment is

]:Ienv = hzwk&]zd/ﬁv (63)
k

where wy, is the angular frequency and ay (ELL) is the annihilation (creation) operators for the k'™
mode respectively. The annihilation and creation operators are defined such that they satisfy the
commutation relation [dk,dz/] = 5. This is the standard model for the electromagnetic field. I

will assume the interaction Hamiltonian, V', is linear in the bath amplitude and of the form
V=i (giLaf —gillay), (6.4)
k

where g, is the coupling amplitude of the &*® mode to the system. This is motivated by fact that if

the harmonic oscillators correspond to the electromagnetic field, then the interaction of an atom (or

68
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a single-mode cavity) with the field can be modeled by the dipole approximation [1, 110]. Here we
assume that the wavelength of light is much greater than the dimension of the atom (this implies

the atom see an uniform field). If this is the case then
V = —ei - E(ro) (6.5)

where T is the position vector of the electron and E(rg) is the electromagnetic field calculated at the

center of mass position of the atom (rg). The form of E(rg) (neglecting polarization) is

- N [ hwy . . . .
E(rg) = —i Z €K 260‘16/ [a;fC exp(—ik - ro) — ag exp(ik - ro)], (6.6)
k

where €( is the permittivity of free space and V is the quantization volume. The system part of 1%

can be written as

eb = el;)(d;[Eley ) (bl =D djirle) (] (6.7)
FRY i

where d; ;» = dl; j+ is the electron-dipole transition matrix. Using this we can rewrite Eq. (6.5) as

. h ) . . )
V=in Z Vaer 14 Z L |65) (0| + dZ Lr18;)(0]| - exla] exp(—ik - vo) — ax exp(ik - o).
’ (6.8)

This can be simplified by invoking the rotating wave approximation (RWA) (neglecting non-conserving

energy terms) to

V=Y lgral Y Lo eyl — grar Y U 1) (e, (6.9)
k

J<i’ J<j’

[ hwi d - exexp(ik - o)
= . 1
Tk 2¢0V I (6.10)

Thus if L =3, 1 /|6,;)(¢;| this is equivalent to Eq. (6.4).
For calculational purposes we define dynamics for open quantum systems in the interaction pic-

where

ture (see section 2.1.3). This allows us to move the fast dynamics placed on the state by the Hamil-
tonians ﬁwsys and Hepny to the operators. The unitary evolution operator for this transformations

is .
1 A

Uo(t:to) = exp—(Hu,, ® 1+ 1@ Hony)(t — o). (6.11)
This allows us to write the Schrédinger equation (in the interaction picture as) as
7~ A
de|¥(t)) = — 3 [Hine (t) + Vine I¥ (1)), (6.12)
where the Hamiltonians are
Hin(t) = Uj(t,to) HUo(t, to), (6.13)
which is still just a system operator and
Vint(t) — ih Z[gzﬁazeiﬂk(t—to) _ gk.ZITdke_iQk(t_to)] (6.14)

k

where Q) = wp — wsys. Here we have finally restricted the form of ﬁwsys to be such that L in

the interaction picture simply rotates in the complex plane at frequency wsys. That is ﬁint(t) =
fje_iwsys(t_tﬂ)_
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6.2 Markovian master equation
To derive the master equation we start by using the Schrédinger equation for the composite state
matrix W(t) (pred = Treny[W(t)]), in the interaction picture this is
7~ N
AW (t) = fﬁ[Him(t) + Vine(t), W(2)]. (6.15)

Integrating this equation gives

W) = Wlto) — & [ (¢ + i, W () (6.16)

Tracing Eq. (6.15) over the environment gives

iprealt) = = (0) pea(8)] = 5 Trenw Vi (0), WD), (6.17)

Substituting Eq. (6.16) into this gives

diprealt) =~ [ (0) prea ()] — 5 Trans Ve (), W (1)
—% /t At Trony [Vint (£), [Hing (') 4 Vi (), W ()] (6.18)

This equation is exact. I have simply cast Eq. (6.15) into a convenient form to make reasonable
approximations.

I will firstly assume that at time to the bath and the system are separable (W (t9) = pred (£0) penv (t0),
where preq(to) is the initial state of the system and peny (o) is the initial state of the environment).
That is, at the initial time no correlations exists (this assumption will be assumed for all open
quantum systems dealt with in this thesis). With this assumption we can eliminate the term
fiTrcnv[‘A/}nt(tLW(to)] /i as Treny [Vim(t), Penv(to)] = 0 for most initial environment states and if
not we can always rearrange the system Hamiltonian to include this term.

The first approximation we make is the Born (weak coupling, g is very small) approximation

[18, 28]. This consists in approximating W (¢') for the last term in Eq. (6.18) by
W(t/) = pred(t/)penv(t0> + O( Aint(t/))' (6'19)

That is, we assume the environment is so large that to second order in the interaction Hamiltonian

(second order in gy ) the state matrix is separable. Making this approximation to Eq. (6.18) gives

diprea(t) = f%[ﬁim@),pmd(mf% / A Trons [Vin (8), [Hin () + Vit (), prea (') e (£0)] . (6.20)

Note do not confuse this to mean that the composite state matrix W (t) is always approximated by
Eq. (6.19), if this was the case then we could substitute this approximation into Eq. (6.15). Tt is
only valid when made to second order interaction Hamiltonian terms.

Eq. (6.20) can be further simplified by making the Markovian approximation [18, 28]. This
(time
over which the relevant bath operators decorrelate) is (very) small compared to the time scale TSC;,)Sh
(time over which a typical pure system state decoheres). Thus we can replace pred(t') by pred(t) in

approximation is based on the assumption that the correlation time of the environment, 759"

) env

Eq. (6.20). This yields a closed differential equation of motion for the reduced state [contains only
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Pred (t)], namely

diprea(t) = f%’[ﬁmt(t),pred(t)]f% / A Trens [Vin (8), [Hint () + Vies ('), pred () pens (£0)]
(6.21)
= —%[ﬁint(t)vpred(t)] + 75(t)pred(t)v (622)

where D is a the superoperator representing the effect of the Markovian environment on the reduced
state evolution. A superoperator is defined such that it takes p(t) — p/(¢). Defining B as the space
containing all possible state matrices then we can mathematically define an arbitrary superoperator
by the map

A:B— B (6.23)

For this thesis, when refereing to Markovian master equations, I am only going to consider the
initial environment state peny (o) = |{0k}Penv({0x}| (vacuum initial conditions). Using this initial
environment state and the underlying dynamics presented above D(t)pred(t) becomes

t K K
D(t)prealt) = / dt' Treny [Z[g,ﬁL&L@mk(“to) — grLtage e t=t0)], [Z[gk/*L&L,
to k %
xe 00 g e 0], g ({04 e ({04}] ] (6:24)

This expands to give 16 terms however, for the vacuum bath initial condition, only 4 are non-zero.
Thus

t
D) prea(t) = / v [a* (1 ~ ) Lpeea (DL — 0" (¢~ )prea(t) 1L
to
—a(t — )L Lprealt) + alt — t')ipred(t)ﬁ] : (6.25)
where .
alt —t') = |ge[?e 1), (6.26)
k

The above, although appears correct, is not consistent with the Markovian approximation. In the
Markovian limit there is an infinite number of modes, each of which is infinite in volume, so |gx|?
is infinitesimal [see for example Eq. (6.10)]. Thus we can replace the sum in Eq. (6.26) by and
integral and introduce p(w) (the density of field modes). Doing this Eq. (6.26) becomes

oo
alt—t') = / dwp(w)|g(w) |2 (@ wer) (E=) (6.27)
0

Note |g(w)|*> may be infinitesimal but the product p(w)|g(w)|? is finite. In Eq. (6.25) a(t —t') is
integrated over time, so it is this integral which we are interested in. Performing this integration

gives
t—to t—to o0 )
lim dra(t) = / dT/ dwp(w)|g(w)|2e—z(w—wﬁy5)r
t—oo /o 0 0
00 t—to
= / dwp(w)|g(w)[? / dr {cos[(w — Weys)T] + i sinf(w — wsys)r]}
0 0 »
= / dwp(w)|g(w)|? [ﬂé(w — Weys) +i——|, (6.28)
0 W — Ways
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where P indicates the Cauchy principal value. Note I have change the integration variable from dt’
to dr where 7 =t — t/ and assumed that the integration limit can be extended to infinity. This can

be simplified to

t—to ~
lim dra(r) = = +iA (6.29)
t—o0 0 2
where
v = 2mp( wsye)lg(wsys)l2 (6.30)
2
A= p / ROl (6.31)
Wsys

Here + is radiative decay rate and A has the effect of adding a rotating term to the master equation.
Substituting Eq. (6.29) into Eq. (6.25) gives
D(t)prealt) = %[Qﬁpred(t)ﬁT ~ prea(t)LTE — ﬁipred(t)} AL, prea(D)]. (6.32)
In this thesis, from now on I will assume that A = 0. Thus
DWpeealt) = 2 [2Lprea()L! = prea(®LTL = L Lpreat)). (6.33)
With this superoperator the general Markovian master equation for an initial quantum state of the
form W (to) = prea(to) @ [{Ok }env({0x}| is
7 A ~ o N N
dtpred(t) = _7[Hint(t)7 pred(t)] + v Lpred(t)LT - pred(t)LTL/2 - LTLPred(t)/2 ) (634)
h
which is equivalent to the CSL master equation (Eq. (5.14)). This is why Gisin and Percival in Ref.
[76] quote that their Markovian SSE represents “the evolution of a quantum system in interaction
with its environment”.

6.3 General non-Markovian master equation

In this section I am going to use the Nakajima-Zwanzig projection (super-) operator technique to
define the general master equation [96, 141]. This technique is based on a partition of the state of the
system into a relevant and irrelevant part by defining a projection superoperator, ’P which projects
the state matrix of the composite system W(t) into a relevant part, and the projector O=1-7P
which projects into the irrelevant part. For the above system-environment model the projector P is
defined as

ﬁW(t) = Trenv[W(t)] ® Penv- (635)

When W (t) corresponds to the solution of

AW (t) = =+ [Hine (t) + Vi (1), W ()] = LW (), (6.36)

we have
PW(t) = Pred (t)penv- (637)

Here peny is currently an arbitrary state for the environment. Since the commutators [P, di]W (t) = 0
and [Q,d,]W (t) = 0, the equation of motion for the two components PW () and QW (t) can be
obtained directly from Eq. (6.36):

ﬁ)
o

d[PW(t)] = (tYPW (t) + PL(t)OW
dOW ()] = QLMPW(t) + QL(1)OW
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The second of these equations can be solved formally for QW () in terms of QW (to) and PW (t).
To do this we start by noting that

o {T_exp [ - [Qﬁ(s)ds}QW(t)} = Toexp[— [ Qh(s)ds] QL(1OW (1)

-I-THeXp[— OL(s)ds|0[OW (1)),  (6.40)

—

where T indicates the chronological time ordering. Comparing this with Eq. (6.39) gives
t X t .
o T exp [ - / OL(s)ds| QW ()} = T_exp [ - / OL(s)ds| QL(1yPW (1) (6.41)
to to

Integrating this equation (from ¢y to t) gives
t/

tQﬁ(s)ds] OW (t) = OW (to) + / 7 exp [f OL(s )ds} OLHYPW ()dt, (6.42)

T_ exp [ -
to to to

which can be rearranged to

QAW(t):THeXp{—i— tQAEA(S)ds}QAW(tO)—i—/tTHexp[ ; OL(s)d ]Qﬁ( NPW(H)dt.  (6.43)

to tO

If we now make our first approximation, we assume that initially there is no correlations, that is
W (to) = pred(to)penv(to). We can write QW (tg) as

QW(tO) = (1 - ﬁ)W(tO) = W(tO) - pred(tO)penv (644)

if pony(to) = Peny then QW(to) = 0, and since peyy is an arbitrary state we can take this as being
true. Thus we can simplify Eq. (6.40) to

oW (t) = / tTHeXp[ tQﬁ() }Qﬁ( NPW () dt. (6.45)

to t’

Substituting this into the equation of motion for the relevant part of W (t) (Eq. (6.38)) we obtain
d,[PW ()] = PL(®R) / PL(H)T_ exp / OL(s ds QLA YPW (t")dt',  (6.46)

which by definition (6.35) becomes

Ulpra@lpns(10) = T £ raDponlio)pens 1) + [ T[0T exp | [ 025105

to

% OL(t) prea(t’) penv(to)] peny (to)dt'. (6.47)

We can simplify the first term in this equation by considering the underlying dynamics, doing this
we find that

’I‘renvm(t)pred(t)penv(tO)] = _%[ﬁint(t)7pred(t)] - %Trenv{vint(t)a Pred (t) Peny (to)] (6.48)

and for all linear coupling interactions, and using the same arguments in the Markovian case, we
can set Treny [Vint (), Pred (t) Penv (to)] = O [this is guaranteed for peny(to) = [{0k }Yenv ({Ok }|, @ vacuum
initial bath state, and for Viy (¢) given by Eq. (6.14)]. The second term is where the difficulty lies. In
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general, even by considering the underlying dynamics, this can not be simplified. Instead we define

the system two-time superoperator K(t,#) as

Kt )prea(t)) = Tren [£(T— exp | ' QL (5)ds| OL(H) pen t0) | preat): (6.49)

t/
This allows us to rewrite Eq. (6.47) as

dtpred(t) = *%[Hint(t)vpred(t)]Jf/t dt,l&(tvt/)pred(tl)- (6-50)

We interpret I@(t,t’ ) as the memory-time superoperator, it represents the effect of the environment
on the average evolution of the system (for a Markovian environment K(t,¢') = 2D(t)5(t — t')).
I would like to note that this equation is exact (provided the initial state is separable), but due
to complexity of K(t, ') [Eq. (6.49)] in general this can not be explicitly evaluated. However,
perturbative techniques do exit [18, 31, 68, 69, 105, 106, 112], but in general these techniques do
not preserve the positivity requirements of the master equation at small times. That is, the reduced

state is not always a positive operator (with all eigenvalues non-negative).

6.4 Stochastic Schrodinger equations: Numerical interpreta-

tion

In the above section I illustrated how to derive the master equation for both a Markovian and non-
Markovian environment. For some systems (Hilbert space dimension D) it is possible that the size
of pred(t) might be too large to store on a computer (D?). In this case we need to reformulate the

problem in terms of pure states. To do this we define a pure state, |¢,(t)), such that

pred(t) = El[¢=(1)) (4= (1)) (6.51)

where EJ...] denotes an ensemble average over the parameter z(¢,t). The different functional forms
of z(t,t) define different classes of |¢,(t)). These different classes are referred to as unravelings of

the master equation. With this pure state we can evaluate specific averages by

Tr[prea (t)AsyS] = E[(¥(t) |ASyS 1= ())]. (6.52)

The evolution equation of this pure state is a SSE. Didsi, Gisin and Strunz [46, 47, 48, 116, 117]
were the first to propose a diffusive non-Markovian SSE which satisfies this constraint.

In the Markovian limit along with diffusive unravelings (satisfying Eq. (6.51)) we can also define
jump-like SSEs, these satisfy

pred(t) = El|[van (1)) (an (t)]] (6.53)

where E]...] denotes an ensemble average over the noise function dN(t), which is either 0 or 1
[dN(t) = dN(t)?>(t)]. In terms of a numerical application these were first proposed by Dalibard,
Castin, and Mglmer [34, 95] and later by Dum, Parkins, Zoller, and Gardiner [50, 66], around the
same time as when diffusive Markovian SSE were been developed under the CSL model of quantum

mechanics (see section 5.2.2 and references within).
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6.5 Summary of chapter

In the chapter I have defined what an open quantum system is and presented its underlying dynamics.
I have also shown that by introducing a Markovian bath the master equation for the reduced state
evolution is equivalent to the CSL master equation. For the non-Markovian bath I presented the
Nakajima-Zwanzig method for deriving the non-Markovian master equation. Lastly I defined the

numerical interpretation of all (Markovian and non-Markovian) SSEs.



Chapter 7

Markovian SSEs: Quantum

Trajectories

In this chapter I am going to present quantum trajectory theory [28, 136, 137, 134]. This is an
application of quantum measurement theory to continuous-in-time monitoring. I will show that
the jump-like and diffusive Markovian SSEs can be interpreted as continuous evolution equations
(quantum trajectories) for the system state conditioned on continuous monitoring of the bath. Thus
under this interpretation all Markovian SSE can be given an interpretation. Performing different bath
measurements defines which class of Markovian SSE the system state will obey (the unraveling). In
this chapter I will consider 5 measurement schemes: direct, heterodyne, homodyne-z, homodyne-y,

and an adaptive detection. But before I do this I want to consider the general framework

7.1 General detection

In chapter 2 (namely sections 2.3 and 2.4) I introduced the concept of continuous measurement
theory. There it was observed that we can represent all bath measurements as POM measurements
on the system. To derive Markovian SSEs we assume that the bath measurement is described by

the observable

20 = (20} = { (20}, Frany ) = 3o zn (0 ene om0} @ 1) } (7.1)

which outputs a string of bath results {z,, }. However upon measurement we can couple all the
results together by defining a noise function z(t, s) = f({r(Zk(t),t)},s). Here I am again using the
notation r(Zx(t),t), corresponding to the result of the measurement of the observable Zj(t) [that is
it is the random variable associated with probability distribution for the measurement of observable

Z(t)]. Equally valid, we could define an observable for the entire bath as

1(6) = (T E1(6) = 1 0)ens(T0)] © Ty, (12)

where |I(t))eny labels the state the bath is projected into. The results of this measurement are
r(I(t),t) < z(t,t) (usually referred to as the current observable). That is, the entire bath is treated
as a single system. For this type of bath observable one decomposition into measurement operators
is

MI(t)env = >env <I(t)| (73)

1
—=10
~ |

76
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Thus |X)eny in Eq. (2.93) is |0) = [{Ox}). This is a reasonable assumption as in general Markovian
SSEs are applied to systems immersed in a electromagnetic fields, and measurement is performed
by a photodetector; to detect a photon the photodetector absorbs it.

With this definition for a bath measurement operator the system measurement operators [denoted
M (t,to)sys] are found via Eq. (2.105) [except U(t,to) must be replaced by Ui (t,to) as we are in

the interaction picture]. That is

1
VN
To find Ui (£, to) we note that |¥(¢)) = U (¢, t0)|¥ (o)), which can also be calculated by integrating
Eq. (6.12). Doing this we get

Mi(t to)sys = —= (L(8)| Uit (t, £0)0). (7.4)

t

WO) ~ (0G0 = [ ds{ = Hn(9) + DloiLale™ — gllae @} uGs).  (75)
to &

However, since gj, is infinitesimal and real, the above can be simplified by replacing the discrete
frequency modes by continuous frequency modes and >~ — fooo p(w)dw, where p(w) is the density
of field modes. Doing this gives

ey~ 1wt = [ as{ - )+ [T dovpT gLl e
—Lia(w)em e fu(s)). (7.6)

Note the continuous frequency modes are related to discrete frequency modes by a, = a(w)/ \/m
and have the commutator relation [a(w),a(w’)] = 6(w — w’). This can be further simplified by
changing the integration variable w to @ = w — wsys and noting that for a Markovian system we can
assume that /p(w) g(w) is approximately constant and equal to \/7/27 [see Eq. (6.30)]. Doing
this gives

o) w0 = [ ds{ 2o+ [ [ asldat @) - La@ie = o). ()

Wsys

To make the next simplification we write this in terms temporal modes.
In general a temporal mode is best defined by considering the electromagnetic field operator
E(r). The standard definition of this (neglecting polarization) is [122]

= —zZakuk +i2dkuk(r) (7.8)
k
where uy(r) is the mode function for the k' frequency (spectral) mode. This can be rewritten as
A ~ ~ " ~
r)=—iy bivi(r)+iY brve(r), (7.9)

where v, (r) labels a new type of mode with annihilation and creation operators b, and bi. These

new modes can be related to the frequency modes by

br =Y aryi g (7.10)
k
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where 7, are the elements of a unitary matrix (3. v, vrx = Opxr ). Choosing 71 to give a

discrete fourier transform,

5 1 . ,

b, = NG zk: ay exp(—i2n7k/K), (7.11)
. 1 .

ar = NG Z b, exp(i2n7k/kK), (7.12)

results in v, (r) having the functional form of a temporal mode. For the continuous case the temporal

modes, denoted by b(7), become continuous in time and are related to a(@) by the fourier transform

b(r) = % : () exp(—ioT)da., (7.13)
oo 1 <5 .
a(w) = E/—oo b(7) exp(iwT)dT (7.14)

Thus we can rewrite Eq. (7.7) as
(1)) — [ (ko)) = /t ds{ — - Fi(5) 7 /_oo drlLb (1)3(7 ) — L1b(r)a(s — ) b w(s)). (7.15)

Here we have used the fact that in general wgys is large and replaced the lower limit of the & integral
in Eq. (7.7) by —o0.
For continuous monitoring [the time interval (¢,tg) — (to + dt,t0)] Eq. (7.15) becomes

i totdt o
d|W(to + di)) = = Hing (fo)dt|¥ (t0)) + V7 t ds[LE" (s) — LTE(9)]|¥(5)), (7.16)
where the operator £(t) is
£t) = /_ dré(t — 7)b(7), (7.17)
and obeys
[E(0), €] = (¢, 1"). (7.18)

This delta-function singularity stops us from directly integrating Eq. (7.16). This is the quantum
equivalent of white noise, and to treat it we need to define the quantum equivalent of the classical
Wiener process AW (see section 5.2.2). Gardiner, Parkins and Zoller [66] define this be the oper-

ator AB (t). Following there method for a vacuum state initial condition we obtain the following

correlations
(0]AB(1)[0) = (0|AB'(#)[0) =0, (7.19)
(0]ABY(1)AB(t0)0) = (0|ABT()AB(t0)[0) = (0]AB(t)AB(t0)|0) =0, (7.20)
(OJAB(H)ABT(t)|0) =t —to. (7.21)

To make the connection with the white noise operators & (t) we note that

AB(1) /t £(s)ds, (7.22)

ABi(t) = /t t &t (s)ds. (7.23)



7.1. GENERAL DETECTION 79

As with the Wiener process this can be proven by substituting these into Egs. (7.19) — (7.21) and
using Eq. (7.18). Thus, in the infinitesimal limit (t = to+dt) AB(t) = £(to)dt and ABT(t) = £F (to)dt
and for short hand it is customary to use the dB(to) and dB(to). dB(ty) and dBT(t) are quantum
non-commutative analogues of the Wiener increment. With these quantum Wiener increment we

can write any integral containing & (t) as

/t dsé(s)]|U(s)) = / dB(s)|¥(s)), (7.24)
/t dsél(s)[U(s)) = / dB () U(s))., (7.25)

which can be evaluated by the quantum Stratonovich or quantum It6 method (or any other method
between). These methods involve defining the integral as a (operator) Riemann-Stieltjes integral.
That is, we divide the interval [to,t] into N subintervals such that tg < t; < ts... < ty, and define

intermediate points 7; such that ¢;_; < 7; < t; and define this integral as

t N

[ aBew) = Y b)), (7.20)
t N

[ aBe) = Y b)) (r.27)

There are many ways we can define the midpoints. The It6 method chooses them such that 7, = ¢;_1

allowing us to write the integral as,

t N
7 [CaBe) = Y b)), (7.29)
. 1;1 A
7 [ABEIG) = Yo Bt (7.29)
By contrast the Stratonovich (mid point) method chooses them such that
t N N
S [ dB(s)[¥(s) = Y dB(tim)[0(t:) + [¥(tim))]/2= Y dB(ti-1)[[¥(tim1)) + 5| ¥ (1)),
to i=1 =1

(7.30)

5 [ dBs)u(s))

to

ZdB(ti,l)H\I/(ti)} + W (ti-1))]/2 = Z dB(ti—1)[|¥(ti1)) + 3d|¥(t;i-1))].
. . (7.31)

With this Stratonovich integral (as this is the more natural for the limit of a delta function) we

can rewrite Eq. (7.16) as
i to+dt o . )
d|¥ (to + dt)) = — = Hin (to)dt|¥ (t0)) + /7 / ds[LdBT(s) — L1dB(s)]|¥(s)). (7.32)

In Ref. [66, 67] Gardiner, Parkins and Zoller have shown explicitly how to work out the It correction
terms needed to convert this to a Ito integral. For the above equation, with vacuum-bath initial
conditions, they show that the conversion is

t

s/ [LdB'(s) — LTdB(s)]|¥(s)) :z/

to to

[LdBT(s) — LTdB(s)]|¥(s)) + g / t dsLIL|¥(s)), (7.33)
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which in the continuous monitoring limit reduces to
to+dt R . . R A . R A
S [LdB'(s) — LTdB(s)]|¥(s)) = [LdB'(ty)) — LTdB(to) — /Y LTL/2]|¥(to))dt.  (7.34)

to

Thus Eq. (7.16) becomes
AW (t + dt)) = [*dt%ﬁint(fo) + A LdB(ty)) — 7y L1dB(to) — dtyLTL/2)[¥(t)),  (7.35)
which in turn implies
Uit (to +dt, tg) = 1+ [—dt%f{int(to) + 7 LdB(to) — /7 LTdB(ty) — dtyLTL/2]. (7.36)

Note the above shows that for each interval dt (due to the delta correlations) each Uiy (to + dt, to)
exists in it own Hilbert space. In some situation it is easier if we introduce a harmonic oscillator to
model the entire bath in the interval dt, with annihilation and creation operators dq; and &j{t defined
by

age = Vdt&(to) = dB(ty)/Vat, (7.37)
ah, = Vatéi(ty) = dB'(ty)/ V. (7.38)

This is valid because
(e, ) = lim [£(to + ), €1(t0)] = lim, 3(t +dt — to)dt = 1, (7.39)

the standard requirement for a harmonic oscillator. With this model Eq. (7.36) becomes
Ui (to +dt, tg) = 1+ [—dt%f[im(to) + /ydtal, L — \/ydtag Lt — dtyLTL/2].  (7.40)

This is useful as with respect to this model we can define a complete set of bath basis states {|n)} for
ecah dt interval, which are the eigenstate of the operator dzltddt. Thus the infinitesimal measurement

operator for the system is

Ni(to + dt, 1) oys — %(I(to + )0V {1 — [dt%f{im(to) ©diyET L2} + AL (It + db)lal,|0VE
(7.41)

and the state conditioned on continuous monitoring of the bath (with the bath after measurement

being projected into the vacuum state) is given by

/ — dt)M —dt,t —2dt)... M d
WI(t»:M[k(t,t t) M, (t t,tN2 t)... My, (to + t,t0)|¢(t0)>, (7.42)

with I, ¢ = [ri(I(to + dt),to + dt),...,mx(I(t),t)], the string of results for measurement of the
observable I and N is the normalization constant for the measurement operator.

It can be shown that the ensemble average of these condition states over all possible currents
Ijto,0) 18

prea(t) = E[[¢r(t))(¥1(t)|]. (7.43)

Thus |¢1(t)) by definition is the solution of a SSE.
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X _> r(L.t+dD)

Field

System Detector

Figure 7.1: A illustration depicting direct detection of a system. The system is
placed at the focus of a parabolic mirror so that all the fluorescence emitted by
the system is detector by the photodetector.

7.2 Direct detection

7.2.1 General theory

For direct detection all the light emitted by the atom (the entire Markovian bath) is detected by
a photodetector [28, 137]. Figure 7.1 illustrates this type of measurement. To understand direct
detection we need to consider how this measurement is performed in an optical bath. For an
electromagnetic field [Eq. (6.6)] the photocurrent is given by [28]

I = 2e0cE) (r) B (1), (7.44)
where
N - hw
(+) — ) (r) = koo k-
E'(r) e-E (r)—zg TG ar, exp(ik - r), (7.45)
EC(x) = e.EH(r):—ii e al exp(—ik - ) (7.46)
& 2€0V k ’

are the positive and negative components of the electric field operator evaluated at the location of
the detector r, and the factor 2¢gc is needed to give the correct units for photocurrent. Substituting
Egs. (7.45) and (7.46) into Eq. (7.44) gives

R h K K
I= VC Z Vwr exp(—ik - 1)a) Z Vwir exp(ik’ - r)ag . (7.47)
k K
Moving to the interaction picture this becomes

. he . R . . R ;
i (t = to) = v Z @k exp(—ik - r)af, explicy(t — to)] Z Vi exp(ik’ - r)ags exp[—iw,(t — to)].
k K
(7.48)
Using Eq. (7.13) provided we assume that ,/wy is approximately constant, it can be shown that

i (t — tg) ox [ T L h dr'6(T — t + 0)d(t — to — 7)bT (7)b(7"). (7.49)

Thus for this thesis I will define the observable for the direct detection photocurrent as

Lo (t) = b1 (£)b(2). (7.50)
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That is, the direct detection corresponds to detection of the temporal modes.

For continuous-in-time monitoring of this photocurrent (repeated measurements every dt) in each
interval the intensity of the field (bath) will be collapsed into the basis set {|n)eny} defined as the
eigenset of d:;tddt. That is, the observable (which is time independent) for this measurement scheme

is

I= ((I =0, [0)eny (0]), (I = 1/dt, [Leny (1)), ) (7.51)

Using Eq. (7.41) the system measurement operators are
Mioo(to+dt,to)sys = 1= [dt5 Hin(to) + dtyLIL/2), (7.52)
Mi—yjar(to +dt,to)sys = /ydtL. (7.53)

Thus only results 0 and 1/dt are allowed. Thus I 4+ will be a string of 0’s and 1/dt’s, with the
ones occurring will probability
Pr(I = ]./dt, tO + dt) = <w(t0)|M;:1/dt(t0 + dtv tO)SySMI:1/dt(tO + dtv t0)8y5|w(t0)>
= dty{(to) L LI (t0)). (7.54)

Using these measurement operators and Eq. (7.42), the quantum trajectory for direct detection can

be written as

L
VW (OIL1 Lx(0)
— S I L (8) ) [ (1), (7.55)

where r(I,t + dt) = dN(t)/dt. dN(t) is a stochastic random variable that equals one if there is a
detection in the interval dt and equals zero otherwise. Formally, dN(t) is defined by

- 1)|w1(t)> - dt(%ﬁint(t) + %ﬁﬁ

dir(t)) = r(I,t—i—dt)dt(

dN(t)> = dN(t), (7.56)
E[dN(t)] = Pr(I =1/dt,t+dt). (7.57)

By averaging over this stochastic increment and by using Eqs. (7.56) and (7.57) it is easily seen that
prea(t + dt) = Eld[¢r(t)) (Lr(t)] + |¢1(2))d(u(t)] + dlypr(t))d(¢r(t)]] (7.58)

equals Eq. (6.34).

7.2.2 Application: Driven TLA

The system used to illustrate quantum trajectories is a classically driven two level atom, immersed
in a electromagnetic field. With no monitoring of the field, the average state evolution when all
the dynamical parameters are known is given by the master equation (6.34), with L = 6 = |[)(1].
Here |]) labels the ground state and |7) the excited state of the TLA. In the interaction picture,

Hint(t) for a driven TLA is found using the dipole interaction Hamiltonian, Eq. (6.5), except here

the electromagnetic field is assumed to be classical. That is

H(t) = —et - E(ro, t) (7.59)

where
E(ro) = Eo(ro){exp[—iw.(t — to)] + expliw.(t — )]} (7.60)
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Defining d = d* = e(||£|1) we can rewrite Eq. (7.59) under the RWA [1, 110] as

oy Qi

H(t) 5 {6T exp|—iwe(t — to)] + & expliwe(t — t0)]}, (7.61)

where Q4,5 = —2d - Eg(rg) /% is the Rabi frequency. Moving to the interaction picture and choosing

wsys = wc this becomes

~ hQ Tira N hQ ri A
Hyp = — (67 + 6] = 2d Oz (7.62)
Thus the master equation is
. Z.eri ~ ~ ~AF J P PS 1 At
pred(t) = - B [Uwapred(t)] + ’Y[Upred(t)o' — 350 Upred(t) - §pred(t)0 U]- (763)

The solution of this equation can be described by the Bloch vectors x(t) = (64), y(t) = (6y),
z(t) = (6.)), with p(t) written as

p=3[1+a(t)o, +y(t)o, +2(t)6.]. (7.64)

The purity p is equal to
p(t) = 3[1+2*(t) + 2 (1) + 2(1)). (7.65)

Using this representation, Eq. (7.63) generates the three coupled differential equations

dyz(t) = fgx(t), (7.66)
dy(t) = ~Qaiz(t) - 2y(d), 7.67
diz(t) = Qany(t) —v— z(t)y. 7.68)

Using the Matrix method for coupled differential equation (given the set dy@(t) = AZ(t) + b the
solution will be Z(t) = 3_, extine — A~1b, where A and @ refer to the eigenvalues and eigenvectors
of A and c) are constants determined by the initial conditions) the above has the solutions

z(t) = x(to)exp[—y(t —t0)/2], (7.69)
y(t) = cqpexp[Ap(t —to)] + c—exp[A_(t — to)] + yss, (7.70)

z(t) = ey i (Zzé:ri_ O/47) exp[Ay(t —to)] + e vt (izéjri_ 0/4?)
X exp[A_t — to)] + 2ss- (7.71)

where
re = 2 ai (03, (/49), (7.72)
1 ; 2
=g =009 {F4Qaui(2(to) — 2ss) £ [y £ 441/ (% — (1/4)?) ]

x(y(to) — yss)} (7.73)

and x4, Yss, and zss are the steady state solutions of the master equation. That is the solution of
Eq. (4.49) is a state that rotates about the z-axis at frequency Qqyi, with damping in all variables

towards the steady state value of

2eri"y 7’72

02

) Zss — . 7.74
it ? 2Qc21ri + 92 ( )

Tss = Oa Yss
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Figure 7.2: Solution of the driven TLA Markovian master equation for a driving
Qari = 57, dt = 0.001, and excited state initial conditions.
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Figure 7.3: A quantum trajectory for direct detection of a driven TLA. Also
shown is the photocurrent (times dt). Other details are as in figure 7.2.
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Figure 7.4: The difference between the ensemble average of 1000 direct detection
quantum trajectories and the master equation for a driven TLA. Other details
are as in figure 7.2.

Figure 7.2 illustrates these solutions for an excited state initial condition.

Applying this system to direct detection we simply replace L and Hiy (t) in Eq. (7.55) with &
and hQq.i0,. Evaluating this equation gives the direct detection quantum trajectory for a driven
TLA. An example trajectory is shown in figure 7.3. This figure illustrates the unique nature of
direct detection. It shows that while no detection is occurring the system state rotates around the
z-axis of the Bloch sphere, and upon detection the system jumps into the ground state. Also shown
in this figure is the current (times by dt), which as expected represents a sequence of 0’s and 1’s
which is predominantly zero. To show that the ensemble average of direct detection does reproduce
the master equation the ensemble average of 1000 trajectories was calculated. These results are
displayed in figure 7.4 where it is observed that the difference between the ensemble average and the
master equation can be taken to be zero within one standard deviation in the mean (this is how the

error bars in this figure are defined).

7.3 Heterodyne detection

7.3.1 General theory

To perform a heterodyne measurement on the bath (for optical situations) one can use one of two
possible arrangements, one using a local oscillator with a time varying phase [137] or the apparatus
depicted in fig. 7.5. Here I consider only the later case, it involves 3 beam splitters; one to split
the field from the atom (source) into two outputs and the other two perform two simultaneous

measurements of the operators I and I respectively [137, 135]. We define the overall operator (to
be measured) as I = (I +ily)/v2.
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Figure 7.5: A illustration depicting the heterodyne detection scheme. It involve
three beam splitters which coherently mix the fluorescence from the system with
two local oscillators (LO) with a phase difference of 7/2.

To mathematically model the measurement device, the insides of the box in fig. 7.5, we label the
three modes (each equivalent to a temporal mode) b(t) for the source (field), &(t) an extra vacuum
mode, d(t) and é(t) represent a coherent local oscillator (LO) tuned to the frequency of the system
wsys (or more correctly the frequently of the interaction picture) and amplitude |3]. There is a
phase difference between mode d(t) and é(t) of /2. If we were to work out the total state (in the

Schrodinger picture) prior to all detection events it would be given by,
|Waen(t)) = UpssUns2Uns1 Un (¢, o) (1)) |0)|3), (7.75)

which is a large and involved entangled state, where as in the interaction picture with free dynamics,
and the three beam splitters removed the total state is |¥(¢))|0)|5). In this picture the annihilation

operators will contain all the unitary transformations, for example the operator E(t) will be,
W(t) = Ub Ul b(t) U Useo (7.76)
where Ugg for example performs the transformation
B(t) — —— (b(t) + ie(t)) (7.77)

(ib() + &(2)). (7.78)

V(t) = %(é(t)ﬂé(f)ﬂ\/ﬁ(t)) (7.79)
d) = %(if)(t)—é(t)—&—\/ﬁé(t)) (7.80)
J) = %(%@)-@@)m@d@)) (7.81)
dt) = %(l;(t)—i—ié(t)—&-i\@é(t)). (7.82)



7.3. HETERODYNE DETECTION 87

The current fl(t) is measured by taking the difference between the photocurrent at the exits of
beam splitter 3 and normalizing by |3|, whereas I5(t) is found using beam splitter 2. Thus in the

interaction picture

) e ) —et)e il (£)b(t) — ibT (t)e(t) — el (t)e(t) — et (r)e
b = SO (t)Iﬂ ()e () _ ie'(t)b(t) — ib'(t) (\/t)5 = (D) = EWe®) (7 gy
. b ()b (1) — dt(t)d it (H)d(t) — idt()b(t) + et (t)d(t) + df (t)¢
by ety = 00 (t)ﬂld ()d (t) _ ib'(t)d(t) —id (t)b(\t/)i Tm Od(t) + 1Ot 7 g4y

Since we know that modes d(t) and é(t) = id(t) correspond to a coherent state, then d(t)|3) = 3|8).

The current operator can be average over these input modes to give,

b(t) + bt (t) — ié(t) + et (t)

I int(t) = NG (7.85)
. —ib ibt ¢ et
Iy ine(t) = ble) + (3; ®) + () (7.86)
and thus
T (t) = b(t) +iét(2). (7.87)

Since initially mode ¢ is in a vacuum state, for the infinitesimal interval dt the heterodyne observable
corresponds to projection into the overcomplete basis of the operator dg;. That is |I)eny (in terms

of |n)eny) 18

Deny = Vat exp(—|T?dt/2) ) %m)m. (7.88)

With this state and Eq. (7.41) the system measurement operator is

dt P A N arn
Wy (to + b, to)eys =\ = exp(—|T1%dt/2){1 — [dt7 Ha(to) — I*dty/7 L +diyETL/2},  (7.89)

Using these measurement operators and Eq. (7.42), the quantum trajectory for heterodyne detection

is the solution of
dlr(t)) = ( — dt%f{int(t) + VAL = (L) /205 (It + dt)dt — /7 (LY r (It + dt)dt/2

—yat{EVE+ E(LY = S(E)(LEN)/2) [ (8)), (7.90)

N w

where (L), = (¢p1(t)|L|yr(t)), and r(I,t + dt) is a stochastic random variable that corresponds to
the distribution
Pr([I],to + dt) = (¥(to + dt)|I){I|¥(to + dt))d>1. (7.91)

Using Eq. (7.35) we can write this as,
Pr([I],to + dt) = (1 + /4 I*dt(L), + /7 Idt(L),)dt exp(—|I|*dt)d*I. (7.92)
To order dt this is,
Pr([I],to +dt) = (1 b AT AHEY + A TAHETY, + AL (D)o (|12t — dt))
xdt exp(—|I|*dt)d*I, (7.93)
as |I|?dt? = dt + O(dt?). Defining

X = I*dt/Ay (L) + Tdt\/~y (LY, — (LT (L), ydt (7.94)
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we can write the above as,

Pr([1], to + dt)

% exp(—dt|I|*)(1 + x + x*/2)d*1
_ %exp[—dtu — SN (7.95)

Therefore r(I,t + dt) is a complex Gaussian random variable of mean /7y (L); and variance 1/dt.

We can write this in terms of the complex Wiener increment as,
r(I,tg + dt)dt = dw(to) 4+ /7 (L)sdt. (7.96)

Thus

VA (D), (7.97)
1/dt. (7.98)

E[r(I,to + dt)]
E[r(I,to + dt)r(I*, to + dt)]

That is the heterodyne quantum trajectory is equivalent to Gisin, and Percival’s CSL model (see
section 5.2.2).

7.3.2 Application: Driven TLA

Under heterodyne detection the driven TLA system state will obey a diffusive Markovian SSE.
Applying the driven TLA system to heterodyne detection, as in direct detection, we simply replace
L and Hyy (t) in Eq. (7.90) with 6 and 74,36, Evaluating this equation gives a heterodyne quantum
trajectory. An example trajectory is shown in figure 7.6. This figure illustrates the unique nature
of heterodyne detection. It shows that this quantum trajectory unlike direct detection is diffusive
in nature, the state stochasticlly moves around the block sphere. Also shown in this figure is the
current, here we see that it contains both a real (solid line) and a complex (dotted line) part. To
show that the ensemble average reproduces the master equation the difference between the ensemble
average of 1000 trajectories and the master equation is shown in figure 7.7. Here we see that within

the error bars this difference is zero.

7.4 Homodyne-r and homodyne-y detection

7.4.1 General theory

To perform a homodyne measurement of the bath one uses the apparatus depicted in fig. 7.8. It
uses a beam splitter to couple a local oscillator, tuned to the frequency of the system but out of
phase by an amount ¢ [28, 136, 137, 134, 135] to the system field. The photocurrent from the two
outputs is then measured to give a current which is represent by the operator I (t).

As in the heterodyne case to model the measurement apparatus it is easier to work with temporal
modes. We label the two modes; b(t) for the source, é(t) represent the local oscillator which is a
coherent state of frequency wsys, phase ¢, and amplitude |5]. In the interaction picture with the free

dynamics and the beam splitters removed the operators are,
(b(t) + ié(t)) (7.99)

(ib(¢) + &(t)). (7.100)
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Figure 7.8: An illustration depicting the homodyne detection scheme. The flu-
orescence from the system is mixed coherently with a local oscillators (LO) via
a beam splitter.

The current [ (t) is measured by taking the difference between the photon number at the exits of

the beam splitter and normalizing by |3]. That is in the interaction picture

\ b (t) — &T(t)e ibT()ét) —ie(t)Th
Fos(t) = bT(t)b (t)m ()e(t) _ ib'(t) (t)2|ﬂ (t)To(t) (7.101)

Since we know that mode ¢ corresponds to the coherent state, ¢/3) = §|3), then the current operator

average over the coherent state input is,

i) = ié(t)ew; ibt (t)et? (7.102)

Defining ¥ = ¢ + 7/2 the above becomes,

. b(e—i% + bt () eid
iy = MO B0

Taking ¢ = 0 gives homodyne-z detection, and ¢ = 7/2 gives homodyne-y detection.

(7.103)

In the infinitesimal interval dt, homodyne detection corresponds to projection into the basis state
of the operator vdt aq + Vdt aLt (here I have assumed ¢ = 0 for simplicity). That is |I)eny

Iony = (;—;)1/4 exp(—12dt/4) WI? \if;m IYen- (7.104)

Since a|0) = 0 the system measurement operator (from Eq. (7.41)) is
~ dt\1/4 ) i . .
My (to + dt, to)sys = (2—) exp(—I2dt[4){1 = [dt7Hin (to) — Idt\/7L + Ay LTL/2]}  (7.105)
™

(for homodyne-y L — Le~in/ 2). Using these measurement operators and Eq. (7.42), the quantum

trajectory for homodyne detection can be written as

dn() = (= dt Hiaa(t) + 7 1L~ (B4 By /2r(,t + de)dr

BT E 4+ B(E+ D) — Z@ + L1)72)/2) (). (7.106)
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ty )

Figure 7.9: A quantum trajectory for homodyne-z detection of a driven TLA.
Other details are as in figure 7.2.

where r(I,t + dt) is a stochastic random variable that corresponds to the distribution

Pr([1],to + dt) = (;—;) i exp|—(I — A (L + LY,)2dt/2)dI. (7.107)

Therefore r(1,t+ dt) is a Gaussian random variable of mean /7 (L + L), and variance 1/dt, we can
write this in terms of the Wiener increment as,

r(I,to + dt)dt = dw(to) + /7 (L + L) dt. (7.108)

Thus
Elr(I,to +dt)] = AL+ L, (7.109)
E[r(I,to + dt)r(I,to +dt)] = 1/dt. (7.110)

That is the homodyne quantum trajectory is equivalent to Ghirardi, Pearle and Rimini CSL model
(see section 5.2.2).

7.4.2 Application: Driven TLA

As in heterodyne detection the homodyne quantum trajectory will be a diffusive Markovian SSE.
Applying the driven TLA system to this detection scheme simply means we replace L and Hipy (t) in
Eq. (7.106) with 6 exp(—i¢) and hQqyi6,. Evaluating this equation for ¢ = 0 gives the homodyne-x
quantum trajectory and for ¢ = 7/2 we obtain the homodyne-y quantum trajectory. These two
trajectories are shown in figure 7.9 and figure 7.11 respectively.

Figure 7.9 shows that under Homodyne-x detection the state is pushed stochastically towards &,

eigenstates, with relatively small oscillations in y(t) and z(¢) directions. However for homodyne-y
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Figure 7.10: The difference between the ensemble average of 1000 homodyne x
quantum trajectories and the master equation. Other details are as in figure 7.2.
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Figure 7.11: A quantum trajectory for homodyne-y detection of a driven TLA.

Other details are as in figure 7.2.
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Figure 7.12: The difference between the ensemble average of 1000 homodyne y
quantum trajectories and the master equation for a driven TLA. Other details
are as in figure 7.2.

the state of the system oscillates (stochastically) around the z-axis at frequency Qg (figure 7.11).
Thus by simply changing the phase of the local oscillator we can drastically change the evolution
of the state. The convergence, under the ensemble average, of homodyne detection to the master
equation is shown in figures 7.10 and 7.12. Here it is observed that the ensemble average of 1000

trajectories for both homodyne x and y is the solution of the master equation (figure 7.63).

7.5 An adaptive detection technique for a driven TLA

The last measurement scheme I am going to consider is adaptive detection. This scheme is designed
to keep the system (TLA) jumping between two fixed states. For large classical driving, Q4,i, these
fixed states turn out to be close to &, eigenstates [138]. This two-state jumping is achieved by
coherently mixing the fluorescence emitted from the atom with a weak local oscillator (LO) via a
low-reflectance beam splitter (see Figure 7.13). The amplitude p of the local oscillator is switched

between :i:% 7 each time a detection is registered by the photodetector.

For this detection scheme the measurement operators are [138]

MI:l/dt(tO + dtv tO)sys =V dt’y (a- + /’L)a (7111)
Q ri 2
Misolto +dtto)ys = 1= (570, + %&T& + e+ %)dt. (7.112)
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Figure 7.13: A schematic for adaptive detection. The fluorescence emitted by the
atom is coherently mixed with a weak local oscillator (LO) via a low reflectivity
beam splitter. The electro-optic modulator (EOM) reverses the amplitude of
the LO every time the photodetector fires.

These measurement operators result in the following quantum trajectory

= r (a— + :u‘) _ erlé_
e N G [GET e A A S
—%&Ta— — 6+ g<&T&>t + %(&T + &)) r(t)) (7.113)

where r(I,t 4+ dt) = dN(t)/dt. As in direct detection dN(¢) is a stochastic random variable that
equals one if there is a detection in the interval dt and equals zero otherwise. Formally, dN(t) is
defined by

dN(t)?
E[dN(t)]

dN (1), (7.114)
Pr(I = 1/dt,t +dt) = diy(e(0)|(6T + )@ + wlon®).  (7.115)

Figure 7.14 shows the quantum trajectory for this adaptive technique. It is observed that when
the initial transients have passed this state jumps between two fixed states. In Ref. [138] it is shown
that these two states in the Bloch representation are

:Fszrl 2eri7 772

— —_—tan =" 7.116
! 29(21ri + 72 7 Y 29(21ri + 72 7 : 2Q(Qiri + ’72 , ( )

Figure 7.15 shows that this detection scheme, like all others, averages to the correct master equation.

7.6 Summary of chapter

In this chapter I have shown that Markovian SSE can be derived and interpreted under the orthodox
interpretation of quantum mechanics by introducing a Markovian bath. They represent evolution
equations for the system state conditioned on continuous measurement of the bath. The different
unravelings correspond to different detector arrangements. Here I consider the 5 schemes, direct,

heterodyne, homodyne-z, homodyne-y and an adaptive technique. It is observed that by changing
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Figure 7.14: A quantum trajectory for an adaptive detection procedure for a
driven TLA. Other details are as in figure 7.2.
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Figure 7.15: The difference between the ensemble average of 1000 adaptive quan-
tum trajectories and the master equation for a driven TLA. Other details are as
in figure 7.2.
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the way we detect the bath drastically affects the system-state evolution (can be diffusive or jump-
like). This highlights the orthodox position, “no phenomenon is a phenomenon until it is an observed
phenomenon” [12] as well as the epistemic nature of quantum states (states of knowledge). To
proceed down this line of thought, in the next chapter I will present a simple problem which allows

us to couple epistemic quantum states with classical epistemic probabilities.



Chapter 8

State and Parameter Estimation

Following the evolution of an open quantum system requires full knowledge of its dynamics. In this
chapter I consider an open quantum system for which the Hamiltonian is “uncertain” (which was
also considered by Wiseman and myself in Ref. [58]). In particular, I treat in detail a simple system:
a radiatively damped atom driven by an unknown Rabi frequency Qq,; (as would occur for an atom
at an unknown point in a standing light wave). By measuring the environment of the system,
knowledge about the system state, and about the uncertain dynamical parameter, can be acquired.
I will show that these two sorts of knowledge acquisition (quantified by the posterior distribution
for Qqyi, and the conditional purity of the system, respectively) are quite distinct processes, which
are not strongly correlated. Also, the quality and quantity of knowledge gain depend strongly on
the type of monitoring scheme. I will demonstrate this by considering the five different detection
schemes (direct, adaptive, homodyne-z, homodyne-y, and heterodyne) using four different measures
of the knowledge gain (Shannon information about q,;, variance in Qg,i, long-time system purity,

and short-time system purity).

8.1 General formalism

8.1.1 Quantum state and parameter estimation

Quantum parameter estimation is a well-established area [84, 85], which is usually formulated as
follows. A known quantum state enters an apparatus that performs an operation on the state. The
operation, which is usually unitary but need not be [104, 32], is parameterized by one or more
unknown parameters. The goal is to estimate these parameters by making a measurement on the
(unknown) output state. Except in special cases, it is not possible precisely to find out the unknown
parameters from a measurement on a single system. Rather, the operation and measurement must
be performed repeatedly, on a sequence of identically prepared quantum systems.

There is a trivial sense in which it is possible to obtain complete information about the unknown
parameters from a single system. That is by taking the output state after the measurement, and
using it as the next input state, having perhaps transformed it first. If the transformation required
is as difficult as preparing a new system from scratch, then there is nothing to be gained by reusing
the same system. However, this scenario of repeated measurements on a single system is useful
pedagogically to make the transition to continuously monitored systems with unknown dynamical

parameters. This transition is made by considering the limit where the unknown transformation is
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infinitesimally different from the identity, and the repeat time is infinitesimal.

To the best of my knowledge, a theoretical treatment of estimating an unknown dynamical
parameter by continuous observation of a system was first done by Mabuchi [93]. His system was a
two-level atom driven by a classically electromagnetic field mode in a cavity. The unknown parameter
was the position of the atom. This is a dynamical parameter because it determines the strength of
the coupling between the atom and field (the Rabi frequency). The continuous monitoring considered
was counting the photons that escape through one of the cavity mirrors. Mabuchi used Bayesian
statistics to determine the posterior probability distribution for the Rabi frequency. This represents
the knowledge the experimenter would have about the Rabi frequency given a particular (typical)
measurement record. The measurement is continuous in time (monitoring) because in any instant

of time a photon may or may not be detected.

Here I am concerned with the same question, namely how would an experimenter gain knowledge
of an unknown dynamical parameter from the measurement record resulting from monitoring the
system. We even choose a similar (but even simpler) quantum system to that of Ref. [93], namely
an atom driven by a classical field of unknown Rabi frequency. However, the analysis goes beyond,
and has additional aims to, that of Ref. [93] (although we should note that extensions similar to the

first three outlined below were suggested in a footnote of that work.)

First, I will consider the entire ensemble of possible measurement records and parameter values,

rather than just one (typical) measurement record from one parameter value.

Second, I will quantitatively characterize this ensemble by calculating the average information

gained (in bits) by the measurement, as a function of time.

Third, I will consider different ensembles resulting from different measurement schemes on the
system. I would like to emphasize that the choice of measurement scheme does not affect the
evolution of the system on average. That is, for all measurement schemes, averaging over the
possible results and the possible values of the Rabi frequency yields the same equation of motion
for the system state. Physically, this is because the average behaviour of the system is determined
by its immediate environment, whereas the different measurement schemes are effected by detecting
the light emitted by the system in different ways. However, the different measurement schemes give

very different typical posterior distributions, and very different rates of information gain.

Fourth, and perhaps most distinctively, I will consider not just the estimation of the unknown
parameter, but also the estimation of the state of the system conditioned on the measurement
results. I do this using the same Bayesian method as for the parameter estimation. In this respect,
this work could be seen as an extension of quantum trajectory theory (see last chapter) to systems

with unknown dynamical parameters.

If the dynamical parameters for an open quantum system are known then conditioning the system
on efficient detection of its emissions is guaranteed to monotonically increase its average purity in
time, as information is gained about the system. But if dynamical parameters are not known then
the average purity may decrease, as the different possible evolutions are summed incoherently. On
the other hand, the measurement record also contains information about these parameters, so that
these parameters become better defined over time. Hence one might expect that the system will
eventually become pure anyway. It is one of the main results of this work that this expectation is

not met.
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8.1.2 Quantum trajectories with an unknown parameter

In the last chapter I presented quantum trajectory theory. To extend this theory to include unknown
parameters, we have to consider repeated measurements on mixed states rather than pure states.

Using mixed states the quantum trajectory for the record Iy, s is given by

pr(t)

= Tloue) 51

pi(t)
where pr(t) is defined by
pr(t) = My, (t,t — dt)sys ... My, (t + dt, to)sysp(to) M7 (t + dt, to)sys ... M] (£t —dt)sys  (8.2)

where p(tg) is the initial system state.

If we now consider the situation where there is an unknown dynamical parameter A in the
measurement operators M}(t + dt, t)sys- This is done by simply noting that for each A there will be
a conditioned state. This gives a doubly conditioned state of the form

pra(t) = Pr(ﬁIIE:)f)>| N (8.3)

where Pr(Ij;, +|A) is the probability of getting Iy, ;) given A. It is obtained by
Pr(Liy,p|A) = Tr[pa(t)]- (8.4)

The posterior probability distribution P(A[I}, ;) is found by using a Bayesian inference formula

[17]. This is
Pr(Ij,[A) Po(A)
P()AI = : 8.5
( | [to,t)) fPr(I[tO,t)‘)\)PO()\)dA, ( )

where Py(A) is the prior distribution for A. For a “good measurement” of A, as time increases, we

would expect this prior distribution to converge to a J-distribution.

Theoretically, Eq. (8.5) is complete for determining P(A|If, .)). However, in general Pr(Ip, 4 |))
is very small and in numerical simulations it will incur large computer roundoff errors. The small
magnitude of Pr(Ij, |A) is due to the many possible trajectories the system could follow.

To overcome this problem, linear quantum trajectories [79] were used (see section 2.2.3). Linear
quantum trajectories arise if we assume an ostensible distribution for the current I, Ar(I) [134].
These Ar(I) are independent of A and the only condition they must satisfy is that they sum (inte-
grate) to one. With these ostensible probabilities, the linear stochastic master equation (LSME) is
derived from [134]

o1 A (¢
pra(t) = Af%i;) (8.6)
where the ostensible probability for getting I, ;) is
Ar(Xpyy,py) = Ar(Lg)Ar(g—1) . .. Ar(11). (8.7)
The actual probability of getting I}, ;) is related to the ostensible distribution by
Pr(Ljy, )| A) = Ar(Tjg 0)) Tr[pra(2)]; (8.8)

the Girsanov transformation. Substituting Pr(Ip, . |)) into Eq. (8.5) we obtain

I NOLE
POM0) = Tyl OB (&)
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From Eq. (8.9) we see that to calculate Pr(If, [)), the norm of the linear conditioned state
[Eq. (8.6)] is needed. The order of magnitude of this norm is dependent on the ostensible probability
we chose. By Eq. (8.8), if Ar(If, 4)) is chosen to be of the same order as the true probability, this

norm will be of order unity. This avoids the problem of large computer roundoff error.

8.1.3 Quantifying the information gained

One of the main aims of this chapter is to classify the information gained about the unknown
parameter. The posterior probability calculated by Eq. (8.9) contains all the information about A
for a particular record. However the question remains, how can this information be quantified? Two

measures are investigated. The first is the variance:

2
Vi(t) = / P(AT )N — ( / P(AT )MA) (8.10)

The second is the information gain, By(t) defined as
Bi(t) = /P(/\|I[t0’t))log2 P()\|I[t0’,5))d)\—/P(J()\)log2 Py(N)dA. (8.11)

This measures the number of bits of information gained by the observer about the parameter A. It
can be thought of as the negative change in entropy of A. The greatest information gain corresponds
to the transition from a flat (most disordered) distribution to a peaked (most ordered) distribution.

These parameters give an indication of the quality of knowledge gained by an observer, for a
particular run of the experiment. To characterize a particular measurement scheme, it is necessary
to calculate the ensemble averages of Vi(t) and Bi(t), which we denote as V(t) and B(t). The

ensemble average of a parameter Ag is defined as

A=E[A] = > APr(Iy, )= Y / ArPr(Ip, |\ Po(N)dA. (8.12)
I

[to,t) Titg.0)

Numerically, this is done by picking a true A, A¢rue, randomly from Py()), and then simulating a
quantum trajectory for this A¢rue, yielding Ip, ;). This gives a typical record as would be obtained
experimentally. This Iy ;) is then used to calculate Tr[py x(t)] for all A’s in the range of Py. This
allows the calculation of P(A[Ip, ;)), with this probability the parameter of interest Ay can be
calculated. By storing this value and repeating the above procedure n > 1 times, the ensemble

average A of Ay is obtained.

8.1.4 Best estimate of conditioned state

Another aim of this chapter is to determine the best estimate of the state given the knowledge we
have obtained from a measurement. In Eq. (8.3) we defined the doubly conditioned state that arose
when the state was conditioned on both I, ;) and A. From Eq. (8.3) there are two best estimate
states that can be calculated. They are py and py and can be interpreted as the best estimate state,

when A or I 4+ is known respectively. They are defined as follows

pat) = Y A, (8.13)

Litg.t)

[ aBMD
D= BT o Po (VAN (8.14)
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It should be noted that the average of each of these states will give the same average state p(t).

Eq. (8.13) describes the best estimate state that arises when the dynamical parameter is known
and the record is not (i.e. a non-monitored system). This obeys the master equation displayed in
Eq. (6.34). Of more interest to us is the best estimate state described by Eq. (8.14), which is the

state conditioned on some observed record Iy, 1), when the true value of A is unknown.

In calculating pr, if we use Eq. (8.14), we again run into the problem that the magnitude of
pr.a(t+dt) will typically be very small. Again this is overcome by using linear quantum trajectories,
replacing Eq. (8.14) by

_ [ Po(n)dA
J Tl A (O] Po(\)dA

pr(t) (8.15)

To quantify the information gained about the state, the purity for a particular record (pr) can

be determined,
pi(t) = Trlpr(t)?]. (8.16)

The ensemble average purity (E[pi]) will give us an indication of how well the measurement scheme
is at producing pure states. One might expect that a high p(¢) would correspond to a high B().
However it will be seen that this is not true.

8.2 Application: A driven TLA with unknown driving

The system we are considering is a classically driven two level atom, immersed in the vacuum. With
no monitoring of the vacuum field, the average state evolution when all the dynamical parameters
(v and q4,i) are known is given by the master equation. The Lindblad form [92] of the master
equation for the TLA, in the interaction picture (with respect to the free evolution of the atom) is
defined by Eq. (7.63). The most obvious choice for the unknown dynamical parameter is Q4,; (that
is A = Qqyi). This can be physically motivated as follows: if we placed a laser-cooled atom (with no

center-of-mass motion) in a classical standing field, then the Qg it would experience is
eri = Qmax Sin(kr)y (817)

where k is the wavevector for the classical field and r is the position of center of mass of the atom.
We assume that the placement of the atom in the field is not biased in any way. That is, in one
wavelength (A) of the field the atom position distribution is given by Py(r) = 1/A. Using Eq. (8.17),

Py(r) can be transformed into a probability distribution in 4,; space,

1

/02 _ 02
0 Qmax eri

This is the prior distribution for 4., that will be used in the rest of this paper, with Q. = 107.

Po(Qari) = (8.18)

Along with this prior distribution the initial condition that we will use for our simulations, unless
otherwise stated, is the steady state of the general master equation, Eq. (7.63), average over all

possible Q,4e’s.
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Figure 8.1: The best estimate states when €2 is known (Solid line) and unknown
(dotted line) for Qe = 5y when direct detection is used. Time is measured in
units of y~!. The initial states are the steady state for the known case and the
average steady state for the unknown case.

8.2.1 Direct detection

The first measurement scheme investigated was direct detection (see section 7.2). Here the system

measurement operators are

Vdtv 6, (8.19)

MI:l/dt(t + dt7 t)sys

~ Q ri A At A
My_o(t +dt, t)ys = 1-— (z o+ %a*o) dt. (8.20)
Using these measurement operators and Eq. (8.1), a SME for direct detection can be written as
5 ~ 82 ri A At A
dpra(t) = r(I,t + dt)dtG[y/ dty 6]pra(t) — dtH[i ; o+ %Gfo}pl,a(t% (8.21)

where G and ‘H are the nonlinear superoperators defined for arbitrary L and p by

s LpLt
L = —— - 8.22
Glilp = it (822)
H[Llp = Lp+pLt —Te[Lp+ pLt]p (8.23)

and r(I,t 4 dt) = dN(t)/dt. dN(t) is defined by Egs. (7.56) and (7.57).
To consider the case when q,; is unknown, a linear SME had to be developed. Using the direct

detection measurement operators and Eq. (8.6), with Ar(I) defined by
Ar(1/dt) = edt =1 — Ar(0), (8.24)
where € is an arbitrary parameter, the linear SME is

dpra(t) = r(I,t+ dt)dtG[\/dty 8lpua(t) — diH]i

Jo10(?)- (8.25)
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Figure 8.2: A plot of a typical P(Qqri[I,+)) when Qgue = 5y for the direct
detection scheme. €)4,; is measured in units of v and time is measured in units
of v~

The G and H linear superoperators are defined as

P f,ﬁﬁ B
glLlp = ———» (8.26)
H[Lp = Lp+pLt (8.27)

To obtain the general master equation from Eq. (8.25), E[dN(t)] = Ar(1) has to be used, for
numerical speed [Ar(1/dt) close to the actual distribution] it is best to use

2

edt = Trlpes MI_ 0 (t + dt £)ya Mi—y an(t + dt, £)sys] = méi?%dt' (8.28)
To determine the parameters of interest to us, namely py(t) and P(QayilIf, ¢)), Eq. (8.25) is numeri-
cally simulated for all possible Qq,; in Po(Qqri) with (I, t+dt) specified by I, ;). This record would
ideally be obtained experimentally but for the purpose of this paper it is calculated by numerically
evaluating Eq. (8.21) for a known Qq,i, which we will refer to as Qirye. This Ijy, 4) is then used in
Eq. (8.25) to generate Tr[pr q,,] for all the Qq,i’s between —Qpax and Qyax. Then with Eq. (8.15)
and Eq. (8.9) one can obtain both py(t) and P(Qari|Ifs.+))-

For a I, ;) based on Qe = 57 the best estimate state and the posterior distribution were
calculated and are shown in figure 8.1 and 8.2 respectively. It is observed that, in contrast to the
known Qq,; case, the best estimate of y(¢) is identically zero. This is because positive and negative
Qqyi are initially equally likely, so that yss in Eq. (7.74) averages to zero. Moreover, the sign of Qqy;
is not determinable by this measurement scheme, because the rate of detections depends only on
z(t), which is independent of the sign of Qg;.

Another difference apparent with the unknown Qg,; case is that z(t) oscillates with a different
frequency to the known Qq,; case, in this case a faster frequency [since Py(€2) is peaked at the end

points |Q| = Qyax = 10]. However as time increases its frequency tends to that of the known case.
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This is due to the fact that for direct detection the rate of detections is dependent on the magnitude
of Q4,4, so as time goes on one would expect to gain more information about the magnitude of Qg,;.

These interpretations of the conditioned dynamics are confirmed in figure 8.2. With increasing
time, the posterior distribution localizes at £.,.. The mean is always zero and thus is not an
unbiased estimator of Q4. The reason that the magnitude is determinable and the sign is not,
can be formulated as follows. In the Bloch representation of Eq. (8.25), with the transformation
y — —y, Qari — —Q4qri the equations stay invariant. Since this transformation changes the direction
of rotation around the z-axis, I will call it the rotation transformation.

With an indeterminable direction of rotation and this measurement scheme, it can be seen that
the best estimate state will never become more pure than a state that is a mixture of two states
that rotate is opposite directions around the z = 0 great circle of the Bloch sphere. Thus the best
estimate state oscillates up and down the z-axis of the Bloch sphere.

We turn now to quantifying the measurement scheme’s ability to gain knowledge, by numerically
determining the ensemble average purity, V(¢) and B(t). These ensemble averages were calculated
for Qrue’s weighted on the prior distribution, Eq. (8.18). These numerical simulations are depicted
in figure 8.3 for two initial states; one is the steady state (solid line) and the other is the ground
state (dotted line). It is observed that in both cases the average purity of the state never attains
one, with the purity in the second case initially decreasing from one. The long time purity (~ 0.75)
is due to the best estimate being a mixture of two states as explained above. This figure can be
obtained analytically, if we make the follow two assumptions. The first is that Q¢ue > . This is
valid as Pp(Q2) from which Qe is drawn is peaked at +Qax, and in our calculations Qpax > 7.
The second assumption is that in the long time limit the posterior distribution localizes on £y,
which is what is seen in figure 8.2. With these two assumption the long-time best estimate state in

Bloch representation will be
x(t)=0, yt)=0, 2(t) = —cosQruc(t — tlast), (8.29)

where t1,4¢ is the time of the last jump, which is typically more than one Rabi cycle before t. With
this state the average purity (for the long time limit) can be estimated as
Q /2“/Q 1+ 2(s)? 3

0

=5 ds = - (8.30)

p(t) 5 1

From figure 8.3, it is also observed that the simulated ensemble average variance V' (t) is approxi-
mately constant for all time. In fact, given that no information about the sign of {2 is determinable,
and that the initial distribution Py(q4,i) is symmetric, it is easy to prove that V() is exactly
constant.

For the third parameter B(t), it is observed that, on average, direct detection yields information
about Qg4,; as time increases, for both initial states. It is observed that the initial slope of B(t) is
zero for the ground state, while it is non-zero for the initial steady state case. The initial flatness
in the first case is due to the fact that if the system starts in the ground, the rate of detections
(proportional to the excited state component) scales as (Qruet)?, and with out any detections it
would not be possible to gain any information. By contrast, for the steady state case there will
be some excited state fraction (depending on Qg4,i) and thus a finite detection rate even at t = 0.
Figure 8.3 also show that, after the initial flatness, the B(t) in the first case rapidly overtakes that
in the second case. This jump in B(t) occurs at roughly ¢ = 1/Qmnax, which is when one would
expect a significant excited state fraction to have developed (Recall that Py(€4yi) is sharply peaked
at Q = +Qax)-
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Figure 8.3: The ensemble average (n = 1000) of the purity, variance and infor-
mation gain when direct detection is used, for two initial states, the steady state
(solid) and ground state (dotted). Time is measured in units of y~*.

8.2.2 Adaptive detection

The second measurement scheme investigated was the adaptive scheme of Wiseman and Toombes
[138] (see section 7.5).

For this detection scheme the measurement operators are

MI:l/dt<t0 + dt, tO)sys = VvV dt’}/ (a- + /’L)a (831)
Q ri 2
Mizo(to+dt,to)sys = 1= (i—g26u + %&Ta— + 6 + %)dt. (8.32)

These measurement operators result in a SME of the form

5 ~ ri A At oA
de,eri (t) = T(I> L+ dt)dtg[ V dit~y (6— + :U’)]pI,eri (t) - dtH[Z ; Oz + %UTU
2
+1y6 + %]pmdﬁ (t), (8.33)

where r(I,t 4+ dt) = dN(t)/dt with dN(t) satisfying Eqs. (7.114) and (7.114). Using the same
ostensible distribution Ar(I) as in direct detection, the linear SME is

dprog(t) = r(Lt+d)diG[V/diy (6 + mlpray, (1) — dH[i= 00 + 5676 + pyo
2
€
J'_’W; - E]ﬁlaﬂdri (t)a (834)

Figure 8.4 shows the best estimate state for a known (solid) and unknown q4,; (dotted), with
Qtrue = 5. It is observed that with the known Qq,; case after the initial transients, the state jumps
between the two fixed states given by Eq. (7.116). For the unknown q,; case the y component
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Figure 8.4: The best estimate states when adaptive detection is used. Details

are as in Figure 8.1

P(eri“[O,t))

Figure 8.5: A plot of P(QI},)) for the adaptive scheme. Details are as in
Figure 8.2.
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averages to zero, and the x and z components both appear to be slightly different to the known Qg
case.

Similarly to the direct detection case, a better understanding of this state can be obtained by
considering P(Qqyi|If,,+)). This is shown in Figure 8.5 and it can be seen that as time increases un-
der this adaptive measurement, the typical posterior probability distribution P(Qqri|Ij,.+)) scarcely
changes from Py(Qqyi). This is not unexpected, as for this detection scheme it can be shown that
at steady state the jumps are Poissonian, with rate v/4 (this was also used as € in the ostensible
distribution). That is, the jumps are independent of Q4,; and hence yield no information about it.
Since P(Q|Ip, ) ~ Po(2), we can use this approximation to obtain analytically an indication of
the best estimate state by solving Eq. (8.14). For this detection scheme this is simply the mean of
Eq. (7.116) under the distribution Py(2). This gives

2

v —y
r=F1- —Ft ), y=0, 2=—T 8.35
F 202 .+ 72) Y V202 + 2 (8:35)

Comparing this with the numerical simulation it is observed that they agree very well.

To quantify this detection scheme, the ensemble average of the variance, purity and B were
numerically calculated and are shown in Figure 8.6. The purity rapidly becomes, and remains,
relatively high. This is because the best estimate state of Eq. (8.35) is the same no matter what
Qtrue 18 chosen. For Q. = 10+ the numerical value of the stationary purity is 0.934 and by using

Eq. (8.35) an analytical value of the purity can be obtained,

2
p=1+—" - i (8.36)

72 + 2 Qmax2 V ")/2 + 2 Qmaxz '

For Q.x = 107 this gives a value of 0.934, which is equal to the numerical value.

Since this state has a high purity one might expect that the unknown parameter must also be
well defined. However this is not true as already discussed. This lack of knowledge about {24, is seen
in Figure 8.6. Like direct detection, the sign of Q4,; cannot be determined so the average variance
remains precisely constant. However unlike direct detection, the information gain is bounded, with
a maximum A/ of less than 0.06 bits.

An interesting point to note is this scheme would be well suited to estimating « (if there were
some uncertainty in that parameter) even if Qq,; was also uncertain. That is because the detection
rate is proportional to v, almost independent of Q4,;. Of course this would require the local oscillator

amplitude to be adjusted from an initial guess according to the best estimate of ~.

8.2.3 Homodyne x detection

The next detection scheme I am going to consider is Homodyne z detection. As illustrated in section
7.4 this detection scheme results in a diffusive SSE, with the current record Iy, ;) containing a string
of continuous currents (I, ¢+ dt) every dt interval. Since I is a continuous variable we can define a

measurement operator, M 7(t + dt, t)sys, a continuous function of I, to represent this measurement

scheme,
~ Qari . A o
My (t+ dt, ey = /T[1 — (z%ax n %afa — /A Ge ) dt). (8.37)
Here ¢ is the phase of the local oscillator and
1 1
Yidl = ———e 2%, (8.38)

27 /dt
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Figure 8.6: The ensemble average (n = 1000) of the purity, variance and infor-
mation gain when the adaptive detection technique was used. Note for B(t) the
scale has been change when compared to figure 8.3

is a Gaussian probability measure.
With this continuous measurement operator the SME in It6 form is
Z.eri ~ - a1
de;eri(t) = = 9 [0-1’ PL, Q4 (t)]dt + DpLeri (t) + WH[Ue ¢]pI7eri (t) (T(Ia t+ dt)dt

_ﬁ Tr [&6_i¢p1,ﬂdri (t) + PL,Quu (t)a—Teid)] dt)v (839)

where r(I,t + dt) is the current element for the interval dt and is equal to
(Lt +dt) = A Trloe™ " pray,,, (t) + pra,, (Dot + £(), (8.40)

where £(t) represents Gaussian white noise.

For the linear SME we take the ostensible probability for the current to be equal to that which
would arise from the LO alone. This results in Ar([I]) = YrdI so that r(I,t + dt) is ostensibly a
GRV with mean zero and variance dt !, like £(¢). The linear SME in Ito form is

Z‘eri

dpr,o,.:(t) = 5 (64, PLOu: (D)]dE + Dpra(t) + 7 HlGe ] pra(t)Idt. (8.41)

It can be seen that both the linear SME and the SME reduce to Eq. (4.49) when the ensemble
average is taken. Similarly to the previous schemes, to determine an unknown Qqyi, I, +) is generated
by the SME for a preset Qqyi, Qtrue, which may then be “forgotten”. The linear SME is then used
to generate both pr(t) and P(QI}, 4)) for the predetermined record Ip, ).

For homodyne z quadrature measurement, the ¢ of the LO is set to zero (as z = (o +o')).
With this phase and Qt.4e = 57, the best estimate state for a known and unknown €q,; are shown
in Figure 8.7. It is observed that for the known €4,; case, the state seems to localize itself relatively

fast into pure states that have a large x contribution, and small oscillations in the y and z directions.
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Figure 8.7: The best estimate states for the homodyne x scheme. Details are as
in Figure 8.1.

By contrast, when €4, is unknown, the best estimate state still contains a large x contribution, but
the y is strictly zero and the amplitude of the z oscillations is reduced. As in the previous cases,
this zero y component can be understood by considering P(€aq.i|Ift,,¢)), shown in Figure 8.8. Tt is
seen that, like direct detection, this measurement scheme has an even posterior distribution that
localizes at +;ue. This is again due to the stochastic Bloch equations being invariant under the
previously considered rotational transformation. However, the rate at which this localization occurs
is much slower than under direct detection.

The slower rate of information gain is confirmed with the calculation of the ensemble average of
B(t), shown in Figure 8.9. It is seen that within 50! units of time, B(t = 50y~!) for homodyne
x is about half that of direct detection. Physically this comes about because, for the system we are
investigating, the underlying dynamics cause the states to rotate around the z-axis with frequency
Qtrue- The measurement scheme tends to produce states oriented mainly in the +z directions. This

can be understood from the measurement effect F 7, which, using Eq. (2.2.2), can be shown to be

. 1
Fy(t+ db, t)eved] = ———
i Joy \/2m/dt

This effect is a Gaussian with a mean equal to the &, quadrature operator and variance dt~!. Thus,

1 N
emz(U=0a) digr (8.42)

it is an unsharp measurement of &,. Thus, for a measurement scheme that makes the conditioned
state mainly oriented in the 4z directions, one would expect that this state would be less affected
by an unknown (4,; than a state on the x = 0 plane as produced by direct detection. Thus less
information about Qq4;; comes out of the measurement record. In Figure 8.8 it is observed that the
ensemble average of the purity of this state increases quickly to about 0.75, then increases only slowly
afterwards. This quick increase is also a result of the state becoming predominately £ oriented.

(similarly to the adaptive detection scheme) and the slow increase is due to the slow increase in
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Figure 8.8: A plot of P(QIf, )) for the homodyne = scheme. Details are as in
Figure 8.2.

the knowledge of Qg,i (similarly to direct detection). As with direct detection, the system state
will never become fully pure. This is due to the double peaks in P(eri|I[t0,t)), which insures the y

component of the state always averages to zero.

8.2.4 Homodyne y detection

Setting the ¢ of the local oscillator to /2 allows measurement of the y quadrature (as y =
(—i6 +i61)). The best estimate states for the known and unknown g,; are shown in Figure 8.10,
for Qrue = 5. It is seen that when g, is known (solid) this measurement scheme makes the state
coarsely rotate around the Bloch sphere with a purity of one. When Qg,; is unknown (dotted line),
Figure 8.10 shows that, unlike the previous schemes, the y component does not average to zero.
As time increases the oscillations in the y and z components for the unknown Qg,; case gradually
converge to those for the known {24,; case. This suggests that this scheme can determine €2t,,,. This
is confirmed by the calculation of P(Qqi|Ij,,+)) shown in Figure 8.11. The ability of this scheme
to distinguish the sign of 24, can be physically understood by considering the Bloch representa-
tion of Eq. (8.41) for ¢ = w/2. These stochastic equations are not invariant under the rotation
transformation.

To understand how this scheme reduces the uncertainty in 4., consider the effect for this

measurement scheme
- 1

Fr(t + dt, t)syed] = ——
[( )sys \/m

That is, Fy (t+dt, t)sys is an unsharp measurement of y. Now y is a variable that is directly affected

1 N
e 2= dtgr (8.43)

by Q4rue, and indeed the sign of y reverses if the sign of {24,; reverses. Even though in each interval dt,
y is measured unsharply, over time this detection scheme will result in a narrowing of our knowledge
of Q4;1, until infinite time where it would be fully known. This is further confirmed by the calculation
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Figure 8.11: A plot of P(Qayi|I}, +)) for homodyne y measurement. Details are
as in Figure 8.2.

of the ensemble averages of the three parameters, purity, V' (¢) and B(¢) (Figure 8.12). It is observed
that the purity of this state increases up to one, the V in Q reduces substantially in the 50y~! units

of time and B(t) increases to a value larger than that for all other schemes.

8.2.5 Heterodyne detection

The last detection scheme considered uses the heterodyne technique (see section 7.3). In this detec-
tion scheme, as in homodyne detection, I, ;) will comprises of a string of continuous numbers I,

but they will be complex. The continuous set of measurement operators are

9 Q ri A At oA ~
NI (t+ dt )y = VL1 [1 = (5250 + %UTJ — /A 6I7)dt, (8.44)
where p
t
Y,d2T = ZelTPdtg2y, (8.45)
e

Using the above measurement operators, the heterodyne SME in It6 form is

19 rifa A
dpLeri (t) = - 2d [UI’ P1,Qaqu; (t)]dt + DpI,eri (t)
VA (591,04 (1) = (8) 191,00 (1)) (r(I7, 8 + dt)dt — /7 (6T)sdt)

/7 (PL0u: (06T = (6 epr0,,: (1) (r(1 t + dt)dt — /7 (6)edt),  (8.46)

where 7(I,t + dt) is the current elements for the interval dt and is equal to
r(Lt+dt) = [y (o) +£()], (8.47)

where £(t) is complex Gaussian white noise.
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Figure 8.12: The ensemble average (n = 500) of the purity, variance and infor-
mation gain when homodyne detection of the y quadrature was used.

For the linear SME we again assume that the ostensible probability is that due just to the LO,
which results in a heterodyne current (I, ¢+ dt) with the same statistics as £(t). With this complex
current the ostensible probability Ar([I]) is equal to T d?I. This gives a linear SME in It6 form of

iQari .~ A . .
dprag(t) = ——5" (0w prog (D]dt + Dpray, (1) + 3 6pra,, ("t + di)dt

V7 PLaa, (t)oTr (I, + dt)dt. (8.48)

Using Q¢ye = 57, the best estimate state for known and unknown 2 are shown in Figure 8.13.
It is observed that for a known 4,;, the state contains attributes of both the homodyne x and y
measurement schemes. By this we mean that the state tends to have a distinct © components, whilst
keeping the coarse rotations of the homodyne y scheme. This is not unexpected as heterodyne is
equivalent to simultaneous homodyne x and y measurements, each of 50% efficiency. In the unknown
Qayi case it is observed that the y component does not average to zero, suggesting that P(Qari|I[z,.¢))
localizes to Q¢rue, which is confirmed by figure 8.14. However, the rate at which P(eri\I[to,t))
converges t0 §(Qdri — Qrue) is much slower than that of the homodyne y measurement. This is also
illustrated in figure 8.15 as the ensemble average B(t) is not as high. Figure 8.15 also shows the
ensemble average of the purity and from this figure it is seen that it contains similar properties of
both the homodyne x and y schemes. In particular, it has an initial sharp increase, which is due the
state obtaining a large  component (similar to the homodyne z scheme) and as time goes on the
purity increases to one due to the localization of P(Qqyi[If, +)) (similar to homodyne y).
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Figure 8.13: The best estimate states, when heterodyne is used. Details are as
in figure 8.1.
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Figure 8.14: A plot of P(QI};, 1)) for heterodyne detection. Details are the same
as figure 8.2.
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Figure 8.15: The ensemble average (n = 250) of the purity, variance and infor-

mation gain for heterodyne detection. Time is measured in units of vy~ 1.

8.3 Summary of chapter

The results of this chapter demonstrate that quantum parameter and state estimation for a contin-
uously monitored open system is greatly affected by the measuring scheme. It was observed that
as the measurement time increased, some detection schemes had the ability of both reducing our
uncertainty in the unknown dynamical parameter, and producing a conditioned state of high purity,
whereas other schemes could only do one of these, or none (depending on how the uncertainty in
the unknown parameter is quantified). I would like to re-emphasize that all of the measurement
schemes arise from the same coupling of the system to the environment; all that is different is how
the environment is measured.

The system which I considered was a two-level atom with Hamiltonian Q4,i6,/2, with sponta-
neous decay rate . The unknown dynamical parameter is 24,4, the Rabi frequency. I began with
the atom in its stationary mixed state (depending on g4,i) and the prior distribution of Q4,; was
that appropriate to an atom at a random point in a standing wave with a maximum Rabi frequency
Qmax = 107y. T analyzed five different measurement schemes, direct detection, a particular adaptive
scheme [138], homodyne detection of the z quadrature, homodyne of the y, and heterodyne. The
results of the chapter can be summarized using four different measures of the effectiveness of the
measurement. The first two relate to the knowledge obtained about Q4,;. One is B;, the long-time
(t >> ~v71) increase in the average information about the parameter Qg4,;. The other is Vj, the
long-time average variance in 4,. The next two relate to the knowledge obtained about the sys-
tem. One is p;, the long-time purity. This measures how much is known about the system, given
the long-time knowledge about the unknown parameter Qg4,;. The other is ps, the short-time (t =
a few y~1) purity. This time is long enough that, if Q4,; were known, the system would have been
more-or-less completely purified, but short enough that the actual amount of information obtained
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about Q4,; is small. That is, it measures how well the measurement can purify the state despite the
large initial uncertainty in the dynamics.

The results of this work is summarized in the table below, using the four measures of effectiveness
for the five different detection schemes. Rather than quote figures for these four measures, I use a
rating system (% to xxxx), the details of which are explained in the caption. This allows the results

to be taken in at a glance.

Detection Schemes
Measure | Direct | Adaptive | Homodyne x | Homodyne y | Heterodyne
B Kok * *k F*okkk F*okk
Vi * * * Fokkx Fokk
JJi * ok * Hokkok Jokk
Ds * Fokokk Forok * *ok

Table 8.1: Ratings for the five different detection schemes, for four different
measures. Four xs is the best rating and one x the worst. For Bj, any rating
above % indicates that the information about Qg4,; continues to increase with time,
with the lower cut-offs for xx*x and xxxx being B; = 2.5 and 5 bits respectively at
t = 50y~ !. For V}, any rating above  indicates a variance in  that decreases,
with the lower cut-offs for xxx and %% being V; = 10y? and 2 respectively
at t = 50y~!. For p;, a rating above *x indicates a purity that continues to
increase with time. For schemes where the purity saturates, the lower cut-off
for xx is p; = 0.9. For schemes where the purity continues to increase, the lower
cut-off for #xxx is p; = 0.95 at t = 50y~ . Finally, for p,, the lower cut-offs for
%%, Hkk, and xkkk are, respectively, ps = 0.65,0.75,0.85 at t = 3y~ . In all cases
Qmax = 107.

From the table it is observed that homodyne y (Sec. 8.2.4) was the best detection scheme by all
measures except for the short-time purification, for which it was the worst. Both of these aspects
are explained by the fact that this scheme measures o, the dynamics of which depend strongly on
Qqri- Hence the measurement record contains a lot of information about g4, including its sign
(because rotations over the top of the Bloch sphere are different from rotations under the bottom).
This also enables the purity to approach unity as time increases. However, for short times, when
little information about 24, has been obtained, a y measurement is actually very poor for purifying
the state. That is because the measurement tends to produce states with well-defined values of y,
and these are states that are very sensitive to the rotation around the z-axis at rate {24,;. For a
poorly known 4,i, this tends to make the system state more mixed, so that the purity grows only
as the information about €g,; increases.

After homodyne y detection, the method that provided most information about 24,5 was direct
detection (Sec. 7.2). Under direct detection, the count rate is proportional to o, + 1, and (like
oy), the dynamics of o, depend strongly upon Q4,;, due to the Rabi rotations around the z-axis.
However, in terms of o,, rotations around the +z-axis from the ground state are indistinguishable
from rotations around the —zx-axis. Hence the measurement cannot distinguish the sign of {24,; and
there is no change in the ensemble averaged variance as time increases. As a consequence, the purity
saturates at a low value. The short time purification is poor also, for a similar reason to that for

homodyne y detection.
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The adaptive detection is almost complementary in its qualities to homodyne y detection. As
explained in Sec. 8.2.2, it yields almost no information about §24,;, because the rate of detections in
steady state is independent of €q4;;. In particular, it yields no information about the sign of 4., so
the variance is constant. As a consequence, the purity does not approach unity. Nevertheless, it does
approach a quite high value, of over 1 — ’y/(\/i Qmax), which is 0.93 for Q,,x = 107. This is because
the conditioned states are, for large Q4,i, asymptotically independent of Qq,;, as they approach &,
eigenstates. This explains why the adaptive scheme gives the best results for short-time purification:
the conditioned states are almost unaffected by the uncertainty in 4,;.

Homodyne z detection (Sec. 8.2.3) is in many ways similar to the adaptive scheme, and this is
readily understandable since it would be expected to produce conditioned states tending towards &,
eigenstates. Like adaptive (and direct) detection, the sign of 4,; is indeterminable so the variance
is constant. Hence the final purity does not approach unity. Although its asymptotic value is not as
high as that for adaptive detection, it is higher than that for direct detection. This is as expected,
since the conditioned states, being imperfectly localized towards the z-eigenstates, are still affected
by Q4. This also explains why the initial purification is not quite as good as for adaptive detection,
and why information continues to be gained (albeit slowly) as time increases.

The final scheme, heterodyne detection (Sec. 8.2.5), is most easily understood by viewing it as
an equal mixture of homodyne x and homodyne y detection, which is in fact a completely rigorous
viewpoint. All of the ratings for heterodyne detection are intermediate between those for the two
homodyne schemes.

In conclusion, I have shown that gaining knowledge about an unknown dynamical parameter by
monitoring the system is a quite different phenomenon from gaining knowledge about the system
itself. We have also distinguished different sorts of knowledge acquisition with distinct characteris-
tics: for the unknown parameter, information gain (in bits) versus reducing the variance; and for
the system, short-time purity gain versus long-time purity gain. The ability to acquire knowledge in
these various ways is extremely sensitive to the choice of monitoring scheme (which does not affect
the average evolution of the system). For the system we investigated, explaining the particulars of
this sensitivity depends upon a detailed understanding of the conditional dynamics of the system.
The discoveries of this work may have important implications for the suitability of different quantum

feedback-control techniques [49, 133] in experimental systems with unknown dynamical parameters.



Chapter 9

Non-Markovian SSEs

In this chapter I will present non-Markovian stochastic Schrodinger equations. In particular I will
consider only diffusive non-Markovian SSE. I will present three different unravelings; these are the
coherent-state, quadrature and position-state unraveling. I will also discuss their interpretation
under both the orthodox and modal interpretation of quantum mechanics. I will show that only
under the modal theory non-Markovian SSE can be given a physical interpretation. That is, in
the non-Markovian limit SSEs are not quantum trajectories. I will apply the theory to two simple

systems: a TLA coupled linearly to a single and two mode bath respectively.

9.1 Non-Markovian SSE under the orthodox interpretation

9.1.1 General derivation

In the non-Markovian regime, because the master equation, in general, can not be evaluated (namely
K(t,#')) non-Markovian SSEs as seen in section 6.4 provide a method for determining the reduced
state, which always insures the positivity requirements of preq(t). Here, however, I asked the question
do non-Markovian stochastic unravelings and their family of SSEs have a physical interpretation
under the orthodox view of quantum mechanics. I will investigate this question by deriving the
Diési, Gisin, and Strunz (coherent-state) non-Markovian SSE [46, 47, 48, 116, 117], and two new
unravelings: the quadrature [59] and position-state [61] non-Markovian SSEs. That is I will derive
these three unraveling using quantum measurement theory (QMT) [91]. In sections 2.2.1 and 2.2.2
we observed that when a rank one measurement is performed on the bath the system is projected
into a pure state, the conditional system state. To derive non-Markovian SSEs we assume that the

measurement is described by the observable

2) = (Z:0) = { ({26}, Frooy (1) = a0} © 1us) ) (9.1)

which outputs a string of bath results {z;}. However upon measurement we can couple all the

results together by defining a noise function

2(tt) = f({r(Zk(t), D)}, 1), (9-2)

where {r(Zj(t),t)} corresponds to the results of the measurement of the observables {Z;(¢)} at time

t (measurement time). The two time notation will become clearer when we consider how to derive

118
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stochastic Schrédinger equations. With this noise function we can associate a noise operator

2(t) = F({Ze(0)) 1), (9-3)

such that {|{zx(t)})} corresponds to an eigenstate of the noise operator with an eigenvalue equal to
the noise function.

With this general bath measurement we can define the conditional system state as (see section
2.2.2, namely Eq. (2.99))

_ {= @Y @) 0.4
|"/}{zk}(t)> N P({Zk},t)7 ( )
where
P({z},1) = (¥()| Fiopy ()]0 (2)). (9.5)
This conditional system state has the property that
Pred(t) = /P({Zk}»t)\w{zk}(t)><w{2k}(t)ld{2k}- (9.6)

Here the set {z;} is really just configuration coordinates. If we now let this set be the set of random
variables {r(Zy(t),t)} chosen from the distribution P({zy},t) then we can rewrite the reduced state
as

pred(t) = EllY iz, 6,01 O) W gr( 20,0y D]]; (9.7)

where E denotes an ensemble average over the probability density P({zx},t). This is the requirement
outlined in Sec. 6.4 for a solution to a SSE. This suggests that the time derivative of [{ ¢z, (#).4)}(t))
will be a non-Markovian SSE. To calculate this we need to be able to generate a self consistent

differential equation for |t ¢z, (¢),+)}(t)). To do this we use the fact that an infinitesimal change in

92,3 (1)) is given by
0 o9
Ay (8) = Gelvea (O)de+ 3 ar [Py (), (9.8)
k

which evaluated along the path {z;, = r(Z(t),t)} gives

d 0 0
E‘w{r(Zk(t),t)}(t» = EW{r(zk(t),t)}(t» + Zk:dtT(Zk(t%t)m|¢{r(zk(t)¢)}(t)>~ (9.9)

k
This is complicated as it is highly non-linear and non-Markovian. To simplify this procedure we
introduce linear quantum measurement theory (see section 2.2.3).

Linear QMT uses the same principles as QMT except we use an ostensible distribution (density),

A({#x}), in place of the actual distribution. Using this distribution the linear conditional state is

Har}Y()
VN A({z})

The bar above this linear state signifies that the state is not normalized to one. As before the

(23 (1) = (9.10)

reduced state can be written as

prealt) = / AN B oy (D) (Bgony (D21} (9.11)

Thus pred(t) = Elr(z, )3 (6)) (Vir(zu))3 (t)]] where the bar over E and {r(Zi(t),t)} denotes
that the random variable is chosen from the ostensible distribution A({zx}). Because A({zx}) is
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time independent {r(Z(t),t)} = {F(Zx(t))} for all t. We also assume that the observable is time
independent (this implies Zj(t) = Zj and |[{zx(¢)}) = [{zx(¢)})) then differentiating Eq. (9.10) with

respect to ¢ gives
a0 (0)) (9.12)
A({z})

where d;|¥(t)) is determined by the Schrodinger equation. In terms of the random variable this

o _
e ) =

implies
d - 0, -
EW’{;(Z@}(??» = E\iﬁ{f(zk)}(t))a (9.13)

as di7(Zy) = 0 for all k. This means provided we know the Hamiltonian for the universe (system

and bath) the linear SSE simply corresponds to writing the Schrédinger equation in the bath basis

[{z})-
To calculate the actual non-Markovian SSE we use the fact that
|z (1))
[y (1) = ———2 . (9.14)
VB O ®)

To show this simply rearrange and substitute Eq. (9.10) into Eq. (9.4). Thus with Eq. (9.14) the
infinitesimal change in [¢,}(t)) is

0
Ay ) = — 2

/s 7 0
G @) ot Ve O+ 19 () 1

———0dt
Ot [thz,1(1)]

1 g - - 0 1
+ ; (m@%pﬁ(ﬂ)m + |¢{zk}(t)>37kmdzk)7 (9.15)
where
[Py (O] = ) ey DDy (1)) - (9.16)

Here I have assumed zj is real; for complex variables we will have two more terms to evaluate.

Moving on, we can evaluate the above along the path {zx = r(Zg,t)} to get

1 9 i 5 1
d s . t = - @ , ‘ t + ) t o1
V(2,03 (1)) TN atW{ 2o,y (D) + V2003 ( )>3t E—rT
1 ) _
) ’l/} r t)hYdyr(Zy, t
z;; <|¢{r(zk,t)}(t)| ar(Zk,t)‘ (r(Zi.t)} (1)) e (Z, 1)
e O3z L dir( 1) (9.17)
{r(Zi,t)} (97’(Zk7t) |w{r(Zk,t)}(t)| t ks . )

If this can be evaluated in terms of only one |, (z, 1)} (t)) (no derivatives) then and only then we
have generated a non-Markovian SSE for the unraveling into bath state |{zx}). (Time dependent
bath states, while mathematical more complex, should also be possible.) To determine this SSE
we have assumed that we can generate the path {r(Zg,t)} (or equivalently P({zx},t)). To do this

without calculating |¥(¢)) we need to invoke the Girsanov transformation

P({zi},t) = (a0 Oz () A{21}). (9.18)

Differentiating this with respect to time and using Eq. (9.12), in some circumstances allows us to
generate a FPE (without diffusion) for the probability density. Presently this has only been shown
for the coherent-state, quadrature and position-state unraveling. Once we have this FPE we can
easily obtain a set of differential equations for the random variables {r(Zy,t)}. Thereby providing
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the terms needed to evaluate Eq. (9.17) (this in itself does not imply that Eq. (9.17) is a SSE but is

an initial requirement).

Provided the derivatives with respect to r(Z,t) in Eq. (9.17) can be replaced by an operator
acting on [t)(,(z, +)}(t)) we have a non-Markovian SSE, the solution being [t)(,(z, +)}(t)). This state
in the orthodox interpretation represents the conditioned system state (Eq. (9.4)) conditioned on a
measurement of the bath at time ¢ which yielded results {r(Zg,t) = zr}. Thus the non-Markovian
SSE is just a numerical tool for generating what the system state at time ¢ would be if we decided
to measure the bath at that time and we observed the results {z;} (or the noise function z(t,t)).
The linking of the states at different times to make a quantum trajectory is a fiction. By this I
mean the solutions [¢r.(z, 1)1(t)) and [¢¢(z, )3 (t')) correspond to two different physical events.
Case one, the system and bath are left alone to interact for a time ¢ — ¢y then a measurement on
the bath is made at time ¢, with results {r(Zx,t)} . The second case, the system and bath are left
alone to interact for a time ¢’ — ¢y then a measurement on the bath is made at time ¢’, with results

{r(Zg,t")}.

To actually make a quantum trajectory (continuous-in-time measurements on the bath) we would
simply let ¢ —to = dt, and find the system state [1),(z, +,+5¢)} (fo + 6t)) via the non-Markovian SSE.
This gives the state of the system after the first measurement which yielded results {r(Zx,to)} or
noise function z(tp,tp) (this is determined by the unraveling, but simply corresponds to a weight
sum of the k results {r(Zy,t9)}). This state would then be used as the initial condition for the next
interval, dt, and the same procedure employed for the first interval would be used to generate the
solution at time tg + 26t. We would then repeat this procedure until we have a trajectory for the
required time of simulation. Continuous-in-time measurements are achieved when we let §t — dt.
To keep track of the measurements we would have to define a current Iy ;) (as in chapter 7) which
would be a string of the noise functions z(tg, o), ..., 2(t — dt,t — dt). T would like to note that the
ensemble average of this trajectory would not be the master equation, Eq. (6.50). This is due to
the fact that in quantum mechanics a measurement disturbs the system, this disturbance is known
as back action. In a non-Markovian open quantum system the back action arising from the bath
measurement will be remembered the by the open quantum system. Thus the average dynamics
after this measurement to be different to case when there is no measurement. Note that in the
Markovian limit, the above type trajectories (quantum trajectories-see chapter 7) do average to the
same master equation as the Markovian limit of non-Markovian SSEs (Markovian SSEs). This is
because in the Markovian case the noise function in each interval dt is statistically independent (due
to the delta correlation function-white noise). Because of this statistical independence we can not
distinguish between the continuous noise function z(¢,t) for all ¢ and the discrete (every dt) current
Ijto.0) = {2(to, t0), ..., 2(t —dt,t —dt)} Thus if I had to make a choice I would say quantum trajectory
theory is not equivalent to SSEs. It is only in the Markovian limit that it is possible to make a
connection, which I feel is not strictly correct as no true system exhibits white noise; white noise is

only an idealization.



122 CHAPTER 9. NON-MARKOVIAN SSES

9.1.2 Coherent-state unraveling
The coherent noise function

The first unraveling we consider is that associated with the bath being projected into a multimode

coherent states (hence the name coherent unraveling), that is [{zx}) = [{ax}) where

“lasl? a"’“
{ar}) =[] e o /22\/7’;7,\%% (9.19)
k N :
Thus the observable for this measurement scheme is

z= {4} = { ({arh, Prany ) }- (9.20)

where
Fray 1) = — O {{ax()}] © Tuys, 0.21)

where x corresponds to the number of modes. For this unraveling I will define the noise operator as

2(s) =) grage Tt (9.22)
k

where €, = wy, — wsys. With this noise operator the noise function for a measurement at time ¢ will
be
2(t,8) =D grr(Ap, t)e (700, (9.23)
k
The second time s is introduced so that we can define correlation functions for the environment that
depend on the noise function (for a measurement at time t¢) at times s.

An important property of the bath is its correlation: how the noise function at time s is related
to that at time s’. This is determined by the correlation function. For a complex noise function
there are two important correlations, E[z(t,s)z*(t,s’)] and E[z(t,s)z(t,s’)]. This depends on the
set of random variables {r(Ag,t) = ax} associated with the probability density P({ay},t). In linear
QMT this probability density is given by the ostensible distribution, denoted A({ax}), which I chose
to be time-independent. It is convenient to choose A({ax}) to be equal to the actual probability
that would arise when the bath is always in the vacuum state (the initial probability distribution).
That is,

A({ar}) = 7" [({0x}{ar )P = 7~ "exp(= Y lan]?), (9-24)
k

where k = >, 1. The correlation for the noise functions under this assumption is,

Elz(t,s)z(t,s")] = 0, (9.26)
Ela(t. )2 (1)) = 3 angi EIF(AQR(AR Jle 0000t —a(a— o), (9.27)
k'
where
als—s') = Z |9k |? exp(—iQ (s — ")) (9.28)
k

is the memory function.
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The linear non-Markovian SSE for the coherent unraveling

In this section I will derive the linear non-Markovian SSEs, in particular the one associated with
the ostensible distribution outlined in Eq. (9.24). I will use many of the same techniques as Diési,
Gisin and Strunz [48]. To calculate the linear SSE we write the Schrédinger equation (Eq. (6.12))
in terms of the operators {a;} and {&2} Doing this we get

de|¥ (1)) = { - %ﬁint(t) +iZg;§&L expliQ (t —to)] — L ng&k GXP[*iQk(t*to)]}|‘I’(t)>~ (9.29)
K K

Then Eq. (9.12) for this unraveling gives
_ i N (i
8t|w{ak}(t)> = { _ ﬁHint(t) + Zgzazezﬂk(t tO)L}|w{ak}(t)> _ nge Qp (t—to)
k k

x LY ({ar}an W (1)) /A({ax}), (9-30)

as Hine(t) is a system-only operator and ({ay}| is the left-eigenstate of {&;} To satisfy the condition
for a linear SSE we must evaluate the last term in this equation in terms of [{(4,}(t)). To do this
we use [110],
N ag
HarHan 2 (®) = (5 +0u; ) {ar} () (9.31)
and
Oay ({ar}[ V(1))

Day [hgary (1)) = A{ar})

ap , +
+ % Py 1), (9.32)
With these two expressions we can write,

({ax}ax|¥(t))
A({ax})

This allows us to write equation (9.30) as

= aa;h;{ak}(t» (933)

7 i 7 * kg — 7 —i — n
Ot|¥fary (1)) = { - ﬁHint(t) +ngkak€ Qi (t—to) _ LTnge Qi (t tO)ﬁa;}W{ak}(t»- (9.34)
k k

Thus by Eq. (9.13) for the set of random variables {a; = 7(Ax)} the linear non-Markovian SSE for
this unraveling is

7 i T k(AR T - T —1 —
dd’([){;(Ak)}(t» = { - ﬁHint(t) + ngkr(Ak)e Qr(t—to) _ LT nge Qp (T tO)aF(A;;)}
k k

X[Pran (£)). (9.35)

This is what Didsi, Gisin and Strunz [48] call a linear SSE. However Wiseman and myself believe
that this is not really a SSE, as the final term implies that the evolution of the state [t{r(a,)}(t))
depends not only on itself, but upon neighbouring states with different values of {7(Ag)}. That
is, we cannot simply choose (stochastically) a set of random variables {7(Ax)} from the ostensible
distribution and then propagate forward the system state using that value [59]. However, we can
make progress towards an equation where we can do this by rewriting the partial derivative in terms

of a functional derivative with respect to the noise function (see for example [98]),

0 L5 02 (te)
or(AL1) /t 52 (1, 5) or(AL 1) (9.36)
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where t( is the initial time. This gives

Hine(t) + 2*(t, 1)1 — L /t alt - s)%ds}wz(t», (9.37)

SRS

dle.) = {-

where «(t — s) is defined in Eq. (9.28). By replacing the partial derivatives by the functional deriva-
tive we have enforced the initial condition [¥(to)) = [{O0x})[%(to)) (which is fine for the dynamics I
wish to consider). This is seen as follows; at t = ¢ the functional derivative term in the above equa-
tion will have zero contribution, from the definition (9.36). By comparison with the corresponding
term in Eq. (9.34), it follows that J,: Vap} (t))]i=t, = 0 for all k. From Eq. (9.10) this is only pos-
sible if the system and bath states initially (at time () factorize, and if A({ax}) = |({ax }H¢patn)|*-
From our choice (9.24) of ostensible probability, this enforces |¢batn) = [{0x}). This is physically

acceptable as we may assume that at time ¢y the system and bath are uncoupled, and the bath is
in the vacuum state.

Like Eq. (9.34), Eq. (9.37) is not really a SSE because the functional derivative means that it
depends not upon a state |1/, (t)) at all times for a single value of the function z(t,s), but rather
also upon states for other values of that function. That is, we cannot stochastically choose z(t, s)
in order to generate a trajectory independent of other trajectories. Instead, all possible trajectories
would have to be calculated in parallel. This means that the amount of calculation involved in solving
Eq. (9.37) would be comparable to that required for directly solving the Schrodinger equation (9.29).
However in some circumstance we can make the following ansatz [48],

)

m|¢_’z(t)> = éz(tvs)w_}z(t»a (938)

where ¢,(t, s) is some system operator which is a function of ¢, and s, and a functional of z(t, s).
With this ansatz the linear SSE becomes

GWp-(1) = [~ F () + 2 (0L — LTC.0)]16.(1), (9.39)

where .
Cat) = / alt — )6 (t, s)ds. (9.40)
to
This is now a true SSE, where each trajectory can be evolved independently. It is the same as the
linear SSE that Didsi, Gisin, and Strunz presented in Ref. [47, 48]. Note that it is non-Markovian
because the noise z*(t, s) is non-white and because the operator C.(t) may depend upon z*(t, s).
I would like to point out here that introducing the functional derivative is not necessary, the

above anzatz could have been made on the partial derivatives

, o - . _
—lﬂk(t—to) _
E gke ~|Vian =CLp|v:(1)). 9.41
- g 8ak| (@} {a;=r(A})} ohv=() (9:41)

The introduction of the functional derivative was made for two reasons, these being to illustrate the
equivalence of this work with current literature and it also allows us to take the Markovian limit
more easily (this will be seen later in this chapter).

The actual non-Markovian SSE for the coherent unraveling

In this section we will derive the non-Markovian SSEs for the actual probability distribution. Again,

we use many of the same techniques as Diési, Gisin, and Strunz [48].
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As discussed in section 9.1.1, to find an actual (i.e. nonlinear) SSE for the normalized state we
need to satisfy three conditions. The first was to derive a linear SSE, which we did in the preceding
section (by making use of an anstaz). The second condition is to find the set of random variables for
the actual measurement results. To work out these random variables, {r(ax,t)} we use the Girsanov
transform (2.103) to find a first-order partial differential equation (PDE) for the probability, from
which the characteristic equation generates the transformed variables.

To obtain the PDE we differentiate Eq. (9.18), with |[{zx}) = |{ax}) this gives

P({ar},t) = (Y(a) (0|0t (ay) (O)A({ar}) + c.c. (9-42)

By equation (9.34) the above becomes

P({ak}at) = {<’(Z}{ak}( >|L|'¢){ak} Zakg*eZQk(t fo) — Z<’J}{ak}(t>|iﬁaaz‘&{ak}(t»

k
xmﬁ%m@to+ce}<&m» (9.43)

Using the fact that [¢(,,(t)) is analytical in a} (so that Oq,[t(a,}(t)) = 0) [47], and the product

rule for differentiation, we can simplify the above to
P({ax}t) = =Y gre 0700, {(@{ak}(f)|ﬁ|1/7{ak}(t)>/\({ak})} +ce (9.44)
k

Defining o
<,(/){G.k}( )|LJr |w{ak} (t)>

<w{ak} (t) ‘&{ak} (t)>

(L)t = Wpany OLT (0, (1) = (9-45)

allows us to write
Plach ) = =3 e 0, @LHPHa 0} +ec. (9.46)

This is the PDE for the probability distribution.
At t = tp, we have from Eq. (9.18) that

P({ar},to) = (V{a,y (o) [P 10} (to)) A({ar })- (9.47)

As noted above, to obtain Eq. (9.37) we had to assume that the bath was initially in the vacuum
state, uncorrelated with the system. This enforces the equation of the initial probability distribution
to be the ostensible distribution
P({ar}, to) = A({ax}) = 7 "exp(= Y [ax|*). (9.48)
k

From this PDE we can find the characteristic equations

dyr(Af,t) = gre Sttt (L1, (9.49)
which integrates to give
t
P(AL 1) = r(Af to) + / e =10 (1Y g (9.50)
to

The random variable r(A},ty) corresponds to the probability distribution (9.48). With equation
(9.50) and our noise function definition, Eq. (9.23), we can write z(t, s) as

t
Z*(t, s) :Zr(Az,to)gZem’“(s’to)Jr/ o (s — ') (L dt'. (9.51)

k to
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The term a,’;(to)g,jemk(s’to) is the noise function one would obtain if the bath were assumed to be
in the vacuum state. This is our assumption for the ostensible distribution so we will label this term

2*(to, s) (or zx(t,s)). This allows us to write
t
2*(t,8) = 2*(to,s) + / o (s — ') (LYyat, (9.52)
to

where z*(to, s) obeys the correlations expressed in Egs. (9.25) — (9.27).
The third condition was to show that we can write Eq. (9.17) in terms of only |14, 01 (%))
Substituting Eq. (9.34) into Eq. (9.17) and evaluating for {ay = r(Ak,t)} gives (a mess)

dt|w{7“ Ap,t) (t)> =
{5 Hult) + ngr Af, D L1, ()

YAy (1) S gre S t=to) P B
T2 e a [ Viraz oy (t
2 {< { (Ak,t)}( )| |1/){r(,4k t)}( )‘ 87"(Ak,t)| { (Ak7t)}( )>

Yy O, o
WJ{T(A;mt)} (t)‘ aT(A]>27 t)

it Zk gke*iﬂk(t*to) o
|7]J{T(Ak t)}(t)| aT(AI:7 t)

X |'l/_){r(A;,t)}(t)> -

_ ZQZT(A27 t)eislk(t7t0)<ﬁ>t + c.c} + W{T(A;,t)}(t»
k

B Ve (@) Dop gke_iszk(t_t°)<iT>t

2 U (apy ()]
as 8ak|1/_1{ak}(t)> = 0. This can be simplified by using the fact that if a SSE has the form d;|¢) =
(A4 B/2 + B*/2)|¢)) then we can define a state |¢) = exp([(B — B*)dt/2)|¢)) (which is the same

state as 1)) that gives a equivalent SSE, of form dy|¢) = (A + B)|¢). Applying this to the above
gives

9 B
{<1/}{7“(Ak,t)}(t)|m|¢{T(Ak,t)}(t)> + C~C}, (9.53)

Z

dt|'(/}{r(Ak,t)}<t)> = { h mt +Zg* P zﬂk(t tO)(L <A>t)}|w{7”(z4k,t)}(t)>

R Z gke ZQk(t t(]) 8 _
—(LT = (L"),) inb{ PN t)Iw{MA;,t)}(f)HIl/J{r(Ak,t)}(t))

. . —iQk (t—t0) o _
s (Whgriar o (OILT = (L1 2 9ke as o () (9.54
(Wr(anny (I (L)) Bz ar(Az,t)W){ (az.03 (1)) (9.54)

This is not yet a SSE as it still contains |7/;{7-(Az,t)}(t)> terms, however if we can make the ansatz
described by Eq. (9.41), and use definition (9.23) we can write this as

delv=(0) = [ =3 Hine () +27 (4 ) L= (L)) = (T = (LN Co(t)+( (L= (EN)C.(0) | (), (9:55)
which is a genuine SSE. This means that an actual SSE (generating normalized states with their
actual probabilities) can only be found if we can make the ansatz describe in Eq. (9.41). Thus in the
non-Markovian limit linear SSEs are essential as they provide a method for evaluating the operators
C.(1).

This SSE is the same as that presented in Refs. [48, 117]. As shown here, its solution gives us
the state the system would be in if at time ¢ we performed a measurement in the coherent basis on
the bath, and the results are {r(Ag,t)}. We see that these results depend upon the system state at
earlier times (the non-Markovian nature). I have argued above that this linking of states at different
times is a convenient fiction, but we see here that it is mathematically necessary in order to generate

measurement results for a particular time with the actual probability.
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9.1.3 Quadrature unraveling
The quadrature noise function

The above unraveling corresponds to complex noise. In Ref. [59] Wiseman and myself showed that
as in the Markovian case, non-Markovian SSE can be generalized. Here I am going to present an
unraveling with real noise. This I call the quadrature unraveling. To obtain a SSE with real noise,

it is natural to consider a quadrature noise operator,
2(s) = ) grane (710710 L N " grgl eilsto) i), (9.56)
k k

where ¢ is some arbitrary phase, which determines the quadrature being measured. Unless otherwise
stated ¢ will be set to zero.

The basis for the bath measurement is [{qx}) and must satisfy

2(s){ar}) = 2(t, s){ar}), (9-57)

where z(t,s) is the noise function for the quadrature unraveling. The problem with this noise
function is that it is hard (maybe impossible) to work out a time-independent eigenstate |{qx})
in the interaction picture. However, we can find the eigenstate if we make the assumptions that
for every mode k there exists another mode, which we can label —k, such that Q_, = —Q; and
g—kr = gj,- These assumptions simply mean that the modes coupled to the system come in symmetric
pairs about the system frequency wgys. Without loss of generality we can take the gi’s to be real,
absorbing any phases in the definitions of the bath operators. With all of these assumptions we can

rewrite equation (9.56) as

s) = (gkdke’m’“(““) + gra_ et (570 g gl et (s—to) 4 gk&ikefmk(sft“g (9.58)
k
where the summation is only over half the modes (k > 0). This can be further simplified to
2(s) = > 20k{ X} cos[Q(s — to)] + Y} sin[Q(s — t0)]}. (9.59)
k>0

Here we have introduced the two-mode quadrature operators
XE = (@ta)/V2, (9.60)
ViE = (tia)/V2, (9.61)
where I and g5 are the quadratures of ay:
ax = (Tx +i9r) V2. (9.62)
These operators have the commutators

XY =i (XY =0, (9.63)

[XI:F?YIC_] =0, [le’ YI:—] =1 (964)

Since {X [} and {}Afkf} form two mutually commuting sets of commuting operators, and thus have
a common set of eigenstates. Since Z(s) is a linear combination of these operators, the eigenstates

of {X;F} and {V,"} are the |{gx}) we seck. Therefore we can write the two eigenvalue equations,

Vilaed) = Yo lah), (9.65)
Xilah) = X Ha))- (9.66)
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This suggest that we should write [{gx}) as [{X;", Y, }), but for brevity we will continue to write it
as [{qr}). The form of the state that satisfies these equations, in the yi-basis, for a particular k is

dy 1Y =Y (VAN gy
— Ay 9.67
|{Qk}> /_271' \/5 >—k‘ \/§ >ke ) ( )
while in the x,-basis it is
dxz’ X,jfx’ X,j' + ' —
_ Wy ® 9.68
|{qk}> /7271_ \/§ >7k‘ \/i >ke ( )

which forms an orthogonal set.
That is for this unraveling the measurement corresponds to projection into a EPR-like state,
with results {(X,,Y, )} (or {gx} for short). That is the observable is

2 =AY = { ({anh oy = Ha®D Hae®} @ 1 ) - (9.69)

and the noise function is

2(t,s) =D 200{r(X;5,1) cos[Qu(s — to)] + (Y}, ) sin[Q (s — to)]}- (9.70)
k>0
Since r(X;,t) and r(Y, ,t) are real, 2(t, s) is also.

We can define the correlation function for the noise functions as E[z(t, s)z(t, s')], and again this
depends on the probability distribution for the variables X 2‘ and Y, . It is again convenient to
choose the ostensible distribution to be that corresponding to the bath being in the vacuum state.
Explicitly we then have

_k 2 _2
A{ Xy, Yi}) = 7" exp[= Y (X + Y, (9.71)
k>0
With the usual ostensible distribution the correlation function is
Elz(t,s)z(t,s")] = 2 Z lgx|? cos(Q(s — ")) = B(s — &), (9.72)
k>0

while E[z(t,s)] = 0 as before. Note when these assumptions about the bath are applied to a(s — s')
we find that a(s — s') = B(s — &).
The linear non-Markovian SSE for the quadrature unraveling

To find the linear non-Markovian SSE we start by applying our assumptions to the Schrédinger equa-

tion for the combined state

P = {=Han(®) + 3 g0 [Dlake ™)t al om0 - 1
k>0
x (ape " (tt0) 4 a_kemw—fo))} }\\II(t)) (9.73)
Using definitions (9.60), (9.61) and (9.62) we rewrite the above equation as
d|U(t)) = {fiﬁ(t) + LY 201 { X" cos[Qu(t — to)] + Y, sin[Qu(t —t0)]} — > ge(L + LT)
k>0 k>0

X (X,j cos[Q(t — to)] + i}},:r cos[Q(t — to)] — ZX]; sin[Q (¢ — to)]

Y, sin[Q(t — to)]) } T (2)). (9.74)
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Then Eq. (9.12) for this unraveling gives

0Ty ) = (=5 B (6) + 32 2005 cos(t — t0)] + Yy simleu(t — t0)]}2) ) (9)
k>0
- gY@ o
— L+ L1){ cos[Qx(t — to)] (i~ + X |ty (¢
2ol ){ cosie(t — to)] T (1))

FsinfQy ( — to)] (Y/kw{qk}(t» - ZM) } (9.75)
A{X YD

The inner products in the above equation can be simplified to

Han X 19(8)) = i ({an} [T (1)), (9.76)

0
aY,~

Hae} IV (1) = i

.0
@qu}l‘l’(t)% (9.77)

as X and V;¥ have the commutators listed in equations (9.63) and (9.64).
It can also be shown that

o - 1 0 -

Eldf{qk}(m = ) {arH @) + Y Y0 (1), (9.78)
9 ) = ! O a1 T()) + X By () (9.79)
ox; {ar} = ALY D) ox; qx g 1P {a} () :

and using equations (9.76) and (9.77) with the above two equations we can write the inner products

in terms of their conjugate variables. This allows us to write the linear equation as

(g () = {—%ﬁint(t) +L Z 291 {X;" cos[Q(t — to)] + Y, sin[Qx(t — to)]}
k>0
=3 il (sin(S(t — 10)] 83 + coslSu(t — to)] 5 fﬁ) Hb gy (),
k>0 k k

(9.80)

which is a linear equation solely in terms of the parameters {X;" } and {Y, }. As in the coherent
case the linear SSE (Eq. (9.13)) is obtained by evaluating the above for {X;” = #(X;")} and {Y,” =
7(Y, )}. This gives

dtW{f(X:),f(ka)}(t» = { h Hipne( —|—L229k{r ) cos[Qu(t — to)] + 7(Y, ) sin[ Qi (t — to)]}
k>0
o P 9
- kzwgk(L + LT)(smmk(t - to)]m + cos[Qu(t — to)]m)}
|¢{r vy (@) (9.81)

As in the coherent case, to make progress towards a genuine SSE we wish to replace the partial

derivatives by a functional derivative with respect to the noise function. To do this we note that,

) ) 0z(t, s)
9  _ d 9.82
87‘(X,j,t) /to 6z(t s) 8r(X,j, t) * (9:82)
_9 _ / oA tf) ds. (9.83)
87“(Yk 7t) 52 t S k 7t)
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Thus we obtain

Oel (1))

{—if](t)—kz(t,t)ﬁ—(ﬁ—kﬁ)/o ﬁ(t—s)ﬁds}wz(t)}, (9.84)

where (¢t — s) is the memory function for the noise. As in the coherent state case, this enforces
an initial vacuum state for the bath. I would like to point out here that this is the same equation
as Eq. (5.58) if L = L'. That is, the Bassi and Ghirardi dynamical reduction model [5] can be
derived under the orthodox theory. As in the coherent case Wiseman and myself believe this is not
a SSE, the final step to obtaining the linear non-Markovian SSE with real noise is to assume that
the functional derivative can be replaced by an operator

)

52(t.5) . (1)) = G:(t, 8) |1 (1)), (9.85)

where ¢, (t, s) is some system operator which is a function of ¢, and s, and a functional of z(t, s).
With this ansatz the linear SSE becomes
ap-1) = |-

L i (0) + 2(6 0 — (F+ EDQ-(0)][9-(0), (9.86)

where

Q-0 = [ (¢ = s)in(t.5)as. (9.87)

The Actual non-Markovian SSE for the Quadrature Unraveling

As in the coherent case, to find an actual SSE (generating states with the actual probability) we need
to find the random variables for the actual probabilities of measuring results {qx}. To sort these out
we use the Girsanov transform (9.18) to find a first-order partial differential equation (PDE) for the
probability, from which the characteristic equation generates the transformed variables

APUXT Y ht) = (B 010100 (1) +ec) ALXE, Y. (9.:9)

Using equations (9.80) allows us to write

aPUXE Y ht) = —nga)%(cosmk(t—to)]<d7{qk}(t)lﬁ+ﬁTliﬁ{qk}(t)>A({XﬁaYE}))
k>0 k
=3 g (S 0Pty O+ Ha DAL YD),
k>0
(9.89)

This can be simplified to

0PNV = =Y gus e (eonlOnt — 1)l (L -+ ENPUXE Vi 10)
k>0 k
- o a?* (sin[ﬂk(t —to)(L + LT, PUXE, Y ), t)). (9.90)
k>0 k

where (L), is defined by equation (9.45).

The characteristic equations are

d
a'
d
a’

X;t) = grcos[Qu(t — to)(L + L)y, (9.91)

Vo t) = gesin[Qu(t —to)|(L + LT):. (9.92)
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Integrating these differential equation from time ty to t we get

t

r(X,j,t) = r(X,j,to)—&—/ gkcos(th’)<f,+f,T>t/dt’, (9.93)
to
t

r(Y,o,t) = (Y, to) + / gr sin(Qt' V(L + L) pdt’. (9.94)
to

The distribution for r(X;, o) and r(Y,,to) is due to the quantum initial conditions. As before, the
use of the functional derivative in Eq. (9.84) implies that the initial bath state is a vacuum state.
Thus, the randomness in r(X ,j' ,to) and (Y, ,to) is that of the ostensible distribution:

2 _2
exp[— Zk>O(XIj +Y, )
Tr/2 :

P{X;5 Yy bto) = A{X Y }) = (9.95)

With the above random variable equations for (X, ,t) and r(Y, ,t) we can write the noise

function for the actual probability as

t
2(t,s) = z(to,s) +/ (L+LYwB(s —t)at, (9.96)
to

where z(tg,t) is the random variable with statistics determined by the correlations in Eq. (9.72).
Now we have the correct noise function we can calculate the actual SSE. Following the same
procedure as in the coherent case we obtain

7 A

ale-(0) = (= 3 Halt) + (£ = (L))a(t,0) 6. (1)

Y it diaing [ B — o —dsld
O] (L+ LT =(L+ L)) \ Bt )5z(t,s)d |¥2(t))
0 (t) i [ o
+m<¢z(t)\@ + LT —(L+LM),) /to Bt — S)stwz(t))- (9.97)
Again this is not a SSE until we make the ansatz defined in Eq. (9.85), which gives
diely. (1)) = {— %Hint(t) + (L= (L))2(t,t) = (L+ LT = (L + LT),)Q(t)
+((L+ LT = (L+LH)Q.() v (): (9.98)

This is the actual SSE for real-valued noise. All of the comments regarding the interpretation of the

corresponding complex-valued noise SSE (9.55) carry over to this case.

9.1.4 Position-state unraveling
The position-state noise function

The last unraveling I am going to consider is the position-state unraveling. This unraveling is
described by the observable

2= 1} = {({oh A = K o @ 1as) |- (9.99)

where [{zy}) is the multi-mode z-state Eq. (4.130), that it is an eigenstate of the bath operators
{X:} where
o ag+al

Xk:ﬂ.

(9.100)
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Hence the name position unraveling. T would like to point out here that even through |{z}) is the
eigenstate of the position operator it really is not a position state as we are in an interaction picture,
and if we moved back to the Schrodinger picture this state would oscillate between position and
momentum eigenstates. However for the purpose of this thesis the name position will suffice. For

this unraveling I will define the noise operator as

Z geV2X e (5 t), (9.101)
k

thus the noise function becomes

> geV2r (X, t)e o), (9.102)
k
For the linear case I will assume the ostensible distribution is

2
A{ae}) = [ {0 = T 228, (9.103)
k k k rk[ \/77'

which has the two bath correlation functions

E[z(t,s)z*(t,s’)] = nggk,Qe Q0 (s—t0)+iQ (s'—to) r E[F( Xy, t)7(Xpr, t Z |gk|2 —iQy (s—s
k!
=a(s —¢), (9.104)
Elz(t,s)2(t,s)] = 292 —ik(s+s'=2t0) — (54 ). (9.105)

Here we see an example where both correlations are non-zero.

The linear non-Markovian SSE for the position-state unraveling

To derive the linear SSE for this unraveling we have to first rearrange the Schrédinger equation in
terms of {X}} and {Y}}. Doing this we get

. K 5 5
4|0 (1)) = { _ Zﬁmt(t) _,_Z[ng Qe (t— to)(X\ﬁZYk) —f/Tgke_iQk(t_tU)(kaﬁlyk)]}W(t)).
k

(9.106)

St

Then Eq. (9.12) for this unraveling gives

Lgrei(t=to) 4 [T, e=in(t—to)
+ZLgkwk\/_e’Q"(t to) _ Z( Ik 7 g )
k

xazk} By (), (9.107)

Ol (@) = |-

m|-

where we have used ({z }|Xx|¥(t)) = zr ({2} (t)) and {21} V3| ¥ (1)) = —idy, ({21} ¥(t)). Eval-
uating this for {xy = 7(Xj)} gives

ig*eiﬁk(t—to) + f,Tgke—iQk(t—to)) o
) - I X iQp (t—to) ( k
dEECo) {Z 94TV 2e zk: V2 I (X)
@' A
- Hint(8) [ x,0) ()- (9.108)
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To make it a SSE we need to replace the derivatives by operators, but before we do this, and to
keep with past literature, it is convenient to define this in terms of the noise function z(t, s) and

functional derivatives. To do this we replace the x partial derivatives by

¢ 6 0z(t,s) §  0z*(t,s)
o = / [52(t,5)6r(Xk,t)d8+52*(15,5)87"(Xk,t)d8}

t
5 o 5 .
_ ) ] iQr(s—to) x 1Qk(s—to) ) 1
/to \/_[52:(75, S 9ke d8+(5z*(t,s)gk€ ds} (9.109)

In terms of the noise function, Eq. (9.108) becomes

_ i . . [t
Ol=(t)) = {—ﬁHim(t)—kLz*(t,t)—L/t [a*(t_s)(gz(t,s)+’7*(t+5)52*(t,s)}d5
t
—Lf t— 8)8, (1.5 t+8)0, 0 | ds by (¢ 9.110
[0 = o 2+ s} 0 (9.110)

This can be further simplified by noting that for an initial condition |¥(to)) = [{0x})|¢(t0)), the
initial linear conditioned system state |1, (¢)) is equal to |1(t)), independent of z(t,s) and z*(t, s).
Thus the functional derivatives with respect to z(¢, s) in the above of equation will always have zero

contribution. Thus we can rewrite Eq. (9.110) as

Ol (t)) = { - EH ()+iz*(t,t)—/ {[Aﬁ*(t—l—s)+ﬁTa(t—s)}éz*(t’s)ds}wz(t)) (9.111)

to

This equation appears nicer than Eq. (9.108), but it is essentially the same equation and we still
have the problem of representing the functional derivative by operators. To do this we make the

two anstazen,

t

Az(t)‘q/}z(t» = \ dsa(t_s)éz*(ms)w;z(t»v (9112)
Bo(t)ld-(t) = / A (E + )8 (0.) [P (2)). (9.113)

With these ansatzen the linear non-Markovian SSE for the position unraveling is
i

Ouf=(8) = | = 3 Huelt) + L2 (0,1) = LB.() — LT A.(0)]16.(1). (9.114)

The actual non-Markovian SSE for the position-state unraveling

To derive this equation we simply follow the same procedure as done for the other unravelings.
Rather than presenting the full derivation I will simply outline only the important steps. To find the
set of random variables {r(X%, t)} which obey the real distribution P({z},t), we simply differentiate
the Girsanov transformation for this unraveling. Doing this it can be shown after some manipulating
that

{xk} t Zazk{ ¢{zk} H * iQk(t—to) + f/Tgke—iQk(t—tO)]W}{mk}(t»P({fEk},t)}/\/i.

(9.115)
This is effectively a drift equation for the probability density. It has associated with it the following

set of differential equations

dyr (X, t) = [(L)rgpe™ 710 4 (LT), gpe " (=10)] /13/2 (9.116)
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where (L), is defined by Eq. (9.45).
Integrating this gives

t
r(Xp, t) = r(Xg, to) + / dt'[(L)p gre™ W —t0) 4 (L1, gre™ ' —10)] /1/2 (9.117)
to

where 7(Xy, 1) is the random variable associated with the distribution (¥ (to)|7(z,}|¥(t0)), which
for an initial combined state of the form |U(tg)) = [{0x})|®(t0)) is equivalent to the above ostensible
distribution. In terms of the noise function defined in Eq. (9.102) the noise function for the real
distribution becomes
¢
2(t5) = (to, 5) +/ At/ [(E)wa(s — ') + (B (s + 1) (9.118)
to
where z(tg, s) obeys the correlations defined in Egs. (9.104) and (9.105).
With this noise function and using Eq. (9.17) the actual non-Markovian SSE after some manip-

ulation is
G0 = [ = F i) + (B = (D))" (00 — (B — (BB + (L (D)) Bo(0))
(BT = (EN0)Au(0) + (BT (D) A(t)) |10 0), (9.119)

where [¢.(t)) = |¢fr(x,,4)}(t)). Here I have also used the anstazen defined in Eqgs. (9.112) and
(9.113).

9.2 Non-Markovian SSEs under the modal interpretation

Since orthodox quantum mechanics fails to give a satisfying interpretation for non-Markovian SSEs
(something more than just numerical tools), in this section I will turn to a non-orthodox approach:
the modal interpretation of Quantum Mechanics [11, 23, 126, 4, 121, 114, 62] (see chapter 4). This
interpretation, unlike the orthodox interpretation, has as its basic goal to keep reality intact. That is,
the values of some observables (the hidden variables) really exist before we measure them. Because
of this, under this view I refer to these observables as ”properties” or "beables” (after Bell [11]).
Just as in the orthodox theory, where it is impossible to simultaneously measure all observables, in
the modal theory it is impossible to give definite values to all properties (see chapters 3 and 4). In
chapter 4 T came to the conclusion that under the modal view we have to accept choice, and say
that when we have a particular situation we have to choose how we are going to decompose the
wavefunction for the universe (system and bath). The best-known example of such an interpretation
is Bohmian mechanics for particles [14, 15] in which position is the preferred decomposition.

I expect the modal interpretation to be applicable to non-Markovian SSEs because we can use it
to assign definite properties to the bath for all ¢, without invoking a measurement. While the bath is
ascribed definite properties, the system will be described as a purely quantum system. But, because
of the entanglement between the system and the bath, we can define a system state associated with
(or ‘conditioned’ on) a particular value for the bath property. I will show that the evolution of this

system state is the non-Markovian SSE.

9.2.1 General derivation

In chapter 4 it was observed that to explain all of quantum measurement theory (projector and

POM measurement) in terms of the modal interpretation of quantum mechanics, we need to enlarge
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the universe (add an auxiliary system). In this enlarged universe we could then define a general
property by
2(t) = {2z} = { ({21, ey () = Har @D} @ 1) . (9.120)
where the value of the property is denoted v(Zg,t). The probability that this set of values will be
equal to {z} is
P({z1}.1) = (@(0)[TL ., (0)|2(1))- (9.121)

where the guiding state |®(t)) is defined by
[©(1)) = [ (1) @ |9), (9.122)

and |U(¢)) is still the solution to the Schrédinger equation. The property state (the actual state) is
defined by X
g, 0]9()

|(I){zk}(t)> P({Zk} t) .

As shown in chapter 4 the dynamics of this state (or the values v(Z,t)) can be calculated using the

(9.123)

velocity operator technique [62] for certain Hamiltonians.

With .3 (8) = {2 ()N envanc ({260} © Lyys (01 T2 (8) = [{20()Denv ({26 (6)} © 1iys) the
property states can be simplified to

1023 (1)) = Hzr DYz (1)), (9.124)

where [t¢.,1(t)) is called the conditioned system state. It receives this name because it lives entirely
in Hgys and is conditioned on the bath values {z;}. Note conditioning under this now implies a
conditioning on a property of the bath rather than an outcome of a measurement on the bath. The
form of [t¢.,1(1)) is

Wi (8) = ({23 2(1)/ VN, (9.125)

where the normalization constant is defined as

N = (U(t){zr}) ({2 (1)) (9-126)

This is completely equivalent to Eq. (9.4).

For an actual trajectory (in the sense of |¢f.(z,.11(t))), the bath values {v(Zy,t)} are time-
dependent. This state becomes [¢,,(z, +)(t)) and represents the state of the system conditioned on
the bath having this trajectory. That is, it is continuous in time and the differential equation of
this state will represent its evolution. In section 9.1 it was shown that by starting with Eq. (9.125)
(or Eq. (9.4)), the time derivative of this equation gives diffusive non-Markovian SSEs. Thus in this
section I will not reproduce these derivations, but instead show that by using the velocity operator
technique of section 4.4.3 we can re-derive the actual trajectories for {v(Z,t)}, which is {r(Zx,t)}
in the orthodox view. That is I will derive the correct conditioning parameters without using
the Girsanov transformation, thereby showing that diffusive non-Markovian SSEs have a modal
interpretation. If fact, because the orthodox interpretation only gives an interpretation for the
solutions of a non-Markovian SSE at a particular time (time of measurement), I believe that the
only non-trivial interpretation of non-Markovian SSEs is a modal interpretation.

Before we consider specific decompositions (modal name for unravelings) I would like to note
that the velocity field, Eq. (4.102), can be written in terms of the conditioned system state as

vilfze} t) = Re[(izy OV ({2x ), 1) [0z, ()], (9.127)
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where
T ({21}, )0 () = ({23000 (1) /VN. (9.128)
and .
v;(t) = —%[Zk, Vit (t) @ Laus] (9.129)

This results in the following differential equations for the bath values
———————
dv(Zj,t) = Re[(Yio(z, 0y O ({0(Zr, )} D) [$ 102,03 ()], (9.130)

where W}{U(Zj,t)}(t» = |¢{zk}(t)>|{z1c:U(Zk,t)}~

9.2.2 Position-state decomposition

The first decomposition I will consider under this view is the position-state. This is because this
unraveling under this interpretation is the easiest to derive. It is effectively (in the interaction
picture) Bohmian mechanics. To show that Eq. (9.130) does give the same trajectories for the
values {r(Xg,t)} as in Eq. (9.117), we apply the Hamiltonians defined in Eq. (6.14) to Eq. (9.129),
with Zk = Xk. This gives

\A’k(t) — [g;:eiﬂk(tfto)]i + gkefiQk(tfto)iT]/\/i’ (9'131)

as [Ty, ax] = —1/v/2 and [@y, d;] = 1/4/2. Substituting this into Eq. (9.127) gives a velocity field of
the form

vi{mih t) = [gre™ 0 (@ (O] LIty (8)) + gre 0 (0 |LT Yy (0)]/ V2. (9.132)

Thus Eq. (9.130) immediately reproduces Eq. (9.116) (with r replaced by v), thereby confirming
that the modal theory does give the same non-Markovian SSEs, as found with the orthodox theory.

9.2.3 Quadrature decomposition

To show that Egs. (9.91) and (9.92) can be derived from the modal theory (velocity operator tech-
nique) we apply the Hamiltonians defined in Eq. (6.14) (with the required assumptions needed to
generate the quadrature non-Markovian SSE) to Eq. (9.129). For this unraveling the set of velocity
operators {¥} will be the union of {¥;7} and {¥,, }, where

Gl =~ Vi = g(L+ 1) coslQ(t — to)], (9.133)

Vi, Hine] = g (L + L) sin[Q4 (¢ — to)), (9.134)

SRS

et = —
which are both real by definition. Substituting these velocity operators into Eq. (9.127) gives

VEAXE Y hD = 0 vy OIL + L r vy (1)) cos(Qit), (9.135)
V—J:({Xijayk_}:t) = ng{X:,Y;}(t)\[A/ + [A/T|¢{X,j,ykf}(t)> sin(Qxt). (9.136)
Thus Eq. (9.130) simply yields Eqgs. (9.91) and (9.92). Thus the modal theory gives the correct
non-Markovian SSE.
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9.2.4 Coherent-state decomposition

To show that the modal theory can be used to describe the coherent non-Markovian SSE we have
to find the projector in I which is equivalent to the POM elements defined in Eq. (9.21). In section
4.5.1 T showed that for a single mode this projector is |z, y~)(z™,y~| where

/ / /
(the states in the integrand are z-states). Thus the multi-mode projector used to define this unrav-
eling is
M) = Moy = K v DAL 0 Hoathane ® Loys, (9.138)
where ay, is defined by
ar, =z} +iy;, . (9.139)

This allows us to define the operator Ak, such that
Al ye) = arlad uy), (9.140)

as

Ay, =& +igy = ay, + . (9.141)

which is a normal operator. Here :i:,;r and g, are defined as

B = lan+a) + b+ bl1/2, (9.142)
gn = [—iag +ia] +iby —ibl]/2, (9.143)

where l;k and Z;L are annihilation and creation operators which act in H,ux. In this enlarged Hilbert

space the velocity operators are

GO = 2l Ve ® L] = [ OO L 4 ge ]2 (9.144)
%L@; Vit ® Laux] = [—igpe™ 0L 4 jgpe (=) [T] /2

(9.145)
With these velocity operators the velocity fields become

viaf o b)) = Wy Ollgie™ L 4 gre R LT o 1 (£)/2, (9.146)

vi of o ) = Wy oy Ol=igie’™ T L igre™ T LTy o0 (8)) /2.
(9.147)

Substituting these into Eq. (9.130) gives

dev(zif,t) = [(L)rgpe™ o) 4 (I, gpe e (t=t0)] /2, (9.148)
d(yp,t) = [—i(L)egpe™*70) 4 i(LT),gre M E10)] /2, (9.149)

Since ay =z} +iyy , v(Ak,t) = v(x],t) + iv(y; , t), which once again easily yeilds Eq. (9.49).
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9.3 The Markovian limit of non-Markovian SSEs

In this section I consider the Markovian limit of the above three non-Markovian SSE. I will show that
the coherent state unraveling (or decomposition) corresponds to the heterodyne quantum trajectory
(or Gisin’s and Percival’s CSL model), the quadrature state unraveling corresponds to the homo-
dyne quantum trajectory (or Ghirardi’s, Pearle’s, and Rimini’s CSL model) and the position-state

unraveling has no Markovian limit.

9.3.1 Coherent-state case

In the Markovian limit the number of modes becomes continuous and the coupling constant |gg|
becomes flat (|gx| = g), this allows us to replace Y } by (v/2m) [, dw. Making this replacement to

a(t — s) gives

N
alt—s) = o/, e twmwo)t=s) gy,
2 Q(t—s)
—iE=S) GO 1
5 _wsyse ) (9.150)

and for optical situations (high wsys situations) with little error this can be written as

alt —s) = %/ e =40 = i (t — s). (9.151)

Therefore,
E[z(tg,8)2*(to,s")] = ~d(s—5), (9.152)
E[z(tg,8)z(to,s)] = 0. (9.153)

This implies that z(o, s) is a complex gaussian random variable (GRV) of mean 0 and variance y/dt.
That is, z(to, s) = /7 &(s), where £(s) is the standard complex white noise function [64].
Taking the Markovian limit of the noise function (Eq. (9.52)), one obtains

t
25 (8, 1) = 2 (to, t) +/ NO(t — VLY pdt' = 2 (to, t) + %@Ut. (9.154)
to
To apply the Markovian limit to Eq. (9.55) we use a(t —s) — ~v6(t —s) and é.(t,t) = L (see
appendix A), resulting in
?

Aol (D) = { = FHus (8) + (L = (D))" (4.8) + 2L = (LD — (LT L)) flu(®)),  (9.155)

which is in Stratonovich form (as the natural limit of a delta function yields Stratonovich SSE). To
convert this to an It6 SSE we have to calculate the Ito correction terms, using appendix B.2. For

this equation the correction term is

dt% ( —(L'L), + <£T>t<ﬁ>t)|¢z(t)>, (9.156)

which with Eq. (9.155) results in

~

o) = { = 3 Hu®)+ @~ (D020 = JEL - LEN funle). (9157

S|
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This is the It6 version of the Markovian SSE. At first sight it appears to be different to the heterodyne
quantum trajectory Eq. (7.90) (and Gisin’s and Percival’s CSL model Eq. (5.50)), but we have to
remember that in quantum mechanics if [1)) = €¥|¢), [1)) and |¢) are the same physical state. One
way to see if these states are equivalent is to work out the stochastic master equation (SME), as
p2(t) = |0)Y (| = |p){p|. To do this we use Itd calculus,

dp= = dlg) (| + [9)d(W]| + dlp)diy). (9.158)
The SME for Eq. (9.157) is
Apo(t) = 1 (Fiaa(0) p= (0]t + D (1)t + (Ep-(t) — (B)up-(0) (" (8,0) — 2(EN )t
(o (VLT = po (L)) (= (t8) = S (B, (9.159)

where the superoperator D is defined in Eq. (6.33). Whereas the SME for Eq. (7.90)) is,

Apr(t) =~ (Fa (), pr(®)]dt + Dpr(t)dt + 7 (Epa(t) — (E)upn(t)) (r(T* -+ di)

— VA ENdt+ A (oL = prED (Lt +dt) — 7 (E)o)dt,  (9.160)

which when we consider Eqgs. (9.154) and (7.96) we see that both these equations give the same
stochastic master equation.

To explain why the z(t,t) and the heterodyne current (x,/7 ) differ by a factor of 1/2 multiplying
the deterministic contribution, we have to consider the time of measurement. z(¢,t), according to
the above theory, is the result of measuring the bath at time ¢ in the coherent state basis. But in the
usual quantum trajectory theory we must consider the measurement which conditions the state at
time ¢ as actually occurring at a time ¢t + dt. That is, the d-correlated bath must be given a chance
to interact with the system before the measurement is made. By contrast, in the above theory the
measurement occurs exactly at time ¢. For a non-Markovian bath (with a finite correlation time) the
difference between t and t + dt is infinitesimal. However in the Markovian limit, this infinitesimal
difference in measurement time causes the finite difference between z(¢,t) and r(I,t + dt).

The easiest way to see the difference is to note that /v r(I*,t+dt) = 2*(t +dt,t). To show this
we use Eq. (9.52) to write z*(¢ + dt, t) as

t+dt
25 (t+dt, s) = 2% (to, 8) + / o (s — (LY pdt, (9.161)
to
which in the Markovian limit gives
t+dt . .
2" (t+dt,s) = z*(to, s) + / (s — t' WL pdt' = z*(to, s) + (LT, (9.162)
to

which evaluated at time s = t gives

25 (t 4 dt, t) = 2*(to, t) + (L. (9.163)

9.3.2 Quadrature case

For the quadrature case the symmetry assumptions needed to derive the quadrature noise function
2(t,s) (Eq. (9.70)) are compatible with the Markovian limit in which the modes become continuous
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and the coupling constant becomes flat in k-space (which of cause is symmetric around wsys). The

memory function 3(t, s) under the Markovian limit becomes,

B(t,s) = 2/:0 g° cos ((w — wo)(t, s))dw = /000 %COS (Q(t, s))dQ =~0(t—s). (9.164)

0
Therefore in this limit the noise function is ostensibly given by z(to,s) = \/y£(t) where £(t) is a
real-valued Gaussian white noise term [64].

Taking the Markovian limit of Eq. (9.96) gives

2(t,t) = z(to, t) + /t 6t — ') (L + LY, = z(to, 1) + %@ + LTy, (9.165)

to

where z(to,t) = \/y{(t). To apply the Markovian limit to Eq. (9.98) we use 3(t —s) — 76(t — s)
and . (t,t) = L (see appendix A), this results in

-y = {- %Iﬁ@) + (L= (D))=t t) + S (L + L) = UL+ LHE
—((L+ LN L] P (1), (9.166)

This is in Stratonovich form. To compare it to the equivalent homodyne SSE we need to convert it
to It6 form. The It6 correction term for this equation is (see appendix B.1)

5 3 (gt i ggzts) = G (EE = 2By = (Lo el Dhe+ (B (0. 0167
l

Adding this to the Stratonovich SSE we get the following 1t6 SSE,

dly=(1)) = dt{ —%ﬁmt(m(ﬁ— (L)o)a(t,t) = 2 (LT L= (LT e+ E(L) = (D)l L)e) o (). (9.168)

At first glance this is different to Eq. (7.106), but as in the coherent case this does not mean these are
not the same equation. To show that they are the same, we calculate the SME for both equations.
The SME for equation (9.168) is

Aput) =~ U(t).po ()it + Dy () + Ao, (0)((t.8) — DL+ L)), (0.169)
where
Hp-(t) = Lp.(t) + p=(t)LT — (L + L)p.(¢). (9.170)
The SME for Eq. (7.106) is,
dp1(t) = — - [ (6), pr(O)dt + Dpr()dt + dt/7 Hpr(r(1t +dt) — A (E+ 1)), (9.171)

h
which when we consider Eqs. (9.165) and (7.108) we see that these are the same stochastic master
equation. As in the coherent case the difference between z(t,t) and the homodyne current comes

down to the fact the in the quantum trajectory theory the measurement occurs a time dt later.

9.3.3 Position-state case

The position-state non-Markovian SSE is an example of a non-Markovian SSE that does not have
a Markovian limit. The reason for this is that the second correlation function (s + s’), defined in
Eq. (9.105), in the Markovian limit is not well defined.
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9.4 Applications

In this section I am going to apply the non-Markovian SSEs to two simple systems, these being a

TLA coupled linearly to one and two single mode harmonic oscillators respectively.

9.4.1 A TLA coupled linear to one harmonic oscillators

The first application I am going to consider is a TLA coupled linearly to a single mode harmonic
oscillator (k = 1) with no detuning. That is, the interaction hamiltonian is
Vine = ih[g*ate — gast), (9.172)

where 6 and a are the lowering operators for the TLA (system) and the single mode (bath) respec-

tively.

Exact dynamics for the non-Markovian master equation

To get an exact solution for comparison we first of all solve the total Schrodinger equation for the

combined state. For this system the Schrodinger equation in the interaction frame is
a1 W () = (960t — g51a)|w (D). (0.173)
The combined state can be written in terms of photon number states and atomic states as
(U(E) = Y D conls)n), (9.174)
s=e,b
where |e) and |b) are the excited and ground states of the TLA (thus |e) = |1) and |b) = ||) in the
spin-1/2 model presented in chapter 3). Substituting this into Eq. (9.173) and using the fact that

since the bath state is initially in a vacuum state the only nonzero amplitudes are c. o(t), cp,0(t) and

cp.1(t), we get the following differential equations

diceo(t) = —gepa(t), (9.175)
dicpo(t) = 0, (9.176)
dicvi(t) = g ceo(t). (9.177)
These have the solutions
ceo(t) = ceolto)cos(lg|(t —to)], (9.178)
ao(t) = cpolto), (9.179)
cb1(t) = ceo(to)sinf|g|(t — to)e ™, (9.180)

where 6 is the argument of the coupling constant g and |¢(tg)) = ce,0(to)|e) + cb,0(to)|b). Thus the
total state is

[U(t)) = ceolto) cos|gl(t — to)]€}|0) + cb,0(t0)b)|0) + ce,o(to) sinflg|(t — to)le™[b)[1),  (9.181)
and the reduced state is simply
prea(t) = [cZo(to) cos[|g|(t —to)lle){el + {c} o (to) + cZ o(to) sin®[|g|(t — to)]}[b) (b]

+ee,0(to)cy o(to) cos(|g|(t — to)]le)(b] + cZ o (to)ev,0(to) cos[lg|(t — to)]|b) (e]| (9.182)
(9.183)

To graphically illustrate the reduced state the above was simulated for an excited state initial

condition. This result in Bloch representation x(t), y(t), and z(¢) is shown in figure 9.1
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Figure 9.1: Solution of the Master equation for a TLA coupled to a single mode
bath for an excited state initial condition.

Coherent-state case

The first unraveling I am going to consider is the coherent-state case. Here the noise function,
Eq. (9.23), becomes
z(t,s) = gr(4,t), (9.184)

and the memory function becomes
alt —s) = g% (9.185)
Applying Eq. (9.55) to this model gives the following actual non-Markovian SSE,
Aol (8) = [+ (.06 = (6)) = (6T = (TN Ca () + (6T = (6NCav)) |lw-(1). (9.186)

where

t
Cu(t) = / 9126 (¢, 5)ds. (9.187)
0
To determine é,(t, s) let’s assume that we can rewrite the ansatz in Eq. (9.38) as
s - _
— 5 1
g0 = e (8. 9)315. (1), (9.158)

That is we have assumed that C.(t) is C,(t)&, where

C’z(t):/o lg|%c.(t, s)ds. (9.189)

The procedure used to evaluate this function is to rewrite the above in terms of a non-linear differ-
ential equation in terms of only C,(t). Differentiating Eq. (9.189) gives

t
d:C. () = glPes () + / 920he. (t, 5)ds, (9.190)
0
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where ¢, (t,t) = 1 (see appendix A).
To work out the function d;c,(t,s) we have to use the linear non-Markovian SSE (Eq. (9.39)),

which for this system is
a.t) = [+ (0 -5t Cw]1b.), (9.191)

as well as the following consistency condition

0 0 - ] 0, -

amwz(t» = 5 (0 9) @Wz(t)f (9.192)

Evaluating the RHS of this condition gives
)

0z*(t,s) Ot

1. (1)) = |2 (t, t)c.(t, 8)66 — c.(t,s)6TC.(t)6 — &t

Whereas the LHS gives

S5 P = gl o0} + 9 [5-0)
= |Biles(t, )16 — Co(b)ex(t, 5)5676 ) [6.(1)). (9.194)
Thus
ules(t,8)] = Ca(t)ea(t, ). (9.195)
Substituting this into Eq. (9.190) gives
d,C.(t) = |g]” + C.(t)%. (9.196)

For the initial conditions C,(ty) = 0, this has the solution C,(t) = |g| tan[|g|(t — to)]. Thus
C.(t) = lg] tanllg(t — to)]6- (9.197)

With this operator we can now evaluate both the linear and actual non-Markovian SSE, Eqs. (9.191)

and (9.186) respectively. For the linear case the ostensible distribution is
1 2
A(a) = — exp(—|al?). (9.198)
T

Thus r(A,t) = 7(A) for the linear case is a time independent complex Gaussian random variable of

mean 0 and variance 1. For a TLA the general solution to ¢, (t)) is,

[92(8)) = e (t)[b) + ce()]e). (9.199)

Using this general expansion and Eq. (9.191), we can obtain two differential equations for the two

complex amplitudes, they are,

dicp(t) = 2%ce(t) (9.200)
dice(t) = —C.(t)ce(t), (9.201)
which have solutions,
a(t) = o) + 2% ce(to) sinf|g| (t — to)] (9.202)
ce(t) = ce(to)cos[lg| (t—to)] (9.203)
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Figure 9.2: An example trajectory for the coherent-state non-Markovian SSE
for a TLA in a single mode bath. Also shown is the real (solid) and imaginary
(dotted) part of the noise function. Other details are as in figure 9.1.

To show that the ensemble average of the linear SSEs for this unraveling does average to the reduced
state, 1000 trajectories were calculated and the difference between their ensemble average and the
master equation is shown in figure 9.3 as a red line (with the standard error). Here we see that it
agrees well with the master equation.

To work out the actual non-Markovian SSE for this unraveling we apply Eq. (9.199) to Eq. (9.186).
Doing this we obtain the two (non-linear) differential equations

die(t) = CaB)er®)lee(®)P12 — len(OP] + ce (DL — len(D]?)" 8, 1), (9.204)
dice(t) = Cal®)ec®)llec®)P =1 = [eo(t)Plec(®P] = i) B)="(t,8),  (9.205)

and the noise function z*(t,t) = g*r(A*,t) for the actual non-Markovian SSE is defined by (see
Eq. (9.50))
t
r(A*t) =r(A" ty) + g/ cp(8)ci(s)ds (9.206)
to
where r(A*, o) is a random variable chosen from the initial probability distribution, which for initial
conditions |¥(0)) = [1(0)}|0) is just Eq. (9.198), the ostensible distribution. Choosing an excited
state initial conditions (and dt = 0.0001) an example trajectory for the coherent-state non-Markovian
SSE is shown in figure 9.2. To show that the ensemble average of these trajectories is the reduced
state, the average of 1000 trajectories, subtracted from the master equation, is shown in figure 9.3

as a blue line. Here, as in the linear case, we see that they do average to the reduced state.

Quadrature case

We can not apply this model to this unraveling as the symmetric requirements of the bath can not
be met with only a single mode bath.
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Figure 9.3: The difference between the ensemble average of 1000 trajectories (lin-
ear (red) and actual (blue)) and the master equation for the coherent unraveling.
Other details are as in figure 9.1.

Position-state case
The general non-Markovian SSE for the position-state unraveling, defined in Eq. (9.119), for this
simple system is
del- (1)) = {(5' —(6)0)2"(t,) — (6 — (6)4) Ba () + (6 — (6)4) Ba ()
—(&" = () A.(t) + (67 - <6T>t)fiz(t)>t}|¢z(t)>, (9.207)
where
2(t,t) = gV2r(X,t) (9.208)
and the two memory functions become
alt—s) = g%, (9.209)
Wt+s) = g% (9.210)
To find the values of the two operators A, (t) and B.(t) we use Egs. (9.112) and (9.113) where

it is observed that a further ansatz is needed. We assume

s = sl ) (9.211)

This results in A.(t) = A.(t)6 and B.(t) = B.(t)6 where

A0 = [ aslaPrs). (9.212)
B.(t) = /tdsg*2f(t,s). (9.213)
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Taking the time derivative of these equations gives

GA() = lglPft) + / 920, (1, 5)ds, (9.214)
dB.(t) = g7 f(tt)+ / tg“atﬂt,s)ds, (9.215)
to

where f(t,t) = 1 (this can be shown by using the same method as used in appendix A). To find the
form of Oy f(t, s) we use the linear non-Markovian SSE,

QD=0 = |L2°(6,0) = 6B:(0) = 61 A=(0)] 190 (9.216)
and the following consistency conditions
9 b
ot 0z ( )W)z( ) = 52%(t, 5) atW)Z( )- (9.217)

For this simple system this gives the following coupled differential equation

Of(t,s) = f(t,s)A(), (9.218)
which when substituted into Egs. (9.214) and (9.215) gives
diA:(t) = |gl* + A%(D), (9.219)
d:B.(t) = g¢*°+ B.(t)A.(1). (9.220)
Solving this set of coupled differential equation with the initial condition A, (tg) = B.(to) = 0 gives

A(t) = |gltan[g|(t —to)]; (9.221)
B.(t) = e |g|tan[|g|(t — to)]. (9.222)

With these operators we can now evaluate both the linear and actual non-Markovian SSE,
Egs. (9.216) and (9.207) respectively. For the linear case the ostensible distribution is
A(z) = % exp(—z?), (9.223)
which implies that r(X,t) = 7(X); a time independent Gaussian random variable of mean 0 and
variance 1/2. Using Eq. (9.199) and Eq. (9.216), we can obtain two differential equations for the
two complex amplitudes,

dicp(t) = z"ce(t) (9.224)
dice(t) = —A.(t)ce(t). (9.225)

These have the same solution as the coherent case (namely Eqgs. (9.202) and (9.203)). To show that
the ensemble average of the linear SSE for the position-state unraveling does average to the reduced
state, 1000 trajectories were calculated and the difference between their ensemble average and the
master equation is shown in figure 9.5 as a red line, which to within statistical error agrees with the
master equation.

To work out the actual non-Markovian SSE for this unraveling we apply Eq. (9.199) to Eq. (9.207).
Doing this we obtain the two (non-linear) differential equations

dicy(t) = A(D)es(t)]ce(®)P[2 = len(®)*] + ce (D)L — |e(8)[*]2" (2, 1)

+B.(t)ep (1) ()1 — [es(t) ], (9.226)
dice(t) = A(t)ee(t)|ce()]* =1 = en(t)Plee(t)’] = c5 ()2 (8)2" (¢, 1)

—B.(t)[c; (1)]*cl (1) (9.227)
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Figure 9.4: An example trajectory for the position-state non-Markovian SSE
for a TLA in a single mode bath. Also shown is the real (solid) and imaginary
(dotted) part of the noise function. Other details are as in figure 9.1.
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Figure 9.5: The difference between the ensemble average of 1000 trajectories for
the position unraveling (linear (red) and actual (blue)) and the master equation
for a TLA in a single mode bath. Other details are as in figure 9.1.
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g™

Figure 9.6: Solution of the Master equation for a TLA immersed in a two mode
bath for A = 2g, dt = 0.0001 and an excited state initial condition.

The noise function, z*(¢t,t) = g¢g*r(X,t), for the actual non-Markovian SSE is defined by (see
Eq. (9.117))

r(X,t) = r(X, to) + /U ds[g*cy(s)ci(s) + gep(s)ee(s)]/V2 (9.228)

where r(X,to) is a random variable chosen from the initial probability distribution, which is just
Eq. (9.198). Choosing an excited state initial conditions (and dt = 0.0001) an example trajectory
for the position-state non-Markovian SSE is shown in figure 9.4. To show that the ensemble average
of these trajectories is the reduced state, the average of 1000 trajectories is shown in figure 9.5. Here

as in the linear case we see that they do average to the reduced state.

9.4.2 A TLA coupled linear to two harmonic oscillators

In the above simple model because of the simplicity of the model the quadrature non-Markovian
SSE could not be investigated. Here I am going to consider a slightly more complicate system: a
TLA coupled linearly and with the same strength to two single mode fields (labelled by k = +1)
that are detuned from wgys by A respectively. Without loss of generality, we can take the coupling
strength g; = g to be real. Thus the interaction Hamiltonian is

V(t) = geiA(t—to)(di& _ d,16T) + ge‘m(t_to)(&il& _ dl&T) (9.229)

asQ =A=-0Q_7and g =g_1 = ¢1- I will also assume that f[int = 0 (there is no driving).
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Exact dynamics for the non-Markovian master equation

To calculate the exact preq(t) we need to solve the Schrédinger equation, which for this simple system
is
dy| U (1)) = [ge"21) (a6 — a_y61) + ge A1) (@l |6 — a61)]|W(2)). (9.230)
Since initially the field is in the vacuum state (|01)®|0_1)) then the only non-zero complex amplitudes
in |¥(t)) are
[W(t)) = c1(t)[b00) + c2(t)|€00) 4 c5(¢)]|601) + c4(t)]b10), (9.231)

where |b00) is short hand for |b) ®]01) ® |0_1) etc. Applying the above Hamiltonian to this state we

get the following four differential equations for the complex amplitudes,

é(t) = 0, (9.232)
ea(t) = —c3(t)getrtt0) —cy(t)ge A1), (9.233)
es(t) = calt)ge B0, (9.234)
a(t) = ca(t)ge 1), (9.235)

which can be solved numerically (for the initial state |€00), ca(tg) = 1 and the rest are zero). Once
we have the amplitudes for all time we know |¥(¢)) and by Eq. (6.1) we can then calculate pyeq(t).
Doing this gives

prea(t) = le2(t)|?|e)(e] +ca(t)ci (t)]e) (bl + 5 (t)er ()b (el + [lex ()] + e (8)* + |ea(t) ] [) (b1, (9.236)

which in Bloch representation is

I = Jea®P +lea@)]* + [es®)* + |ea®)]?, (9.237)
z(t) = ca(t)ci(t) + & (t)er(t), (9.238)
y(t) = —ica(t)cf(t) +ics(t)ci (), (9.239)
2(t) = Jea(®)]? = ler () = |es(t)]? — |ea(t)]* (9.240)

To graphically illustrate the reduced state we numerically calculated the above for A = 2g. The
results are shown in Fig. 9.6.
Coherent-state case

For this system the noise function for the coherent unraveling is
2(t, s) = gr(Ay, t)e AET0) L gr(A_ t)etAlt0) (9.241)
and the memory function becomes
a(t — s) = g2 A19) L g2 B801=3) — 942 cog[A(t — )], (9.242)

Note that this memory never decays (but is time dependent), indicating that the dynamics of the
atom is extremely non-Markovian. This is different from all cases considered by Diosi, Gisin, and
Strunz [48, 117] where the memory was taken to decay exponentially. It is thus interesting to see
how the formalism copes with this case.

Applying Eq. (9.55) to this model gives the following actual non-Markovian SSE,

dilv=(8) = [+ (L6 = (6)) = (6T = (TN Ca () + (6T = (6NICa0)) |lwa(1), (9243)
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where

¢

C.(t) = / 22 cos[A(t — s)]é.(t, s)ds. (9.244)
to

As in the last example the form of C,(t) is determined by Eq. (9.38) and again let’s assume that we

can rewrite the ansatz in Eq. (9.38) as

0

mlﬁz(t» = cx(t, 8)]0(1)). (9.245)

That is we have assumed that C,(t) is C,(t)&, where

C.(t) = / 2g% cos[A(t — 8)]c.(t, s)ds. (9.246)

to

The best way to calculate C,(t) is to split it into to two terms, C,(t) = C’Z(l)(t) + C’g_l)(t) where,

t
o) = / gre B (8, 5)ds, (9.247)
t
:
Ccih() = / gPe e (t, 5)ds. (9.248)
to

Differentiating the above equations for Cz(l)(t) and Cz(fl)(t) yields

t
d,CH@t) = g2—iAC’£1)(t)+/ G2e A=, e, (t, 5)]ds, (9.249)
to
t
d,CV@) = g +iACTY(t) + / g2 299 (¢ (t, 5)|ds, (9.250)
to

as ¢, (t,t) = 1 (see appendix A).
To work out the function Oyc,(t,s) we have to use the linear non-Markovian SSE (Eq. (9.39)),

for this system it is
a.(t) = [ (t0e =51 10.(0), (9.251)

which is the same as Eq. (9.191) (even through the C.(t) will be different). Thus by the same
procedure as used in the first example it can be shown that O:[c.(t,s)] will equal C,(t)c.(t,s).
Substituting this into Eqgs. (9.249) and (9.250) gives
d,CMV () = g* —iacM () + MV (B)(1CL (), (9.252)
d,CVM) = @ +iACTY @) + V)0, (9.253)
which can be solved numerically. The initial conditions are C,(ty) = C’él)(to) = C’é_l)(to) =0.

With these operator we can now evaluate both the linear and actual non-Markovian SSE,

Egs. (9.251) and (9.243) respectively. For the linear case the ostensible distribution is
A(ay,a—q) = r2e P ~laal? (9.254)

Thus r(Ay,t) = 7(A41) and r(A_;) = 7(A_1) for the linear case, are time independent complex
Gaussian random variables of mean 0 and variance 1. Using Eq. (9.199) we can rewrite Eq. (9.251)
as
dicy(t) = 2"(t,t)ce(t) (9.255)
dice(t) = —C,(t)ce(t), (9.256)
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which for an excited-state initial condition can be solved numerically. Note that these solutions will
not remain normalized, and the norm of most of them becomes very small. Nevertheless, the ensem-
ble average of the unnormalized states is preq(t). To show this I have simulated 1000 trajectories for
different z(t,t) and subtracted the reduced state solution. The results of this simulation are shown
in figure 9.8 as a red line. Here it observed that within statistical error the ensemble average agrees
with the master equation.

To work out the actual non-Markovian SSE for this unraveling we apply Eq. (9.199) to Eq. (9.243).
Doing this the two (non-linear) differential equations are,

die(t) = C(D)er(®)lee(®)P12 — len(OP] + ce (DL — len(D]?1" 8, 1), (9.257)
dice(t) = Cal®)e®)llec®)P =1 = [e(®)Plec(®P] = chOS D" (1), (9.258)

and noise function z*(t,t) = gr(Aj, )2t 4 gr(A* | t)e~*A(=%)  For the actual non-Markovian
SSE this is defined by (see Eq. (9.50))

t
r(A7, ) = (Al to) +g / et AT ¢y (#) el ()t (9:259)
0
t
r(A* 1) = (A" te)+yg / AW —t0) e, (1) e () dt! (9.260)
0

where r(A7,to) and r(A* ,,to) are random variables chosen from the initial probability distribution,
which for initial conditions |¥(0)) = [¢(0)}|0)|0) is just Eq. (9.254), the ostensible distribution.
Choosing an excited state initial condition (and dt = 0.0001) an example trajectory for the coherent-
state non-Markovian SSE is shown in figure 9.7. To show that the ensemble average of these
trajectories is the reduced state, the average of 1000 trajectories (minus the reduced state solution)

are shown in figure 9.8, where we once again observed that within statistical error they agree.

Quadrature case

The last unraveling I am going to consider for this system is the quadrature unraveling. If we
apply the theory for the quadrature unraveling to this simple system, the quadrature noise function
becomes

2(t,8) = 2g{r(XT,t) cos[A(s — to)] + r(Y ~,t)sin[A(s — to)]}, (9.261)

which is real. The memory function (Eq. (9.72)) becomes
B(t—s) = 2¢g%cos(A(t —s)] = a(t —s) (9.262)

and the general non-Markovian SSE, defined in Eq. (9.98), for this simple system is

delip=(t)) = {(6 —(6))2(t,t) — (60 — (62)0)Q:(t) + (6 — <6x>t)QZ(t)>t}|¢z(t)>7 (9.263)
where 6, = 6 + &7.
To find the values of the Q. (t) we use Eq. (9.85) where, as in the other cases, we can make a

further ansatz:

5=(t, s)Wz( )= a:(t9)51:(1)). (9.264)

This results in Q. (t) = Q.(t)5, where

Q.(t) = / ds2g” cos(A(t — 8)]q.(t, 5) (9.265)

to
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Figure 9.7: An example trajectory, for the coherent-state non-Markovian SSE,
for a TLA immersed in a two mode bath. Also shown is the real (solid) and
imaginary (dotted) parts of the noise function. Other details are as in figure 9.6.
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Figure 9.8: The difference between the ensemble average of 1000 trajectories for
the coherent unraveling ( linear (red) and actual (blue)) and the exact reduced
state. Other details are as in figure 9.6.
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It turns out that for this simple system @Q.(t) = C.(t), because a(t — s) = (¢t — s) and the linear
SSE is

0ul-(8) = (=(t,)6 = 6T6Q) ) [0.(1), (9.266)

here I have used 676 = 6,6.
With this operators we can now evaluate both the linear and actual non-Markovian SSE, Egs. (9.266)

and (9.263) respectively. For the linear case the ostensible distribution is
AXT, Y ) = le XY (9.267)

This implies that (X T,¢) = 7(X ) and r(Y ~,t) = #(Y ™) are gaussian random variables of mean
zero and variance 1/2. Using Eq. (9.199) and Eq. (9.266), we can obtain two differential equations
for the two complex amplitudes, they are,

dicp(t) = 2(t,t)ce(t) (9.268)
dtce(t) = _Qz(t)ce(t)a (9269)

These are the same as for the coherent case, except that z(¢,t) is generated differently. To show that
the ensemble average of the solutions to the linear SSE for the quadrature unraveling converges to
Pred(t), 1000 trajectories for different z(¢,¢) where simulated. The results of these simulations are
shown in figure 9.10 as a red line, where it is seen that within statistical error these results agree
with the exacted reduced state.

To work out the actual non-Markovian SSE for this unraveling we apply Eq. (9.199) to Eq. (9.263).
This results in

dice(t) = Qa(t)ee(t)(=1 + Jee(t)* = lee(t)Ples (D)) — Qx(t)el(t)et™ (1)

—c2(t)ey ()z(t, 1), (9.270)
dicy(t) = Qu(t)en(t)|ce(t)*(2 — |en(t)*) + Q= ()eh (8 (1)(1 — |ew(t) )
Fee(t)(1 = |ep(t)?)2(t, 1), (9.271)

The random variables in the noise function, Eq. (9.261), are

MXT ) = (X to) + / g cos[(t — to)] (6 )wdt', (9.272)
r(Y~,t) = r(Y*,t0)+/gsin[Qk(t’fto)]@m)t/dt’. (9.273)

where (X, t9) and 7(Y ~, to) are random variables chosen from the initial probability distribution,
which is just Eq. (9.267). Choosing an excited state initial conditions (and dt = 0.0001) an example
trajectory for the quadrature non-Markovian SSE is shown in figure 9.9. Note that the noise is real
and y(t) is always zero, in contrast to the coherent state case. To show that the ensemble average of
these trajectories is the reduced state, the average of 1000 trajectories is shown in figure 9.10 (blue
line) where we see that with little error it agrees with the reduced state.

9.5 Summary of chapter

In this chapter I have derived three different non-Markovian SSEs, the coherent-state, quadrature,
and position-state unraveling, under both the orthodox and modal interpretation of quantum me-
chanics. Doing this I concluded that under the orthodox interpretation non-Markovian SSEs have
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Figure 9.9: An example trajectory, for the quadrature non-Markovian SSE. for
a TLA immersed in a two mode bath. Also shown is the noise function. Other
details are as in figure 9.6.
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Figure 9.10: The difference between the ensemble average of 1000 trajectories for
the quadrature unraveling (linear (red) and actual (blue)) and the exact reduced
state. Other details are as in figure 9.6.
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no physical meaning, they simply provide a numerical tool for calculating what the state of the
system at time ¢ will be if a measurement in basis |{zx}) is performed on the bath at time ¢ and
yields results {zi}. By contrast, in the modal interpretation non-Markovian SSEs are evolution
equations for the system part of the property state of the universe when a property of the bath is
given definite status. Thus the set of possible results {z;} under this view actually correspond to
the possible values the bath properties can have.

In this chapter I have also shown that in the Markovian limit the coherent state SSE is equivalent
to a heterodyne quantum trajectory (an evolution equation for the system state under the orthodox
view) and the quadrature SSE is equivalent to a homodyne quantum trajectory. Thus the modal view
of diffusive non-Markovian SSE also provides a new objective interpretation of diffusive Markovian
SSEs (but not in the same line as CSL models).



Chapter 10

Perturbative Non-Markovian SSEs

In the last chapter we saw that it is only possible to generate non-Markovian SSE if we can replace
the functional derivative by an operator. Presently this seems possible only for simple systems.
However perturbative techniques do exist [139, 140, 60]. Recently Yu, Didsi, Gisin and Strunz
(YDGS) have developed explicitly a ‘post-Markovian’ perturbation method to first order that allows
solutions for systems that are close to the Markovian limit [139, 140]. In this chapter I will present a
perturbation method (originally presented by Wiseman and myself in Ref. [60]) that can be carried
to arbitrary order and so is not limited to the post Markovian regime. However we must place a
requirement on the form of the memory functions. This requirement is that the memory function

must take the form
J
a(t _ S) _ Z ‘Gj|2€—n]-\t—s\/2—i(wj—Q)(t—s)’ (101)
j=1
for some finite (and, in practice, relatively small) J. It should be noted also that convergence of our

perturbation theory has not been proven and that this theory is only valid for a zero-temperature
bath.

10.1 Added notation for non-Markovian SSEs

Here I am going to briefly rewrite the coherent and quadrature non-Markovian SSEs in a notation

which will allow me to present the perturbation method in a manner which is easiest to understand.

10.1.1 The coherent-state unraveling

The first unraveling I will consider is the coherent-state unraveling. This unraveling arises when the
bath is projected into a coherent state (see section 9.1.2 for more detail). The extra notation to be
added occurs only on the operators used to replace the functional derivatives ¢, (t,s) — (V¢ (t, s).
That is Eq. (9.38) becomes

ot 00 = e (. )15.0), (102)
and the linear SSE (Eq. (9.39)) becomes
OG-0 = [ = £ Hnl0) + 2* (0L = T OC.(0)]19:(0), (103

156
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where the functional operator (C, (t) is defined as
t
O, (t) = / a(t — 5) %, (t, s)ds. (10.4)
to

The significance of the superscripts (0) proceeding these operators will become apparent in Sec.
10.2.

Under this notation the actual (non-linear) non-Markovian SSE for the coherent-state unraveling
(Eq. (9.55)) becomes

i

dle-0) = |5
+((LT = (LH) ) - ®), (10.5)

Hing(t) + 2" (t,0)(L — (L):) — (LT — (L1)))VC. (1)

10.1.2 The quadrature unraveling

The added notation for the quadrature unraveling is to redefine ¢. (¢, s) as (°)g. (¢, s) doing this simply
means the ansatz defined in Eq. (9.85) becomes,
)
0z(t,s)
and the linear non-Markovian SSE, Eq. (9.86), becomes

[9:()) = .t $)|e(1)), (10.6)

OT(0) =[5 (t) + 2(0F — (F + E) Q- (0)]19(0), (10.7)
where
©G.0) = [ 6t~ 9%, 9as. (108

Under this notation the actual (non-linear) non-Markovian SSE for the coherent-state unraveling
(Eq. (9.98)) becomes

o) = [ ) 26 00(E — (D)) — (B + B — (L + £1)) 0Q-(0) +
(L+ LT =L+ LH)OQ.1)) [lw-(t). (10.9)

10.2 Perturbation method

To solve the non-Markovian SSE, and hence find p,eq(t), for the coherent or quadrature unraveling
we have to work out the operator functionals (OC,(t) and (9Q.(t) respectively. This has been done
exactly only for systems for which an analytical solution for p,eq(t) may be found by other means
[48, 117, 33] or for systems with a small number of bath modes [59] (see section 9.4). In this section
we propose a perturbation technique for working out these functionals when exact solutions are not
possible.

10.2.1 Perturbation approach for the coherent-state unraveling

The perturbation that we are going to propose is only valid for memory functions of the form

J

alt—s) = Za(j)(t —s), (10.10)

Jj=1
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where
D (t —5) = |G| 2erilt=sl/271% (t=s), (10.11)

In principle this is always a valid decomposition for the memory function as in the J — co and k; — 0
limit this memory function approaches the microscopic memory function displayed in Eq. (9.28). In
Ref. [115] the authors suggest that in practice most environments can be simulated with J being
quite small.

With this expansion for the memory function the functional (O)C’z(t) can be written as

OC.(t) =Y O (). (10.12)
j
where
t
(0)O§j>(t)=/ oD (t — 5) %, (t, s)ds. (10.13)
0

To calculate these functional operators we set up a set of coupled nonlinear differential equations
for (CY)(¢). Taking the time derivative of Eq. (10.13) we get

t
2, CID (1) = aD(0) %, (t,t) + / (0,09 (t — 5)] O f.(t,5)ds
to
t
+ / oD (t — 5)8, V%, (t, s)ds. (10.14)
to

The first term is easily evaluated using
e, (t,t) = L, (10.15)

as derived in Appendix A. The second term is where our earlier decomposition of a(t — s) is used.
We chose al9)(t — 5) such that 9;a9) (t — s) oc al9)(t — 5). This results in the second term equaling

(% +i6,)OCO ). (10.16)

The third term involves the partial derivative 9;[(), (¢, s)]. To find this we use the fact that
Ot 0 0)) = 5 Ol (10.17

Cozr(t,s) N T Gty s) AN '

which is called the consistency condition in [48]. This consistency condition is only valid for ¢ # s
this is because at time ¢ = s the functional derivative is not well defined (thus 0.« 42" (t,t) = 0) .
Using Eq. (10.2), the LHS of the consistency condition can be evaluated as

J - - _
3tm|¢z(f)> = [0, % (t, 9)][$-(1)) + V. (t, 5)Du] - (1)) (10.18)
Substituting Eq. (10.3) in for 9;|¢,(¢)) gives
at%u?z(t» = [at Ok (t,5) — %@)éz(t, $) Hint (£) + 2% (t, ) V2. (t, 5) L
— O, (t, ) LTOC. (1) | [1h.(t)). (10.19)

Using Egs. (10.3) and (10.2) the right-handed side (RHS) of the consistency condition gives

]

matw_}z(t)) = [_

%ﬁm(t) O%,(t, ) + 2 (t,t) LV, (t, 5) — LTOC, () V. (t, 5)
- )
dz*(t, s)

. (1) 16-(1). (10.20)
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Equating the LHS with the RHS gives

8t (O)éz(tv 8) = _i[Hlnt(t) (O)A ( )] + 2" (t, t)[i’7 (O)éz(t7 S)] - [IA’T (O)CZ(t)7 (O)éz(t7 5)]

o~ oS

5 .
i 9 (o)
T C..(t). (10.21)

Substituting this equation with Eqgs. (10.15) and (10.16) into Eq. (10.14) we get

%D (1) = |6,PL- (5 + mj><°>é§j><t> + 2 (L OIL, OCD (1)) - 5 [Hiw (1), OO (1)
_[j/’r (O)sz( t), O)C It Z (1)C(J k) (t), (10.22)

where (UG (t) is our first order functional. It has the form
A . t .
MEGR) () = / oD (t — )W) (¢, 5)ds, (10.23)
to
where we have used the following Ansatz

)

O R (1) = WpF) (4 6). 10.24
(52*(t,8) Cz ( ) Cz ( ,S) ( O )

If we knew the form of NGV (t) then Eq. (10.22) could be solved numerically.
To find the form of (¢ (t) we can take the time derivative of Eq. (10.23). Doing this we get

t
o,VCUR (1) = W) (0) M) (t,t) + / (0,29 (t — 5))Velk) (¢, 5)ds
to
t
+/ oD (t — )8, Ve (¢, s)ds. (10.25)
to

The first term is easy to work out. From Eq. (10.22) it follows that
W) (¢, 1) = [L, OCH) (1)) (10.26)
The second term as before also simply evaluates to
- (% + mj) WEGER (1), (10.27)

The third term is worked out via a new consistency condition,

0 A ) R
O)A (k) () — (0)A(k)
8,:52*(75’8) CyY (¢) 62*@’8)& CY (t). (10.28)

Substituting Eqgs. (10.24) and (10.22) into this consistency condition gives
oWk (t,5) = —(% + i) Ml (8, 5) — %[ﬁint(m Welk) (¢, 5)] + z*(t,t)[ﬁ, W) (¢, 5)]

_[ﬁZ(l)@(Zl)(t’s)’(O C) (t LTZ(O)O(Z) MeB)(t, 5)]
l

- 1) N
— LT 7 (WAED (4. 10.2
Eljéz*(s) CD () (10.29)
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Substituting all these terms into Eq. (10.25) gives

aCIN (W) = |GPIL, O] - (G +i) MOUR @) — (F + i) NI ()

1 A~

=5 Hing (1), VCETD ()] + 2 (¢, 1)L, CTP ()] — [LT DD (1), OCP (1))
l

—[Lt Z OO (1), VCUR (¢, )] — L1 Z @EGRD (1), (10.30)
! !

Where the last term is the second order functional, which equals

t
QAR (1) = / a(j)(t—s)%

t() Z* (t7 S)

WCED (t)ds. (10.31)

Here we see that we can develop a general way for setting up an n'" order set of differential

equations. The n'™ order functional is

t
(MG Gks0 (1) = / oD (t — 5) ek (1 5)ds, (10.32)

to

where we have used the Ansatz

(nfl)cﬂz(k ..... l)(t) — (n)é(k ..... l)(t, S). (1033)

(10.34)

The first term can always be calculated by the (n — 1) differential equation. The second term is
always simple to calculate as d;a)(t — s) oc al)(t — s) and the third term is always calculable by

the (n — 1) order consistency condition

) A ) A
O ——— (U (1) = ———— 9, (n=IC K0 (), 10.35
téz*(t,s) i ®) dz*(t, s) ¢ # ®) ( )
The n'** order perturbation method we propose is to terminate this series by setting (")C'éj’k""’l) (t)
equal to an arbitrary operator. The simplest scheme would be to set this operator to zero, but to
keep the theory consistent with the Markovian limit for all orders, we set Wééj ’k’”"l)(t) in the

following manner. The zeroth order perturbation arises when we use the approximation

ijz(t))} :/ oD (t — s)dsL|i.(t)). (10.36)

A . t .
O ()|, (¢)) ~ / al)(t — s)ds lim [ o
) to

to s—t

Note that the approximation here is the replacement of 6/dz*(t,s) by 6/0z*(t,t). The first order

perturbation arises when we use the approximation

() t
{6(‘”0? (t)} _ / a9 (t — s)ds[L, OCE ()] (10.37)

t
z yS to

to s—t
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and (O)C'gj)(t) is calculated via Eq. (10.22). The n'" order perturbation arises when we use the

approximation

[5(n_1)é§k,-.,,l)(t)}

¢
(CWk-D() ~ / a9 (t — s)ds lim 5o (t5)
to z ;S

s—t

t
_ / Q) (¢ — s)ds[L, (= DEED) (4] (10.38)
to

and (O)C'gj)(t), .y (DK (t) are calculated via Eqs. (10.22), (10.30) and (10.34). The physical
motivations for choosing this type of expansion are;

a) For most system the memory function will decay and thus the most dominant term in the
functional derivative will be the value as s — t.

b) Only (O)C'éj )(t) affects the system directly, so the further removed the approximation the more
accurate we expect the approximation to be.

¢) In the Markovian limit, only the zeroth order term is needed.

To summarize this perturbation method, for environments which can be modeled by Eq. (10.10),
it is possible to obtain a perturbative solution for the coherent non-Markovian SSE. From these
SSEs it is possible to generate a perturbative solution for preq(t), which by definition will always be
positive. The number of coupled complex differential equations that are required for this technique

is
Jr—1

J—-1
where d is the system dimension, J is the number of exponentials required to simulate the memory

I+ I ) +d+ T =d2T +d+J (10.39)

function and n is the order of the perturbation. The first term represents the number of equa-
tions needed to simulate the functional derivative (or the n'" order perturbation for the operators
(")C’gj’k"”’l)(t)). The next term d is for the d complex amplitudes of the system. The final term J is
for the stochastic equations needed to generate the noise function z(t,t).

10.2.2 Perturbation approach for the quadrature unraveling

The perturbation method in the quadrature case is essentially the same as the coherent case, but
the memory function expressed in Eq. (10.11) is too general. This is because the memory function
for the quadrature unraveling must be consistent with the assumptions stated below Eq. (9.57). The

most general memory function that satisfies these requirements is
Blt—s) =Y BU)(t—s), (10.40)
J
where
BUCos) (t — 5) = 2|G;|2e ™ 1t=31/2 cos[Q (t — s)]. (10.41)
This presents a problem as 9,3U¢°%)(t — s) is not proportional to 31:¢°%)(t — s). To get around this

we define a new function SU=™) (¢t — s) as

BUSI (1 — ) = 2|G|2e "It 51 2 gin(Q; (t — s)). (10.42)
and two functionals
A~ . t .
OQU<) (1) — / BUCN) (1 — 5)d (¢, 5)ds, (10.43)
to

t
OQU=™ (1) = /ﬂ(j’Si“)(t*S)éz(f,S)dS- (10.44)
to
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The functional ()Q,(t) is then found by

©Q. (¢t Z OQUeos) (¢ (10.45)
Taking the time derivative of Egs. (10.43) and (10.44) we get

t
d; (O)ng,cos) (t) — ﬂ(ﬂ,cos) (0) (O)QZ(t,t) _|_/ [atﬂ(mcos) (t _ S)](O)(}z(t, s)ds

to

t
B (t — 5)0, V. (t, 5)ds,
to

(10.46)

t t
dt(O)QAgj,Sin) (t) — / [3tﬁ(j,sin) (t _ 8)](0)(32(75, s)ds +/ ﬁ(j,sin) (t — )0, (0)42(,57 s)ds. (10.47)
to

to

As in the coherent case it can be shown that (9, (t,t) = L. The two terms involving the derivative
of BU<%)(t — 5) and UM (t — 5) by definition give

t . A . A . .
/ 0B (1 =) Vgt 5)ds = —LOQE (1) — 0, OQU (1) (10.48)
0
t N ~ . . ~ .
9,895 (¢t — 5) O (t,5)ds = —%(O)QS’S“‘)(t) +Q; OQUes)(¢), (10.49)
0
The last two terms require finding 9,(°). (¢, s). As in the coherent case this is found by the consistency
condition 5 5
——— [, (t)) = ———0 |1, (1)), 10.
053y %) = gy 2190 (1050)
yielding
2, Vg.(t,s) = *%[Hmt( ), D (t, 5)] + 2(t,O)[L, V(. 5)] = (L + LN OQ.(1), Vit 5)]
A A ) N
—(L+ LT ©Q.(t). 10.51
(b4 L) Q=) (1051)

Substituting these terms into Eqgs. (10.46) and (10.47) gives

s ~ K. s A (i sin 7 A ~g
LOQUEID) = 2AGL~ T OQUI() - ;00U 1) — [ He(t), OQ (1)
+2(t,0)[L, QU (1)] — [(L + L1 VQ.(t), “Q¥ (1)]
(L4 L) S (QUkeoseon) 1), (10.52)
k
LOQU @) = ~TOQU 1) 10, OQUD(1) — (1), OQU 1)

+2(t,t)[L, QUM (1)
_[@ + ﬁT)(O)QZ(t)’(O) (O)anksin) ()]

_(i + IA/T) Z (1)ng,k,sin,cos) (t), (1053)
where oo
e 6(0 Q cos ( )
(1) (j,k,cos,cos (7, cos) 0z \Myg 10.54
©: / f S2(ts) 0T (10.54)
T O)Q(k COS)( t)
(1) (j,k,sm,cos (4,sin) t 0 Tz Y 10.
o / y K (10.55)
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The higher order functional differential equations are found in the same manner as in the coherent
case, except the form of G(t — s) results in 2™ as many equations for order n.
The perturbation expansion is similar for this unraveling, the only difference being that we have

2" operators to approximate. The 0" order approximation is to set the 0" order functionals to

(o)ng,COs) 6 = /t 5(j7cos) (t, s)dsﬁ (10.56)
to
OQUsm (1) = / t BUS (¢, 5)dsL. (10.57)
to
The first order approximation is to set the four first order functionals to
QU kcos.cos) () — /t 8o (¢, 5)ds[L, OO0 (1)), (10.58)
to
(I)Qij,k,sin,cos)(t) _ ! ﬂ(j,sin) (t, S)dS[IA/, (O)ng,cos) (t)], (1059)
to
(1)ng,k,cos,sin)(t) _ tﬁ(j,cos) (t, s)ds[ﬁ, (O)ng,sin) )], (10.60)
to
WG Uksinsin) () — /t 5O (¢ 5)ds[L, OOF™ (1], (10.61)
to

and we calculate the 0" order functionals via Egs. (10.52) and (10.53).

10.3 Enlarged system approach

To test the accuracy of our perturbation method we compare our results for the reduced state with
the reduced state found via the enlarged system method of Imamoglu [88, 115]. An example of how
this method is applied to a non-Markovian system can be found in Ref. [27].

For those who are not familiar with the enlarged system method, we provide a short proof that
the reduced system dynamics are exactly reproduced by the enlarged system method provided that
a(t — s), called T'(7) in Refs [88, 115], is of the form

t—S Z|G |2 —kKjlt—s|/2—iQ; (t— S) (1062)

which is the same as Eq. (10.10).

The total Hamiltonian for the enlarged system is

Hy = Sys—i-thchcJ —l—hZ/ dwwiy(w) D (w —i—zhz G*L“Jr G; LTCJ]

+ih z / dw\/> D (w)el], (10.63)

where ﬁsys = f[g +H , ¢; is the annihilation operator for the jth added oscillator and 7; (w) is the

Markovian bath operator with the correlation
[7(w), ()] = 8 k0 (w — ). (10.64)

If this is to be the same as Eq. (6.2), then the first two lines of Eq. (10.63) must give ﬁsys + Hiatn
and the final line V. Going to the same interaction picture as we did in Sec. 6.1, that is with respect
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to the Hamiltonians fIwSys and ﬁbath, we get

Vini () = ih »_[GLe™ "2 710)e; (1)1 — G LTe™ ™ 10)¢; (1)) (10.65)
J

Comparing with Eq. (6.14), for the enlarged system method to be correct we need

> grage T =N "Gy (1), (10.66)
k J

To calculate ¢;(t) we use the fact that

A A Kj . N
dy(t) = —iw;e;(t) — 5 ¢5(1) = V/Rj Pin,y (1) (10.67)
where 74y ;(t) is the input field which has a time commutator [#4, ;(), ﬁjnk(s)] =0;,0(t —s). For a

derivation of equation Eq. (10.67) see Ref. [65]. This can be integrated to give
¢
ei(t) = Ry | et 2miest=a g (s)ds + &5 (tg)e ™ (FTto) /2w (t=to) - (10,68)
to

It is not obvious that Zj G¢;(t) is the same as Eq. (10.66). However the time commutator for the

bath operators is

[Z gjajewi(t=to) Zg,ﬁ&iew’“(t_t")]em(t_s) =a(t—2s). (10.69)
J k

In terms of the enlarged system this means

> GGile (1), & (s))e™ )
7,k

t s
- Z |Gj|2e—'€j(t+8)/2—i(w]'—9)(t—3)[1 + Kj/ / e+mj(t’+s’)/2+w,-(t’—s’)5(t/ _ S/)dt/dsl}

j to Jto

— Z |Gj|2e—f<,j\t—s\/Q—i(wj—Q)(t—s)
;

— Ol(t _ 5)’ (1070)

provide «a(t — s) has the form depicted in Eq. (10.62). It should noted that this result is exact. It is
not necessary to discard initial transients as in the derivation in Ref [115].

Since we have shown that the total Hamiltonian for the enlarged system is equivalent to the
standard non-Markovian one, then the total states |¥(¢)) must be the same. We can define a reduced

state (in the Schrodinger picture) for the enlarged system as Wgqp (t) which has the Markovian master

equation
(T A A w7 A £ 4
diWsen(t) = —ﬁ[HQ +H+ ﬁijc;cj +ih Z(Gch;rv — GjLTé)), Wsen(t)]
J J
+> " K D[E;] Wsen (t)- (10.71)
J

The reduced state for the system in the Q-interaction picture is

prea(t) = e%ﬁﬂ(t*’fo)Trenl[WsCh(t)]e*%ﬁ”(t*to)ZTTelll[Wred(t)], (10.72)
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where the trace is performed over the added oscillators and

Wiea(t) = eizjwjé;éj(t—to)—i-%I:IQ(t—to)WSCh(t)e—izjwjé}éj(t—to)—%ﬁg(t—to). (10.73)
This allows us to define a new master equation for the reduced state Wieq(t) as
diWhea(t) = Hip + Z G*LAT i(w;—Q)(t—to) _ ijJTéje_i(w'j_Q)(t_tO)]’Wred(t)]

+ Z % D[] Wiea (t). (10.74)

which can be solved by standard Markovian techniques, for example quantum trajectories [28, 34,
50, 66, 67, 95]. This results in dM” coupled differential equations, where d is the dimensions of the
system, J is the number of added oscillators and M is the dimension (truncated) of the oscillator.

10.4 Numerical example: The driven TLA

In this section I will apply the above theory to a driven TLA with a simple non-Markovian memory
function,

alt—s) = %ei(“’“‘v7“”5)(“5)67“”75'/2, (10.75)

where weny is the central frequency of the environment, x represent the exponential decay of bath
memory and + is the Markovian limit decay rate. That is, in the x — oo limit, a(t —s) = v0(t — s),
which is the Markovian limit of the memory function. We choose an interaction picture such the

Wsys = Weny 50 that this memory function simplifies to

7

alt—s) = %e*“‘“‘” (10.76)

which is consistent with the quadrature unravelings assumptions. This results in a(t —s) = B(t — s).

However before we apply our theory to the TLA let us revise the standard TLA model.

10.4.1 The TLA

If we have a TLA driven by a classical electromagnetic field the system Hamiltonian for the TLA
under the RWA approximation is
ﬁsys =h— O'z +h 2 ' [&eiWC(titO) + a'TeiiwC(titO)L (1077)
where 4, is the Rabi frequency and w, is the oscillator frequency of the classical driving field and
wy is zero point energy of the free TLA. However as shown in Eq. (6.2) we can also write flsys as
I:stys +H (t). If I;Twsys = Wgys0-/2, then in the wyys interaction picture gives
A wo

— Wsys Qari 1 i(we— . (e _
Hint(t) Zh%é'z—&—h%[gel(% wSyS)(t t0)+0-1-€ Z(Wc wSyS)(t tO)], (1078)

For our purposes we assume wsys = We. S0

2 A Q ri A
Hine (1) = h 6 + By i (10.79)

where A = wy — wsys is the detuning.
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Figure 10.1: This figure depicts the Bloch vector components of the reduced
state of a driven TLA calculated by the enlarged system method. In this figure
all calculations were done using the initial system state |)(0)) = |e) with system
parameters k£ = vy, Q4 = 5y and A = 3. Time is measured in units v~ 1.

10.4.2 Enlarged system method

For the driven TLA with a memory function given by Eq. (10.75) the master equation for the

enlarged systems is

A . 0 ;
dtWred(t) = [*L&z - %é”l‘ + 1

5 5 (66— 67¢), Wred(t)] + 6D[e]Wrea(t).  (10.80)

Using k = v, Qari = 5y and A = 3~ the reduced state is shown in Fig. 10.1. For this simple case
it was noted that the truncation error involved in the enlarged system state method was negligible.
Because of this we use this reduced state for comparison with the ensemble average of the non-
Markovian SSEs.

10.4.3 Coherent-state unraveling for the driven TLA

Applying the coherent non-Markovian SSE theory to the driven TLA, we find that we can rewrite

the actual non-Markovian SSE as

Q) = [~ - i, - (61 - () 000 + (67 - (6106 (0))
+2(8)(6 = (0)0) | le= (1)), (10.81)

and the noise function for the TLA becomes

z(t, s) = z(to, 9) +/ a(t —t'){(6)pdt. (10.82)

to
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To calculate the complex amplitudes for the actual non-Markovian SSE we apply the system
state 102 (t)) = co(t)]e) + e(t)|) to Eq. (10.81) and expand (OC.,(t) as

O, (1) = 30, . (1 (10.83)

where m = {0, of, 0., I'}. This results in

dalt) = i5al) i) + 2 (0l OF - OCp O ) + "Cosaflend)
X(L+[ee(Of) = OCr. OO +2ecO) + OCrach(t)el (1), (10.84)
deet) = —iGel) — i 1) - 2 (0EOG0 — Cose DO +le0P)

2 2
+0C,+ L (t)es (t)|en(t)]* + O, ey (t)|ep(t)]2 (1 + 2|ee(t)[?)
— O e (t)]en(t)[2 (10.85)

In this equation the noise function is given by

¢
2*(t,8) = 2" (to, s) + %6755/2/ et ey (e () dt (10.86)

to
where z*(to, s) is defined by the correlation
Elz(to, s)2* (to, 8')] = %e—ﬁ\s—‘@’l/? (10.87)

This is generated by having z*(tg, s) obey the following stochastic differential equation,

* R, K *
diz*(to, s) = 5% (to,s) + §ﬁ§ (s), (10.88)
with z*(to, s) being a Gaussian random variable (GRV) satisfying

Elz(to, to)2* (to, to)] = %7 (10.89)

Here £(t) is standard complex white noise [64] and satisfies E[£(8)£*(s)] = (¢ — s).

0" Order Approximation

For the simple memory function, J = 1, which means (0C,(t) = ¢y )(t). The 0" order ap-
proximation occurs when we assume the form for OC.(t) in Eq. (10.36). From Eq. (10.76) this

implies
O, (t) = %(1 — e rt=t0)/2) 5 (10.90)
thus
0, .(t) = %(1 — e rtt0)/2y (10.91)
OC,.t) = O, .(t)= V07 .(t) =0. (10.92)

15 Order Approximation

The 1%t first order approximation occurs when we assume a form for MY ’k)(t), by Egs. (10.37) and
(10.76) this means
W, (1) = %(1 — ert=t0)/2) 5 (O, (1)), (10.93)
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thus
W, (t) = A1 —e =020, (1), (10.94)
(1)ng,z(t) - —%(1—6_”(t_t°)/2)(0)catz(t), (10.95)
Wy .(t) = WCr.(t) =0. (10.96)

The zeroth order functionals are found by applying the TLA operators to Eq. (10.22), giving

A A A A Q .
4,00, 1) = % G — g(O)CZ(t) + 27 (1, 1)[8, V0 (1) —il5 0 + =6

7[5}[ (O)C\VZ (t)7 (O)éz (t)] - &T (l)éz (t) (1097)

Using Eq. (10.83) this gives the following four coupled nonlinear equations

dC, (1) = tyk-— g@m,z(t) +iAOC, (1) — 194 OC,_ . (t) + 227 (£, ) OC,_ (1)
+(0)C2 (1), (10.98)

4, OC,: (1) = °>Cm(t) Qi VC,_ . (t) — A, () + 200, ()0 . (t)
(O’Caz, 6] = O, ()00, .(t) — [V0y . () — VO, (1)), (10.99)

4O, (1) = —20C, (1) +iTE 00, (1) it 00, (1) - O, ()]0 (1)
—0C,_ ()] - (¢, t)( 1Ci () — LC, . (1), (10.100)
4,0 .(t) = —g<0>cf,z(t)— 100, (1), (10.101)

which can be solved in parallel with Eq. (10.84).

274 Order Approximation

The 2" order approximation occurs when we assume a form for @y ’k’l)(t), by Egs. (10.38) and
(10.76) this means

@, (t) = %(1 — e~ t=10)/2)[5 (E (1)), (10.102)
thus
@I, (1) = (1 —e 2 Mo, (1), (10.103)
(2)Coz,z(t) = _%(1 - ein(titO)/Q)(l)Otﬁ,z(t)a (10104)
Ay ,t) = Pop.(t) =0, (10.105)

The zeroth order functionals are given by Eqgs. (10.98) — (10.101), however we now need equations
for 1C, (t). The fist order functionals are found applying TLA operators to Eq. (10.30). With a
memory function specified by Eq. (10.76) we get

K

W) = o, OCL0)] - L) — 150 + e, (0] + 2 (1,0l ()
—[6TWC, (1), O, (1)) — (61O, (1), VC. ()] — 6T, (1). (10.106)
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Figure 10.2: An example trajectory for the coherent-state non-Markovian SSE
(1%% order perturbation) for a driven TLA immersed in a non-Markovian bath.
Other details are as in Fig. 10.1.

Using Eq. (10.103) this turns into the four equations

dVC, . (t) = LyrC, . (t) — kMO, () +iANC, (1) — iQan VC,. (1)

+22%(t, ) MO, . (t) + 20C, (1) VT, (1), (10.107)
—k MOt () +1Qas M, . (1) —iANC,: (1) +209C,. ()OO . (1)

— 0, .(0)] + 29, .(6)[VC; - (t) = Vs - ()] = [Nt . () VC, . (t)

U
~+
—
=
o)
q
i
n
—
~
=

+OC,; Vo, . ()] — PCr.(t) + PO, (1), (10.108)
4,0, () = f¥(0)00-rjz(t)—/i(l)C’gz,Z(t)+i%(1)00f7z(t)fi%(l)cmz(t)

—C, . (1)[C - () = OC,. . ()] = OC, . (1)[MVCr - () = VC,. (1))

—2*(t, 1) NC,1 . (1) — 3PC, . (1), (10.109)
a0 (1) = —kMCL(t) - 130, (1), (10.110)

To illustrate how accurate our perturbation method is, the difference between the reduced
state calculated via the enlarged system method and the ensemble average from the coherent non-
Markovian SSE is plotted in Fig. 10.3. The blue line corresponds to the 0" order perturbation,
the red is the 15t and the green is the 2"d. It is observed that the 15t and 2™ order perturbation
are a lot more accurate then the 0" order perturbation. However, it can be seen that the 2°¢ order
perturbation is not necessarily more accurate than the 15 order perturbation. This suggest that

this perturbation method is an asymptotic expansion rather than a convergent series.
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Figure 10.3: This figure depicts the difference between the reduced state cal-
culated form our perturbative coherent non-Markovian SSE (1000 trajectories)
and the enlarged system method. The blue line corresponds to the 0" order
perturbation, the red is the 15 and the green is the 2"d. Other details are as in
Fig. 10.1.

10.4.4 Quadrature unraveling for the driven TLA

For the quadrature unraveling the actual non-Markovian SSE is

di|y=(t)) = [— éa - iﬂg“az — (60— (62)e) Q1) + <<aw — (62)t) (O)Qz(t)>t
+2(t,4)(6 — (6)0)| [0=(1)), (10.111)

and the noise function for the TLA is
z(t, s) = z(to, 8) / B(s —t'){(6,)pdt’. (10.112)

Again, as in the coherent case, we can calculate the complex amplitude equation via applying the
state |10, (1)) = co(t)|e) + ¢4(t)]g) to Eq. (10.111) and expanding (VQ. (t) as

)= mOQu.(t) (10.113)

where m = {o, of, ., I'}. This results in a coupled set of differential equations for c.(t) and cy(t)
that depend on (Y)Q,, .(¢) and z(t, s). In these equations the real-valued noise is given by

t
Atrs) = alto,s) + el / 2 (1)t (F) + b (e ((N]d,  (10.114)
to

where z(to, s) is found by
El2(to, s)2(to, )] = er—""s—s/'/?. (10.115)
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This is generated by

dy2(to, 5) = —gz(to, s) + gﬁg(s) (10.116)
with z(to,tp) being a gaussian random variable satisfying E|[z(to, to)2(to, t0)] = ky/4. Here £(s) is
standard white noise and satisfies E[¢(t)£(s)] = 0(t — s) [64].

0" Order Approximation

The situation is greatly simplified with the memory function in Eq. (10.75), as 3(t, s) = U9 (¢, s) =
Gc09) (¢, s), which in turn implies (0Q, () = (O)Q,(ZJ’COS) (t) = (O)ng’sm)(t).
The 0" order approximation is to set

©Q.(t) = %(1 — e Rlt=t0)/2)5. (10.117)

thus
©Q,.(t) = %(1 — ey, (10.118a)
OQur (1) = Q. -(t) = Qs .(t) =0. (10.118b)

1** Order Approximation

The first order approximation is to set

MQ.(t) = 3 (1= e =10)/2)[5, 0. (1) (10.119)
thus
WQ,-(t) = (1 —ert=0/2) 0, (1), (10.120a)
WQ,. -(t) = —%(1—e‘“(t‘tO)/Q)(°>QUT7Z(t), (10.120b)
WQur () = MQr.(t)=0. (10.120c)

The 0*" order functionals are found by applying TLA operators to Egs. (10.52) and (10.53). With
the simple memory function this gives

4,Q.(t) = Wf R(O)Qz()ﬂ(t,t)[&, (O’Qz(t)]—i[%f’z+ eri&z,“”Qz(t)]
—[62 (OQZ() 9Q- (1)) — 6. MQ(1). (10.121)
Using Eq. (10.113) this gives,
a4 0Qua(t) = 75— 500 a () +iAOQ (1) = i V0. (1) + 22(1,8) Qs (1)
+O0Q7 (1) =2, . (1)[VQr2 (1) + Q. - ()] = VQu1 . (£) Q02 (1)
[(1 Q1.-(t) + VQ,_ . (1), (10.122)
4, OQu () = -5 O)Qafz(t)ﬂﬁdn(oczazz() iAOQu1 . (1) +2Q,. - ()] VQ1 - (t)
°>ng,z<t)] OQu1.(1) Q0= (t) + Q% (1) — MQr.(t)
+(1)Qoz,z(t)a (10'123)
erl le‘l
Qs o(t) = =5 VQu () + i3 Q0 . (8) —i=5" OQ0a(t) = Q21 VQr.: (1)
-, (t]+‘°)Qau()[ Q17z(t)+(°)Qaz,z( t)] = 2(t, 1) Qg . (1)
—%[“’Qa,z(t) — Q. (1), (10.124)
4OQr-(t) = =2OQr-(t) = 50 (1) + VQur -(1). (10.125)
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Figure 10.4: An example trajectory for the quadrature non-Markovian SSE (15
order perturbation) for a driven TLA immersed in a non-Markovian bath. Other
details are as in Fig. 10.1.

which can be solved in parallel with c.(¢) and ¢ (t).

To illustrate how accurate this perturbation method is for the quadrature unraveling. Fig. 10.5
shows the difference between the reduced state calculated via the enlarged system method and the
ensemble average from the quadrature non-Markovian SSEs for the 0" (blue) and 1% (red) order

perturbation. As in the coherent case we find the 15* order perturbation is more accurate then the
(R

10.5 Post-Markovian perturbation

In this section I will extend the Yu, Diési Gisin and Strunz (YDGS) post-Markovian perturbation
[139, 140] to include the quadrature unraveling and compare the post-Markovian method with the
above perturbation method.

The basic idea behind their perturbation method is to expand the operators (V% (t,s) in powers
of (t — s) around the point ¢ = s (this is why it is called the post Markovian perturbation). That is

O%.(t,s) = D.(s,8) + [0, Ves(t, 8)]ems] (t — 5) + 207 Ve, (L, 8)]ezs] (t — 5) + ...,(10.126)

where (%%, (s, s) = L. To find the first order term we simply evaluate Eq. (10.21) at t = s

7

0Vt )ims = = [Hins(s), L] = [LTOC.(s), L] = LY[L, ©1C.(s)). (10.127)
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Figure 10.5: This figure depicts the difference between the reduced state calcu-
lated form our perturbative quadrature non-Markovian SSE (1000 trajectories)
and the enlarged system method. The blue line corresponds to the 0" and the
red is the 15¢ order perturbation. Other details are as in Fig. 10.1.

Thus the functional (X (t) for this perturbation is given by

OC.() = gol)E — gr(0) B 1), ] - / a(t — )(t - )[LTOC.(s), Llds

- / Calt— )(t — $)ETL, OC. (s))ds,

to

where
t
go(t) = /a(t—s)ds,
to

t
a(t) = / a(t — s)(t — s)ds.
to
This equation can not be solved. However, if we make a further approximation
OC.(s) = / a(s —u) Ldu,
to

for s > t. Substituting this into Eq. (10.128) gives

OC.(t) = go(t) L — g1(t)

S|

where

ga(t) = /: /t alt — s)a(s — u)(t — s)duds,

173

(10.128)

(10.129)

(10.130)

(10.131)

(10.132)

(10.133)
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Figure 10.6: This figure shows the difference between the reduced state cal-
culated from the YDGS post-Markovian non-Markovian SSE method and the
enlarged system method, for both the coherent (red line) and quadrature (blue
line) unraveling. Other details are as in Fig. 10.1.

which can be solved. The same could be done for the second order terms, but as well as making an
approximation for (O)C’Z(s) we would need to approximate ds(o)é’z(s). For the purpose of this paper
we will only go to first order.

To extend the idea to the quadrature case we Taylor expand the operator (O)Qz(t, s) in powers of
(t — s) around the point ¢t = s. To find the first order term we simply evaluate Eq. (10.51) at ¢ = s.
With the approximation

S

©Q.(s)= [ B(s—u)Ldu (10.134)
we get )
©Qu(t) = ho(t)L — h (1) [Hin (1), L] = ho(0)[ L L, L] (10.135)
where
ho(t) = tﬂ(t — s)ds, (10.136)
hi(t) = t B(t — s)(t — s)ds, (10.137)
ho(t) = /t ts Bt — $)B(s — u)(t — s)duds. (10.138)

For the simple TLA system it is easy to generate these approximate expressions for (O)C’Z(t)
and (0Q, (t) for all time, hence we can obtain solution to the non-Markovian SSE. To compare the
YDGS post-Markovian non-Markovian SSE method with our perturbation method, we again plot
the difference between the YDGS method (when 1000 trajectories where used) and the enlarged
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systems method. The results of this are shown in Fig. 10.6, where it is observed that the YDGS
first order perturbation has a greater error than Wiseman and my first order perturbation method
(Figures 10.3 and 10.5). This is perhaps not surprising, as the system we modeled has x = 1, which
implies it is very non-Markovian. Since one of the requirements of YDGS perturbation method is
for the environment to be close the Markovian regime one would expect their method to fail in this
regime.

In Ref. [139] YDGS suggest an alternative perturbation method. The functional operator 0, (1),
which equals O.(t) in their notation, is expanded by the functional expansion

t t t
0.() = 0O + / O (¢, v)2(v)dv + / / 0@ (£, 11, v9)2(v1)(va) dvrdvs + ..
to to Jto

¢ ¢
+/ / O™ (t,v1, ..., vn)z(v1)...2(vn ) dvy ...dvy + ... (10.139)
to to

It can be shown that one can establish a set of coupled differential equations for these operators
provided a(t — s) is given by Eq. (10.10). To truncated this perturbation at O™ one has to assume
a value O It turns out that for all operators O other then O(®) the only reason the operators
change from their initial value 0 at ty is if the assumed O™*1 is nonzero. This suggest that this

method is highly dependent on the assumed value for O™+1).

10.6 Summary of chapter

In this chapter I have presented a perturbation method for solving the coherent and quadrature
non-Markovian SSEs. This perturbation method is easily extended to any order and is not limited
to the post Markovian regime. However, the environment is restricted such that it has a correlation
function satisfying Eq. (10.10). As shown in Ref. [115] most non-Markovian environments can be
simulated via this correlation function with a relative small J. This suggest that this perturbation
method might be useful for simulating non-Markovian evolution for pyeq(t).

One appealing feature of this method is that it provides a perturbative solution for pyeq(t) which is
positive by definition. However there is another method, namely Imamoglu’s enlarged system method
[88, 115], which provides a (better) solution for pyeq(t). Imamoglu’s enlarged system method requires,
generally fewer coupled differential equations to solve (dM 7 compared to d(J"+J" "1 +...+J)+d+J
for our method) and the only approximation comes in by a truncation of the Hilbert space of the
fictitious modes (M). As one increases the basis size for these modes this method will converge to
the correct solution. By contrast, convergence has not been shown for our method.

This does not mean that this method is useless, as the primary interest in this method is not to

simulate preq(t), but to simulate the non-Markovian SSEs.



Chapter 11

Conclusions and Future Work

11.1 Conclusion

In this thesis I investigate both interpretations of quantum mechanics and non-Markovian SSEs.
In particular I have answered the question: which interpretation of quantum mechanics provides
the best understanding of non-Markovian SSEs? I find this to be the modal or hidden variable
interpretation. To those familiar with quantum trajectory theory (an application of the orthodox
interpretation to continuous-in-time measurements on the bath, see chapter 7), the predominant
view of Markovian SSEs, this may come as a surprise. Why should a relaxation of an assumption
about the bath drastically affect the physical understanding of an equation? The brief answer to
this question is that in the non-Markovian limit the bath remembers what has happened at earlier
times and if a measurement was performed on the bath then the bath is physically different (due to
the quantum mechanical disturbance) to what it would be if there had been no measurement.

To illustrate my claim that the modal theory of quantum mechanics does provide the best
interpretation of non-Markovian SSEs I am going to briefly summarizes the four current interpre-
tations of non-Markovian SSEs, these being: the numerical, under the orthodox theory, under the
modal theory, and as a new dynamical reduction model. The numerical interpretation simply states
that non-Markovian SSEs are nothing more then numerical tools used to generate the correct non-
Markovian master equation. This is the view of Didsi, Gisin, Strunz in Refs. [48, 47, 117]. However,
they do suggest in [48] that an interpretation should exist.

In Ref. [59] Wiseman and myself showed that, under the orthodox interpretation of quantum
mechanics, the solution of a non-Markovian SSEs, at time ¢, is the conditioned system state for a bath
measurement at that time. That is, it is the state the system would be in given a measurement on
the bath (of observables {Z;}) at that time which yielded results {r(Z,t) = z;}. Thus the solutions
at different times correspond to different physical events and can not be logically linked to form a
quantum trajectory. In light of this we have to conclude that under the orthodox interpretation
non-Markovian SSEs do not have any physical interpretation they are simply a numerical tool which
allows us to calculate the correct conditioned system state. I would also like to note that the different
unravelings, under this view, simply corresponds to a different bath measurements.

In the modal theory (see chapter 4), we have to assume the quantum mechanics is not complete
and an extra state (or hidden variable) has to be added to the theory. This state is known as the
property state and is the actual state of the universe. Doing this allows us to keep the traditional

concept of reality (things exists even when we are not looking at them) intact. However to agree with
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the orthodox theory we have to accept that only some properties (these are effectively observables
in the orthodox theory) can be given definite status. This is related to the contextual nature of
quantum mechanics (see chapter 3). In the standard modal theory I have accounted for this by
simply accepting the arbitrariness of choice. I have assumed that when assigning definite values
only one complete set of projectors (which determine the set of property states - see Eq. (4.8)), can
be given definite status. This is known as choosing the decomposition.

When applying this theory to open quantum systems (the universe consists of a system and bath)
we find that non-Markovian SSEs correspond to the evolution equation for the system part of the
property state of the universe when the bath is given definite values, denoted {v(Z,t)}. Thus under
this view a physical interpretation can be given to non-Markovian SSEs. The different unravelings
arise by simply choosing a different decomposition for the bath. However to derive the coherent-
state unraveling the modal theory must be generalized to include POM measurements. This was
first done by Wiseman and myself [62] and is also presented in chapter 4. The basic principle behind
this generalization is to use Naimark’s theorem to find a set of projectors (in a larger Hilbert space)

which are equivalent to the set of POM elements.

The last view is that of Bassi and Ghirardi [5, 7]. They interpret non-Markovian SSEs as
follows: their real-valued non-Markovian SSE (which is essentially Wiseman’s and my quadrature
non-Markovian SSE [59]) forms a new interpretation of quantum mechanics. That is, it is a new
dynamical reduction model with non-white gaussian noise for the reduction process. While there is
nothing wrong, mathematically, with this view I believe the motivation behind this view is limited.
To be more specific, Bassi and Ghirardi motivate this dynamical modal by a generalization of
the CSL (continuous spontaneous localization) dynamical reduction model to include non-white
noise. However since the original motivation behind CSL, that there is some unknown process
which continuously localizes the wavefunction, by definition must have white noise (if the evolution
equation is to be a pure state), I am forced to conclude that this view of non-Markovian SSEs is

unsatisfactory.

If we conclude that non-Markovian SSE are best understood under the modal view then I believe
Markovian SSEs should also be given this interpretation. Thus in the Markovian limit we have both
the quantum trajectory and this modal interpretation of Markovian SSEs (actually a third if we
include the CSL model and forth if we include numerical tools). In my opinion this is not a problem

as both views are valid and it depends on the nature of the problem which interpretation is best.

An example of a scenario which requires the quantum trajectory view of Markovian SSE was
presented in chapter 8. Here I considered the following simple problem: if we have a system with an
unknown dynamical parameter how can we obtain knowledge about this parameter, and with this
knowledge what is our best estimate of the quantum state? To answer this question I considered
a TLA driven by a classical field of unknown Rabi frequency, Qq4,. The five different detection
schemes: direct, an adaptive technique, homodyne-z, homodyne-y, and heterodyne were investigated
by calculating the four different measures of the knowledge gain: Shannon information about Qq,;,
variance in 4, long-time system purity, and short-time system purity. It was observed that a
high gain in purity does not necessarily correspond to a high information gain (knowledge about
Qari). This is because in some detection schemes, namely the adaptive technique, the positioning
of the state is approximately independent of 4,;. The scheme which had the best information
gain and highest long-time purity was homodyne y. This is expected as this scheme involves a
weak measurement of the y quadrature, which for 6, driving is most affected by an unknown Rabi

frequency. That is, as time goes on the repeated measurements (continuous-in-time) will hone-in on
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the correct Qqy;.

11.2 Future Work

In this thesis I have derive two new non-Markovian SSEs and presented what I believe is their best
interpretation. However there is still plenty of work to be done in this new field. The obvious

extension is to derive more unravelings and answer questions such as:

(1) Are there non-Markovian unravelings which are equivalent to the jump-like Markovian SSEs?

(2) Can a complete parameterization be derived for diffusive non-Markovian SSE (as done by
Wiseman and Didsi in Ref. [135] for diffusive Markovian SSEs)? Bassi in Ref. [6] has provided
some work along this line of questioning.

(3) What is the unraveling that corresponds to the Schmidt decomposition? This is interesting
for the modal view as this unraveling will correspond to the case when both the bath and the

system can be given definite status.

Other questions which need addressing concern the derivation of non-Markovian SSEs. In deriving
these equations it is assumed that the functional derivative can be replaced by an operator. This

leads to questions such as:

(4) Is it possible to show that this replacement is true in general? If this can be shown then
criticism against interpretations of non-Markovian SSEs (if they can not be derived in general
then how can a general interpretation exists?) would be void.

(5) If this operator exists can it be found in general and if not do better perturbative techniques
exist? That is, do there exist techniques which are not limited to certain memory function [60]

or post-Markovian approximations [139].

Other directions for future work are applications of this theory to systems which experimentalists

are currently working with. These include:
(6) Bose Einstein condensates.
(7) Photonic band gaps (or other strongly non-Markovian open quantum systems).

In this thesis I also presented an application of quantum trajectory theory: quantum state and

parameter estimation. This work also has many areas that still require investigation. These include:
(8) To apply this theory to measurement schemes which take into account realistic detectors.

(9) To first develop non-Markovian quantum trajectories (repeated-in-time measurements), then

to apply these equations to quantum state and parameter estimation

Other questions which have arisen from the work presented in this thesis concern the modal view
of quantum mechanics, in particular Wiseman’s and my generalization to include POM measure-

ments [62]. These questions are:

(10) TIs there a physical reason for enlarging the Hilbert space of the universe and if so what is it?
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(11) Does this generalization provide any insight to the problem of choice (how is one decomposition
of the state chosen over other decompositions)? This is currently the biggest limitation of the

modal theory and is an area that I find very interesting.

(12) Since Bell’s solution for Jy., (t) and T, (t) does not reproduce Brown and Hiley’s [19] contin-
uous dynamics for cubic potentials (see chapter 4), then what is the solution for J,,,(t) and

Tum (t) which reproduce these dynamics?

(13) In chapter 4 it was shown that provided the universe was at most quadratic in the conjugate
variable to the hidden variable (beable) then the continuous dynamics can be evaluated using
Wiseman and my velocity operator technique [62]. However presently there is no physical
reason why this technique only works for quadratic or lower orders.

In closing I would like to say that there is clearly much work to be done on non-Markovian SSEs
and the interpretations of quantum mechanics.



Appendix A

Evaluation of operators required

for non-Markovian SSEs

A.1 Derivation of ¢,(t,t) = L

To show that ¢é,(t,t) = L we start by discretizing the functional derivative. We divide the range
[0,¢) into N intervals of width At, so the change in |1, (t)) is

t " N—
thus
5oy - Al "

0z*(t, s) v=(t) = 0z*(t;) At

if s (¢;) is less than t (¢tn), which is the only situation we are interested in, then taking the limit
that s — ¢ (¢; = ty—1) this becomes

L 019(0) _ Olle(tv 1) + Atd | (tn—1))] (A.3)

ot 52 (t,s) 0z (tn_1)At

Discretizing Eq. (9.37) we get

Oelh=(tn-1)) = | — [=(tn-1)). (A4)

. N-2
= Hie(tn— (ty—1)L — LT (tno1 —t) s
5 e(tn_1) + 2" (tn-1) Jz::OOé N-1 (92*(tj)

Substituting this into Eq. (A.3) and using the fact that the state at time ¢ _; only depends on the

noise at time less then ¢5_1, we get the limit

o-0) 1o
Sor gy~ L) (A.5)

Thus by Eq. (9.38) é,(t,t) = L.
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A

A.2 Derivation of ¢.(t,t) = L

To show that ¢.(¢,t) = L we use the same procedure as above except we have a real noise function
and we use Eq. (9.84) in place of Eq. (9.37). Discretizing Eq. (9.84) gives

N-—-2 )

s (tn-1)) = [%iﬁim(tzvq) +z(ty-1)L— (L+LN) Y Blty-1 - tj)m] - (tn-1)). (A.6)

=0

Substituting this into Eq. (A.3) (but with real noise) and using the fact that the state at time ty_1

only depends on the noise at times less then ty_1, we get the limit

5‘71_&(15)) IR
g~ L) (AT

Thus by Eq. (9.85), §.(¢,t) = L.



Appendix B

Stratonovich-I1to6 conversion for
Markovian SSEs

In this appendix I will demonstrate how to convert a Stratonovich Markovian SSE to an It6 Marko-
vian SSE. Whilst It6 and Stratonovich conversions are well known for SDE of real parameters (see
[64]) in my reading I have never come across the conversion equations for complex parameters. Here

I will show how they can be derived.

B.1 Complex variable and real white noise
Lets consider the following general Markovian SSE,

di () = Alp(6) + Blu(£)£(®) (B.1)
where £(t) represents white noise. That is it has the following correlations

EE@®)] = 0, (B.2)
EE@EW)] = ot —t). (B.3)

This equation can be written in component form as,

dipy = a;({¢x ()}, {1 (0)}) +0;({¢ (D)}, {1 () })E() (B.4)
Integrating this over time we get,
(1) = ¢;(to) = /t a;({¢r(s)}; {Pr(s)})ds + /t b ({4r(s)}; {(s)})dw(s), (B.5)
where dw(s) = £(s)ds is a Wiener increment, it must satisfy

Eldw(t)]
Bldw(t)’]

0, (B.6)
dt. (B.7)

Defining the integral as a Riemann-Stieltjes integral, namely we divide the interval [to,#] into
N subintervals such that tg < t; < ts... < ty, and define intermediate points 7; such that t;_; <
7; < t;. It turns out that to order dt the method used to give the first integral is irrelevant, as both
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methods give the same results; this is simple calculus. This is not the case for the second integral
as dw(s) = £(s)ds is effectively of order v/dt and thus any dw? terms will need inclusion in the final
result when we take the dt limit. We define this integral as,

/ b ({¥r(s)} {vi(s)}) Zb {r (i)}, {vi () Ddw(tiv), (B.8)

to

where dw(t;—1) = W(t;) — W(t;—1). There are many ways we can define the midpoints, however,
for this appendix we are only going to consider two of them.
The first method is when 7, = ¢;_1. This allows us to write the integral as

I/ b ({4 (s)}; {(s)})d Zb {¥n (i)} {¢r(ti1) Hdw(tioa). (B.9)

to

and is called the It6 integral. It has the following unique properties dw? = dt and dw?*™ = 0 where
n = 1,2.... Further properties of this method are E[dw(t)] = 0 where E]...] represents the average
value and E[f(¢(¢;),¥*(t;))dw(t;)] = 0 that is the state at time ¢; is independent of the noise at
that time.

The second method which is commonly referred to as the Stratonovich method is defined as,

S/t bi({¥r(s)}, {vr(s)}) Zb (Y (tiz1) + () /25, { Wk (1) + Pr(E:))/2}]
S/ bi({¥k(s)}, {vi(s)}) Zb {or(tion) + gd(tim)} {Avk (tim1) + 5d5(ti1)}]

Thus the state at time ¢; is not independent of the noise at this time,

E[f($(t:), 4" (t:))dw(t;)] # 0. (B.12)
To work out the stochastic integral with this method we have to Taylor expand b;[{tr(t;—1) +
3 (tio1)}, {Wk (tio1) + i (ti-1)}] around the point [{¢x(ti-1)}, {5 (1)},

s / by ({n(5)}, {05(5))du(s) =

f |6 (e tim)}, (Wi (ti) )+ 3 bt 5 SO D],
3 i (i) by (O VO], +HLOT [ty (B.13)
Using equation (Bl.4) and £(s)dt = dw(s) to order dt this can be written as
by ({0 ()}, (5 (5))du(s) = ﬁ_vj [bx{wtifl)}, (Wi (o) Pdw(tio)
+;%bﬂ{wk(ti_l)},{w;:m_l)})da Vg b )|,
+ 2 (i)} Wittt 5 SOk wiop| | @
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this is the Stratonovich integral.
Thus with white noise and the order dt limit, we obtain two different results for an integral

containing this noise, we can relate the Stratonovich to the It6 by,

3/ b ({¢r(s)}; {r(s)})dw(s) = I/ b ({¢r ()} {5 (s)})dw(s) +

to to

3 J, 2 [t (WO 5 b (O} D), Jas+

}ds, (B.15)

s/'=

3 S [ 0D b Con e )
tol

where S and I refers to a Stratonovich and It6 integral respectively.

If we know assume that the Eq. (B.4) is a Stratonovich Markovian SSE I will now show have to
derive the we It6 Markovian SSE which is equivalent to it. To do this we integrate the Stratonovich
equation over time for a range §t. This gives,

st

¥ (to + 6t) — b (to) = a;({ehr(to) }, {vk (t0)})ot + S [ b({r(s)}, {vor(s)})dw(s),  (B.16)

to
and by equation (B.15) we can write this as,

ot

ui(t0) = ay({unlto)) (Wil + 7 | @({W(s)},{wz(s)})dw(s)
v IIEAN {wmo)}) by (1), (0()))]

t=to

+5th* ({10} (i o)) 5 - <{¢k<>},{wz<t>}>\, (B.17)

t=to

aw*
where 61;(to) = ¥;(to + dt) — ¢ (t,0). By the definition of an It6 integral (Eq. (B.9)), in the limit

o0t — dt, we can write it as

ot
lim I/ b ({4 (s)}; {r(s)})dw(s) = b;({¥r(to) }, {¥r(t0) })dw(to) (B.18)

dt—dt

Thus the It6 Markovian SSE is,
a1 = ay({e0) (RO + by (D), (W)
+5 (o), {w,t(t)})aibj({wk(t)}, (Wi
l
e L) (00, (8.19)

This is the key result of this appendix and it shows that when our dependent variable () is complex

F OSSR 0}, ) 5o
l

two terms make up the It6 corrections. For a derivation when we have a non complex variable see
reference [64]. The next section deals with the case that arrives when we have a complex variable

and complex white noise.

B.2 Complex variable and complex white noise

In this section we consider the following general stochastic equation,

dil9(1)) = Al (1)) + Bl (1))€" (0), (B.20)
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where £(t) is now a complex white noise function, satisfying
ElE@)] = 0, (B.21)
E[®)E )] = ot—1t). (B.22)

This can be written in terms of to real white noise process (£1(t) and &2(t)) as £*(t) = (&(¢) +
i€5(t))/+/2. With these two real white noises the component form of the above general Markovian
SSE is,

detby = a;({r(0)}, {0 N+ ({er ()} {AvE (O DE ) /V2 +ib; ({0} {vr (O }E() V2. (B.23)

The It6 integral for this equation is,

N

z / bi({n(s)} AWk Ddw () = D bs({nlti)} Wi (i) Ddwr (ti1)/v2
+i D bi({k(ti)} {0 (t1) Ddwa(ti1)/ V2, (B.24)
where dw*(t) = £*(t)dt.

Like in the prior case we can write a Stratonovich integral, and after the same procedures as

before we obtain the following Stratonovich-Ito relation for the integral,
S/t bj({vor(s)}, {o(s)dw™(s) = I/t b ({vor(s)}, {vr(s)})dw™ (s) +
1 t * * a / * ()
3 S B OL WD b L D) _ds. (B2)

This was obtain by using the fact that dw? = dt, dw;dws = 0 ete. If equation (B.23) is a Stratonovich
SSE then to obtain the It6 equivalent we have to integrate it from time t( to tg + 0t, and substitute

equation (B.25) for the integral. Doing this we obtain,

to+dt
¥j(to +6t) = (to) = aj({%/fk(to)L{¢Z(to)})5t+1/t bi({r(s)}, {¥r(s)})dw™(s)

+5 DB (welto)) i) g (O () _, - (529
l

By definition of an Itd integral when dt — dt we obtain the following Itd equation,

dip;(t) = a;({¢n(®)}; {Yr®)})dt + b ({¢r ()}, {¢i () })dw™ (t)

+% > b)), {wi(t)})(fwbg‘({wk(ﬂ}, {Yr®)})- (B.27)
l

Thus we see that if the variable and noise are complex then there is only one It6 correction term.
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