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State-specific density functionals for excited states via a density-driven correlation
model
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We present a first principles strategy for developing state-specific density functional approxi-
mations for excited states. We first clarify why approaches based on conventional ground state
approximations miss density-driven correlations, by considering excited state physics through the
lens of ensemble density functional theory. To solve this issue we gain insights on density driven
correlations by exploiting the recently understood low-density limit of electrons in excited states.
The theory developments are then combined to produce a proof-of-concept excited state approxi-
mation that resolves urgent paradigmatic failures (double excitations, charge transfer excitations,
piecewise linearity) of existing state-of-art density-functional approaches, directly from differences
of self-consistent field calculations; i.e., ASCF. In light of its observed impressive performance, we
conclude that the approach represents a major step toward unified and accurate modelling of neutral

and charged excitations.

Introduction: The simulation and understanding of
electronic structure has been transformed by inexpen-
sive and useful density functional approximations (DFAs)
[1-4] built on exact density functional theory (DFT) ex-
pressions and constraints. Going beyond ground states
usually requires time-dependent DFAs (TDDFAs) which,
like their ground state counterparts, have transformed
our understanding of excited states [5]. However, stan-
dard TDDFAs struggle to describe physically and techno-
logically important processes, notably charge transfer [6]
and double excitations. [7, 8] Limitations may be over-
come via specialised TDDFA-based approaches [9-11],
but a generally applicable approach is as yet unavailable.

A large class of excitations involve stationary states
and do not call for a truly time-dependent approach, [12]
which is strictly needed only for non-equilibrium physics.
Hence, state-specific approaches which reuse regular
DFT approximations (DFAs) are flourishing [13-15].
However, predictions can be extremely sensitive to func-
tional choice [15] because of non-systematic errors. These
issues arise, partly, from the fact that the central approx-
imations were originally designed for ground states, so
miss any specific electronic structure of excited states.

An alternative path that is attracting growing atten-
tion is to develop approaches from ensemble DFAs (ED-
FAs) that are designed to directly target a specific state
of interest (i.e. are state-specific) by incorporating first
principles understanding of excited states [16-20] Mod-

ern EDFAs systematically and successfully address ‘typ-
ical’ excited state problems [18, 21-25] and even multi-
configurational problems like bond dissociation. [16] The
key advantage of EDFAs is that, because they incorpo-
rate excited state physics, they upgrade existing ground
state DFAs for excited state predictions — yet can bypass
the weight-dependence of ensemble theory.

A significant difficulty that has been recognized only
recently is that EDFT introduces an additional form of
“density-driven” (dd) correlations [26-28]. These terms,
do not appear in ground states, so are not captured by
existing DFAs, yet must be accounted for in order to
make accurate and general predictions.

Originally, dd-correlations were brought forth by the
realization that the individual auxiliary pure states form-
ing the Kohn-Sham (KS) ensembles of EDFT do not nec-
essarily need to reproduce the individual interacting den-
sities [26]. Rather, what counts at the functional level
is the ensemble-averaged density. The definition of dd-
correlations was revisited and generalized to handle more
direct calculations and confirm its importance [27]. Even-
tually [28], a formally exact expression [see Eq. (3)] was
derived to inspire approximations; by connecting non-
interacting KS and interacting many-body densities and
transition density overlaps of different pure states [26],
an aspect elaborated below.

This Letter derives, from first principles, a so-far-
elusive practical approximation for dd-correlations, by



first reframing existing understanding as an ansatz and
then using the low-density limit of electrons [29] to rein-
troduce physics missed by the ansatz. We thus pro-
duce a unified EDFA for ground (G) and excited (X)
states, which we call GX24, that simultaneously and reli-
ably addresses double and charge transfer excitations, as
well as singlet-triplet splitting — all neutral excitations of
great relevance in photochemistry for which conventional
TDDFAs struggle. We finally demonstrate that GX24 is
equally useful for charged excitations, before concluding.
Using EDFT to deduce excited state energies:
To begin, let us briefly summarise how EDFT lets us ad-
dress excited states. Seminal work by Gross, Oliveira and
Kohn [30] (GOK) showed that ensembles of ground and
excited states are subject to an extended variational (sta-
tionary) formalism. Specifically, £% := miny, Tr[ATY],
where T% = Do We| V) (V| is formed on orthonor-
mal states, {|U,)}, averaged by weights w,. They
also showed that £ can be obtained via an ensem-
ble density functional, £*[n"], of the ensemble density
n = Tr[al'™] = > Wk [31]. A recent reformulation of
GOK theory, obtained by invoking the same weights for
the interacting and the auxiliary symmetry-adapted KS
states (denoted by the subscript ‘s’), yields [28, 32]

an Tsn +/ns /{( )vcxt(r)dr+Ech,n} ) (1)

where T ,, = (ﬁS|T\HS> is the state-specific KS kinetic
energy, N, = (Ks|f|ks) is its density, vex is the exter-
nal potential (here, the scalar potential of the electric
field due to the nuclei of a molecule), and Epxen =
Fhxx + Ecr, where Euy, = </€5|W|l€s> is the state-
specific KS Hartree-exchange energy and FE., is the
state-specific correlation energy (elaborated below) [33].
Here, T and W are the kinetic and interaction energy op-
erators for electrons, respectively. KS states in EDFT are
necessarily [29, 32] non-interacting symmetry-adapted
configuration-state functions (CSFs) which are a specific
(yet finite) combination of Slater determinants. The
functionals, Epxcx, are state-specific [34] yet derived
from the ensemble functional [19, 20] — index k corre-
sponds to CSF |ks).

CSFs do not always lead to the usual determinant-
based Hartree and Fock exchange separation [32, 35]
that is central to the design and development of DFAs.
To resolve this issue, we follow Ref. 28 to instead de-
fine Ey , := W"™P[x, .| as a functional of the KS (re-
tarded density-density) response function, x, ., by invok-
ing the ﬂuctuation—dissipation theorem (FDT) through

Wresp[ } — f ig fooo r T/.w)dw — n[X](T)5(r _
r’) 2“1:‘” This definition gives the usual Fock exchange

for ground states, i.e. W*P[y,] = EL°%k but can differ
for excited states. We will elaborate on the benefits of
using the FDT for excited states near Eq. (5).

The ensemble Hartree energy, & = &, — &L =
> Wi En i, then captures any remaining [28] Coulombic

Hx terms via

_Unm+2z [T eret] - (2)
K <K
Here, Ulq] = Z‘f:d’;,‘q ¢*(r") is a Coulomb-

like integral adapted to admit compleX inputs like tran-
sition densities, ng g = (Ks|N|K}). The sum in the
above equation is over states |«’) that are lower in en-
ergy than |k). Degenerate orbitals sometimes require a
more sophisticated treatment [18]. Here we focus on non-
degenerate singlets to avoid complications.

Correlations (i.e. energy contributions missed by the
KS state) can also be understood via the FDT [28], by
combining it with the adiabatic coupling-constant inte-
gration [36]. The resulting ensemble correlation can be
expressed as E¥[n] = Y, weFex = Y. we [y (W) —
WO)dA. Here, W) := (k*|W|r*), where |k*) is an eigen-
state of T'+ 0> + AW with 0 = vs, v' = v and v other-
wise chosen to preserve the (ensemble) density [36]. The
correlation energy is further resolved into: i) state-driven
(sd) correlations, E%, := fol(W,i’reSp — WOresP)d)\, ob-
tained by applying the FDT, WP = IW'P[yA] to in-
teracting (y;) and non-interacting (x" = xs,.) response
functions; and ii) density-driven (dd) correlations,

Bl - / L INURY] = Una))

2% / IAURA] — Ulane) . (3)

K <K
involving Coulomb-like integrals with n)\_, = (k*|7|x"?)
and ng . = nY,,. We may also write this as Egi =

fol WA Coul _1y70.Coul g "in analogy to Eﬁjiﬁ. The sd cor-
relation (sdc) energy thus captures contributions within
the specific state, while the dd correlation (ddc) energy
captures contributions between non-interacting and in-
teracting (transition) densities.

Modeling excited state energies wvia density
functionals: Standard DFAs are devised for the lowest
Slater determinant solution of each given spin-symmetry
— henceforth referred to as spin ground states (SGS). Our
goal is to devise useful EDFAs for excited states. Consis-
tent with the seminal work of Kohn and Sham [37], we
treat T, ,, and Epy , exactly via their excited state gen-
eralizations. We then only need to model the unknown
state-specific exchange-correlation (xc) energy term,

Eyer = Bx o+ ESS + ES (4)

ideally by reusing existing SGS DFAs as much as possible.

With modelling in mind we recognise that both
E . and Eg‘i involve response functions and are thus
naturally paired. Furthermore, the relation Fy. =



fol WHresPd ) is exact in any SGS [38] which means that
existing DFAs, EPFA must model W™ [39]. We
therefore make an ansatz that the response terms can
and should be captured by standard DFAs, from which
it directly follows that exchange (x) and sdc approxima-
tions obey combination rules, [40]

By [n] + B ] ZOPEDFA (5)

based on exact combination laws, Ey . = Y p CpEx[np],
for exchange — see Refs 18 and 28 for details. Here, np are
densities of SGS Slater determinants, |®p), while C are
coefficients such that >~ , Cp =1 and >, Cinp = n,.
The response ansatz and Eq. (5) allow well-developed
SGS infrastructure to be repurposed for the response
terms (i.e. from W'P) of excited states. Eq. (5) yields
reasonable excited state energies [18, 25] despite only
partially capturing differences between same-spin and
opposite-spin correlations. The outstanding challenge is
thus with the density-driven correlations in Eq. (3).

Modeling density-driven correlations (ddc): The
crux of the problem with ddc is that Eg%[n] is exactly
zero in the SGS that are at the center of all popular DFA
constructions. All terms in Eq. (3) disappear because the
KS state has the correct density at all A (i.e. ny =n* =
n) and no relevant eigenstate can be found that is lower in
energy than the SGS [41]. Consequently, existing models
do not know about and thus cannot describe ddc.

For higher energy states we enter a largely unexplored
territory. Let us first consider the situation in which we
are able to select a specific state such that n,, s = nﬁ =n,
is constant along the adiabatic connection. Then, the
first term in Eq. (3) vanishes. But, in general, ng .x #
n;,.. leaving us with non-vanishing,

EXn _22/

K'<K

Ulns, e ])dA . (6)

A conventional DFA description, e.g. via Eq. (5) or a
similar model, of the excited state will miss this physics.
Evaluating Eq. (6) involves the hitherto impervious
task of modeling the variation of transition densities,
n)., for all A in the integration path. As a first step to-
ward an approximation, we rewrite the conjoint Hartree,
exchange and correlation (Hxc) energy,

1 1
Bpixer = / W2dX := / (WP 1 wreomd, (7)
0 0

in terms of response (W"*P) and Coulombic (WCoul)
contributions. Our ansatz associates the response con-
tributions with x and sdc [Eq. (5)], i.e. fol WATePgN ~
> p CEEPFA[np]. Tt follows that the Hartree [Eq. (2)]
and ddc [Eq. (6)] contributions are associated with
Jy WhCoulg) = By, + EJ9.

The function W,i‘ is unknown, in general, but was re-
cently shown [29] to obey W0 = Eyy ,; (the high-density
limit of electrons) and W = Eﬁg?[néﬁ] (the low-
density limit), where ESCE[n] is the energy functional
for ground state strictly-correlated elections [42]. Inter-
polating between the known limits leads to W2 [n] :=
[1 - fm [n]()\ﬂEHx,m + fm[nK )EEISE[”S,H]’ where fn[ ]()‘)
is an unknown monotone function obeying f,[n](0) = 0
and fi[n](co) = 1 for all K and n. Integrating over A
therefore yields the exact expression,

— &xlns,x]) Brx,e + ff@[ns,n]EIS{géE[ns,&] .
(8)

We then assume that f* = fi[n](\) and thus & =
fol fAdX are independent of x and n. While this as-
sumption may seem drastic, it is reasonable for our goal
of approximating ddc because it applies, in practice, at
O(A\?). An illustrative geometric derivation for singlet-
triplet gaps, and more details about the model, are pro-
vided in Supplemental Material Section I (SMSec I) [43].

Next, we expand Epxex = (1 — &) (Eux + Exx) +
E(U[ns,x] + ESSE[ng ]) in terms of its constituent parts.
Here, we divided E5SE[n] = Uln] + ESE[n] into
Coulombic (just U[n] because it is a ground state func-
tional) and xc parts. We then recognise that for any
SGS, |®p), we obtain Ey p = Ulns p] and thus Ey. p ~
(1 — &) Ey p + EESSE ng p| captures only the explicit x’
and ‘xc’ terms. It follows that these terms are SGS
physics and the response ansatz thererfore associates
them with WP and Eq. (5).

That leaves us with only the ‘H’ and ‘U’ terms to be
associated with WUl so that fol whCoulgy = (1 —
&)Eu, + £U[n.]. The dd approximation (ddA) is thus
B ~ EddA &(U[ng) — Fu,x) in general and,

26U

K'<K

Ech,m = (1

EddA : nq mﬁ/ (9)

for non-degenerate (and some degenerate, e.g. the two-
fold degenerate case later reported in Table I) excita-
tions [44]. Repeating all steps for ensembles (i.e. begin-
ning from W@ = Tr[[®AW]) yields,

ELAN = U]~ EE®) . (10)
where U[n"] follows from the SCE limit being indepen-
dent of the weights, w, except via the density n® [29)].
The GX24 approrimation: We are now ready
to put the model into practice, by producing a proof-
of-concept excited state approximation that pairs the
density-driven correlation model of Eq. (9) with an exist-
ing long-range corrected (LC) hybrid DFA model that is
known to facilitate the description of charge transfer ex-
citation [45]. The resulting ground (G) and excited state
(X) “GX24” has different energy expressions for different



State > p CEEE [P + 304, DiaBiie (4, 6a]
1‘50 Exc [Plso]

5 Exl[pss,]

'S ES [pas,] + ER én, ¢

'S 2B [pss, ] — ExE[prs,] + Eiye™ [on, ¢
1Dy EXl(ps gy, ] + B lpss, ) — )I?cc[/)lso}

+1 (B on, d1,] + B [6n, d12]) + B [y, b,

TABLE I Ingredients for GX24. EXC and E&3* are defined
in Eq. (12), and p1g, and psg, are IRDMs for singlet- and
triplet- SGSs. 'S» and 'Dy are double excitations (h? — I
and h? — l1l2) to | and degenerate 1,2, respectively.

excited states, which can usually be expressed as,

PEEL Tt [ mvde +Uln] + 30 CEEE o)
P

ZD

Here, the first sum is from combination rules and the
second captures any missing Hartree terms and the ddc
approximation, where D}, depend on the specific exci-
tation of interest [46] — some important examples are
provided in Table I, e.g. the fourth row yields, E{g.>* =
T 152+fn152vdr+U[n132]+2ELC[p351] ELC[pISO}
EddA[th,qﬁg] as the energy of a non-degenerate double-
excited state, 1.Sy. Terms based on E}I;Cc involve spin-
resolved one-body reduced density matrices (1IRDMs),
pp, of SGS Slater determinants. FEgd4 = 2(1 —
&)[hl]lh] invokes electron repulsion integrals [ij|kl] =
f‘ﬁz(")@ﬁ(r Pr(r )¢l( )|Cird:/|
More specifically, GX24 invokes

Bt [, dal (11)

E (o) = B [p] + B¢ PPy, ny
+ 2(EXS02[ng, ny) — EXTo[p]) (12a)
ddA[qsh, ¢1) == 2(1 — 0.32)[hl|Ih] = 1.36[hi|lh] . (12b)

Here, ‘PBE’ is the Perdew-Burke-Ernzerhof generalized-
gradient approximation [47] and ‘HJS’ is the Henderson-
Janesko-Scuseria PBE-like form [48] for short-range
exchange.  Energy expression are then solved self-
consistently via restricted orbital theory for each state
of interest; and excitation energies are obtained by tak-
ing differences of self-consistent energies (i.e. ASCF).
Implementation details are in SMSec II. The choice of
short-range HF exchange fraction, a = %, and range-
separation parameter, v = 0.2 Bohr~!, to range-partition
of the Coulomb interaction are justified in SMSec III.
For our proof-of-concept we use constant £ := 0.32.
The value is determined by optimizing excitation energies
over EX22 [49], a benchmark set of 22 excitation energies
that capture a diversity[50-52] of physical and chemical
behaviours. Details and discussion of EX22 and GX24
(including ground state tests) are in SMSec III.

a) [Ex22 #]bho {Easy 2] €) 6{Hard .
— 91 e L
> 9 ’ : 31 ) s
L6 o 8 4 e
UD— 3 ': cT 74 . H 34 o °

4 4
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FIG. 1. a) Excitation energies (y axis) as a function of ref-
erence values (z axis) for EX22 using GX24. Colors indicate
type of excitation. b) GX24 (blue) and CAM-B3LYP (green)
energies versus reference energies for ‘easy’ excitation ener-
gies. ¢) Like b) but for ‘hard’ double excitations that TDDFT
cannot tackle. Dotted lines indicate perfect agreement.

GX24 predictions: Figure la reveals that Eq. (12)
performs extremely well for 1Sy — 157 (SS) and 35; —
181 (ST) transitions in EX22, with impressive mean ab-
solue errors (MAE) of 0.19 eV and 0.04 eV, respectively.
It is worse, yet still respectable (in the absence of system-
specific optimal tuning [10]) for difficult charge-transfer
(CT, MAE 0.58 V) and does extremely well for the no-
torious case of double excitations (DX, 0.35 eV). Using
only the sd-EDFA [Eq. (12a)] increases errors for all four
categories, overall by 83%, highlighting the importance
of the dd-EDFA. Extended theory, technical details of all
calculations, and tabulated data are in SMSec IV.

Further testing reveals strong performance outside
EX22. Figure 1b shows results for ‘easy’ lowest-lying
singlet-singlet transitions of four small atoms, with a fo-
cus on Rydberg-like excitations for which very high qual-
ity theoretical reference data are available [50]; Figure lc
extends the tests to ‘hard’ problems with substantial (yet
diverse) ‘double excitation’ character [56]. GX24 has a
MAE of 0.18 eV across all eight ‘easy’ excitations and
a respectable MAE of 0.50 eV for the eight ‘hard’ ones.
We compare with Tamm-Damcoff approximated CAM-
B3LYP [57] as representative of a well-utilized and gen-
erally effective [58, 59 TDDFT method. CAM-B3LYP is
worse (MAE 0.47 eV) on easy excitations (Figure 1b) and
very poor for the three accessible hard ones (which are

a) _F *b) [CN
S _[Gx24 1
L 27
S 1 2]
(<}
0 ¢ . 0 s
0 1 0
Excess e™ Excess e™ Excess e~

FIG. 2. Electron affinity of F (a), CN (b) and ozone (c) at
fractional charges. The lime line is GX24 without the dd-
EDFA, while the blue line includes all terms. The black dot-
ted line is the theoretically exact linear behaviour and black
dots are experimental values. [53-55]



underestimated by 1.5-3.4 eV so do not fit in Figure 1c).
Other TDDFAs may out-perform GX24 on single exci-
tations but, unlike GX24, can only capture three of the
reported double excitations.

Our final test steps outside the realm of neutral ex-
citations to address fractionally charged excitation re-
sults. These excitations involve ground states, but re-
producing non-integer electron number requires an en-
semble treatment [60] and thus gives rise to dd cor-
relations [61]. Figure 2 shows the electron affinity of
F, CN, and ozone (O3) at fractional charges, which in
exact theory should be linear as a function of excess
charge [60]. Applying the sd-EDFA part of GX24 (i.e.
Eq. (12a) adapted to known fractional charge combi-
nation rules [62-64]) but omitting the dd-EDFA leads
to substantial non-linearities (lime curves in the figure).
Eq. (10) yields £344(q) ~ —f@[hh\hh] as the appro-
priate adaptation of Eq. (12b), where £ = 0.32, ¢ is the
excess electron charge and ¢y, is the frontier orbital. In-
cluding £494 () (blue curves) largely restores linearity in
all cases, to yield excellent qualitative and quantitative
results for all charges.

Conclusions: By systematic first principles mod-
elling, and a transparent series of mathematical steps, we
derived a simple yet effective approximation, Eq. (9), for
density-driven correlations — a central quantity for deal-
ing with excited states via ensemble density functionals.
Eq. (9) is explicitly derived to complement a response
ansatz, that lets us repurpose existing ground state DFA
developments via Eq. (5).

We then used the model to produce a proof-of-concept
EDFA, GX24 [Table T and Eqs (11)—(12)], that success-
fully captures a variety of important ground- and ex-
cited state physics within a unified and adaptable ASCF
framework. Despite its simple form, the performance
of GX24 stands beyond the reach of state-of-art time-
dependent DFAs for addressing difficult excitations of rel-
evance to photochemistry, including double and charged
excitations. GX24’s performance on charged excitations
is particularly astonishing, given that it was derived and
normed on neutral excitations.

Our model provides an effective framework for fur-
ther improvements because simplifying assumptions in
the present work can be relaxed. Notably: i) the model-
ing of the state-driven correlation physics can be refined
to accommodate correlation differences between same-
and oppositie-spin electrons and/or explicit excited state
contributions [65]; ii) the LC-DFA used in Eq. (12a) can
be improved in form or via empiricism; iii) parameters,
including &, are system and state-dependent, which can
be accommodated in approximations; iv) Eq. (11) can
be applied to other types of excitations, including chal-
lenging degenerate energy levels, charged excitations (e.g.
satellite states), and radical excitations; v) it can be com-
bined with multi-configurational approaches.

Proof-of-concept GX24 already performs comparably

to popular approximations on single excitations, yet can
also address double excitations and charged excitations.
Given the demonstrated success, and the broad scope for
further improvements, we believe that our work has sig-
nificant potential to transform the way low-lying excited
state properties are computed and understood. Espe-
cially, accurate prediction of double excitations at DFT
cost paves the way to understanding their role in photo-
chemistry, biophysics and opto-electronics.
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