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Abstract 
 
This paper proposes three novel techniques for 
improving the accuracy of the heuristic sinusoidal 
tracking algorithm proposed in [1]. When applied to 
audio coding these techniques extend the traditionally 
speech coding approach into true wideband audio 
coding. 
 
These techniques provide proper multiresolution 
sinusoidal tracking, matching across a number of 
variables instead of frequency alone, and global 
optimization of these variables across sinusoidal 
tracks. 
 
When these techniques are used together a heuristic 
tracking algorithm is created which has many of the 
benefits of tracking algorithms formulated as a 
Hidden Markov Model (HMM) problem, but at a far 
reduced computational and implementation 
complexity. 
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1. Introduction 

Sinusoidal tracking, also referred to as frequency line 
tracking in the literature, is the process of creating 
sinusoidal tracks from a sequence of estimates. Sinusoidal 
tracking is a crucial component in many areas of signal 
processing, including: radar, seismology, sonar, and radio 
astronomy, and audio. The focus for the remainder of this 
paper is with audio signal processing, in particular audio 
coding and auditory scene analysis.  
 
A heuristic algorithm for performing sinusoidal tracking 
was introduced by McAulay and Quatieri 1986 [1] and 
has remained a popular tracking algorithm with sinusoidal 
audio coders and auditory scene analysis. Despite this 
popularity little literature has been devoted to improving 
the performance of the heuristic sinusoidal algorithm. 

 
There have been a number of different tracking 
algorithms developed, including reformulations into a 
Hidden Markov Model (HMM) framework [2,3,4,5], 
reformulation into a bipartite matching problem [6] and 
Neural Network approaches [7]. These algorithms haven’t 
become popular in audio signal processing due to a 
number of reasons, including: the computational 
complexity for multiple sinusoidal tracks is much larger 
than the heuristic algorithm, frequency resolution is often 
reduced, and increased implementation complexity. 
 
For audio signal processing sinusoidal tracking takes 
estimates of windowed sinusoidal components. Usually 
the estimates are produced from Discrete Fourier 
Transform (DFT) coefficients from a Short Time Fourier 
Transform (STFT). The tracking algorithm produces 
sinusoidal tracks which model the evolution of particular 
sinusoidal partials. This allows for improved 
reconstruction quality as it enables interpolation between 
the sinusoidal estimates, improved compression rates [8] 
due to reduced entropy, and improved high-level 
modeling due to the creation of meaningful audio objects 
[9]. 
 
Obviously the benefits of sinusoidal tracking are 
dependent on the performance of the sinusoidal tracking 
algorithm. If the algorithm incorrectly joins estimated 
sinusoidal components into tracks, then the tracks loose 
their significance. 
 
While the original heuristic algorithm has adequate 
performance for it’s application to speech coding, it has a 
number of limitations which impact its performance with 
polyphonic audio; namely inability to track multiple 
harmonic structures, effects from non-harmonic partials, 
crossing sinusoidal partials, and large frequency 
variations [10]. 
 
Some literature has addressed a few of these limitations 
[11,12], but there still remains a number of shortcomings 
with the heuristic tracking algorithm which limits 
performance. Such as true multiresolution sinusoidal 
tracking, matching across a number of variables instead of 
frequency alone, and global optimization of the sinusoidal 



tracks. These limitations are discussed and addressed in 
this paper. 
 
This paper begins by dividing the heuristic tracking 
algorithm into its separate operations. Then the proposed 
improvements to each operation are discussed in detail. 
The following section will demonstrate the performance 
of improved algorithm with simulated signals. The final 
section will outline the conclusions of this work. 

2. Heuristic Tracking Algorithm 

The heuristic tracking algorithm processes the estimates 
in an iterative fashion, typically progressing from 
beginning to end. For each iteration the algorithm can be 
broken into two key operations: fetch and match. The 
fetch operation selects which estimates and tracks should 
be considered for tracking in the current iteration. While 
the match operation selects which estimates should be 
appended to each evolving sinusoidal track. To do this the 
match operation uses a “matching criterion”, a concept 
taken from [5], which produces a coefficient indicating 
the suitability of a match between a particular estimate 
and track. 
 
The remainder of this section will discuss each of these 
operations and the matching criterion individually, 
beginning with existing techniques and moving into the 
improved techniques proposed by this paper. 
 
2.1 Fetching 
 
The fetching of estimates and tracks in a single-subband 
tracking system is straight forward, as the windows of the 
STFT are uniform. Estimates come from the current 
STFT window, while tracks will be from the previous 
STFT window. However this is not the case for 
multiresolution sinusoidal analysis. 
 
It has been found that multiresolution sinusoidal analysis 
drastically improves performance due to the 
time/frequency tradeoff being managed in individual 
subbands [13,14,15]. Historically multiresolution 
sinusoidal models have performed sinusoidal tracking 
independently within the individual subbands [8,11,16], 
as the window lengths of the STFT between subbands are 
no longer uniform. This artificially splits tracks as they 
attempt to cross subband boundaries.  
 
This paper proposes a technique for fetching which allows 
the sinusoidal tracking algorithm to operate across 
subband boundaries. Essentially it works by extending the 
notion that at a given point in time an evolving track will 
expect a new estimate to be added, otherwise the track 
will die. The time, usually in samples, can be calculated 
from the last estimate in the track and the window 
overlap, as shown in (2.1) where L is the window length, 
ρ is the percentage of window overlap.  
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For a given time instant, multiresolution fetching simply 
select tracks which expect a new estimate at this instant, 
and select estimates from all subbands with a time equal 
to the instant, as is demonstrated in Figure 2.1 below. 
 
 
 
 
 
 
 
 
 
 

Figure 2.1 Multiresolution fetching of estimates, 
numbers in the blocks indicate the iteration the block 

is fetched. 

An added advantage of performing multiresolution 
fetching is that the components which follow no longer 
need to consider subbands independently, reducing the 
complexity of their design and implementation. 
 
2.2 Matching 
 
Traditional heuristic matching iterates through each track 
according to increasing frequency, where the frequency of 
a track is determined from the last estimate in the track. 
For each track the most appropriate estimate, as judged by 
the matching criterion, is selecting as the “candidate 
match”. If no such candidate match exists then the track is 
completed. 
 
The second step is to check if the candidate estimate is 
better matched to the next track, if this is not the case then 
the “definitive match” is declared from the “candidate 
match” and the track and estimate are removed from 
further consideration. If the candidate estimate is better 
matched to the next track, then the algorithm checks if the 
previous estimate can be matched to the track, if so this it 
is declared the “definitive match”. 
 
Once all tracks have been considered, any unmatched 
tracks are completed, and any unmatched estimates create 
new tracks.  
 
This approach provides a matching operation which is 
localised in frequency, with only a limited number of 
cases tested. This corresponds to incorrect matching of 
sinusoidal tracks with similar frequencies under certain 
circumstances. 
 
A global matching operation has been devised which 
considers all cases globally across all variables considered 
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by the matching criterion. It is an elegant solution with 
little increase in complexity than the traditional approach. 
 
The first step of the global algorithm is to create a matrix 
which contains the coefficient produced by the matching 
criterion for each track and estimate combination. As will 
be discussed in the following section, the coefficient 
measures the suitability of a match between a given track 
and estimate, with a lower value representing increased 
suitability.  
 
The global algorithm iteratively finds the minimum 
coefficient from the matrix, which is declared the 
“definitive match” and the row and column which 
represent the track and estimate are removed from the 
matrix. This process continues till either the matrix is 
empty or until the minimum coefficient is larger than a 
threshold set by the matching criterion. Any unmatched 
tracks are completed, and unmatched estimates become 
new tracks. 
 
2.3 Matching Criterion 
 
The matching criterion is used by the matching operation 
to determine how “close” or how suitable a match is 
between a track and estimate pair. The matching criterion 
produces a coefficient,κ , which is the measure of this 
suitability. Lower coefficients are more suitable than 
higher coefficients, while a threshold value, MAXκ , is used 
to indicate when a match isn’t suitable. 
 
The matching criterion used in [1] uses frequency values 
from the estimate and the track to measure matching 
suitability. A set matching interval, ∆ , is used to 
determine if the match is suitable (2.2). 
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The fixed matching interval worked sufficiently for 
narrow frequency band applications such as speech 
coding. However, for wideband audio a fixed matching 
interval isn’t appropriate as a large matching interval is 
required to track high frequency tracks, but this increases 
the probability of matching sinusoidal tracks with noise 
estimates at lower frequencies. 
 
To overcome this limitation it was proposed [11] that the 
matching interval should vary proportionally to the 
current frequency (2.3), accommodating the logarithmic 
nature of frequency. The threshold coefficient is set to 
some number larger than the product of the maximum 
frequency and the matching coefficient, β . 
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While this improves the performance of the matching 
criterion, an approach based off frequency values is still 
highly limited, due to the following: track trajectories 
cannot cross each other, tracking is still highly susceptible 
to the effects of noise estimates, and the tracks have a 
horizontal and erratic nature which is not consistent for 
slowly varying sinusoidal signals. 
 
It is stated in [5] that the continuity of slopes is preferable 
to the continuity of values for sinusoidal tracking, and that 
a matching criterion which considers the slope, or the 
derivative, of the frequency values is beneficial. Such a 
technique was used in [12]. It has been found that a 
matching criterion which uses derivatives instead of 
values allows track trajectories to cross, produces 
smoother track trajectories, and is less susceptible to the 
effects of noise estimates. 
 
The slope is estimated from successive frequency 
estimates, and then the matching coefficient can be 
calculated from the absolute value of the difference 
between the last slope of the track, and slope between the 
last frequency estimate of the track and the new estimate 
(2.4). The matching coefficient threshold must be larger 
than the maximum product of the maximum frequency 
difference and the matching interval coefficient, β . 
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Using frequency information only in the matching 
criterion makes matching susceptible to noise estimates 
which are close in frequency. To overcome this, the 
matching criterion needs to measure the suitability of a 
particular matching using more information than 
frequency alone.  
 
A multivariable matching criterion may use amplitude 
and harmonicity information in addition to frequency to 
measure the suitability of a particular match. Amplitude 
information can be considered much the same way as 
frequency, with either a value or derivative approach. 
Harmonicity can utilize the progress of harmonically 
related tracks to determine which would be the most 
suitable estimate. Purnhagen has utilized phase  to enable 
phase-locked sinusoidal tracking [17]. An investigation 
into the benefits of considering harmonicity information 



has not been conducted for this work as the combination 
of amplitude and frequency information proved to be 
beneficial. 
 
Some implementations of the heuristic algorithm use 
multivariable matching in a post-processing fashion [18], 
The approach taken here is to use this information during 
sinusoidal tracking phase, as it is far more powerful due 
to the larger number of cases considered. This is similar 
to the approach taken with HMM/A tracking algorithms 
[2,4,5]. 
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The difficulty with a multivariable matching criterion is 
how to combine the information generated to create a 
sensible matching coefficient. It has been found that 
simple relationships in the diffA - difff plane produce high 

performance matching criteria for both value and 
derivative information. The remainder of this section will 
only consider derivative information; it should be noted 
that value information can be used in a similar fashion. 
 
A linear relationship was investigated, but was found to 
give too much emphasis to large amplitude and frequency 
mismatches, instead an inverse relationship (2.6) has 
proven effective as it penalizes these mismatches. 
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3. Simulation Results 

To measure the tracking algorithm accuracy in isolation a 
simulated environment was created. A sinusoidal track 
simulator was used to create a sequence of sinusoidal 
estimates and the expected tracks that these estimates 
should produce. 
 
The track simulator begins by creating a number of 
random tracks using a “random walk” framework. Then 
“noisy” estimates are added at a given proportion, with 
the random frequency, amplitude and phase values. 
 
The accuracy of a given tracking algorithm can then be 
determined by checking if all the tracks generated by the 
tracking algorithm from the estimates match the expected 

tracks from the simulator. If the generated and expected 
tracks match, then a correct match is declared, otherwise 
an incorrect match occurs. To keep the results 
comprehensible there is no distinction or grading of 
incorrect matches, just the boolean result is used. A 
number of iterations for a given tracking algorithm are 
used to determine the tracking algorithm’s probability of 
correctly tracking the estimates.  
 
The first set of experiments measured the accuracy of 
various matching criteria in a single subband system with 
independent fetching and local matching. The number of 
sinusoidal tracks created by the simulator was varied, as 
well as the matching coefficient. One thousand iterations 
were performed for each combination. 

 
Figure 3.1 Tracking accuracy of the tracking 
algorithm using the frequency-matching criterion. 

 
Figure 3.2 Tracking accuracy of the tracking 
algorithm using the frequency derivative matching 
criterion. 

The results in Figures 3.1, 3.2, and 3.3 show that the 
multivariable matching criterion has better and more 
consistent accuracy than the other approaches for a large 
number of sinusoidal tracks. This is the case as the 
multivariable matching criterion has reduced 
susceptibility to noise estimates, is able to work with 
more tracks as it allows trajectories to cross and is more 
able to distinguish between tracks. 
 



The next set of experiments measured the accuracy of the 
local and global matching operations. This was done 
within a single-subband system using the independent 
fetching and multivariable matching criterion, 
with 03.0=β .  

 
Figure 3.3 Tracking accuracy of the tracking 
algorithm using the Multivariable matching criterion. 

Local matching works surprisingly well in most cases, but 
performance drops for high-density signals. To highlight 
the difference in accuracy between the two matching 
operations, the density of the simulated signal was 
increased by having a larger proportion of noise estimates 
and using a greater number of tracks. 
 
The results plotted in Figure 3.4 show that as the density 
of the signal increases the global matching has increased 
accuracy compared to the local matching. This occurs 
because the global matching finds the true best match, as 
defined by the matching criterion, for each iteration. 
 

 
Figure 3.4 Tracking accuracy of the tracking 
algorithm using global matching versus local matching 

The final set of simulation experiments measure the 
accuracy of the independent and multiresolution fetching 
operations. This was done with multiple-subband systems 
using the global matching and multivariable matching 
criterion, with 03.0=β . 
 

The difference in tracking accuracy can clearly be seen by 
comparing Figure 3.5 to Figure 3.6. As the number of 
subbands increase the likelihood of a sinusoidal track 
crossing a subband boundary. With independent fetching 
this will not occur, whereas multiresolution can allow this 
boundary crossing to occur. This is why multiresolution 
fetching can provide a more consistent tracking accuracy 
as the number of subbands is increased. However the 
multiresolution fetching does not allow all subband 
crossings to occur, so there is still a slight trailing off as 
the number of subbands increases. 

 
Figure 3.5 Tracking accuracy of the tracking 
algorithm using independent-subband fetching. 

 
Figure 3.6 Tracking accuracy of the tracking 
algorithm using multiresolution fetching.  

4. Conclusion 

The results presented in this paper show that the 
techniques introduced in this paper increase the accuracy 
of the heuristic sinusoidal tracking algorithm 
substantially. 
 
By improving the accuracy of sinusoidal tracking less 
sinusoidal tracks will be produced, enabling improved 
compression due to lower entropy, and improved auditory 
scene analysis due to the more precise modeling of audio 
objects within sinusoidal signals.  
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