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Predictor-based Neural Dynamic Surface Control of
a Nontriangular System with Unknown Disturbances
Yang Yang, Member, IEEE, Didi Chen, Qidong Liu, Member, IEEE, Tengfei Zhang, Senior Member, IEEE,

Aaron Liu, and Wenbin Yue, Member, IEEE

Abstract—For a class of nontriangular nonlinear systems in
presence of unknown disturbances, we propose a predictor-
based neural dynamic surface control (PNDSC) strategy in this
paper. This nontriangular system is transformed via the mean
value theorem, and a predictor is then constructed. To avoid
an algebraic loop problem, partial state vectors are employed
as input signals of neural networks (NNs) for approximating
unknown dynamics, and compensation items are designed to
compensate for approximation errors from NNs. Different from
the traditional NDSC, the PNDSC in this paper utilizes pre-
diction errors to update learning parameters for improving
NNs’ learning behaviors with overlarge adaptive gains. On the
basis of improved NNs’ approximation behaviors, a predictor-
based NNs disturbance observer (PNNDO) is constructed for
compensation for external disturbances and approximation er-
rors from NNs. Furthermore, with predictors, a normalization
method of weights is developed to reduce the number of online
learning parameters. On the basis of the aforementioned result,
measurement noises are taken into account in our predictor-
based neural control strategy. We employ predictor states, rather
than measurement information paralyzed by noises, in design of
our control strategy. This reduces high-frequency oscillations in
control input. A Lyapunov-based stability analysis shows that all
signals are ultimately bounded in the closed-loop system. Finally,
the effectiveness of the proposed control strategy is verified by a
numerical example and a permanent magnet brushless DC motor
system.

Index Terms—Adaptive control, neural networks, backstep-
ping, predictor-based neural dynamic surface control, nontrian-
gular system.

I. INTRODUCTION

Nontriangular nonlinear systems [1]–[4] have attracted sig-
nificant attentions in the control community due to their wide
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applications, such as electromechanical system [1], Chuas
circuit system [2], stirred tank reactor [3] and Brusselator
model [4]. The growing interest toward this class of systems
is not only owing to practical applications but also research
potentials. For example, most of existing control techniques
[5]–[13] are infeasible for such nonlinear systems in a direct
manner.

There exist challenges in the control methodology design for
nontriangular systems. One of remarkable features in triangu-
lar systems, such as pure-feedback systems, is that unknown
dynamics fi(·) of the ith subsystem contain states in the previ-
ous subsystems x̄i+1 = [x1, x2, · · · , xi+1]

T . In nontriangular
systems, unknown dynamic in the ith subsystem contains not
only partial state variables x̄i+1 = [x1, x2, · · · , xi+1]

T but all
state variables x̄n = [x1, x2, · · · , xn]

T . In the framework of
backstepping control schemes, a state variable xi+1 is regarded
as a control input signal to the ith subsystem, and a virtual
control law αi+1 is then constructed. For the existence of
a virtual control law, αi+1 only contains the states in the
previous subsystems in a triangular system. On the contrary,
for a nontriangular nonlinear system, a virtual control law αi+1

will be a function with all state variables if we use a traditional
backstepping scheme. The traditional scheme is not feasible
and will cause an algebraic loop problem.

To address the control issue, adaptive control strategies
with approximation, such as fuzzy logic systems (FLSs) and
neural networks (NNs), have been developed for nontriangular
nonlinear systems. Chen introduces a bounded funciton with
monotonically increasing property to propose variable sepa-
ration methods and develops adaptive FLSs and NNs control
methods for a nontriangular SISO nonlinear system [14][15].
Subsequently, Tong et al. [16] eliminate this restriction and
present a novel adaptive fuzzy backstepping design algorithm.
On the basis of the aforementioned results, further researches
have reported complex issues for nontriangular SISO nonlinear
systems, such as full state constraints [17], high-order nonlin-
ear [18], unmeasurable states [19][20], finite time [21][22] and
fault-tolerant control [23]. From SISO nontriangular systems
to MIMO ones, an extension method is developed via adaptive
FLSs and NNs control methods [24][25][26].

Many efforts are taken to improve transient performance
of NNs’ learning behavior in neural dynamic surface con-
trol (NDSC) approaches. In general, increasing the adaptive
gains can reduce the magnitude of tracking errors, and this
might cause undesired high-frequency oscillations and have
an impact on system stability [27]. For addressing this con-
cern, Peng et al. in [5] construct prediction errors between
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predictors and system states to update NNs’ weights. On the
basis of the traditional surface errors signal updating method
[7], a predictor-based NDSC method provides an additional
adjustable parameter and improves transient behaviors of NNs’
approximation resulting in smooth control signals. Wang et al.
construct a predictor based on surface errors and use prediction
errors to update neural adaptation laws for approximating ideal
vectors [28]. Xu proposes a composite learning control scheme
with tracking errors and prediction errors for updating NNs’
weight parameters adaption [29]. The above-mentioned control
methods [25]–[29] indeed improve system performance, but
they are not able to deal with external disturbances.

Anti-external disturbances is another key topic in nontri-
angular systems. A nonlinear disturbance observer (NDO) is
employed to deal with their influences on nonlinear systems
for improving robustness of a closed-loop system [30]–[38].
The principle of an NDO is to estimate unknown disturbances
and introduce compensation [32]. An NDO is designed by
the difference between a state and an intermediate variable,
and the issue of mismatched disturbances in [33]–[34] is
addressed. Authors in [35] combine sliding mode NDO with
backstepping techniques and propose a robust constrained
control scheme for MIMO systems. Shao et al. in [36]–[38]
employ approximation property of NNs and construct a neural
network disturbance observer (NNDO) for estimating external
disturbances. These NNDOs not only fail to consider transient
performance of NNs’ learning behavior but also require a large
number of parameters to be tuned online.

Although many achievements have been made for nontrian-
gular systems and anti-disturbances in the existing references,
there still exist technical gaps. Most results are for a nontri-
angular nonlinear system without external disturbances, and
few efforts are made to control such systems against distur-
bances. To avoid an algebraic loop problem, parts of control
strategies are often based on strict assumptions [14][15], such
as bounded unknown dynamics with monotonically increasing
properties. Also, many existing references mainly focus on
the tracking problem of nontriangular systems, and they do
not take transient performance of NNs’ approximation into
account. In fact, scaling up adaptive gains indeed realizes
fast behavior for NNs’ learning, but overlarge gains may lead
to undesirable high-frequency oscillations. Furthermore, few
NNDOs are reported for nontriangular systems, and still lack
of improvement for disturbance compensation as well as for
reducing the number of online parameters.

Motivated by the above-mentioned results and gaps, we
propose a predictor-based NDSC strategy for a nontriangular
nonlinear systems in the presence of unknown disturbances.
A predictor-based NN disturbance observer (PNNDO) is con-
structed to compensate both external disturbances and NNs’
approximation errors, and a normalization method of weights
is employed to reduce the number of online parameters. The
contributions made in this paper are as follows.

1) For a nontriangular system in the presence of external
disturbances, a predictor-based neural dynamic surface control
(PNDSC) strategy is proposed. Different from nontriangular
systems only in the presence of unknown dynamics [16],
the plant in our paper is more complex due to external

disturbances. This kind of system is transformed via the
mean value theorem, and a predictor in this paper is then
constructed. Different from a predictor in a strict-feedback
system [5], an improved predictor in this paper introduces a
compensation item and a disturbance estimation. The purpose
of this improvement is to avoid the algebraic loop problem in
a nontriangular system without strict assumptions. Instead of
using surface errors, the proposed strategy employs prediction
errors from a predictor to drive NNs’ learning parameters. This
improvement avoids high-frequency oscillations in NNs’ learn-
ing behaviors caused by overlarge adaptive gains, compared
with using surface errors to update signals for a nontriangular
system [1].

2) A predictor-based NNDO (PNNDO) is proposed with a
normalization method of weights. Compared with the tradi-
tional NNDO in [37] in a strict-feedback system, the PNNDO
in this paper is designed on the basis of predictor-based NNs.
This PNNDO does not only compensate for generalized dis-
turbance, including external disturbances and approximation
errors in a nontriangular system, but also improves approxi-
mation behaviors. Further, with predictors and a normalization
method of weights, we also reduce the number of NNs’
learning parameters tuned online compared with that in the
traditional NNDO [34].

3) Our control strategy further takes measurement noises
into account. To against the influence from measurement
noises in sensors, predictor states are employed to replace
measurement signals in our control strategy. This replacement
improves robustness of the system and the performance of
control inputs with fewer oscillations due to the existence of
measurement noises.

The remaining part of this paper is organized as follows.
Section II presents necessary preliminaries and problem for-
mulation. In Section III, we propose an adaptive control
strategy as well as stability analysis. Further, our control
strategy takes measurement noises into account in Section
IV. Three simulations are illustrated in Section V, and the
conclusions are drawn in Section VI with future work.

II. PROBLEM FORMULATION AND PRELIMINARIES

A. Problem Formulation

Consider a nontriangular nonlinear system with external
unknown disturbances

ẋ1 = f1(x̄n) + d1(t),

ẋi = fi(x̄n) + di(t),

ẋn = fn(x̄n, u) + dn(t),

y = x1,

(1)

where i = 2, · · · , n − 1, x̄n = [x1, x2, · · · , xn]
T ∈ Rn is a

state vector, u ∈ R and y ∈ R are control input and output
signals, respectively, di(t) is external unknown disturbance,
and fi(·) is an unknown smooth function, i = 1, · · · , n.

Assumption 1: ([38]) The external unknown disturbance and
its derivative are bounded and satisfy |di| ≤ d∗i and |ḋi(t)| ≤
d̆∗i , where d∗i and d̆∗i are positive and unknown constants.

Assumption 2: The signs of κi(x1, x2, · · · , xn), i =
1, · · · , n−1, and κn(x1, x2, · · · , xn, u), are known, and there
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exist constants κmax and κmin such that 0 < κmin ≤ |κi(·)| ≤
κmax, where κi(x1, x2, · · · , xn) = ∂fi(x1,x2,··· ,xn)

∂xi+1
, i =

1, · · · , n− 1, and κn(x1, x2, · · · , xn, u) =
∂fn(x1,x2,··· ,xn,u)

∂u .

Remark 1: Since κi(·) is a continuous function, Assumption
2 indicates that κi(·) is either strictly positive or strictly
negative. This assumption guarantees controllability of the
system (1). Without loss of generality, we mainly consider
κi(·) > 0, and the other case κi(·) < 0 is in a simple
mathematical transformation and can be treated in the same
way. Assumption 2 is common in the existing references such
as in [1].

In order to obtain the affine external state variable xi+1 and
control input u, we make use of the mean value theorem [1],
and the nonlinear smooth function fi(·) yields

fi(x1, · · · , xi, xi+1, · · · , xn) = fi(x1, · · · , xi, x
0
i+1, · · · , xn)

+
∂fi(·)
∂xi+1

∣∣∣∣
xi+1=x~

i+1

(xi+1 − x0
i+1), i = 1, · · · , n− 1, (2)

where the smooth function fi(·) is clearly
analyzed between fi(x1, · · · , xi, xi+1, . . . , xn) and
fi(x1, · · · , xi, x

0
i+1, · · · , xn), x~

i+1 is a point between
xi+1 and x0

i+1, and ~ is a constant satisfying 0 < ~ < 1,
1 ≤ i ≤ n− 1.

Specifically, we choose x0
i+1 = 0, and (2) yields

fi(x1, · · · , xi, xi+1, · · · , xn) = fi(x1, · · · , xi, x
0
i+1, · · · , xn)

+
∂fi(·)
∂xi+1

∣∣∣∣
xi+1=x~

i+1

(xi+1 − 0), i = 1, · · · , n− 1. (3)

Similarly, we get

fn(x1, · · ·, xn, u)=fn(x1, · · ·, xn, u
0)+

∂fi(·)
∂u

∣∣∣∣
u=u~

(u− 0).

(4)

where u~ is a point between u and u0.
Substituting (3) and (4) into (1) yields
ẋ1 = f̄1(x̄n) + κ̄1(x1, · · · , xn)x2 + d1(t),

ẋm = f̄m(x̄n) + κ̄m(x1, · · · , xn)xm+1 + dm(t),

ẋn = f̄n(x̄n, u) + κ̄n(x1, · · · , xn, u)u+ dn(t),

y = x1,

(5)

where f̄m(x̄n) = fm(x1, · · · , xm, 0, · · · , xn),
m = 2, · · · , n − 1, f̄n(x̄n, u) = fn(x1, · · · , xn, 0),
κ̄j(x1, · · · , xn) = κj(x1, · · · , xj ,
x~
j+1, · · · , xn), j = 1, · · · , n − 1, and κ̄n(x1, · · · , xn, u) =

κn(x1, · · · , xn, u
~).

In order to facilitate the design of control strategy, the model
(5) is further transformed into

ẋj = Fj(x̄n) + xj+1 + dj(t), j = 1, · · · , n− 1,

ẋn = Fn(x̄n, u) + u+ dn(t),

y = x1,

(6)

where Fj(x̄n) = f̄j(x̄n) + κ̄j(x1, · · · , xn)xj+1 − xj+1, and
Fn(x̄n, u) = f̄n(x̄n) + κ̄n(x1, · · · , xn, u)u− u.

Remark 2: κ̄j(x1, x2, · · · , xn), as a gain function of affine
variable xj+1, is unknown. For designing virtual control laws,
additional methods need to be adopted, such as introducing
a Nussbaum function [10]. In order to facilitate the design
process, the model is further transformed. With the transfor-
mation, unknown gains for state variable xj+1 and control
input u in (5) are removed, and they are known or identity.
Only approximating Fj(x̄n) by NNs is required.

B. Radial Basis Function (RBF) NNs

To deal with uncertainties of the system, RBF NNs are
employed to approximate the unknown dynamics. As for a
smooth nonlinear function f : Rm → R, there exists a RBF
basis function vector φ(x) = [φ1(x), φ1(x), · · · , φl(x)]

T ∈
Rl, and an ideal weight vector W ∗ = [w∗

1 , w
∗
2 , · · · , w∗

l ]
T ∈ Rl

such that f(x) = W ∗Tφ(x) + ε, where x ∈ Ω ⊂ Rm is an
input vector, Ω is a compact set, l is the node number of
the hidden layer, and ε is the approximation error. ε and its
derivative ε̇ satisfy ε < ε∗ and |ε̇| < ε̆∗, where ε∗ and ε̆∗ are
unknown positive constants. The basis function selected in this
paper is a Gaussian function φi(x) = exp[− (x−ζi)

T (x−ζi)
2ξ2i

],

where ζi =
[
ζi,1, · · · , ζi,m

]T
and ξi are the center and width

of the activation function, respectively.
Assumption 3 ([7]): The reference signal yr is a smooth and

bounded function, and there exists a positive constant p0 such
that a compact set Ξ0 :=

{
(yr, ẏr, ÿr) : y

2
r + ẏ2r + ÿ2r ≤ p0

}
holds.

The control objective for (1) is to design an adaptive
control strategy such that all signals in the closed-loop system
are bounded and that the tracking error y − yr is arbitrarily
small.

Remark 3: Due to the fact that unknown dynamics in
nontriangular systems contain all state variables, the algebraic
loop is an inevitable problem in designing a recursive control
strategy for such systems. To address this issue, we use
partial state variables as NNs input vectors rather than whole
state variables, similar to a method in [1]. However, this
method will impact the approximation performance of system
unknown dynamics via NNs. Traditional methods do not
take approximation performance and the number of learning
parameters into account, and it is challenging to improve
system performance as well as reduce the number of NNs
parameters tuned online.

III. PNDSC VIA A DISTURBANCE OBSERVER WITH A
NORMALIZATION METHOD OF WEIGHTS

A. Control Strategy Design

In this section, we propose a predictor-based NDSC strategy
for a class of nontriangular nonlinear systems with unknown
disturbances. The predictor is combined with the NDSC con-
trol design, and NNs parameters are updated by the prediction
errors. For the problem of external disturbances in the system,
a predictor-based NNs disturbance observer is constructed
for compensation of external disturbances and approximation
errors of NNs. We combine a normalization method of weights
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with PNDSC to reduce the number of parameters tuned online,
thus reducing the complexity of PNDSC.

Step 1: Define the first dynamic surface error s1 = x1−yr,
which is also called tracking error due to the fact y = x1 in
(1). Its time derivative along (6) is given by

ṡ1 = ẋ1 − ẏr

= F1(x̄n) + x2 − ẏr + d1(t). (7)

Using NNs for the approximation of F1(x̄n), we have
F1(x̄n) = W ∗T

1 φ1(x̄n) + ε1(x̄n), and ε1(x̄n) is the approxi-
mation error. (7) becomes

ṡ1 = W ∗T
1 φ1(x̄n) + x2 − ẏr + ε1(x̄n) + d1(t), (8)

where W ∗T
1 φ1(x̄n) is a function of all state variables x̄n =

[x1, x2, . . . , xn]
T , and it will be used to design virtual control

law α2, which will be designed later. In the framework
of Backstepping, the state variables [x2, · · · , xn]

T can not
directly appear in the update law of α2. Otherwise it will lead
to the situation of designing control input u with itself, that
is, algebraic loop problem. To address this issue, we introduce
W ∗T

1 φ1(x1), where φ1(x1) is a function about the variable
x1. Due to the fact that not all state variables are employed
as input signals of NNs, there exists an transformation error
|W ∗T

1

(
φ1(x1)−φ1(x̄n)

)
|. We have to introduce a compensa-

tion term in our control strategy for this transformation error.
Further, for reduction of the number of learning parameters,
we take a norm calculation and denote λ∗

1 = −∥W ∗
1 ∥2. The

adaptive law for its estimate λ̂1 will be designed later.
Define D1 = ε1(x̄n) + d1(t), and D1 is called general-

ized disturbance, which includes external disturbance d1(t)
and NNs approximation error ε1(x̄n). In order to eliminate
the influence of generalized disturbances on the system, the
PNNDO is designed asD̂1 = cd1(x̂1 − d̂1),

˙̂
d1 = λ̂1Φ1(x1)x̃1 + x2 + cD1D̂1 + c̄d1x̃1 + ν1λ̂1x̃1,

(9)

where F̂1 = λ̂1Φ1(x1)x̃1 is an improved architecture of NNs
with fewer learning parameters, c̄d1 = c−1

d1 − (c1 + cp1),
cd1, cD1, cp1 and c1 are positive constants, ν1λ̂1x̃1 is a
compensation item, x̃1 = x̂1 − x1, x̂1 is from the following
predictor

˙̂x1 = λ̂1Φ1(x1)x̃1 + x2 − (c1 + cp1)x̃1 + ν1λ̂1x̃1 + D̂1, (10)

ν1 is a positive constant, and λ̂1 is an estimate of λ∗
1 =

−∥W ∗
1 ∥2.

The update law for λ̂1 is designed as
˙̂
λ1 = Γ1[−Φ1(x1)x̃

2
1 − ν1x̃

2
1 − ζ1λ̂1], (11)

where Φ1(x1) = φT
1 (x1)φ1(x1)/(4γ

2
1), and Γ1, ζ1 and γ1 are

positive constants. To stabilize s1, a virtual control law α2 is
proposed

α2 = −λ̂1Φ1(x1)x̃1 − ν1λ̂1x̃1 − c1s1 + ẏr − D̂1. (12)

Let α2 pass through a first-order filter to obtain x2d for the
estimation of α2

η2ẋ2d = α2 − x2d (13)

with x2d(0) = α2(0), where η2 is a positive constant.
Step i(i = 2, · · · , n− 1): Define the ith surface error si =

xi − xid, and its time derivative along (6) is

ṡi = ẋi − ẋid

= Fi(x̄n) + xi+1 − ẋid + di(t). (14)

From RBFNNs, we have Fi(x̄n) = W ∗T
i φi(x̄n) + εi(x̄n),

where εi(x̄n) is the approximation error. Then, we get

ṡi = W ∗T
i φi(x̄n) + xi+1 − ẋid + εi(x̄n) + di(t). (15)

According to the analysis in the Step 1, W ∗T
i φi(x̄n) can not

be used in the control design in the Step i. We will design
the control strategy in a similar way to the Step 1. Define
Di = εi(x̄n)+di(t), and Di is called generalized disturbance
in this paper, including external disturbance di(t) and NNs
approximation error εi(x̄n). To eliminate the influence of Di

on the system, we design a PNNDO asD̂i = cdi(x̂i − d̂i),

˙̂
di = λ̂iΦi(x̄i)x̃i + xi+1 + cDiD̂i + c̄dix̃i + νiλ̂ix̃i,

(16)

where F̂i = λ̂iΦi(x̄i)x̃i is the improved architecture of an NN
for fewer learning parameters, c̄di = c−1

di −(ci+cpi), cdi, cDi,
cpi and ci are positive constants, x̃i = x̂i − xi,

˙̂xi = λ̂iΦi(x̄i)x̃i + xi+1 − (ci + cpi)x̃i + νiλ̂ix̃i + D̂i, (17)

νi is a positive constant, and λ̂i is an estimate of λ∗
i =

−∥W ∗
i ∥2.

The virtual control law with an adaptive law is

αi+1 = −λ̂iΦi(x̄i)x̃i − νiλ̂ix̃i − cisi + ẋid − D̂i, (18)

˙̂
λi = Γi[−Φi(x̄i)x̃

2
i − νix̃

2
i − ζiλ̂i], (19)

where Φi(x̄i) = φT
i (x̄i)φi(x̄i)/(4γ

2
i ), and Γi, ζi and γi are

positive constants.
Let αi+1 pass through a first-order filter to obtain an

estimation of αi+1 denoted by x(i+1)d

ηi+1ẋ(i+1)d = αi+1 − x(i+1)d, x(i+1)d(0) = αi+1(0), (20)

where ηi+1 is a positive constant.
Remark 4: In the framework of designing an NDO in [34],

our PNNDO includes two improvements. One is replacement
of driven signals for constructing NNs, and the other is
introduction of a normalization method of weights. In [34],
authors construct a nonlinear disturbance observer by an error
value between the intermediate variable d̂i and the system
state xi. Here we employ a predictor x̂i, instead of the system
state xi, to calculate an error value with d̂i, and this error is
taken as a driven signal for estimation of disturbances. This
replacement yields smooth estimation behaviors. Further, by
introducing a normalization method of weights, we reduce the
number of learning parameters tuned online in a PNNDO.
Fortunately, this normalization method provides a feasible
solution for stability analysis with predictor signals.
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Step n: Define the nth surface error sn = xn − xnd, and
the time derivative of sn along (6) is

ṡn = ẋn − ẋnd

= Fn(x̄n, u) + u− ẋnd + dn(t). (21)

From (6), (21) becomes

ṡn = W ∗T
n φn(x̄n, u) + u− ẋnd + εn(x̄n, u) + dn(t). (22)

Define Dn = εn(x̄n, u)+dn(t), and Dn is called generalized
disturbance, which includes external disturbance dn(t) and
NNs’ approximation error εn.

In order to eliminate the influence of Dn, the PNNDO is
designed asD̂n = cdn(x̂n − d̂n),

˙̂
dn = λ̂nΦn(x̄n)x̃n + u+ cDnD̂n + c̄dnx̃n + νnλ̂nx̃n,

(23)

where F̂n = λ̂nΦn(x̄n)x̃n, c̄dn = c−1
dn − (cn+ cpn), cdn, cDn,

cpn and cn are positive constants, x̃n = x̂n − xn, x̂n is from
the state predictor

˙̂xn = λ̂nΦn(x̄n)x̃n + u− (cn + cpn)x̃n + νnλ̂nx̃n + D̂n, (24)

νn is a positive constant, and λ̂n is an estimate of λ∗
n =

−∥W ∗
n∥2.

Choose the control input u

u = −λ̂nΦn(x̄n)x̃n − νnλ̂nx̃n − cnsn + ẋnd − D̂n (25)

and the update law for λ̂n

˙̂
λn = Γn[−Φn(x̄n)x̃

2
n − νnx̃

2
n − ζnλ̂n], (26)

where Φn(x̄n) = φT
n (x̄n)φn(x̄n)/(4γ

2
n), and Γn, ζn and γn

are positive constants.
Remark 5: We design λ̂i to reduce the number of NNs pa-

rameters tuned online. From −W ∗T
i ϕi(x̄i)x̃i ≤ −λ∗

iΦix̃
2
i+γ2

i ,
we transform W ∗T

i ϕ1(x̄n)x̃1 into λ∗
1Φ1x̃1. In the hidden layer,

we normalize activation functions and stack all these functions
into Φi(x̄i). With this technique, the number of dynamic
learning parameters is reduced from

∑n
i=1 li to n, where li is

the number of NNs nodes used in Step i. It is worth mentioning
that, although the normalization method of weights reduces the
number tuned online, it may degrade approximation behaviors
of NNs. For this end, we introduce a PNNDO to compensate
for approximation errors from NNs.

Remark 6: NNs’ learning parameters are usually updated by
surface errors in dynamic surface control for a nontriangular
system. At the initial stage, this surface error is often not zero,
and with an overlarge adaptive gain, system overshoot may
be too large and high-frequency oscillations may occur. In
this paper, NNs’ weight parameters are updated by prediction
errors generated by the predictor instead of surface errors, and
the dynamic learning ability is separated from the tracking
performance. Thus, the NNs in this paper improve the transient
performance even in the presence of overlarge adaptive gains.

Remark 7: In this paper, we utilize x̃i to update the NNs
learning parameters instead of surfaces errors, and this replace-
ment reduces generation of high-frequency oscillations and
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Fig. 1: The block diagram of the control strategy.

improves transient performance. The improvement is attributed
to the following two aspects. On one hand, it is possible, by
selecting the suitable parameter cpi, to steer prediction error,
rather than surface error in a faster manner. On the other hand,
by setting x̂i(0) = xi(0), initial predictor errors are zero
resulting in peaceful approximation behaviors even with an
overlarge adaptive gain Γi during initial period. Accordingly,
approximation performance remains smooth regardless of an
overlarge adaptive gain.

Fig. 1 shows the block diagram of the adaptive control
strategy. In the n steps, unknown nonlinearities in the system
are approximated by RBF NNs, the prediction errors are
constructed based on the design predictor, and the adaptive
parameters are updated by prediction errors. The adaptive
parameters learn the norm of NNs’ weights to estimate the
unknown dynamics of the system, which are applied to the
PNNDO to compensate for generalized disturbances, and
finally the control input is obtained.

B. Stability Analysis

To facilitate stability analysis, we define the following error
signals 

λ̃i = λ̂i − λ∗
i ,

D̃i = D̂i −Di,

qi+1 = x(i+1)d − αi+1,

x̃i = x̂i − xi,

ŝi = x̂i − xid,

(27)
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and then, the error dynamics in terms of ŝi , λ̃i, x̃i, qi+1 and
D̃i yield{

˙̂si = ŝi+1 − x̃i+1 + qi+1 − ciŝi − cpix̃i,

˙̂sn = −cnŝn − cpnx̃n,
(28)

˙̃
λi = Γi[−Φi(x̄i)x̃

2
i − ζiλ̂i − νix̃

2
i ], (29)

˙̃xi = ˙̂xi − ẋi

=λ̂iΦi(x̄i)x̃i − (ci + cpi)x̃i + D̃i −W ∗T
i φi(x̄i)

+W ∗T
i φi(x̄i)−W ∗T

i φi(x̄) + νiλ̂ix̃i, (30)

q̇i+1 = − qi+1

ηi+1
−Bi+1(·), (31)

and
˙̃Di =

˙̂
Di − Ḋi

= cdi(1− cDi)D̂i − x̃i − Ḋi, (32)

where Bi+1(·) = α̇i+1(ŝ1, · · · , ŝi, x̃1, · · · , x̃i, λ̂1, · · · , λ̂i,
q2, · · · , qi+1, D̂1, · · · , D̂i, yr, ẏr).

In what follows, we present the stability and analysis results.
Theorem 1: Consider a nontriangular nonlinear system suf-

fering from external unknown disturbances defined by (28)-
(32) with Assumption 1–Assumption 3. For bounded initial
condition, satisfying

∑n
i=1(ŝ

2
i (0)+

1
Γi
λ̃2
i (0)+x̃2

i (0)+D̃2
i (0))+∑n−1

j=1 q2i+1(0) ≤ 2p, where p is a positive constant, all error
signals in the closed-loop system, i.e., ŝi, λ̃i, x̃i, D̃i and
qi+1 are bounded, and the tracking error converges to a small
neighborhood around the origin.

Proof : Consider the Lyapunov function candidate

V =
n∑

i=1

(
1

2
ŝ2i +

1

2Γi
λ̃2
i +

1

2
x̃2
i +

1

2
D̃2

i ) +
n−1∑
i=1

1

2
q2i+1. (33)

The time derivative of V is

V̇ =
n−1∑
i=1

ŝi

(
ŝi+1 − x̃i+1 + qi+1 − ciŝi − cpix̃i

)
+ ŝn

(
− cnŝn − cpnx̃n

)
+

n∑
i=1

x̃i

(
λ̂iΦi(x̄i)x̃i

− (ci + cpi)x̃i + D̃i −W ∗T
i φi(x̄i) +W ∗T

i φi(x̄i)

−W ∗T
i φi(x̄n) + νiλ̂ix̃i

)
+

n∑
i=1

D̃i

(
cdi(1− cDi)D̂i

− x̃i − Ḋi

)
+

n∑
i=1

λ̃i

[
− Φi(x̄i)x̃

2
i − ζiλ̂i − νix̃

2
i

]
+

n−1∑
i=1

qi+1

(
− qi+1

ηi+1
−Bi+1(·)

)
. (34)

Define the sets Ξ0 = {y2r + ẏ2r + ÿ2r ≤ p0} and Ξi =∑i
j=1{(ŝ2j + 1

Γi
λ̃2
i + x̃2

i + D̃2
i ) +

∑n−1
i=1 q2i−1 ≤ 2p}, where

p0 and p are positive constant. Due to that Ξ0 and Ξ1 are
compact sets in R3 and R5i−1, it comes the result that the set
Ξ0 × Ξ1 ∈ R5i+2 is also compact. Thus, Bi+1(·) has a upper

bound Mi+1 over Ξ0 × Ξ1. According to Assumption 1 and
boundedness of NNs approximation error, we denote D∗

i and
D̆∗

i as upper bounds of Di and Ḋi, respectively. Using Young’s
inequality, the following inequalities |ŝiŝi+1| ≤ 1

2 ŝ
2
i +

1
2 ŝ

2
i+1,

|ŝiqi+1| ≤ 1
2 ŝ

2
i + 1

2q
2
i+1, cpiŝix̃i+1 ≤ 1

2c
2
piŝ

2
i + 1

2 x̃
2
i+1,

|D̃iḊi| ≤ 1
2D̃

2
i +

1
2D̆

∗2
i , −λ̃iλ̂i ≤ − 1

2 λ̃
2
i+

1
2λ

∗2
i , |qi+1Bi+1| ≤

1
2q

2
i+1+

1
2M

2
i+1, −D̃iD̂i ≤ − 1

2D̃
2
i +

1
2D

∗2
i , −W ∗T

i φ(x̄i)x̃i ≤
λ̃iΦix̃

2
i − λ̂iΦix̃

2
i + γ2

i , x̃i(W
∗T
i φi(x̄i) − W ∗T

i φi(x̄n)) ≤
−νix̃

2
iλ

∗
i +

li
νi

hold. It follows that

V̇ ≤− (c1 −
3

2
−

c2p1
2

)ŝ21 −
n∑

i=2

(ci − 2−
c2pi
2
)ŝ2i

− (c1 + cp1 −
1

2
)x̃2

1 −
n−1∑
i=2

(ci + cpi − 1)x̃2
i

− (cn + cpn − 1

2
)x̃2

n −
n∑

i=1

(
cdi(cDi − 1)

2
− 1

2
)D̃2

i

−
n∑

i=1

ζi

2Γ−1
i

Γ−1
i λ̃2

i −
n−1∑
i=1

(
1

ηi+1
− 1)q2i+1 +Π, (35)

where Π = 1
2

∑n
i=1 D̆

∗2
i + 1

2

∑n
i=1 λ

∗2
i + 1

2

∑n
i=1 D

∗2
i +∑n

i=1 γ
2
i +

∑n
i=1

li
νi

+ 1
2

∑n
i=1 M

2
i+1.

Let χŝ = min
i=1,...,n

{c1 − 3
2 − c2p1

2 , ci − 2 − c2pi
2 , cn − c2pn

2 },

χλ̃ = min
i=1,...,n

{ ζi
2Γ−1

i

}, χx̃ = min
i=1,...,n

{c1 + cp1 − 1
2 , ci +

cpi − 1, cn + cpn − 1
2}, χq = min

i=1,...,n−1
{ 1
ηi+1

− 1} and

χD̃ = min
i=1,...,n

{ cdi(cDi−1)
2 − 1

2}. It follows that

V̇ ≤ −χV +Π, (36)

where χ = min{2χŝ, 2χλ̃, 2χx̃, 2χq, 2χD̃}. Solving the in-
equality (36) gives

V (t) ≤ Π

χ
+ (V (0)− Π

χ
)e−χt. (37)

From (37), we obtain the bound of the Lyapunov function
V and all signals in the closed-loop system. From (33), one
has |ŝ1| ≤

√
2Π
χ and |x̃1| ≤

√
2Π
χ . Due to the definition

s1 = ŝ1 − x̃1, we get |s1| ≤ 2
√

2Π
χ . This completes this

proof.

IV. PNDSC WITH MEASUREMENT NOISES

In the previous section, with assumption that measured
states are noise-free, we propose a predictor-based NDSC s-
trategy for a nontriangular system with unknown disturbances.
In fact, this scenario in Section III is ideal, and there inevitably
exist noises over the measurement channel. In what follows,
we will consider measurement noises and further improve
control strategy in the previous section.

In this subsection, the system model (1) is redefined
ẋjp = Fj(x̄np) + x(j+1)p + dj(t), j = 1, · · · , n− 1,

ẋnp = Fn(x̄np, u) + u+ dn(t),

y = x1p,

xi(t) = xip(t) + ρi(t), i = 1, · · · , n,

(38)
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where x̄np = [x1p, x2p, · · · , xnp]
T ∈ Rn is the system

state vector, xi(t) is measured state, ρi(t) represents the
measurement noise. We assume ρi(t) is bounded such that
|ρi(t)| ≤ ρ∗i , where ρ∗i is a positive constant.

The control objective for (38) is to design an adaptive
control strategy with measurement noise such that all signals
in the closed-loop system are bounded and that the tracking
error y − yr is arbitrarily small.

A. Control Strategy Design

Due to the existence of measurement noises, only measured
state xi appears in the control strategy in traditional method.
Fortunately, in our control strategy, we can use predictor states
x̂ip to complete the design, where x̂ip is the estimate of system
state xi. Define estimate error x̃i = x̂ip − xi. Then, the
predictors, NDOs, virtual control laws and the control input
can be redesigned with (38).

First, predictors are designed using measured states xi as

˙̂xip = λ̂iΦi(ˆ̄xip)x̃i+xi+1−(ci + cpi)x̃i + νiλ̂ix̃i+D̂i,

i = 1, · · · , ni − 1 (39)

˙̂xnp = λ̂nΦn(ˆ̄xnp)x̃n+u−(cn+cpn)x̃n+ νnλ̂nx̃n+D̂n. (40)

Then, PNNDOs are designed for generalized disturbance Di

as
D̂i = cdi(x̂ip − d̂i), i = 1, · · · , ni − 1

˙̂
di = λ̂iΦi(ˆ̄xip)x̃i + xi+1 + cDiD̂i + c̄dix̃i + νiλ̂ix̃i,

D̂n = cdn(x̂np − d̂n),

˙̂
dn = λ̂nΦn(ˆ̄xnp)x̃n + u+ cDnD̂n + c̄dnx̃n + νnλ̂nx̃n

(41)

with adaptive laws

˙̂
λi = Γi[−Φi(ˆ̄xip)x̃

2
i − νix̃

2
i − ζiλ̂i], i = 1, · · · , ni. (42)

Now, virtual control laws αi+1 and the control input u are
chosen with predictor states x̂i as

αi+1 = −λ̂iΦi(ˆ̄xip)x̃i − νiλ̂ix̃i − ciŝi + ẋid − D̂i,

i = 1, · · · , ni − 1, (43)

and

u = −λ̂nΦn(ˆ̄xnp)x̃n − νnλ̂nx̃n − cnŝn + ẋnd − D̂n, (44)

respectively, where ŝi = x̂ip − xid, i = 1, · · · , ni.
Remark 8: In design process of our control strategy in this

section, we employ a predictor state x̂ip and an auxiliary
variable ŝi to replace a measured state xi and a dynamic
surface error si, respectively. Also, we utilize predictor states
instead of the measured states with noises as input vectors of
NNs to approximate an unknown function. This displacement
realizes the design of the control strategy indirectly using the
measurement state and avoids the measurement noise directly
affecting control performance. This is because the design of
the predictor states has the characteristic of filter. It filters the

Algorithm 1: PNDSC with measurement noises.
Initialization: Parameters ci, cpi, νi, cdi, cDi, Γi, and ζi,

i = 1, · · · , n;
Initial conditions x̂ip(0), D̂i(0), and λ̂i(0),
i = 1, · · · , n;
Time step=0;

1 while time step < simulation time step limit do
2 for each i ∈ {1, · · · , n} do
3 Surface error: calculate si;
4 PNNDO: construct D̂i from Eq. (41);
5 Predictor: construct state x̂ip from Eq. (39);
6 Prediction error: calculate x̃i;
7 for each j ∈ {1, · · · , li} do
8 RBF NN: update φi(ˆ̄xip) and calculate

Φi(ˆ̄xip);
9 end

10 Calculate λ̂iΦi(ˆ̄xip)x̃i;
11 if i < n then
12 Virtual control variable: calculate αi+1 from

Eq. (43);
13 First-order filter: let αi+1 pass through the

filter to obtain x(i+1)d and ẋ(i+1)d;
14 else
15 Control law: calculate u from Eq. (44);
16 end
17 end
18 end
19 Increasement time step;
20 end

noise in the measurement states and alleviates influence from
measurement noises on the control input directly and reduces
oscillations.

The design process is summarized in Algorithm 1, which is
self-explained.

B. Stability Analysis

To facilitate stability analysis, we define the following error
signals 

λ̃i = λ̂i − λ∗
i ,

D̃i = D̂i −Di,

qi+1 = x(i+1)d − αi+1,

x̃i = x̂ip − xi,

ŝi = x̂ip − xid,

(45)

and then, the error dynamics in terms of ŝi , λ̃i, x̃i, qi+1 and
D̃i yield{

˙̂si = ŝi+1 − x̃i+1 + qi+1 − ciŝi − (ci + cpi)x̃i,

˙̂sn = −cnŝn − cpnx̃n,
(46)

˙̃
λi = Γi[−Φi(ˆ̄xip)x̃

2
i − ζiλ̂i − νix̃

2
i ], (47)
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˙̃xi = ˙̂xip − ẋi

=λ̂iΦi(ˆ̄xip)x̃i − (ci + cpi)x̃i + D̃i −W ∗T
i φi(ˆ̄xip)

+W ∗T
i φi(ˆ̄xip)−W ∗T

i φi(x̄np) + νiλ̂ix̃i + ρi(t), (48)

q̇i+1 = − qi+1

ηi+1
−Bi+1(·), (49)

and

˙̃Di =
˙̂
Di − Ḋi

= cdi(1− cDi)D̂i − x̃i − Ḋi, (50)

where Bi+1(·) = α̇i+1(ŝ1, · · · , ŝi, x̃1, · · · , x̃i, λ̂1, · · · , λ̂i,
q2, · · · , qi+1, D̂1, · · · , D̂i, yr, ẏr).

In what follows, we present the stability and analysis results.
Theorem 2: Consider a nontriangular nonlinear system with

measurement noises defined by (46)-(50) with Assumption
1–Assumption 3. For bounded initial condition, satisfying∑n

i=1(ŝ
2
i (0)+

1
Γi
λ̃2
i (0)+x̃2

i (0)+D̃2
i (0))+

∑n−1
j=1 q2i+1(0) ≤ 2p,

where p is a positive constant, all error signals in the closed-
loop system, i.e., ŝi, λ̃i, x̃i, D̃i and qi+1 are bounded, and the
tracking error converges to a small neighborhood around the
origin.

Proof 1: Consider the Lyapunov function candidate

V =
n∑

i=1

(
1

2
ŝ2i +

1

2Γi
λ̃2
i +

1

2
x̃2
i +

1

2
D̃2

i ) +
n−1∑
i=1

1

2
q2i+1. (51)

The time derivative of V is

V̇ =
n−1∑
i=1

ŝi

(
ŝi+1 − x̃i+1 + qi+1 − ciŝi − (ci + cpi)x̃i

)
+ ŝn

(
− cnŝn − (cn + cpn)x̃n

)
+

n∑
i=1

x̃i

(
λ̂iΦi(ˆ̄xip)x̃i

− (ci + cpi)x̃i + D̃i −W ∗T
i φi(ˆ̄xip) +W ∗T

i φi(ˆ̄xip) + ρi(t)

−W ∗T
i φi(x̄n) + νiλ̂ix̃i

)
+

n∑
i=1

D̃i

(
cdi(1− cDi)D̂i

− x̃i − Ḋi

)
+

n∑
i=1

λ̃i

[
− Φi(ˆ̄xip)x̃

2
i − ζiλ̂i − νix̃

2
i

]
+

n−1∑
i=1

qi+1

(
− qi+1

ηi+1
−Bi+1(·)

)
. (52)

Define the sets Ξ0 = {y2r + ẏ2r + ÿ2r ≤ p0} and Ξi =∑i
j=1{(ŝ2j + 1

Γi
λ̃2
i + x̃2

i + D̃2
i ) +

∑n−1
i=1 q2i−1 ≤ 2p}, where

p0 and p are positive constant. Due to that Ξ0 and Ξ1 are
compact sets in R3 and R5i−1, it comes the result that the
set Ξ0 × Ξ1 ∈ R5i+2 is also compact. Thus, Bi+1(·) has a
upper bound Mi+1 over Ξ0×Ξ1. According to Assumption 1
and boundedness of NNs approximation error, we denote D∗

i

and D̆∗
i as upper bounds of Di and Ḋi, respectively. Using

Young’s inequality, the following inequalities |ŝiŝi+1| ≤ 1
2 ŝ

2
i+

1
2 ŝ

2
i+1, |ŝiqi+1| ≤ 1

2 ŝ
2
i +

1
2q

2
i+1, (ci+cpi)ŝix̃i+1 ≤ ci+cpi

2 ŝ2i +
ci+cpi

2 x̃2
i+1, |D̃iḊi| ≤ 1

2D̃
2
i +

1
2D̆

∗2
i , −λ̃iλ̂i ≤ − 1

2 λ̃
2
i +

1
2λ

∗2
i ,

|qi+1Bi+1| ≤ 1
2q

2
i+1 + 1

2M
2
i+1, −D̃iD̂i ≤ − 1

2D̃
2
i + 1

2D
∗2
i ,

−W ∗T
i φ(ˆ̄xip)x̃i ≤ λ̃iΦix̃

2
i − λ̂iΦix̃

2
i + γ2

i , x̃i(W
∗T
i φi(ˆ̄xip)−

W ∗T
i φi(x̄np)) ≤ −νix̃

2
iλ

∗
i +

l
νi

hold. It follows that

V̇ ≤− (
c1
2

− 3

2
− cp1

2
)ŝ21 −

n∑
i=2

(
ci
2
− 2− cpi

2
)ŝ2i

− (
c1 + cp1

2
− 1)x̃2

1 −
n−1∑
i=2

(
ci + cpi

2
− 3

2
)x̃2

i

− (
cn + cpn

2
− 1)x̃2

n −
n∑

i=1

(
cdi(cDi − 1)

2
− 1

2
)D̃2

i

−
n∑

i=1

ζi

2Γ−1
i

Γ−1
i λ̃2

i −
n−1∑
i=1

(
1

ηi+1
− 1)q2i+1 +Π, (53)

where Π = 1
2

∑n
i=1 D̆

∗2
i + 1

2

∑n
i=1 λ

∗2
i + 1

2

∑n
i=1 D

∗2
i +∑n

i=1 γ
2
i +

∑n
i=1

l
νi

+ 1
2

∑n
i=1 M

2
i+1 +

1
2

∑n
i=1 ρ

∗2
i .

Let χŝ = min
i=1,...,n

{ c1
2 − 3

2 − cp1
2 , ci

2 − 2 − cpi
2 }, χλ̃ =

min
i=1,...,n

{ ζ

2Γ−1
i

}, χx̃ = min
i=1,...,n

{ c1+cp1
2 −1,

ci+cpi
2 − 3

2 ,
cn+cpn

2 −

1}, χq = min
i=1,...,n−1

{ 1
ηi+1

−1} and χD̃ = min
i=1,...,n

{ cdi(cDi−1)
2 −

1
2}. It follows that

V̇ ≤ −χV +Π, (54)

where χ = min{2χŝ, 2χλ̃, 2χx̃, 2χq, 2χD̃}. Solving the in-
equality (36) gives

V (t) ≤ Π

χ
+ (V (0)− Π

χ
)e−χt. (55)

From (37), we obtain the bound of the Lyapunov function
V and all signals in the closed-loop system. From(33), one
has |ŝ1| ≤

√
2Π
χ and |x̃1| ≤

√
2Π
χ . Due to the definition

s1 = ŝ1−x̃1−ρ1(t), we get |s1| ≤ 2
√
2Π
χ+ρ∗1. This completes

this proof.
Remark 9: According to the stability analysis, the magnitude

of tracking error mainly depends on the values of χ and Π. We
can improve tracking accuracy by increasing χ or decreasing
Π. Specifically, χ can be increased by scaling design param-
eters up appropriately, such as such ci, cpi, cdi, cDi and Γi,
and, from the notation of Π, its value is generally insensitive to
design parameters. In fact, due to existence of disturbances in
Π, we cannot eliminate the impact from unknown disturbances
completely and only alleviate disturbances impact as much as
possible.

Remark 10: For the problem of measurement noises in
practical systems, one of intuitive solutions is introducing an
observer-based control strategy. However, due to the inapplica-
bility of the separation principle [5], it is a tough task to apply
such observer in adaptive control. Fortunately, our control
strategy utilizing predictor states, instead of direct measure-
ment states, can not only reduce the impact of measurement
noises on control but also simplify stability analysis. The
proposed strategy provides a feasible solution for the treatment
of measurement noises.
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V. SIMULATION STUDIES

In this section, we are going to illustrate the effectiveness
of the proposed control strategy by a numerical example and
a permanent magnet brushless DC motor system.

Example 1: We consider a three-order nonlinear system
ẋ1 = f1(x1, x2, x3) + d1(t),

ẋ2 = f2(x1, x2, x3) + d2(t),

ẋ3 = f3(x1, x2, x3, u) + d3(t),

y = x1,

(56)

where f1(x1, x2, x3) = 1 − cos(x1 + x3) + x3 + 2.5x2 +
0.5 sin(x1) cos(x3)x2, f2(x1, x2, x3) = 0.1x1x2e

x2 + (2 +
sin(x1x2))x3, f3(x1, x2, x3, u) = x1x2e

x2 + x3 cos(x1x2) +
2u+ 0.1 sin(x1x2x3)u, d1(t) = 1 + 2 sin(0.8t) + 0.4 cos(2t),
d2(t) = 1 + 0.8 cos(0.6t) + 0.2 cos(0.4t) and d3(t) = 1.6 +
sin(2t)+2 cos(0.1t). It is worth mentioning that the functions
∂f1
∂x2

= 2.5 + 0.5 sin(x1) cos(x3) > 0, ∂f2
∂x3

= 2+ sin(x1x2) >

0 and ∂f3
∂u = 2 + 0.1 sin(x1x2x3) > 0 satisfy Assumption

2. The reference signal is yr = 0.5(sin(t) + sin(0.5t)). The
designed parameters are set as νi = 1, Γi = 10, and σi = 0.01,
i = 1, 2, 3. The initial conditions are x1(0) = x̂1(0) = 0.1,
x2(0) = x̂2(0) = 0, and x3(0) = x̂3(0) = 0.2.

The simulation results are shown in Fig. 2–Fig. 4. It is seen
from Fig. 2 that the output signal y follows the reference
signal yr well. Fig. 3 shows the values of control input.
The approximation performances of NNs are depicted in Fig.
4. Traditionally, in order to reduce the tracking errors, we
often increase the adaptive gains, and overlarge adaptive gain
may result in undesired high-frequency oscillations in NNs’
learning behavior and control signals. To demonstrate the
improvement of avoiding this phenomenon, a performance
comparison has been made for our strategy and the traditional
NN with a disturbance observer [34]. As shown in Fig. 5,
the two systems have the condition that an overlarge adaptive
gain is Γi = 500 and other parameters and initial conditions
are the same. It can be seen that undesired high-frequency
oscillations appear in the traditional NNs and control signals
[34], and the control strategy including PNNDO proposed in
this paper holds smooth approximation performance. This is
because the prediction error updating NNs is used to separate
the relationship between the convergence of the surface error
and the unknown dynamic estimation of the system. Also,
by selecting the initial value of the predictor x̂i(0) = xi(0)
and adjusting the gain of the predictor κi, the prediction error
holds faster convergence speed and thus improves the transient
performance.

In order to verify the effectiveness of the proposed dis-
turbance observer, we add an extra disturbance de(t). As
shown in Fig. 6, when t ≤ 10s, the system is disturbance-
free, de(t) = 0, and the approximation performance of NNs
with/without NDO are all well. We add an external disturbance
de(t) = 3 + sin(t + 2) during the period 10s < t ≤ 20s.
It can be seen that NNs without NDO can not approximate
the unknown dynamics of the system well, and approximation
performance of PNNDO remains satisfied. When t > 20s,
the disturbance will disappear with de(t) = 0 and NNs
with/without NDO can approximate the unknown dynamics

0 5 10 15 20 25 30
-1

-0.5

0

0.5

1

1.5

2

0 1 2
0

0.5

1

Fig. 2: Output signal y in Example 1.

0 5 10 15 20 25 30
-20

-15

-10

-5

0

5

Fig. 3: Control input u in Example 1.

well. The comparison with/without our disturbance observer
is shown in Fig. 6, where a gray area represents an interval
that the system is subjected to additional disturbances. It can
be found that if there is no disturbance observer, only NNs
are not able to approximate uncertain dynamics well as the
system is suddenly subjected to external disturbances. Fig. 7
shows the tracking errors with/without disturbance observers,
and we can see that the tracking behavior is better with our
PNNDO.

Example 2: A permanent magnet brush DC motor system
[1] is conducted in this subsection. Its model is{

Mq̈ +Bq̇ +N sin(q) = I,

Lİ = V0 −RI −KB q̇,
(57)

where N = mL0G/(2Kτ ) + M0L0G/Kτ ,M = J/Kτ +
mL2

0/(3Ktau) + M0L
2
0/Kτ + 2M0R

2
0/(5Kτ ), B = B0/Kτ ,

0 5 10 15 20 25 30

0
2
4
6

0 5 10 15 20 25 30
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0
2
4
6

0 5 10 15 20 25 30
-20

0

20

Fig. 4: Approximation performance of NNs and NDO in
Example 1.
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(a) with predictor

0 5 10 15 20 25 30
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20

0 5 10 15 20 25 30

-20
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0 5 10 15 20 25 30
-2000

0

2000

(b) without predictor [34]

Fig. 5: Dynamic approximation effect of system with/without
predictor in Example 1.

(a) with NDO (b) without NDO

Fig. 6: Approximation behaviors with/without NDO in
Example 1.

M0 is the load mass, J is the rotor inertia, m is the link mass,
L0 is the link length, B0 is the coefficient of viscous friction
at the joint, Kτ is the coefficient which characterizes the
electromechanical conversion of armature current to torque,
R0 is the radius of the load, q(t) is the angular motor position
(and hence the position of the load), I(t) is the motor armature
current, V0 is input control voltage, KB is the back-emf
coefficient, G is the gravity coefficient, R is the armature
resistance, and L is the armature inductance. The detailed
model parameters are found in [1]. Denote x2 = q̇, x3 = I

0 5 10 15 20 25 30
0
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0.04

0.06

0.08

0.1

0.12

(a) with NDO

0 5 10 15 20 25 30
0

0.02

0.04

0.06

0.08

0.1

0.12

(b) without NDO

Fig. 7: Tracking performance with/without NDO in Example
1.

and u = V0, and we rewrite (57) as
ẋ1 = f1(x1, x2, x3),

ẋ2 = f2(x1, x2, x3),

ẋ3 = f3(x1, x2, x3, u),

y = x1,

(58)

where f1(x1, x2, x3) = x2, f2(x1, x2, x3) =
x3

M − N
M sin(x1)−

B
M x2, f3(x1, x2, x3, u) = u

L − KB

L x2 − R
Lx3. The refer-

ence signal is yr = sin(t). Assume there exist uncertain
dynamics in (57), where ∆f1(x1, x2, x3) = 0.2 sin(x1x3),
∆f2(x1, x2, x3) = 0.2 exp(−x4

1x
2
3) + B

M cosx2 sinx3, and
∆f3(x1, x2, x3, u) = sin

0.1 exp(−x2
3)

1+u2 . The System (58) is then
rewritten as 

ẋ1 = f̄1(x1, x2, x3),

ẋ2 = f̄2(x1, x2, x3),

ẋ3 = f̄3(x1, x2, x3, u),

y = x1,

(59)

where f̄1(x1, x2, x3) = f1(x1, x2, x3) + ∆f1(x1, x2, x3),
f̄2(x1, x2, x3) = f2(x1, x2, x3) + ∆f2(x1, x2, x3),
f̄3(x1, x2, x3, u) = f3(x1, x2, x3, u) + ∆f3(x1, x2, x3, u).
Also, the following functions | ∂f̄1∂x2

| = 1 > 0,
| ∂f̄2∂x3

| = 15 − 0.4x4
1x3 exp(−x4

1x
2
3) + 0.3 cosx2 cosx3 > 0,

∂f̄3
∂u = 40 − 0.2u exp(−x2

3)
(1+u2)2 cos(

0.1 exp(−x2
3)

1+u2 ) > 0 satisfy
Assumption 2.

The simulation results are shown in Fig. 8–Fig. 9, which
reveal that the trajectories of tracking performance and control
inputs (current and voltage). To show that updating NNs’
learning parameters by the predictor can avoid high-frequency
oscillation caused by selecting excessive adaptive gains, we
compare the effects of traditional NNs method and control
strategy we proposed with large adaptive gains Γi = 2000
after increasing the amplitude of disturbance after t = 10s,
and the results are shown in Fig. 10. It can be found that
under the condition of large adaptive gains, the traditional NNs
method leads to high frequency oscillation after the system
is suddenly disturbed, and the approximation performance of
NNs and PNNDO based on the prediction error designed in
this paper still remains satisfactory.

The numbers of NNs’ learning parameters are shown in Tab.
I. It shows that with the increase of the number of hidden
layer nodes, the number of NNs’ learning parameters tuned
online in NNDO in [34] also increases, but the number of
NNs’ learning parameters in PNNDO in our control strategy
remains unchanged. To show the advantage in calculation time,
we compare the simulation time for our control strategy with
the time for the traditional scheme in [34]. The hidden layer
nodes of the NNs are all selected as 100, and the parameters
of the two methods are the same. The results are listed in
Tab. II. It can be seen that the control strategy in this paper
needs about 0.464s for completing the task, while the time
of the traditional NNs method is about 0.693s. The whole
simulation running time is reduced by about 22.9%. This is
because the normalization method of weights in this paper
reduces the number of learning parameters tuned online.
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Fig. 8: Output response of y in Example 2.
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Fig. 9: Input current I(t) and control voltage V (t) of the
motor in Example 2.

To illustrate the effectiveness of the proposed disturbance
observer, we present approximation performance in the system
with/without observers. The curves are depicted in Fig. 11,
where the gray areas represent intervals that the system is
subjected to additional external disturbances at higher mag-
nitudes. Add an external disturbance de(t) = 1 + 0.1 cos(t)
when 10s < t ≤ 20s. When t > 20s, the external disturbance
de(t) = 3 + 2 sin(t). It can be seen that the approximation
performance of the system with NNDO maintains well all
the time, but the approximation performance of the system
without NNDO will deteriorate when it is suddenly subjected
to external disturbances. We conclude that a PNNDO approx-
imates unknown dynamics more accurately even if the system
is suddenly subjected to external disturbances.

We further take measurement noises in this example. The
noises are generated by a ‘Gaussian Noise Generator’ block
in Simulink. It can be seen, from Fig. 12(a), that the approxi-
mation behaviors by the traditional NDSC appear oscillations
and that our control strategy mitigates oscillations effectively.
This is because signals from predictors, rather than paralyzed
information, are employed in NNs’ input vector. Fig. 12(b)
reveals that the amplitude of our control input is smaller than
that of the traditional NDSC method. The comparison results
indicate that, desipte of the existence of measurement noises,
the activity of our input signal is reduced obviously due to
improvement of approximation behaviors.

VI. CONCLUSION

A predictor-based neural dynamic surface control (PNDSC)
strategy has been designed in this paper for a class of nontrian-
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(a) with predictor in this paper

0 5 10 15 20 25 30
-5
0
5

10

0 5 10 15 20 25 30
-100

0

100

0 5 10 15 20 25 30
-20

0

20

(b) without predictor [34]

Fig. 10: Dynamic approximation with/without predictors in
Example 2.

TABLE I: Comparison of the number of NNs’ learning
parameters.

Number of hidden Number of NNs’ Number of NNs’
layer nodes of learning parameters learning parameters

the NNs in NNDO in [34] in PNNDO in this paper
10 10×3=30 3
50 50×3=150 3

100 100×3=300 3

TABLE II: Comparison of simulation time of different
strategies

Control strategies l t/s

Traditional NNs-based method [34] 100 0.693
Our strategy in this paper 100 0.464

Improved - 22.9%

(a) with NDO (b) without NDO

Fig. 11: Approximation performances with/without NDO in
Example 2.
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Fig. 12: Approximation performances and control inputs
with measurement noises in Example 2.
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gular nonlinear systems with unknown disturbances. Predictor-
based neural networks have been employed to approximate
uncertain dynamics resulting in smooth learning behaviors
without incurring high-frequency oscillations as adaptive gains
are overlarge. The PNNDO then has been developed for gen-
eralized disturbances including unknown external disturbances
and NNs approximation errors. This paper reduces the number
of NNs parameters tuned online by introducing a normal-
ization method of weights. Furthermore, a PNDSC strategy
is discussed for a nontriangular system with measurement
noises. The simulation results have verified the effectiveness
of our control strategy. Future work will extend our PNDSC
technique to secure control of nontriangular systems.
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