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A B S T R A C T   

This research developed a robust Bayesian framework for evaluating geomaterials and soil-structure interactions 
involving deep excavation, utilizing Bayesian Regression and Bayesian Network methods that combined data 
training, validation, and updating into a cohesive framework. A methodology based on Bayesian Generalized 
Linear Model (a variant of Bayesian Regression) was applied to a laboratory-based case study on sustainable 
cementitious blends. The framework effectively used past research data to estimate design parameters even 
though the studies involved different mix design requirements. Then, a framework based on Gaussian Bayesian 
Network (a variant of Bayesian Network) incorporating Bayesian updating was applied to an established case 
history for deep excavation in clay. Two-dimensional finite element analysis was used to generate data for model 
training and updating. The GBN models accurately estimated responses such as wall deflections, wall bending 
moments, and ground surface settlements through a sequential updating process. The research was conducted 
using R programming language, with a custom R script designed to follow the process flow of the proposed 
framework. The successful application and validation of this framework demonstrated its potential for charac
terizing geomaterials and evaluating complex soil-structure interactions in deep excavation, leveraging on the 
availability of existing data and a reliable sequential updating process.   

1. Introduction 

The integration of Information Technology (IT) in data collection 
and analysis is a growing trend in the construction sector, leading to the 
application of artificial intelligence (AI) and machine learning (ML) in 
solving complex engineering problems. These techniques efficiently 
learn from data inputs and outputs, allowing for the identification of 
functional relationships that might be complex to interpret. AI models in 
this context are predominantly data-driven, relying heavily on data for 
model development, opposing traditional engineering-based methodol
ogies that employ simplifying assumptions. Using ML, the data can be 
trained to create robust and effective design models, thus improving the 
engineering design process by reducing analysis time. These models also 
enhance problem understanding by analyzing complex relationships 
between various input parameters and yielding significant outputs, in 
contrast to traditional methods limited to low-dimensional engineering 
problems. In geotechnical engineering, ML applications cover a broad 
range including soil and rock characterization, foundations, slopes, 
tunnels, mining, liquefaction, and more, demonstrating their 

capabilities in addressing a wide array of complex soil mechanics issues. 
The complex behavior of geomaterials poses significant challenges in 

geotechnical engineering, as it complicates the understanding of their 
applications in construction projects. Engineering designs, often based 
on simplified principles, can misinterpret ground behavior due to these 
complexities. The variability of geological conditions adds uncertainty 
to geotechnical design, especially in understanding soil-structure in
teractions during complex underground construction (Ong et al., 2006; 
Ong, 2004). Being able to accurately quantify this uncertainty is key to 
enhancing the design of robust geotechnical structures. Traditional ap
proaches involve extensive field and laboratory tests to comprehend the 
variable and uncertain ground conditions (Omoregie et al., 2019; 
Mehdizadeh et al., 2015), but these are hampered by high costs and 
large project scopes, leading to limited data availability. Conversely, 
continuous project monitoring generates extensive data, offering valu
able insights but requiring substantial processing time. In this era of 
advanced technology, ML applications have emerged as solutions to 
these complex problems, addressing both the scarcity and abundance of 
data more effectively than traditional methods. The applications of ML 
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techniques in geotechnical studies (Elbaz et al., 2019; Ghasemi and 
Gholizadeh, 2019; Hu and Wang, 2020; Hu et al., 2020; Jin et al., 2019; 
Pham et al., 2021; Pham et al., 2022; Kurnaz and Kaya, 2018) have led to 
an increasing emphasis on the use of common programming languages 
such as MATLAB (Phoon and Ching, 2014; Shams, 2024; Joaquin, 2024), 
Python (Walker, 2018; Stuyts, 2020), and R (Jong et al., 2022) in 
geotechnical engineering. These languages are particularly relevant for 
implementing ML techniques in geotechnical applications. They enable 
the processing and interpretation of large data sets, crucial for making 
informed decisions in geotechnical design and construction. This shift 
towards data-driven methodologies signifies a significant trans
formation in the field, moving away from reliance on empirical methods 
and towards a more nuanced understanding of the complex interactions 
in geotechnical systems. 

An extensive review of the role of AI/ML in geotechnical research is 
available in Jong et al. (2021). Within these applications, Bayesian 
inference is particularly prominent for studying geomaterial properties 
(Yang et al., 2019; Zhao et al., 2019; Ching et al., 2017; Shi and Wang, 
2021; Wang and Zhao, 2017; Gong et al., 2017). Its effectiveness arises 
from treating model parameters as probabilistic random variables rather 
than constants, as done in most ML methods, offering a more realistic 
reflection of their true nature (Ching and Phoon, 2019; Jin et al., 2018). 
Probabilistic method enables a reasonable quantification of prediction 
uncertainties, providing users with a measure of confidence in the model 
outputs, which aids in decision-making for future studies (Qi and Zhou, 
2017). It is envisaged that the Bayesian method has a huge potential in 
addressing these problems to improve the understanding of the behavior 
of geomaterials and soil-structure interaction problems. This study thus 
aims to create a general framework based on Bayesian inference to study 
sustainable geomaterials and evaluate soil-structure interactions 
induced by deep excavations, by developing the capabilities for 
parameter estimation based on existing data and sequential updating 
with the acquisition of new data. A novel Bayesian inference framework 
will be developed using ML techniques and R programming language 
with the ability to consider complex relationships between input pa
rameters and model outputs. Model parameters critical for geotechnical 
design will be inferred based on existing data available. The proposed 
method will provide an alternative to the preliminary study of new 
geomaterials and complement existing experimental and geotechnical 
design processes. Two established case studies collected from literature 
will be used to demonstrate the implementation of the proposed 
Bayesian framework for studying sustainable geomaterials and deep 
excavations respectively and its performance will be validated using 
collected laboratory/field data. By showcasing practical applications 
and demonstrating the efficacy of the proposed approach through these 
case studies, it is believed that this research could contribute meaning
fully to enhance advanced methodologies within geotechnical 
engineering. 

2. Overview of Bayesian Inference 

The Bayesian inference is a method based on the principles of Bayes’ 
theorem that deduces parameters and quantifies their uncertainties 
probabilistically (Murphy, 2012). Credible intervals (CIs) can thus be 
deduced from the probability distributions of the parameters, suggesting 
a range of plausible values for parameter estimates at a given level of 
credibility. According to Bayes’ theorem, the posterior distribution of 
parameters, θ, given observed data, D, is denoted as p(θ|D), as described 
in Equation (1): 

p(θ|D) =
p(θ)p(D|θ)

p(D)
(1)  

where, p(θ|D) represents the posterior distribution of parameters, p(θ) is 
the prior distribution (existing knowledge before data observation), p 
(D|θ) is the likelihood function (probability of data given the model 

parameters), and p(D) is the model evidence, a normalizing factor. 
The prior distribution integrates prior knowledge from sources like 

previous reports, field data, maps, surveys, and expert judgment (Wang 
and Cao, 2013). The model accommodates vague or non-informative 
priors in cases of high uncertainty or lack of prior information, mak
ing parameter estimates less dependent on priors. The likelihood func
tion assesses the probability of observing the data given specific 
parameters, and the model evidence, integral to the model’s normali
zation, is calculated by integrating the likelihood over all parameters as 
shown in Equation (2). Detailed methodology for developing a 
Bayesian model can be found in Houlsby and Houlsby (2013). 

p(D) =
∫

p(θ)p(D|θ)dθ (2)  

Since computing the integral in Equation (2) can be complex, sampling 
methods like Markov chain Monte Carlo (MCMC) simulations (Jin et al., 
2018) are often employed. By applying Bayes’ theorem, a Bayesian 
model infers parameters of interest probabilistically, combining prior 
knowledge from existing research with laboratory/field data available. 

3. Proposed Bayesian Framework 

A general, robust framework based on Bayesian inference was pro
posed in this research to study the behavior of geomaterials and evaluate 
soil-structure interactions by harnessing the powerful prediction ca
pacity of ML-based techniques to process the complex relationships 
between various inputs and outputs. The Bayesian method is gaining 
increasing popularity for a wide range of applications in geotechnical 
engineering related to the fundamental understanding of geomaterial 
properties and ground behavior due to its superiority in back analyzing 
and updating design parameters crucial for geotechnical design. This 
novel study was thus motivated by the findings from the literature re
view to establish a general Bayesian framework that could be easily 
applied to different geotechnical studies. Therefore, the proposed 
Bayesian framework consists of two main capabilities: (i) estimation of 
desired output based on existing data and (ii) updating of desired output 
sequentially with new data acquired. Fig. 1 shows the general Bayesian 
framework proposed, in which two variants of the Bayesian method 
were employed, namely (i) Bayesian Regression and (ii) Bayesian 
Network, to develop the model that could estimate the strength of 
geomaterials as well as ground and wall responses induced by deep 
excavations, respectively. 

The data for geomaterial characterization were collected from pub
lished and established study in the literature. A case study on sustainable 
cementitious blends for soft soil stabilization (Liu et al., 2022) was used 
to train and validate the applicability of the proposed Bayesian model to 
study geomaterials with different mix design requirements. The final 
model outputs obtained include a predictive equation that could be used 
for strength prediction of similar geomaterials and variable selection/ 
model ranking (if assessment of the significance of inputs variables and 
their effects on the output is required). The successful model develop
ment would demonstrate its feasibility for application to the preliminary 
analysis of new geomaterials. On the other hand, two-dimensional (2D) 
finite element analysis (FEA) was conducted to generate the data 
required for training the proposed Bayesian Network model to estimate 
ground and wall responses induced by deep excavations. The FEA is a 
commonly used modeling technique in geotechnical engineering to 
study soil-structure interactions due to its user-friendliness and ability to 
conduct parametric studies to analyze the effects of different parameters 
on the ground and wall behavior (Chong, 2020). A commercially 
available finite element software, PLAXIS 2D (Bentley Systems, 2022) 
was used to carry out the numerical simulation of deep excavation in 
clay based on the case study (Ou et al., 2000) collected from the liter
ature. The outputs obtained from the proposed Bayesian model include 
the profile predictions of wall deflection, wall bending moment and 

S.C. Jong and D.E.L. Ong                                                                                                                                                                                                                     



Computers and Geotechnics 172 (2024) 106452

3

ground surface settlement. The successful implementation of the pro
posed model would prove its potential for application to underground 
construction works where field observational method is adopted. 

3.1. Bayesian Regression 

Prior to constructing a Bayesian model, data pre-processing is often 
necessary to enhance the model’s consistency and efficiency. One 
common technique is data normalization, which adjusts input data to a 
uniform range, thereby balancing the influence of different variables 
and making their impacts on the output more uniform. As stated by 
Cheng et al. (2020), data from a dataset can be standardized using the 
‘min–max’ scaler method, originally proposed by Masters (1993). This 
approach scales data to a predetermined minimum and maximum range, 
and in the absence of specified minimum and maximum values for 
scaling, the data will be adjusted to fall within the range of 0 to 1. In this 
study, a variant of Bayesian regression, the Generalized Linear Model 
(GLM), was employed for modeling the strength of geomaterials. 
Bayesian GLM is adept at accommodating various data structures (e.g., 
Normal, Poisson, Binomial, Negative Binomial, and Gamma probability 
distributions), offering a broader generalization capability compared to 
standard Bayesian regression models that are usually optimized for a 
single data structure type. The Bayesian GLM is generally expressed as: 

g(E(Y)) = β0 + β1X1 +⋯+ βpXp (3)  

where E(Y) is the average Y value in the model and g(.) is the link 
function that is selected based on the data structure (i.e., type of prob
ability distribution). For example, data comprising Normal distribution 
and ranging from 0 to +∞ where log link function is used can be 
described as: 

g(μi) = ln(μi) = β0 + β1Xi1 + ⋯ + βpXip (4)  

Utilizing a log link function ensures that when the predicted value is 

reverted to its original scale, the predictors undergo exponentiation so 
that the values remain consistently positive. The training of the Bayesian 
model was conducted using Markov chain Monte Carlo (MCMC) simu
lation. The MCMC simulation is a technique that creates random sam
ples of a parameter by forming a Markov chain that has the parameter’s 
posterior distribution as its stationary distribution. This process involves 
drawing samples from estimated distributions and continually refining 
these estimates at each step, enhancing the accuracy until convergence 
is reached. It is important to diagnose the performance of the MCMC 
simulation to ensure that the sampling process has successfully 
converged to the desired posterior distribution and has operated effi
ciently without excessive computational time. One way to assess the 
efficiency of the simulation process is by examining a trace plot gener
ated during the sampling process, which depicts the coefficient esti
mates for various parameters plotted against the number of iterations 
(see Fig. 2). According to Geyer (1992), an ideal chain exhibits rapid 
mixing, where the correlation between consecutive samples diminishes 
swiftly over time. Conversely, slow mixing suggests prolonged depen
dence among generated samples over numerous iterations. Fig. 2(a) 
depicts a scenario of slow mixing, characterized by significant fluctua
tions in the sampling process, indicating a longer time may be necessary 
for the chain to stabilize. In contrast, Fig. 2(b) illustrates rapid mixing, 
showcasing active simulation behavior in exploring the parameter space 
of the posterior distribution. To mitigate the impact of initial state 
fluctuations in the chain, a warm-up or burn-in period is typically 
employed, during which initial samples are discarded, and parameter 
estimates are derived from subsequent samples (Geyer, 1992). Addi
tionally, conducting the sampling process through multiple indepen
dent, parallel Markov chains, each starting from different initial values 
but sharing the same length and burn-in samples, is recommended 
(Neal, 2011; Johnson et al., 2021). When rapid mixing occurs, trace 
plots from multiple chains should converge to the same posterior dis
tribution, overlapping with each other (Murphy, 2012). The 

Fig. 1. Proposed general Bayesian framework for characterizing geomaterials and evaluating soil-structure interactions.  
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Hamiltonian Monte Carlo (HMC) algorithm (Duane et al., 1987) is one of 
the commonly used MCMC algorithms that can sample from probability 
distributions more efficiently, and therefore adopted in this study. The 
details of HMC algorithms are described in Neal (2011) and Betancourt 
(2017). 

To assess the model performance, a measure of model fit, the 
Bayesian R2 (i.e., the Bayesian coefficient of determination), can be 
used. Furthermore, the normalized mean absolute error (NMAE) can be 
computed to measure the model residual error. The details of the 
computation of Bayesian R2 and NMAE can be found in Gelman et al. 
(2019) and Jong et. al. (2022), respectively. If the investigation of the 
importance of variables is required, the Bayesian variable selection 
process can be carried out to evaluate the significance of the variables by 
comparing the posterior probabilities of competing models that consist 
of random combinations of variables, so that the relative importance of 
model variables can be ranked accordingly. When new data are ac
quired, the Bayesian model can be updated by incorporating previous 
model output as prior into the model and repeating the modeling pro
cess, enabling the parameter estimates to be improved over time and 
subsequently reduces parameter uncertainties. Further details about the 
Bayesian variable selection and updating processes can be found in Jong 
et al. (2022). 

3.2. Bayesian Network 

A Bayesian Network is a graphical representation of a causal prob
abilistic network, depicted as a directed acyclic graph (DAG). In the 
DAG, nodes symbolize a collection of variables within the model, and 
directed edges connect the variables, indicating conditional de
pendencies between them (Khalaj et al., 2020). Consequently, the model 
can deduce causal links between variables using conditional probability 
distributions (Koski and Noble, 2009) and evaluate the impact of one 
variable on another throughout the learning process. The joint proba
bility distribution of a Bayesian Network model can be expressed as: 

P(a1, a2,⋯, an) =
∏n

i=1
P(ai|Pa(ai)) (5)  

where Pa(ai) is the parent set of variable ai. A variant of Bayesian 
Network, the Gaussian Bayesian Network (GBN), was adopted in this 
study for model training since the data collected from 2D FEA for the 
study of deep excavation in clay consist of continuous variables. A GBN 
model comprises several Bayesian Regression models interconnected via 
conditional dependencies. These dependencies are symbolized by 
directed edges connecting all nodes in the model. Essentially, in the GBN 
structure, each node is associated with a locally developed regression 
model, which during the training phase, is connected to another node 
represented by a distinct regression model within the proposed Bayesian 
Network structure. Typically, constructing a Bayesian Network model 
involves two phases: (i) structure learning, which focuses on under
standing the Bayesian Network structure, and (ii) parameter learning, 
which learns the nodes within the defined network structure. Given a 
Bayesian Network model, B = (G,Θ) where G denotes the structure and 
Θ denotes the parameters (i.e., nodes in the structure) with a given 
dataset D, the model learning process can be expressed as (Scutari and 
Denis, 2014): 

Pr(B|D) = Pr(G,Θ|D) = Pr(G|D) • Pr(Θ|G,D) (6)  

where Pr(B|D) = Pr(G,Θ|D) represents Bayesian Network learning, 
while Pr(G|D) and Pr(Θ|G,D) represent structure learning and parameter 
learning, respectively. The model performance can be assessed using 
mean absolute error (MAE) and root mean square error (RMSE) (Pham 
et al., 2021; Pham et al., 2022; Leong et al., 2015). The MAE and RMSE 
are normalized using the range of the observed values so that the model 
errors can be evaluated on the same scale, with a value close to 0 being 
desirable, indicating that the model accuracy is high. Similar to Bayesian 
Regression, the Bayesian Network model can be updated whenever new 
data become available through the incorporation of previous output as 
prior into the model. 

3.3. Implementation of the Proposed Bayesian Framework 

The proposed Bayesian framework was implemented using R pro
gramming language (R Core Team, 2021) via the R-friendly editor 
RStudio (RStudio Team, 2021). Original R codes were developed to 
carry out the implementation process by applying the proposed frame
work to established case studies to assess the feasibility of the Bayesian 
inference method. In this study, some libraries readily available in 
RStudio were used to develop the proposed models based on Bayesian 
Regression and Bayesian Network and plot the graphical results, 
including rstanarm (Goodrich et al., 2020), bnlearn (Scutari, 2010), 
ggplot2 (Wickham, 2016) and bayesplot (Gabry and Mahr, 2021). Further 
details about the implementation process of the proposed methodology 
are provided in the supplementary material. 

4. Application to Case Studies 

4.1. Case Study 1 − Study on Sustainable Cementitious Blends (Liu et al., 
2022) 

The proposed Bayesian Regression framework was applied to a 
published case study to examine its feasibility. Liu et al. (2022) evalu
ated sustainable geomaterials for soft soil stabilization, aiming to 
decrease cement usage in construction by partially substituting Ordinary 
Portland Cement (OPC) in conventional cement-only mixes. Their study 
focused on two types of sustainable cementitious blends: (i) fly ash- 
blended cement and (ii) DuraCrete-blended cement. These materials 
were explored as alternatives to reduce the amount of OPC needed for 
soil stabilization. DuraCrete, composed of mineral oxides and alkaline- 

Fig. 2. Illustration of (a) slow mixing and (b) rapid mixing in the Markov chain 
during MCMC simulation. 
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based materials, offers a significantly lower carbon dioxide emission 
level than OPC, as it does not require energy-intensive processes, making 
it as a sustainable option for soil stabilization. Liu et al. (2022) assessed 
the viability of using fly ash and DuraCrete as partial OPC replacements 
through a series of lab tests to understand the behavior of soft soil 
samples stabilized with three types of binders: (i) OPC only (for baseline 
comparison), (ii) fly ash-blended cement, and (iii) DuraCrete-blended 
cement. These soil specimens were created using soft marine clay 
collected from the Port of Brisbane, Australia, with moisture contents as 
high as 130 %. The Unconfined Compressive Strength (UCS) of these 
specimens was examined, with 20 sets of stabilized soil specimens pre
pared for each binder type, featuring total mixture contents of 10, 15, 
20, 25, and 30 %. For each mixture content, fly ash to cement ratios of 
1:1, 1:2, 1:3, and 1:4 were used, while DuraCrete to cement ratios were 
3:100, 5:100, 7:100, and 9:100. In total, Liu et al. (2022) gathered 25 
datasets from their study for specimens stabilized using fly ash-blended 
cement and DuraCrete-blended cement, respectively (i.e., 5 datasets 
from the baseline study plus 20 datasets from each blended cement 
study). 

In this study, the proposed Bayesian Regression methodology was 
employed to predict the UCS of soil specimens stabilized with two 
distinct types of cementitious blends to investigate the ability of the 
proposed Bayesian model to adapt to various data observations. The 
process involved initially training the model with datasets from fly ash- 
blended cement, followed by validation using datasets from DuraCrete- 
blended cement. Due to the differences in mixture components and 
designs between the two binders, the model would be validated using 
totally independent validation data, allowing the generalization capa
bility of the developed model to be assessed. Table 1 summarizes the 
factors considered in the proposed Bayesian model and the statistical 
parameters for both types of cementitious blends. Four key factors were 
considered in the model for predicting the strength of the stabilized soil 
specimens. For fly ash-blended cement, these were cement content (C), 
fly ash content (F), total water content (W), and the water to cement 
blend ratio (W/b). In the case of DuraCrete-blended cement, the model 
included similar factors, but with DuraCrete content (DC) substituting 
for fly ash content (F). Notably, the range of cement and binder contents 
differed across the datasets, reflecting the varied mixing ratios used in 
their designs. All datasets were pre-processed before training process, 
and a log link function was used in the Bayesian model. Consequently, 
the Bayesian model developed for fly ash-blended cement is expressed 
as: 

ln(UCS) = β0 + β1C+ β2F+ β3W+ β4(W/b) (7)  

Where β = (β1, β2, β3, β4) denotes the vector of unknown parameters (i. 
e., coefficients for the input variables) to be estimated by the developed 
model. 

4.1.1. Results and discussion 
The Bayesian model was trained using MCMC simulation, employing 

five parallel Markov chains to ensure convergence. Each chain gener
ated 10,000 samples, of which 50 % were discarded as burn-in samples, 
resulting in 25,000 samples for parameter estimation across various 
model variables. Thus, the sampling process involved the construction of 
five parallel Markov chains, each comprising 5,000 samples for 
parameter estimation. The mean coefficient estimates as well as the 85 
% and 95 % credible intervals (CIs) obtained from the model are sum
marized in Table 2. Based on the parameter estimates, the equation for 
predicting the strength of fly ash-blended cement is formulated as: 

ln(UCS) = − 1.781+ 1.193C − 0.391F+0.617W − 1.825(W/b) (8) 

The model was subsequently validated using data from DuraCrete- 
blended cement studies. Fig. 3 displays a comparison between the 
actual and predicted UCS for both fly ash-blended cement (training 
phase) and DuraCrete-blended cement (validation phase). 

As shown in Fig. 3(a), the model accurately predicted the strength of 
soil specimens stabilized with fly ash-blended cement, evident from the 
close alignment of predicted values with measured ones and the narrow 
CIs. However, during the generalization to different data with a similar 
material design (see Fig. 3(b)), the model maintained a good accuracy, 
but with increased prediction uncertainty, indicated by broader CIs, 
especially for dataset numbers 10, 15, 20, 24, and 25. Notably, the 
model inaccurately predicted for dataset numbers 5 and 9 in the vali
dation phase, where the predicted values and their 85 % CIs failed to 
encompass the actual UCS values. When comparing UCS values of soil 
specimens stabilized with fly ash and DuraCrete-blended cement, it was 
noted that fly ash-blended cement specimens generally exhibited lower 
strength in lab tests compared to those made with DuraCrete-blended 
cement, despite using identical total mixture contents. 

Liu et al. (2022) found that incorporating DuraCrete into the 
cementitious blends significantly enhanced the strength of stabilized 
soft soils. This increased strength in DuraCrete-stabilized specimens was 
attributed to better cementation bonding, leading to a denser structure 
and higher strength due to more effective bonding between soil parti
cles. Conversely, increased fly ash content in cementitious blends led to 
reduced cement hydration and lower strength. As a result, when the 
model was initially trained with datasets showing lower UCS values, it 
required extrapolation during validation with datasets that exhibited 

Table 1 
Factors considered in the Bayesian Regression model and statistical parameters for: (i) fly ash-blended cement and (ii) DuraCrete-blended cement.   

Factors Unit Notation Minimum Maximum Mean Range Standard Deviation 

(i) Fly ash-blended cement 
Inputs Cement content % C 5.0  30.0  14.9  25.0  6.4 

Fly ash content % F 0  15.0  5.1  15.0  4.0 
Total water content % W 135.0  145.0  140.0  10.0  3.6 
Water/cement blend ratio − W/b 4.8  13.5  8.0  8.7  3.2 

Output UCS of stabilized soft soil specimens kPa UCS 34.6  887.4  258.8  852.8  216.5 
(ii) DuraCrete-blended cement 
Inputs Cement content % C 9.1  30.0  19.1  20.9  6.9 

DuraCrete content % DC 0  2.7  1.0  2.7  0.8 
Total water content % W 135.0  145.0  140.0  10.0  3.6 
Water/cement blend ratio − W/b 4.8  13.5  8.0  8.7  3.2 

Output UCS of stabilized soft soil specimens kPa UCS 64.5  960.7  369.7  896.2  285.7  

Table 2 
Output summary of mean parameter estimates and credible intervals for fly ash- 
blended cement (model training).  

Variables 
(Xp) 

Parameters 
(βp) 

Mean 
Estimate 
Values 

85 % Credible 
Intervals 

95 % Credible 
Intervals 

(Intercept) β0  − 1.781 [-2.52, − 1.05] [-2.77, − 0.76] 
C β1  1.193 [-1.03, 3.44] [-1.83, 4.25] 
F β2  − 0.391 [-1.73, 0.96] [-2.22, 1.44] 
W β3  0.617 [-1.18, 2.40] [-1.80, 3.02] 
W/b β4  − 1.825 [-2.77, − 0.93] [-3.16, − 0.62]  
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higher UCS values. This led to a decrease in the model’s overall pre
dictive accuracy and an increase in uncertainty, as the model needed to 
adjust to new datasets with values extending beyond those encountered 
during its initial learning phase. 

Additionally, the mapping between the predicted and measured UCS 
of stabilized soil specimens and various factors for both types of cement 
blends is depicted in Figs. 4 and 5. Analysis of these figures reveals that 
the model accurately predicted soil specimen strength, particularly 
when factoring in total water content (W) and the water to cement blend 
ratio (W/b). This was attributed to the use of consistent ranges for these 
factors in both fly ash and DuraCrete cement blends. In terms of cement 
content, the model predictions remained accurate, as both blends had a 
similar cement content range: 5 to 30 % for fly ash-blended cement and 
9.1 to 30 % for DuraCrete-blended cement. However, the accuracy in 
mapping predicted to measured UCS values was less accurate when 
considering the DuraCrete content (DC), as illustrated by the larger 
discrepancies in Fig. 5(b) compared to Fig. 4(b). This variance was due 
to the narrower range of DuraCrete content (0 to 2.7 %) used by Liu et al. 
(2022), compared to the broader range used for fly ash content (0 to 15 
%). The maximum DuraCrete content was significantly lower than the 
maximum fly ash content, leading to more significant differences in 

model predictions during validation due to the interpolation required 
for adapting to new datasets with smaller ranges. 

Figs. 4 and 5 demonstrate the ability of the developed Bayesian 
model to accurately depict the relationships between the strength of 
stabilized soils and key factors like cement content and water to binder 
ratio, which are crucial for strength development in soils stabilized with 
cementitious materials (Horpibulsuk et al., 2010). As shown in Fig. 4(a) 
and 5(a), an increase in cement content (C) led to higher UCS in spec
imens, aligning with the enhanced bonding between soil particles at 
higher cement concentrations (Horpibulsuk et al., 2010). This obser
vation was consistent with other research findings in soil stabilization 
using cementitious materials (Pham et al., 2021; Pham et al., 2022). 
Fig. 4(d) and 5(d) show a decrease in predicted strength with an in
crease in the water to cement blend ratio (W/b), corroborating results 
from Liu et al. (2022). This demonstrates that the model could make 
accurate predictions and accurately capture the relationships between 
the strength of stabilized soils with different sustainable cementitious 
blends and various factors influencing strength development. Table 3 
summarizes the model performance in terms of fitting and error metrics 
for predicting the strength of specimens stabilized with two different 
binders. 

Fig. 3. Comparison of measured vs. predicted unconfined compressive strength (UCS) of stabilized soft soil specimens for: (a) fly ash-blended cement (model 
training) and (b) DuraCrete-blended cement (model validation). 
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Fig. 4. Mapped measured and predicted unconfined compressive strength (UCS) of soil specimens stabilized with fly ash-blended cement vs. the factors considered 
(model training). 

Fig. 5. Mapped measured and predicted unconfined compressive strength (UCS) of soil specimens stabilized with DuraCrete-blended cement vs. the factors 
considered (model validation). 
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The model exhibited a lower prediction accuracy for DuraCrete- 
blended cement (Bayesian R2 = 0.9313 and NMAE = 0.1224) than for 
fly ash-blended cement (Bayesian R2 = 0.9854 and NMAE = 0.0730). 
Despite this, both models successfully captured the same proportion of 
observed values within their 85 % prediction intervals (proportion =
0.88). A larger proportion of observed values fell within the 95 % pre
diction intervals during training (proportion = 0.96) compared to vali
dation stage (proportion = 0.88), indicating that the model could be 
generalized to analyze different types of data with reasonable accuracy. 

4.2. Case Study 2 – Construction of Taipei National Enterprise Center 
(TNEC), Taiwan (Ou et al., 2000) 

The well-documented Taipei National Enterprise Center (TNEC) 
project in Taiwan was adopted as the case study to evaluate soil- 
structure interactions induced by deep excavation in clay using the 
proposed Bayesian Network framework. Fig. 6 illustrates the subsurface 
soil profile and the typical cross-section of the TNEC excavation. 

Table 3 
Summary of model performance for fly ash-blended cement (training) and 
DuraCrete-blended cement (validation).  

Stages Training 
(Fly ash- 
blended 
cement) 

Validation 
(DuraCrete- 
blended cement) 

Bayesian R2  0.9854  0.9313 
NMAE  0.0730  0.1224 
Proportion1 of observed values within 85 

% prediction intervals (out of 1)  
0.88  0.88 

Proportion1 of observed values within 95 
% prediction intervals (out of 1)  

0.96  0.88  

1 A proportion of 1 indicates that the model can capture 100% of the observed 
values within the prediction intervals. 

Fig. 6. The subsurface soil profile and typical cross-section for deep excavation for TNEC, Taiwan ( 
adapted from Lim and Ou (2017)). 
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The excavation dimensions for the TNEC construction were 43 m 
wide and 106 m long on the south side, extending to 61 m on the north. 
Executed in seven stages to a depth of 19.7 m, the excavation used the 
top-down construction method, supported by 0.9 m thick, 35 m deep 
diaphragm walls, as outlined in the construction sequence in Table 4. 

This study employed the Hardening Soil model for effective stress 
undrained (Undrained (A)) and drained analysis to simulate soft silty 
clay and silty sand, respectively (Lim and Ou, 2017). Tables 5 and 6 
summarize the soil and structural properties employed in the 2D FEA to 
generate training data for the proposed Bayesian Network model. 

For silty fine sand layers, stiffness values were calculated, with 
tangent stiffness for primary oedometer loading (Eref

oed) set at 1Eref
50 and 

unloading/reloading stiffness (Eref
ur ) at 3Eref

50 , as per the PLAXIS 2D Ma
terial Models Manual (2022). The power (m) values of 0.5 for sand 
(Schanz et al., 2000) and 1.0 for clay (Lim and Ou, 2017) were used. The 
dilatancy angle (ψ) was set to φ − 30◦, and a Poisson’s ratio for unloa
ding–reloading (νur) of 0.2 was applied (Lim and Ou, 2017). For the 
diaphragm wall, Young’s modulus (E) of 21E6 kPa and a Poisson’s ratio 
of 0.15 (Lim and Ou, 2017) were adopted in the numerical model. To 
account for concrete cracking, structural member stiffnesses were 
reduced by 20 % from nominal values (Lim and Ou, 2017). 

Fig. 7(a) shows the computed wall deflections from the developed 
finite element model (FEM) closely aligning with field measurements, 
displaying cantilever wall deformations in the initial excavation stage 
and deeper inward lateral movements at greater depths, consistent with 
trends described by Clough and O’Rourke (1990) for braced excava
tions. In Fig. 7(b), the numerical model accurately predicted ground 
surface settlements, particularly after reaching the fifth excavation 
stage, despite earlier stages showing larger computed settlements than 
observed. Fig. 7(c) presents the wall bending moment profiles from the 
2D FEA. As bending moments are derived from wall deflection curva
ture, they exhibit trends similar to the deflection profiles. The maximum 
positive bending moments occurred near the excavation levels for each 
stage, while the maximum negative moments were consistently found at 
a depth of 3.5 m from the surface, corresponding to the B1F floor slab 
installation location. The close mapping of the FEA outputs with the 
field data reported by Ou et al. (2000) indicates that the numerical re
sults are reliable for training the proposed GBN model. For each exca
vation stage, a total of 145 datasets were gathered, detailing computed 
wall deflection and wall bending moment profiles, while 124 datasets 
per stage were derived from the FEA outputs for ground settlement 
profiles. 

Design parameters including (i) secant stiffness (from drained 

triaxial test (Eref
50 )), (ii) c’ and φ’ (from drained triaxial test, direct shear 

test or available site investigation reports), and (iii) retaining wall’s 
depth (z) (from routine deep excavation design process), were utilized as 
inputs. For estimating ground surface settlements, the same soil pa
rameters (Eref

50 , c’ and φ’) and the distance from the retaining wall (x) 
were used, rather than the wall’s depth. The Bayesian Network models 
were trained stage-by-stage through the parameter learning process 
until reaching the final excavation stage. A similar deep excavation 
study in clay, reported by Korff (2013) for the construction of Ceintur
baan Station in Amsterdam, was used for the Bayesian updating process 
in this study. Both studies were independent of each other but similar in 
the sense of having seven excavation stages using the top-down con
struction method. During the learning phase for the initial excavation 
stage, the GBN model developed for studying TNEC excavation inte
grated the FEA outputs from the first excavation stage of Ceinturbaan 
Station excavation as prior knowledge. 

In the initial stage, the GBN model thus incorporated five input pa
rameters: Eref

50 , c’, φ’, z and δh,1st(prior), to learn the soil parameters and 
FEA wall deflection outputs to predict the wall deflection profiles, 
expressed as: 

GBN Model1st,upd = [δh,1st |z,Eref
50 , c

ʹ,φʹ, δh,1st(prior)] (9)  

where δh,1st(prior) denotes the wall deflection data from an independent 
study (prior knowledge) and δh,1st denotes the estimated wall deflections 
at the first excavation stage (also considered as the child of nodes “z”, 
“Eref

50 ”, “c’”, “φ’”, and “δh,1st(prior)” in the model). The model was updated 
for the subsequent stages by carrying forward the outputs from the 
initial stage to the next and repeating the learning process, thereby 
expanding the GBN structure. The inclusion of past training results into 
the model helps maintain earlier learnings and enhances the accumu
lated knowledge in the model. The model was thus progressively trained 
at each stage of the excavation, deepening its insights by utilizing the 
outcomes from one stage as inputs for the next, ensuring continuous 
model refinement and updating. Upon reaching the final excavation 
depth, the GBN model was updated to: 

GBN Modelfinal= [δh,n

⃒
⃒
⃒z,Eref

50 , ć ,φʹ, δh,n− 1

]
⋯[δh,3rd|z,Eref

50 , c
ʹ,φʹ, δh,2nd]

[
δh,2nd

⃒
⃒
⃒z,Eref

50 , c’, φ’, δh,1st

][
δh,1st

⃒
⃒
⃒z,Eref

50 , c’, φ’, δh,1st(prior)

]
(10)  

where n denotes the number of excavation stages in the study. The wall 
bending moments and ground surface settlements were estimated using 
the same parameter learning process, based on their respective training 
datasets obtained from 2D FEA. 

4.2.1. Results and discussion 
The profiles of wall bending moment, wall deflection and ground 

surface settlement estimated using the proposed Bayesian framework 
are presented and discussed hereinafter. 

Fig. 8 presents the wall deflection profiles estimated by the GBN 
model for the TNEC excavation, compared with field measurements 
from Ou et al. (2000) for straightforward comparison of the model 
predictions with actual data. The model accurately predicted wall de
flections from the earliest to the final excavation stages after incorpo
rating data from a similar study (Korff, 2013) as prior knowledge during 
the updating process. The results clearly demonstrates the efficacy of the 
Bayesian updating process in this study. Applying the same learning 
approach but incorporating prior knowledge at the outset significantly 
enhanced the model’s understanding of excavation-induced wall de
formations. This knowledge was then extended to subsequent stages up 
to the final excavation. With the prior information as a new input, the 
model adeptly learned the initial cantilever wall deformations and 
subsequently improved its predictions for deep inward wall movements 

Table 4 
Summary of construction sequence for TNEC, Taiwan (after Kung et al. (2009)).  

Stages Construction Activities 

0 Constructed diaphragm walls, pile foundation 
1 Excavated to elevation − 2.8 m 
2 Installed steel strut 1 (H300 × 300 × 10 × 15) at elevation − 2.0 m 

(preload = 784.8 kN per prop) 
3 Excavated to elevation − 4.9 m 
4A Cast floor slab (B1F) at elevation − 3.5 m 
4B Removed steel strut 1 and cast ground level of slab (1FL) 
5 Excavated to elevation − 8.6 m 
6 Cast floor slab (B2F) at elevation − 7.1 m 
7 Excavated to elevation − 11.8 m 
8 Cast floor slab (B3F) at elevation − 10.3 m 
9 Excavated to elevation − 15.2 m 
10 Cast floor slab (B4F) at elevation − 13.7 m 
11 Excavated to elevation − 17.3 m (center strip) 
12 Installed steel strut 2 (H400 ×4 00 × 13 × 21) at elevation − 16.5 m 

(preload = 1,177 kN per prop) 
13 Excavated to elevation − 19.7 m 
14 Cast foundation slab 
15 Cast floor slab (B5F) at elevation − 17.1 m 
16 Removed steel strut 2  
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typical in braced excavations with multiple lateral supports. Thus, the 
model could accurately learn both types of lateral wall movements 
commonly observed in deep excavations, aligning with established 
findings in the field (Clough and O’Rourke, 1990; Hsieh and Ou, 1998; 
Likitlersuang et al., 2019). 

Fig. 9 displays the estimated wall bending moment profiles derived 
using the same updating process. Mirroring the findings for wall 
deflection profiles, the GBN model adeptly replicated the wall responses, 
accurately reflecting the changes in both positive and negative bending 
moments throughout all excavation stages. These changes corresponded 
with the types of wall deformations observed and the positioning of 

lateral supports at increasing excavation depths. Introducing prior 
knowledge from a similar study right at the first excavation stage 
allowed the model to learn about expected wall behavior. The learned 
information was carried through subsequent stages, enhancing the 
updating process as additional data became available. Consequently, the 
ability of the model to make accurate inferences and parameter esti
mations based on existing data was significantly improved, ensuring 
precise estimations of the desired outputs. 

Fig. 10 shows the estimated ground surface settlement profiles for 
the TNEC excavation. Incorporating prior data from a similar study 
during the updating process improved the ability of the model to learn 
the ‘spandrel type’ ground settlement profile, which typically occurs due 
to cantilever wall deformations in the early stages of excavation. This 
happens when diaphragm walls act flexibly because of either the 
absence of lateral supports or inadequate preload for excavation sup
port, as noted by Clough and O’Rourke (1990). This is evident in Fig. 10 
(a) and (b), where the ground settlement profiles are identified as 
‘spandrel type’, with maximum surface settlement occurring behind the 
retaining wall and diminishing with increasing distance from the wall. 
As excavation progressed, the model accurately tracked the transition 
from ‘spandrel type’ to ‘concave type’ ground settlements, reflecting the 
impact of lateral supports in countering soil pressure behind the dia
phragm wall. Throughout the excavation stages, the model maintained 
high accuracy in estimating ground settlements, accurately recognizing 

Table 5 
Summary of soil properties for TNEC, Taiwan (after Lim and Ou (2017)).  

Soil Type Soil Layer Depth (m) γt(kN/m3) c’ (kPa) φ’ (◦) Eref
50 (kPa) Eref

oed(kPa) Eref
ur (kPa) K0 OCR 

Soft silty clay 1-a 0 – 2  18.25 0 30 7,033 4,923 21,100  1.00 4 
1-b 2 – 4  18.25 0 30 6,826 4,779 20,479  1.00 4 
1-c 4 – 5.6  18.25 0 30 6,631 4,642 19,894  1.00 4 

Loose silty fine sand 2 5.6 – 8  18.93 0 30 34,175 34,1751 102,5251  0.50 −

Soft silty clay 3-a 8 – 12  18.15 0 29 8,521 5,964 25,562  0.59 1.4 
3-b 12 – 16  18.15 0 29 9,526 6,668 28,578  0.56 1.25 
3-c 16 – 20  18.15 0 29 9,620 6,734 28,860  0.56 1.25 
3-d 20 – 24  18.15 0 29 9,290 6,503 27,870  0.56 1.25 
3-e 24 – 27  18.15 0 29 9,049 6,335 27,148  0.55 1.23 
3-f 27 – 30  18.15 0 29 9,158 6,410 27,474  0.55 1.23 
3-h 30 – 33  18.15 0 29 8,935 6,255 26,806  0.55 1.23 

Medium dense silty fine sand 4 33 – 35  19.62 0 33 132,736 132,7361 398,2081  0.45 −

Medium soft clay 5 35 – 37.5  19.13 0 30 10,016 7,011 30,049  0.50 1 
Medium dense to dense silt / silty fine sand 6 37.5 – 46  19.62 0 35 150,123 150,1231 450,3691  0.43 −

1 Calculated in the finite element analysis. 

Table 6 
Summary of structural properties used for anchors (after Lim and Ou (2017)).  

Anchor Spacing 
(m) 

Thickness 
(m) 

Cross- 
sectional area 
(m2) 

Young’s 
modulus, E 
(kPa) 

ν 

Steel strut 
1 

8 − 0.012 21E7  0.15 

Steel strut 
2 

3.4 − 0.0219 21E7  0.15 

Concrete 
slab 

− 0.15 − 21E6  0.15  

Fig. 7. Compiled PLAXIS 2D outputs for simulating the deep excavation for TNEC, Taiwan: (a) wall deflection profiles, (b) ground surface settlement profiles, and (c) 
wall bending moment profiles. 
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Fig. 8. Simulated and estimated wall deflection profiles with field measurements for TNEC, Taiwan for the excavation depths: (a) 2.8 m, (b) 4.9 m, (c) 8.6 m, (d) 
11.8 m, (e) 15.2 m, (f) 17.3 m, and (g) 19.7 m. 
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Fig. 9. Simulated and estimated wall bending moment profiles for TNEC, Taiwan for the excavation depths: (a) 2.8 m, (b) 4.9 m, (c) 8.6 m, (d) 11.8 m, (e) 15.2 m, (f) 
17.3 m, and (g) 19.7 m. 
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Fig. 10. Simulated and estimated ground surface settlement profiles with field measurements for TNEC, Taiwan for the excavation depths: (a) 2.8 m, (b) 4.9 m, (c) 
8.6 m, (d) 11.8 m, (e) 15.2 m, (f) 17.3 m, and (g) 19.7 m. 
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both ‘spandrel type’ and ‘concave type’ profiles typically seen in multi- 
stage braced excavations (Clough and O’Rourke, 1990; Hsieh and Ou, 
1998; Likitlersuang et al., 2019). By the end of the updating process, the 
developed GBN model had successfully inferred necessary parameters 
and produced precise model outputs, demonstrating its capability in 
identifying diverse ground settlement patterns. 

Fig. 11 presents the evaluation of the model performance for the 
study of deep excavation in clay, utilizing NMAE and NRMSE, calculated 
for each excavation stage. The highest model error was observed at the 
first excavation stage for wall bending moment profile estimations 
(NMAE = 0.1462; NRMSE = 0.1990). The estimation of ground settle
ment profiles followed (NMAE = 0.0578; NRMSE = 0.0675), while wall 
deflection profile estimations yielded the lowest error (NMAE = 0.0117; 
NRMSE = 0.0146). As the excavation progressed deeper, the model error 
decreased progressively, reflecting an improvement in model accuracy. 
Upon comparing the model performance from the initial to the last 
excavation stages, a notable reduction in error was observed for all 
profile estimations. The decrease in model error was attributed to the 
integration of prior knowledge from the previous stage to the next, 
enhancing the efficiency of parameter learning. 

4.3. Advantages and Limitations of the Proposed Methodology 

The results from two case studies affirm the efficacy of the proposed 
Bayesian methodology in predicting the strength of sustainable geo
materials with varying mixtures in a laboratory setting, considering 
different aggregates, binders, proportions, and mixing conditions. The 
proposed Bayesian approach provides a probabilistic model that quan
tifies uncertainty in predictions alongside providing estimated values. 
The developed Bayesian model that is easy to interpret and update with 
new information, can serve as a predictive tool in future studies. 
Crucially, the Bayesian updating process allows for incorporating earlier 
results, retraining the model with new datasets, and saving computa
tional time. Supply of the prior data could enhance the adaptability and 
accuracy of the model at subsequent project stages, leading to more 
reliable predictions. The robustness of the model for generalization was 
validated by using independent datasets from different studies, 

demonstrating its capability to maintain accuracy across varied data 
types. This underscores the feasibility of the proposed approach for 
application to other geotechnical problems, though caution is advised, 
particularly when extrapolating to new data types or significantly 
different geomaterial properties. In terms of practical application, the 
Bayesian framework shows promise in evaluating soil-structure in
teractions during deep excavations. The model could refine its param
eter inferences and deformation estimations through sequential updates, 
as evidenced by the case study. Its ability to integrate learned outputs 
from previous stages makes it adaptable for projects with evolving field 
data, contributing to economical and safe construction designs. The 
wealth of existing deep excavation case histories also offers a rich data 
source for enhancing the Bayesian model, further expanding its appli
cation in geotechnical engineering. 

5. Conclusions 

A Bayesian inference framework based on Bayesian Regression and 
Bayesian Network has been developed to study sustainable geomaterials 
and soil-structure interactions in deep excavations. The proposed 
framework has demonstrated its feasibility, robustness, and applica
bility in complementing existing laboratory and geotechnical design 
processes, offering a viable tool for the preliminary analysis of 
geotechnical problems. The successful application of the Bayesian 
framework to two established case studies collected from the literature 
further demonstrates the implementation and validation of the proposed 
methodology in this study. The significant findings from this study are 
concluded as follows:  

(a) The Bayesian GLM accurately predicted the strength of stabilized 
soils, quantifying uncertainty levels and capturing most observed 
data within its prediction intervals. The predictive equation ob
tained from the model is easily interpretable for future studies.  

(b) The applicability of the model was assessed in the first case study, 
demonstrating high accuracy in predicting the strength of stabi
lized soil specimens with different mixtures, highlighting the 
robustness of the model for various applications. However, 

Fig. 11. Computed model error for each excavation stage for the estimation of ground and wall responses for TNEC, Taiwan.  
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caution is advised when generalizing the model to significantly 
different geomaterials due to potential high data variability.  

(c) The GBN model with sequential updating effectively evaluated 
soil-structure interactions in deep excavations. This technique, 
proven through an established case history, accurately estimated 
wall deflection, wall bending moment, and ground surface set
tlement profiles in deep excavations. The framework could 
sequentially update the model as excavations deepen, improving 
its performance by incorporating previously learned outcomes 
into subsequent stages. However, caution is necessary when 
applying it to excavations with significantly different geological 
conditions, due to insufficient model information for efficient 
learning of new soil parameter relationships. 
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