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Function name Description Category

�b�m�r�†�|�	�-�|�- ���u�;�-�|�;�v���-�m���o�0�f�;�1�|���o�=��data-class���‰�b�|�_���b�m�=�o�u�l�-�|�b�o�m���-�0�o�†�|���|�_�;���l�†�t�|�b�J�-�1�|�b�o�m���1�o�m�v�;�u�ˆ�-�|�b�o�m���r�t�-�m�m�b�m�]���r�u�o�0�t�;�loptimization

�r�u�o�0�t�;�l ���u�;�-�|�;�v���-�m���o�0�f�;�1�|���o�=��optimizationProblem-class���1�o�m�|�-�b�m�b�m�]���|�_�;���o�r�|�b�l�b�Œ�-�|�b�o�m���l�o�7�;�t�7���=�o�t�t�o�‰�b�m�]���|�_�;��
�l�-�|�_�;�l�-�|�b�1�-�t���=�o�u�l�†�t�-�|�b�o�m�v���†�v�;�7���b�m���"�-�t�]�-�7�o�J�!�o�f�-�v���;�|���-�t�: �P2020�Q

solve �"�o�t�ˆ�;�v���|�_�;���o�r�|�b�l�b�Œ�-�|�b�o�m���l�o�7�;�t���r�u�;�ˆ�b�o�†�v�t�‹���1�u�;�-�|�;�7�7���-�m�7���1�u�;�-�|�;�v���-�m���o�0�f�;�1�|���o�=��solution-class

�]�;�|���o�|�;�m�|�b�-�t���;�m�;�=�b�| ���u�o�ˆ�b�7�;�v���|�_�;���l�-�Š�b�l�†�l���|�_�;�o�u�;�|�b�1�-�t���-�1�_�b�;�ˆ�-�0�t�;���0�;�m�;�=�b�|���=�o�u���;�-�1�_���=�;�-�|�†�u�;���P�‰�;���†�v�;���|�_�;���m�o�|�-�|�b�o�m��
� � � � � � � � � � � � � � � � � � � � � � ��Q

input

�]�;�|���o�7�;�t���m�=�o ���u�o�ˆ�b�7�;�v���]�;�m�;�u�-�t���b�m�=�o�u�l�-�|�b�o�m���-�0�o�†�|���|�_�;���l�-�|�_�;�l�-�|�b�1�-�t���l�o�7�;�t model

�]�;�|���1�|�b�o�m�v �!�;�|�†�u�m�v���|�_�;���v�r�-�|�b�-�t���7�b�v�|�u�b�0�†�|�b�o�m���o�=���l�-�m�-�]�;�l�;�m�|���-�1�|�b�o�m�v���v�;�t�;�1�|�;�7���†�m�7�;�u���|�_�;���v�o�t�†�|�b�o�msolution

�]�;�|���;�u�=�o�u�l�-�m�1�; ���u�o�ˆ�b�7�;�v���b�m�=�o�u�l�-�|�b�o�m���-�0�o�†�|���|�_�;���v�o�t�ˆ�b�m�]���r�u�o�1�;�v�v���o�=���|�_�;���l�-�|�_�;�l�-�|�b�1�-�t���l�o�7�;�t

�]�;�|���o�m�m�;�1�|�b�ˆ�b�|�‹���;�m�-�t�|�‹ ���u�o�ˆ�b�7�;�v���|�_�;���1�o�m�m�;�1�|�b�ˆ�b�|�‹���r�;�m�-�t�|�‹���ˆ�-�t�†�;���=�o�u���-���]�b�ˆ�;�m���v�o�t�†�|�b�o�m�7���v�r�;�1�b�=�‹�b�m�]���0�o�|�_���1�o�m�m�;�1�|�b�ˆ�b�|�‹���r�;�m�-�t�|�b�;�v���=�o�u��
�†�m�b�|�v���-�m�7���-�1�|�b�o�m�v���P�b�|���1�o�u�u�;�v�r�o�m�7�v���|�o���|�_�;���ˆ�-�t�†�;���o�=��� � � ��Q

�]�;�|���o�v�| ���u�o�ˆ�b�7�;�v���|�_�;���v�†�l���o�=���1�o�v�|�v���o�=���-�1�|�b�o�m�v���-�m�7���l�o�m�b�|�o�u�b�m�]���-�r�r�t�b�;�7���b�m���-���v�o�t�†�|�b�o�m���P�b�|���1�o�u�u�;�v�r�o�m�7�v���|�o���|�_�;���ˆ�-�t�†�;���o�=��
� � � ��Q

�]�;�|�"�o�t�†�|�b�o�m���;�m�;�=�b�|�!�;�|�†�u�m�v���|�_�;���|�o�|�-�t���0�;�m�;�=�b�|���7�;�u�b�ˆ�;�7���=�u�o�l���-���v�o�t�†�|�b�o�m���P�b�|���1�o�u�u�;�v�r�o�m�7�v���|�o���|�_�;���ˆ�-�t�†�;�v���o�=��� � � � � � � � � �� � � � ��Q

Note�9���
�†�m�1�|�b�o�m�v���_�-�ˆ�;���7�b�=�=�;�u�;�m�|���r�†�u�r�o�v�;�v���7�;�r�;�m�7�b�m�]���o�m���|�_�;�b�u���1�-�|�;�]�o�u�‹�9��optimization���=�†�m�1�|�b�o�m�v���-�u�;���|�_�;���l�-�b�m���=�†�m�1�|�b�o�m�v���†�v�;�7���=�o�u���|�_�;���l�-�m�-�]�;�l�;�m�|���-�1�|�b�o�m��
�r�u�b�o�u�b�|�b�Œ�-�|�b�o�m���r�u�o�1�;�v�v�7���-�m�7���-�†�Š�b�t�b�-�u�‹���=�†�m�1�|�b�o�m�v���Pinput�7��model and solution�Q�:���$�_�;��input���=�†�m�1�|�b�o�m�v���_�;�t�r���o�0�|�-�b�m���b�m�=�o�u�l�-�|�b�o�m���-�0�o�†�|���|�_�;���b�m�r�†�|���7�-�|�-�8��model 
�=�†�m�1�|�b�o�m�v���-�u�;���†�v�;�7���|�o���]�;�|���b�m�=�o�u�l�-�|�b�o�m���-�0�o�†�|���|�_�;���]�;�m�;�u�-�|�;�7���l�o�7�;�t�7���‰�_�b�t�;���|�_�;��solution���=�†�m�1�|�b�o�m�v���-�u�;���†�v�;�7���|�o���]�;�|���b�m�=�o�u�l�-�|�b�o�m���-�0�o�†�|���v�o�t�†�|�b�o�m�v�:

 



�J�M�J|� J � ”�� ��������������������������
���"���������	���ƒ���!�������"  ET AL.

�r�-�1�h�-�]�;�� �0�†�|�� �-�u�;�� �m�o�|�� �=�u�;�;�t�‹�� �-�ˆ�-�b�t�-�0�t�;�:�� ���o�‰�;�ˆ�;�u�7���t�b�1�;�m�1�;�v���-�u�;�� �-�ˆ�-�b�t-

�-�0�t�;�� �|�o�� �-�1�-�7�;�l�b�1�v�� �-�|�� �m�o�� �1�o�v�|�:�� �$�_�;�� �]�†�u�o�0�b�� �r�-�1�h�-�]�;�� �b�v�� �7�b�v�|�u�b�0�†�|�;�7��

�‰�b�|�_�� �|�_�;�� ���†�u�o�0�b�� �v�o�=�|�‰�-�u�;�� �v�†�b�|�;�:�� ���m�v�|�;�-�7�7�� ���������*�� �b�v�� �7�b�v�|�u�b�0�†�|�;�7�� �0�‹��

�������� �-�m�7�� �t�o�1�-�|�;�7�� �b�m�����!������ �|�_�u�o�†�]�_�� �|�_�;�� �!�1�r�t�;�Š�� �r�-�1�h�-�]�;�:�� ���o�‰�;�ˆ�;�u�7��

���������-�m�7���v�‹�l�r�_�o�m�‹���-�u�;���o�r�;�m�J�v�o�†�u�1�;���b�m�|�;�]�;�u���r�u�o�]�u�-�l�l�b�m�]���v�o�t�ˆ�;�u�v�7��

�-�m�7�� �|�_�;�‹�� �-�u�;�� �t�o�1�-�|�;�7�� �b�m�� ���!������ �|�_�u�o�†�]�_�� �|�_�;�� �u�1�0�1�� �-�m�7�� �u�v�‹�l�r�_�o�m�‹��

�r�-�1�h�-�]�;�v�7���u�;�v�r�;�1�|�b�ˆ�;�t�‹�:

�’�:�•�J|�J �"�|�;�r �•�9 ���m�r�†�| �7�-�|�- � �̂-�t�b�7�-�|�b�o�m

�$�o�� �]�;�m�;�u�-�|�;�� �-�� �ˆ�-�t�b�7�� �o�r�|�b�l�b�Œ�-�|�b�o�m�� �l�o�7�;�t�7�� �r�u�b�o�u�b�-�1�|�b�o�m�v�� �=�b�u�v�|��

�1�_�;�1�h�v�� �|�_�-�|�� �-�t�t�� �b�m�r�†�|�v�� �]�b�ˆ�;�m�� �|�o�� �|�_�;�� �b�m�r�†�|�	�-�|�-�P�Q�� �-�u�;�� �1�o�u�u�;�1�|�:�� ���=�|�;�u��

�ˆ�;�u�b�=�b�1�-�|�b�o�m�7���|�_�b�v���=�†�m�1�|�b�o�m���u�;�|�†�u�m�v���-��data-class���o�0�f�;�1�|���|�_�-�|���]�-�|�_�;�u�v��

�-�t�t�� �|�_�;�� �b�m�r�†�|�� �7�-�|�-�� �b�m�=�o�u�l�-�|�b�o�m�:�� �r�u�b�o�u�b�-�1�|�b�o�m�v�� �b�m�_�;�u�b�|�v�� �|�_�;�� �b�m�r�†�|��

�7�-�|�-�� �v�|�u�†�1�|�†�u�;�� �=�u�o�l�� �|�_�;�� �����!�*������ �v�o�=�|�‰�-�u�;�7�� �‰�b�7�;�t�‹�� �h�m�o�‰�m�� �=�o�u��

�1�o�m�v�;�u�ˆ�-�|�b�o�m�� �r�t�-�m�m�b�m�]�� �P���-�t�t�� �;�|�� �-�t�:�7���‘�•�•�–�Q�:�� �����!�*������ �†�v�;�v�� �=�;�-�|�†�u�;��

�7�-�|�-�� �-�v�� �b�|�v�� �v�r�-�|�b�-�t�� �7�b�v�|�u�b�0�†�|�b�o�m�� �b�m�� �-�7�7�b�|�b�o�m�� �|�o�� �v�r�-�|�b�-�t�� �1�o�m�m�;�1�|�b�o�m�v��

�0�;�|�‰�;�;�m�� �†�m�b�|�v�:�� ���;�u�;�7�� �‰�;�� �b�m�1�t�†�7�;�� �b�m�=�o�u�l�-�|�b�o�m�� �o�m�� �|�_�u�;�-�|�v�7�� �|�_�;�b�u��

�v�r�-�|�b�-�t���7�b�v�|�u�b�0�†�|�b�o�m���-�m�7���|�_�;���v�;�m�v�b�|�b�ˆ�b�|�b�;�v���o�=���|�_�o�v�;���=�;�-�|�†�u�;�v���|�o���|�_�o�v�;��

�|�_�u�;�-�|�v�:�� ���t�t�� �b�m�r�†�|�v�� �b�m�� �|�_�b�v�� �r�-�1�h�-�]�;�� �-�u�;�� �b�m�� �|�-�0�†�t�-�u�� �=�o�u�l�� �P�b�:�;�:��data.

frame�Q�:

�t�b�0�u�-�u�‹�P�r�u�b�o�u�b�-�1�|�b�o�m�v�Q�� 

�7�-�|�-��<�J���b�m�r�†�|�	�-�|�-�P�r�†�7���=�;�-�|�†�u�;�v�7���7�b�v�|�M�=�;�-�|�†�u�;�v�7���|�_�u�;�-�|�v�7���7�b�v�|�M�|�_�u�;�-�|�v�7��

�v�;�m�v�b�|�b�ˆ�b�|�‹�7���0�o�†�m�7�-�u�‹�Q

�’�:�‘�J |�J �"�|�;�r �‘ �9 �� �u�;�-�|�; �|�_�; �l �-�|�_�;�l�-�|�b�1�-�t �l �o�7�;�t

�$�o�� �1�o�m�v�|�u�†�1�|�� �|�_�;�� �r�u�b�o�u�b�|�b�Œ�-�|�b�o�m�� �l�o�7�;�t�7�� �b�|�� �b�v�� �m�;�1�;�v�v�-�u�‹�� �|�o�� �†�v�;�� �|�_�;��

�r�u�o�0�t�;�l�P�Q�� �=�†�m�1�|�b�o�m�:�� �$�_�;�� �|�‹�r�;�� �o�=�� �l�o�7�;�t�� �Pmin-cost or max-benefits �Q��

�1�-�m�� �0�;�� �v�r�;�1�b�=�b�;�7�� �ˆ�b�-�� �|�_�;�� �r�-�u�-�l�;�|�;�u�� �l�o�7�;�t�M�|�‹�r�;�8�� �-�v�� �<�l�b�m�b�l�b�Œ�;���o�v�|�v�=��

�o�u���<�l�-�Š�b�l�b�Œ�;���;�m�;�=�b�|�v�=�7���u�;�v�r�;�1�|�b�ˆ�;�t�‹�:�����m�|�;�u�m�-�t�t�‹�7���|�_�;���r�u�o�0�t�;�l�P�Q���=�†�m�1�|�b�o�m��

�1�o�m�|�-�b�m�v�� �-�� �r�u�;�v�o�t�ˆ�;�� �=�†�m�1�|�b�o�m�� �|�_�-�|�� �b�7�;�m�|�b�=�b�;�v�� �r�o�v�v�b�0�t�;�� �;�u�u�o�u�v�� �-�m�7��

�r�u�;�ˆ�;�m�|�v���|�_�;���†�v�;�u���=�u�o�l���1�o�m�|�b�m�†�b�m�]���|�o���|�_�;���m�;�Š�|���v�|�;�r���‰�b�|�_���-���m�o�m�=�;�-�v�b�0�t�;��

�l�o�7�;�t�:�����=���|�_�b�v���b�v���|�_�;���1�-�v�;�7���|�_�;���r�u�;�v�o�t�ˆ�;���b�v���u�;�v�r�o�m�v�b�0�t�;���=�o�u���l�o�7�b�=�‹�b�m�]���|�_�;��

�u�;�t�†�b�u�;�l�;�m�|�v���P�|�-�u�]�;�|�v�Q���-�m�7���|�_�†�v���1�_�-�m�]�b�m�]���b�|�v���1�o�m�7�b�|�b�o�m���|�o���=�;�-�v�b�0�b�t�b�|�‹�:

model <�J���r�u�o�0�t�;�l�P�7�-�|�-�7���l�o�7�;�t�M�|�‹�r�;��=���^�l�b�m�b�l�b�Œ�;���o�v�|�v� �̂7���0�†�7�]�;�|��=���•�7��

blm =���•�7���1�†�u�ˆ�;��=���•�7���v�;�]�l�;�m�|�v��=���’�Q

���o�|�;���|�_�-�|���‰�_�;�m���-�r�r�t�‹�b�m�]���|�_�;���1�o�v�|���l�b�m�b�l�b�v�-�|�b�o�m���l�o�7�;�t�7���|�_�;���̂ �-�t�†�;��

�o�=�� �|�_�;�� �0�†�7�]�;�|�� �r�-�u�-�l�;�|�;�u�� �‰�b�t�t�� �m�o�|�� �0�;�� �u�;�t�†�b�u�;�7�:�� ���m�� �-�7�7�b�|�b�o�m�7�� �|�_�u�;�;��

�o�|�_�;�u�� �r�-�u�-�l�;�|�;�u�v�� �-�u�;�� �b�m�1�t�†�7�;�7�� �b�m�� �|�_�;�� �=�†�m�1�|�b�o�m�9�� �0�t�l�� �b�v�� �|�_�;�� �‰�;�b�]�_�|��

�=�-�1�|�o�u���-�r�r�t�b�;�7���|�o���|�_�;���v�†�l���o�=���1�o�m�m�;�1�|�b�ˆ�b�|�‹���r�;�m�-�t�|�b�;�v���=�o�u���l�b�v�v�;�7���1�o�m-

�m�;�1�|�b�o�m�v�� �b�m�� �-�� �v�o�t�†�|�b�o�m�� �P�_�b�]�_�;�u�� �0�t�l�� �ˆ�-�t�†�;�v�� �l�;�-�m�v�� �l�o�u�;�� �1�o�m�m�;�1�|�;�7��

�v�o�t�†�|�b�o�m�v�Q�7���v�b�l�b�t�-�u���|�o�����o�†�m�7�-�u�‹�����;�m�]�|�_�����o�7�b�=�b�;�u���P�������Q���b�m�������!�*�����:��

�$�_�b�v�� �-�u�]�†�l�;�m�|�� �b�v�� �o�m�t�‹�� �m�;�;�7�;�7�� �‰�_�;�m�� �|�_�;��boundary� � � 7� -� |� -� � � b� m� r� †� |� � � b� v� �

�-�ˆ�-�b�t�-�0�t�;�:�����o�u�;�o�ˆ�;�u�7���0�o�|�_���|�_�;���1�†�u�ˆ�;���-�m�7���v�;�]�l�;�m�|�v���r�-�u�-�l�;�|�;�u�v���u�;�=�;�u��

�|�o�� �|�_�;�� �-�7�f�†�v�|�l�;�m�|�� �o�=�� �|�_�;�� �‰�-�‹�� �|�_�-�|�� �0�;�m�;�=�b�|�v�� �-�u�;�� �1�-�t�1�†�t�-�|�;�7�:�� ���o�u�;��

�7�;�|�-�b�t�v���b�m���"�;�1�|�b�o�m 4.2.

�’�:�’�J |�J �"�|�;�r �’ �9 �"�o�t�ˆ�; �|�_�; �l �o�7�;�t
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�l�;�m�|�v�7�� �=�o�u�� �;�Š�-�l�r�t�;�� �|�u�‹�� �|�o�� �o�0�|�-�b�m�� �v�o�t�†�|�b�o�m�v�� �‰�_�;�u�;�� �†�m�b�|�v�� �-�u�;�� �v�r�-�|�b�-�t�t�‹��

�1�t�†�l�r�;�7�:���
�o�u���-���]�b�ˆ�;�m���r�-�b�u���o�=���†�m�b�|�v���  and ��7���t�;�|���� �����0�;���-���r�-�u�-�l�;�|�;�u���|�_�-�|��

�1�-�r�|�†�u�;�v���|�_�;���v�r�-�|�b�-�t���u�;�t�-�|�b�o�m���0�;�|�‰�;�;�m���  and ��7���v�†�1�_���|�_�-�|���|�_�;���1�t�o�v�;�u���|�_�;�v�;��

�†�m�b�|�v�� �-�u�;�� �0�;�|�‰�;�;�m�� �;�-�1�_�� �o�|�_�;�u�7�� �|�_�;�� �t�-�u�]�;�u�� �|�_�;�� �ˆ�-�t�†�;�� �o�=���� ���:�� �$�_�;�u�;�=�o�u�;�7��

�‰�;���‰�-�m�|���-���l�;�1�_�-�m�b�v�l���v�†�1�_���|�_�-�|���b�=���� �����b�v���t�-�u�]�;���P�b�:�;�:���  and ����-�u�;���v�r�-�1�b�-�t�t�‹��

�1�t�o�v�;�Q�7���|�_�;�m���|�_�;���l�o�7�;�t���v�_�o�†�t�7���-�|�|�;�l�r�|���|�o���v�;�t�;�1�|���0�o�|�_���†�m�b�|�v���v�b�l�†�t�|�-�m�;-

ously (i.e. � �
��

� �  and � �
��

� � ���=�o�u���-�m�‹���-�u�0�b�|�u�-�u�‹���|�_�u�;�-�|�Q�:���"�†�1�_���-���l�;�1�_�-�m�b�v�l��

�1�-�m���0�;���;�m�1�o�7�;�7���0�‹���|�_�;��� �� ���J�r�;�m�-�t�|�‹���=�†�m�1�|�b�o�m�7���7�;�m�o�|�;�7���-�v���
�

� �
��
� � �

��

�
:

�$�_�b�v�� �=�†�m�1�|�b�o�m�� �r�;�m�-�t�b�Œ�;�v�� �|�o�� �-�� �]�u�;�-�|�;�u�� �;�Š�|�;�m�|�� �|�_�;�� �m�o�m�v�;�t�;�1�|�b�o�m�� �o�=�� �†�m�b�|�v��

�‰�b�|�_���_�b�]�_���ˆ�-�t�†�;�v���o�=���� �����P�1�t�o�v�;�v�|���†�m�b�|�v�Q�8���|�_�;�u�;�=�o�u�;�7���b�|���=�o�u�1�;�v���|�o���v�;�t�;�1�|���0�o�|�_��

� �� �����†�m�b�|�v���o�u���m�o�m�;���o�=���|�_�;�l�:���$�_�-�|���-�t�t�o�‰�v���†�v���|�o���r�u�o�ˆ�b�7�;���|�_�;���=�o�t�t�o�‰�b�m�]���7�;�=�b-

�m�b�|�b�o�m���o�=���|�_�;���1�o�m�m�;�1�|�b�ˆ�b�|�‹���r�;�m�-�t�|�‹���=�†�m�1�|�b�o�m���� � � ��7���|�_�-�|���=�o�u���-���]�b�ˆ�;�m���v�o�t�†-

�|�b�o�m��� � reads as:

�$�_�;���� ���� �ˆ�-�t�†�;�v�� �-�u�;�� �v�r�;�1�b�=�b�;�7�� �b�m�� �|�_�;�� �=�b�;�t�7�� �0�o�†�m�7�-�u�‹�� �o�=��boundary�� �b�m�r�†�|��

�7�-�|�-�:���$�_�;���0�t�l���r�-�u�-�l�;�|�;�u�7���-�v���7�;�=�b�m�;�7���b�m���"�;�1�|�b�o�m 3.2�7���b�v���r�u�o�ˆ�b�7�;�7���-�v���b�m�r�†�|��

�b�m�� �r�u�o�0�t�;�l�P�Q�� �=�†�m�1�|�b�o�m�:�� �$�_�b�v�� �b�m�1�u�;�-�v�;�v�� �|�_�;�� �r�;�m�-�t�|�‹�� �=�o�u�� �m�o�|�� �-�1�_�b�;�ˆ�b�m�]�� �-��

�v�r�-�|�b�-�t�t�‹���1�t�†�l�r�;�7���v�o�t�†�|�b�o�m���P�l�o�u�;���7�;�|�-�b�t�v���b�m���|�_�;�������!�*�������&�v�;�u�����-�m�†�-�t�8��

�"�;�u�u�-�J�"�o�]�-�v���;�|���-�t�:�7 2020�Q�:�����o�|�;���|�_�-�|���R�] symbol in variable � �����u�;�=�;�u�v���|�o���-�m�‹��

�-�u�0�b�|�u�-�u�‹���|�_�u�;�-�|���b�m���†�m�b�|��� �:���r�u�b�o�u�b�-�1�|�b�o�m�v���-�t�v�o���-�t�t�o�‰�v���o�r�|�b�l�b�Œ�b�m�]���|�_�;���v�r�-�|�b�-�t��

�1�o�m�m�;�1�|�b�ˆ�b�|�‹���-�l�o�m�]���|�_�;���†�m�b�|�v���‰�_�;�u�;���|�_�;���v�-�l�;���-�1�|�b�o�m�v���-�u�;���-�r�r�t�b�;�7�7���u�;-

�v�†�t�|�b�m�]�� �b�m�� �1�t�†�l�r�v�� �o�=�� �†�m�b�|�v�� �‰�b�|�_�� �|�_�;�� �v�-�l�;�� �r�u�;�v�1�u�b�0�;�7�� �-�1�|�b�o�m�� �o�u�� �]�u�o�†�r��

�o�=�� �-�1�|�b�o�m�v�:�� �$�_�b�v�� �1�o�†�t�7�� �u�;�v�†�t�|�� �b�m�� �1�_�;�-�r�;�u�� �b�l�r�t�;�l�;�m�|�-�|�b�o�m�� �P�;�1�o�m�o�l�‹�� �o�=��

�v�1�-�t�;�v�Q���o�u���l�o�u�;���;�=�=�;�1�|�b�ˆ�;���-�1�|�b�o�m���P�t�-�u�]�;�u���r�-�|�1�_�;�v���=�u�;�;���=�u�o�l���|�_�u�;�-�|�v�Q�:�����b�h�;��

�b�m���|�_�;���r�u�;�ˆ�b�o�†�v���1�o�m�m�;�1�|�b�ˆ�b�|�‹���r�-�u�-�l�;�|�;�u���P��� �Q�7���|�_�b�v���r�;�m�-�t�|�‹���b�v���‰�;�b�]�_�|�;�7��

�0�‹���-���=�-�1�|�o�u���0�t�l�M�-�1�|�b�o�m�v���P��� � �Q���;�m�1�o�7�;�7���b�m���|�_�u�;�-�|�v���7�-�|�-���b�m�r�†�|�:���)�;�� �1�-�m��

�;�Š�r�u�;�v�v���|�_�;���1�o�m�m�;�1�|�b�ˆ�b�|�‹���r�;�m�-�t�|�‹����
�
� �

�
���0�;�|�‰�;�;�m���-�1�|�b�o�m�v���v�;�t�;�1�|�;�7���-�v�9

�$�_�;�� �l�-�b�m�� �7�b�=�=�;�u�;�m�1�;�� �b�m�� �b�m�1�o�u�r�o�u�-�|�b�m�]���� � � � or �� � � �� � �b�v� � � |�_� -� |� � � |�_� ;� � �=�o�u� l� ;�u� �

�o�m�t�‹���=�o�1�†�v�v�;�v���o�m���1�o�m�m�;�1�|�b�m�]���†�m�b�|�v�7���u�;�]�-�u�7�t�;�v�v���o�=���|�_�;���-�1�|�b�o�m�v���r�u�;�v�1�u�b�0�;�7��

�b�m�� �|�_�;�l�7�� �‰�_�b�t�;�� �|�_�;�� �t�-�|�|�;�u�� �-�t�v�o�� �v�;�;�h�v�� �|�o�� �1�o�m�m�;�1�|�� �†�m�b�|�v�� �‰�b�|�_�� �|�_�;�� �v�-�l�;��

�r�u�;�v�1�u�b�0�;�7�� �-�1�|�b�o�m�v�:�� ���o�|�_�� �=�†�m�1�|�b�o�m�v�� �-�u�;�� �b�m�1�o�u�r�o�u�-�|�;�7�� �b�m�|�o�� �|�_�;�� �o�0�f�;�1-

�|�b�ˆ�;���=�†�m�1�|�b�o�m���o�=���|�_�;���l�o�7�;�t���b�m���-�m���-�7�7�b�|�b�ˆ�;���‰�-�‹�:�����ˆ�b�7�;�m�|�t�‹�7���b�=����� � �  or 

��� � � � �7���|�_�;�m���m�o�m�;���v�r�-�|�b�-�t���u�;�t�†�b�u�;�l�;�m�|���o�m���†�m�b�|�v���o�u���-�1�|�b�o�m�v���b�v���b�m�1�t�†�7�;�7��

�b�m���|�_�;���l�o�7�;�t�:

�$�o�� �v�_�o�‰�� �|�_�;�� �;�=�=�;�1�|�� �o�=�� �|�_�b�v�� �1�o�m�m�;�1�|�b�ˆ�b�|�‹�� �r�;�m�-�t�|�‹�7�� �‰�;�� �u�-�m�� �|�_�u�;�;��

�7�b�=�=�;�u�;�m�|�� �l�o�7�;�t�v�9�� �P���Q�� �‰�b�|�_�� �m�o�� �1�o�m�m�;�1�|�b�ˆ�b�|�‹�� �r�;�m�-�t�|�b�;�v�7�� �P���Q�� �b�m�1�t�†�7�b�m�]��

�1�o�m�m�;�1�|�b�ˆ�b�|�‹���o�m�t�‹���-�l�o�m�]���†�m�b�|�v���P�v�;�|�|�b�m�]���-���0�t�l���o�=���•�:�v�Q���-�m�7���P���Q���b�m�1�t�†�7-

�b�m�]���1�o�m�m�;�1�|�b�ˆ�b�|�‹���o�m�t�‹���-�l�o�m�]���-�1�|�b�o�m�v���P�v�;�|�|�b�m�]���-���0�t�l�M�-�1�|�b�o�m���o�=���•�:�v�Q�:���$�o��

�u�†�m���|�_�;�v�;���l�o�7�;�t�v�7���‰�;���l�o�7�b�=�b�;�7���|�_�;���b�m�=�o�u�l�-�|�b�o�m���b�m���|�_�;���b�m�r�†�|���=�b�t�;���†�v�;�7��

�-�0�o�ˆ�;���‰�b�|�_���|�_�;���m�;�‰���u�;�1�o�ˆ�;�u�‹���|�-�u�]�;�|�v�:�����t�t���v�o�†�u�1�;���1�o�7�;���;�Š�|�u�-�1�|�v���=�u�o�l��

�_�;�u�;���1�o�u�u�;�v�r�o�m�7���o�m�t�‹���|�o���|�_�;���v�|�;�r�P�v�Q���‰�_�;�u�;���-���l�o�7�b�=�b�1�-�|�b�o�m���b�m���|�_�;���b�m�r�†�|��

�r�-�u�-�l�;�|�;�u�v���o�u���7�-�|�-���b�v���u�;�t�†�b�u�;�7�:���"�|�;�r�v�7���‰�_�;�u�;���o�m�t�‹���7�;�=�-�†�t�|���r�-�u�-�l�;�|�;�u�v��

�-�u�;���†�v�;�7�7���_�-�ˆ�;���0�;�;�m���o�l�b�|�|�;�7�:

�l�-�Š�b�l�†�l�M�0�;�m�;�=�b�|�v��<�J���]�;�|���o�|�;�m�|�b�-�t���;�m�;�=�b�|�P�7�-�|�-�Q�� 

�=�;�-�|�†�u�;�v�R�^�u�;�1�o�ˆ�;�u�‹�M�|�-�u�]�;�|�^�S��<�J���‘�•�w���V���l�-�Š�b�l�†�l�M�0�;�m�;�=�b�|�v�R�^�l�-�Š�b�l�†�l�:

�u�;�1�o�ˆ�;�u�‹�:�0�;�m�;�=�b�|�^�S

���o�7�;�t�� �P���Q���-�m�7�� �P���Q���†�v�;�� �|�_�;�� �v�-�l�;�� �7�-�|�-�� �o�0�f�;�1�|�� �1�u�;�-�|�;�7�� �b�m���|�_�;�� �=�b�u�v�|��

�v�|�;�r�:�����m���1�o�m�|�u�-�v�|�7���l�o�7�;�t���P���Q���m�;�1�;�v�v�b�|�-�|�;�v���l�o�7�b�=�b�1�-�|�b�o�m�v���|�o���|�_�;���0�t�l�M�-�1-

�|�b�o�m�v���‰�b�|�_�b�m���|�_�;���|�_�u�;�-�|�v���b�m�r�†�|���7�-�|�-�:

# defining parameter to action spatial connectivity  

�|�_�u�;�-�|�v�R�^�0�t�l�M�-�1�|�b�o�m�v�^�S��<�J���•�:�v

���m�� �v�;�1�o�m�7�� �v�|�;�r�7�� �b�|�� �b�v�� �|�_�;�� �l�o�7�;�t�� �P���Q�� �|�_�-�|�� �u�;�t�†�b�u�;�v�� �v�r�;�1�b�=�‹�b�m�]�� �|�_�;��

�ˆ�-�t�†�;���o�=���0�t�l���‰�_�b�t�;���|�_�;���o�|�_�;�u���l�o�7�;�t�v���†�v�;���|�_�;���7�;�=�-�†�t�|���ˆ�-�t�†�;�v�:

# defining parameter to unit spatial connectivity  

�l�o�7�;�t�M����<�J���v�o�t�ˆ�;�P�7�-�|�-�7���l�o�7�;�t�M�|�‹�r�;��=���^�l�b�m�b�l�b�Œ�;���o�v�|�v� �̂7���0�t�l��=���•�:�v�Q

�$�o�� �v�o�t�ˆ�;�� �|�_�;�� �l�o�7�;�t�v�7�� �|�_�;�� �v�o�t�ˆ�;�u�� �b�v�� �v�;�|�� �1�o�m�v�b�7�;�u�b�m�]�� �-�� �•�w�� �o�r�|�b-

�l�-�t�b�|�‹���]�-�r���-�v���|�_�;���v�|�o�r�r�b�m�]���1�u�b�|�;�u�b�o�m���P�]�-�r�M�t�b�l�b�|�S�·�S�•���‰�b�|�_�b�m���|�_�;���v�o�t�ˆ�;�P�Q��

�=�†�m�1�|�b�o�m�Q�:�� �&�r�o�m�� �1�o�l�r�-�u�b�m�]�� �v�o�t�†�|�b�o�m�v�� �-�l�o�m�]�� �|�_�;�� �|�_�u�;�;�� �l�o�7�;�t�v��

�P�l�o�7�;�t�v�� �P���Q�7�� �P���Q�� �-�m�7�� �P���Q�Q�7�� �‰�;�� �o�0�v�;�u�ˆ�;�� �|�_�-�|�� �b�m�|�u�o�7�†�1�b�m�]�� �v�r�-�|�b�-�t�� �u�;-

�t�†�b�u�;�l�;�m�|�v�� �u�;�v�†�t�|�v�� �b�m�� �_�b�]�_�;�u�� �1�o�v�|�v�� �P�v�;�;���
�
� �

�
 in �$�-�0�t�;  2�Q�� �-�m�7�� �-�m��

�b�m�1�u�;�-�v�;�� �b�m�� �1�o�l�r�†�|�-�|�b�o�m�-�t�� �1�o�l�r�t�;�Š�b�|�‹�� �=�o�u�� �|�_�;�� �l�o�7�;�t�� �P�l�o�u�;�� �b�m�=�o�u-

�l�-�|�b�o�m���b�m���$�-�0�t�; �"�•�Q�:�����m���|�†�u�m�7���|�_�;���v�o�t�†�|�b�o�m�v���v�_�o�‰���|�_�-�|���|�_�;���b�m�1�t�†�v�b�o�m���o�=��

�v�r�-�|�b�-�t���1�o�m�v�|�u�-�b�m�|�v���_�;�t�r�v���|�o���1�t�†�v�|�;�u���†�m�b�|�v���-�m�7���-�1�|�b�o�m�v���P�
�b�]�†�u�; 2b–d�Q�:�� 

���o�|�;�� �|�_�-�|�� �‰�_�;�m�� �o�m�t�‹�� �|�_�;�� �0�t�l�� �|�;�u�l�� �b�v�� �†�v�;�7�7�� �‰�;�� �]�;�|�� �|�_�;�� �t�o�‰�;�v�|�� 

�1�o�m�m�;�1�|�b�ˆ�b�|�‹�� �r�;�m�-�t�|�‹�� �0�;�|�‰�;�;�m�� �†�m�b�|�v�� �o�=�� �|�_�;�� �|�_�u�;�;�� �l�o�7�;�t�v�� �P�_�b�]�_�;�v�|��

�1�o�m�m�;�1�|�b�ˆ�b�|�‹�Q�:�� ���o�‰�;�ˆ�;�u�7�� �|�_�;�u�;�� �-�u�;�� �-�1�|�b�o�m�v�7�� �=�o�u�� �;�Š�-�l�r�t�;�� �-�1�|�b�o�m�v��� �  

and � � �7���‰�b�|�_���-���_�b�]�_���1�o�m�m�;�1�|�b�ˆ�b�|�‹���r�;�m�-�t�|�‹�7���‰�b�|�_���•�•�v�:�‘�“�v���-�m�7���“�–�:�•�”�7��

�u�;�v�r�;�1�|�b�ˆ�;�t�‹�:�� ���o�m�ˆ�;�u�v�;�t�‹�7�� �;�l�r�t�o�‹�b�m�]�� �|�_�;�� �0�t�l�M�-�1�|�b�o�m�v�� �|�;�u�l�� �-�t�t�o�‰�v��

�†�v�� �|�o�� �;�m�_�-�m�1�;�� �-�1�|�b�o�m�� �1�o�m�m�;�1�|�b�ˆ�b�|�‹�� �‰�_�b�t�;�� �r�u�;�v�;�u�ˆ�b�m�]�� �1�o�l�r�-�u�-�0�t�;��

�o�ˆ�;�u�-�t�t�� �†�m�b�|�� �1�o�m�m�;�1�|�b�ˆ�b�|�‹�� �-�m�7�� �1�o�v�|�� �v�|�u�†�1�|�†�u�;�v�7�� �-�v�� �b�t�t�†�v�|�u�-�|�;�7�� �b�m��

�$�-�0�t�; 2.

�
�

� �
�� � �

�
��

�
� �� ���

�
��

�
� � � �

��

�
�

�P�v�Q��
�
� �� � ���

�

� � �

�

� � �

�
�

� �
�� � �

�
��

�
� ���

�

� � �

�

� � �

�� ���
�
��

�
� � � �

��

�
�

�P�–�Q��
�
� �� �

�

� � �

� �
�

�
� �� �

�

� � �

��� �

�

� � �

�

� � �

�� ���
�
��

�
� � � �

��

�
�

 



�J�M�J|� J � •�� ��������������������������
���"���������	���ƒ���!�������"  ET AL.

�“�:�‘�J|�J ���m�1�o�u�r�o�u�-�|�b�m�] �|�_�u�;�-�|�v �‰�b�|�_ 
continuous amounts

�)�_�;�m�� �‰�o�u�h�b�m�]�� �‰�b�|�_�� �0�b�m�-�u�‹�� �|�_�u�;�-�|�v�� �P�r�u�;�v�;�m�1�;�F�-�0�v�;�m�1�;�� �o�=�� �|�_�u�;�-�|�v�Q�7��

�|�_�;�� �0�;�m�;�=�b�|�� �o�=�� �-�� �v�;�|�� �o�=�� �-�1�|�b�o�m�v�7�� �v�-�‹��� ��7�� �b�m�� �-�� �†�m�b�|�� �=�o�u�� �;�-�1�_�� �=�;�-�|�†�u�;�� �b�v��

�l�;�-�v�†�u�;�7�� �-�v�� �|�_�;�� �u�-�|�b�o�� �0�;�|�‰�;�;�m�� �|�_�;�� �m�†�l�0�;�u�� �o�=�� �|�_�u�;�-�|�v�� �=�o�u�� �‰�_�b�1�_��

�-�1�|�b�o�m�v�� �_�-�ˆ�;�� �0�;�;�m�� �r�u�;�v�1�u�b�0�;�7�� �-�m�7�� �|�_�;�� �|�o�|�-�t�� �m�†�l�0�;�u�� �o�=�� �|�_�u�;�-�|�v�� �b�l-

�r�-�1�|�b�m�]���|�_�;���=�;�-�|�†�u�;���b�m���|�_�-�|���†�m�b�|�:���$�_�-�|���b�v�9
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 � � � � � & � ! � � � ‘ �J�$�_�;�����b�|�1�_�;�t�t���!�b�ˆ�;�u���0�-�v�b�m�9���P�-�Q���v�r�;�1�b�;�v���-�m�7���|�_�u�;�-�|�v���7�b�v�|�u�b�0�†�|�b�o�m���P�0�t�†�;���-�u�;�-�v���v�_�o�‰���-���_�b�]�_�;�u���r�u�;�v�;�m�1�;���o�=���v�r�;�1�b�;�v���-�m�7���-���t�o�‰�;�u��
�r�u�;�v�;�m�1�;���o�=���|�_�u�;�-�|�v�7���u�;�7�7�b�v�_���-�u�;�-�v���b�m�7�b�1�-�|�;���-���_�b�]�_�;�u���r�u�;�v�;�m�1�;���o�=���|�_�u�;�-�|�v���-�m�7���-���t�o�‰�;�u���r�u�;�v�;�m�1�;���o�=���v�r�;�1�b�;�v�7���=�†�1�_�v�b�-���-�u�;�-�v���v�_�o�‰���-�m���b�m�1�u�;�-�v�;�7��
�r�u�;�v�;�m�1�;���o�=���0�o�|�_�Q�8���P�0�Q���v�o�t�†�|�b�o�m���‰�b�|�_�o�†�|���b�m�1�o�u�r�o�u�-�|�b�m�]���v�r�-�|�b�-�t���1�o�m�m�;�1�|�b�ˆ�b�|�‹�8���P�1�Q���v�o�t�†�|�b�o�m���b�m�1�o�u�r�o�u�-�|�b�m�]���1�o�m�m�;�1�|�b�ˆ�b�|�‹���-�l�o�m�]���r�u�b�o�u�b�|�b�Œ�;�7���†�m�b�|�v��
(��� �S=�S�•�:�v�Q�8���P�7�Q���v�o�t�†�|�b�o�m���b�m�1�o�u�r�o�u�-�|�b�m�]���1�o�m�m�;�1�|�b�ˆ�b�|�‹���-�l�o�m�]���r�u�b�o�u�b�|�b�Œ�;�7���†�m�b�|�v���-�m�7���7�;�r�t�o�‹�;�7���-�1�|�b�o�m�v���P��� � �S=�S�•�:�v�Q�:

TA B L E  2�J�
�
� �

�
�7����

�
� �

�
 and � �

�

�
� �

�
���ˆ�-�t�†�;�v���1�o�l�r�-�u�b�v�o�m���=�o�u���7�b�=�=�;�u�;�m�|���l�o�7�;�t�t�b�m�]���v�;�|�|�b�m�]�v�9���P���Q���l�o�7�;�t���‰�b�|�_���m�o���1�o�m�m�;�1�|�b�ˆ�b�|�‹���P��� � � �7����� � � � �Q�7��

�P���Q���l�o�7�;�t���|�_�-�|���l�b�m�b�l�b�Œ�;�v���1�o�m�m�;�1�|�b�ˆ�b�|�‹���r�;�m�-�t�|�b�;�v���b�m���|�_�;���1�o�m�m�;�1�|�b�ˆ�b�|�‹���0�;�|�‰�;�;�m���†�m�b�|�v���P�0�‹����� �S=�S�•�:�v�Q���-�m�7���P���Q���l�o�7�;�t���|�_�-�|���l�b�m�b�l�b�Œ�;�v���1�o�m�m�;�1�|�b�ˆ�b�|�‹��
�r�;�m�-�t�|�b�;�v���0�;�|�‰�;�;�m���-�1�|�b�o�m�v���P��� � �S=�S�•�:�v�Q�:���$�_�;���ˆ�-�t�†�;�v���o�=����

�
� �

�
 and � �

�

�
� �

�
���-�u�;���o�0�|�-�b�m�;�7���†�v�b�m�]���|�_�;���]�;�|���o�m�m�;�1�|�b�ˆ�b�|�‹���;�m�-�t�|�‹�P�Q���=�†�m�1�|�b�o�m�7���‰�_�b�t�;���|�_�;��

�ˆ�-�t�†�;���o�=���
�
� �

�
���b�v���o�0�|�-�b�m�;�7���†�v�b�m�]���|�_�;���]�;�|���o�v�|�P�Q���=�†�m�1�|�b�o�m�:

Modelling setting �
�
� �

�

Connectivity penalty function values
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�P���Q ��� � � �7����� � � � �•�‘�–�u �•�•�•�v�:�“�v�– �‘�:�•�v�“ �•�”�–�•�:�u�u�” — �•�u�v�–�:�–�“�‘

�P���Q ��� � ��� �7����� � � � 1325 �•�•�u�:�•�•�– 4.121 �•�•�v�:�‘�“�v �“�–�:�•�” �•�•�“�:�’�u�“

�P���Q ��� � � �7����� � � ��� �•�’�”�u 110.373 — �’�”�:�v�v�v �‘�:�•�v�“ �•�•�v�:�u�u�u

 



�v�J|�J�J�M�� ��������������������������
�� METHODS IN ECOLOGY AND EVOLUTION

�‰�_�;�u�;��� ��� �b�v�� �|�_�;�� �v�;�|�� �o�=�� �-�t�t�� �|�_�u�;�-�|�v�� �|�_�-�|�� �;�Š�b�v�|�� �b�m���  and � � �� �b�v�� �|�_�;�� �v�;�|�� �o�=��

�-�t�t���|�_�u�;�-�|�v���|�_�;���=�;�-�|�†�u�;��s���b�v���v�;�m�v�b�|�b�ˆ�;���|�o�:�����o�|�;���|�_�-�|��� � � � � � ����b�m�7�b�1�-�|�;�v��

�|�_�;�� �b�m�|�;�u�v�;�1�|�b�o�m�� �0�;�|�‰�;�;�m�� �|�_�;�v�;�� �|�‰�o�� �v�;�|�v�7�� �|�_�-�|�� �b�v�7�� �|�_�;�� �|�_�u�;�-�|�v�� �|�_�-�|��

�;�Š�b�v�|���o�m���†�m�b�|��� ���-�m�7���|�_�-�|�7���b�m���|�†�u�m�7���|�_�;���=�;�-�|�†�u�;���v���b�v���v�;�m�v�b�|�b�ˆ�;���|�o�:���)�_�;�m��

�|�_�;���b�m�|�;�u�v�;�1�|�b�o�m���b�v���Œ�;�u�o�7���‰�_�b�1�_���l�;�-�m�v���|�_�-�|���=�;�-�|�†�u�;��� ���7�o�;�v���m�o�|���1�o�;�Š�b�v�|��

�‰�b�|�_�� �-�m�‹�� �o�=�� �b�|�v�� �|�_�u�;�-�|�v�� �b�m��� �7�� �b�|�v�� �r�u�o�0�-�0�b�t�b�|�‹�� �o�=�� �r�;�u�v�b�v�|�;�m�1�;�� �b�v�� �•�:�� �$�_�;��

�r�u�o�0�-�0�b�t�b�|�‹�� �o�=�� �r�;�u�v�b�v�|�;�m�1�;�� �b�v�� �1�-�t�1�†�t�-�|�;�7�� �b�m�b�|�b�-�t�t�‹�� �-�v�� �-�� �t�b�m�;�-�u�� �u�;�t�-�|�b�o�m-

�v�_�b�r���o�=���|�_�;���|�_�u�;�-�|�v���|�_�-�|���_�-�ˆ�;���0�;�;�m���-�7�7�u�;�v�v�;�7���ˆ�v�:���-�t�t���|�_�;���|�_�u�;�-�|�v���b�l-

�r�-�1�|�b�m�]���-���]�b�ˆ�;�m���=�;�-�|�†�u�;�:���$�o���0�;���1�o�m�v�;�u�ˆ�-�|�b�ˆ�;���-�m�7���-�ˆ�o�b�7���v�o�t�†�|�b�o�m�v���|�_�-�|��

�-�7�7�u�;�v�v���o�m�t�‹���v�o�l�;���o�=���|�_�;���|�_�u�;�-�|�v���b�l�r�-�1�|�b�m�]���-���=�;�-�|�†�u�;���b�m���-���v�b�|�;�7���r�u�b�o�u�b-

�-�1�|�b�o�m�v���b�m�1�o�u�r�o�u�-�|�;�v���7�b�=�=�;�u�;�m�|���m�o�m�J�t�b�m�;�-�u���1�†�u�ˆ�;�v���P� �Q���-�v���;�Š�r�o�m�;�m�|�v���|�o��

�|�_�;���o�u�b�]�b�m�-�t���;�Š�r�u�;�v�v�b�o�m���o�=��� ��

�
� �

�
���=�o�t�t�o�‰�b�m�]���|�_�;���-�r�r�u�o�-�1�_���r�u�o�r�o�v�;�7���b�m��

���-�|�|�-�u�b�m�o���;�|���-�t�: �P2015�Q�9

�$�_�†�v�7���‰�b�|�_��� ���-�v���|�_�;���|�‹�r�;���o�=���1�†�u�ˆ�;���o�u���;�Š�r�o�m�;�m�|�7���|�_�u�;�;���o�r�|�b�o�m�v���-�u�;��

�-�t�t�o�‰�;�7�9���•�L�t�b�m�;�-�u�7���‘�L�t�†�-�7�u�-�|�b�1���o�u���’�L�1�†�0�b�1�:���$�_�;���_�b�]�_�;�u���|�_�;���ˆ�-�t�†�;���o�=��

�|�_�b�v���r�-�u�-�l�;�|�;�u�7���|�_�;���l�o�u�;���t�b�h�;�t�‹���|�_�-�|���-�t�t���o�u���m�;�-�u���-�t�t���|�_�u�;�-�|�v���b�l�r�-�1�|�b�m�]���-��

�v�r�;�1�b�;�v���b�m���-���†�m�b�|���‰�b�t�t���0�;���-�0�-�|�;�7�:���$�o���-�7�7�u�;�v�v���|�_�b�v���m�o�m�J�t�b�m�;�-�u�b�|�‹�7���r�u�b�o�u�b-

�-�1�|�b�o�m�v���†�v�;�v���r�b�;�1�;�J�‰�b�v�;���=�†�m�1�|�b�o�m�v���P�v�;�;���"�-�t�]�-�7�o�J�!�o�f�-�v���;�|���-�t�:�7 2020�7���=�o�u��

�=�†�u�|�_�;�u���7�;�|�-�b�t�v�Q�:�������_�b�]�_���m�†�l�0�;�u���o�=���v�;�]�l�;�m�|�v���b�l�r�t�‹���l�o�u�;���1�o�l�r�t�;�Š�b�|�‹��

�b�m�� �|�_�;�� �u�;�v�o�t�†�|�b�o�m�� �o�=�� �|�_�;�� �u�;�v�†�t�|�b�m�]�� �l�o�7�;�t�:�� ���o�|�_�� �1�†�u�ˆ�;�� �-�m�7�� �v�;�]�l�;�m�|�v��

�r�-�u�-�l�;�|�;�u�v���-�u�;���v�r�;�1�b�=�b�;�7���b�m���|�_�;���r�u�o�0�t�;�l�P�Q���=�†�m�1�|�b�o�m�:

�)�_�;�m�� �|�_�;�u�;�� �b�v�� �1�o�m�|�b�m�†�o�†�v�� �b�m�=�o�u�l�-�|�b�o�m�� �o�m�� �|�_�u�;�-�|�v�� �P� �� �Q�7�� �r�u�b�o�u�b�-�1-

�|�b�o�m�v�� �-�t�t�o�‰�v�� �-�1�1�o�†�m�|�b�m�]�� �=�o�u�� �1�o�m�|�b�m�†�o�†�v�� �=�;�-�|�†�u�;�v�J�v�r�;�1�b�=�b�1�� �u�;�v�r�o�m�v�;�v��

�|�o���|�_�u�;�-�|���b�m�|�;�m�v�b�|�b�;�v�:���$�_�;�v�;���u�;�v�r�o�m�v�;���1�†�u�ˆ�;�v���1�-�m���-�t�v�o���0�;���=�b�|�|�;�7���0�‹���-��

�r�b�;�1�;�J�‰�b�v�;���=�†�m�1�|�b�o�m���;�l�r�t�o�‹�b�m�]���=�o�†�u���r�-�u�-�l�;�|�;�u�v���‰�b�|�_�b�m���|�_�;��sensitivi-

ties���b�m�r�†�|���7�-�|�-���P�
�b�]�†�u�; 3�Q�7���‰�_�;�u�;�9

• 	 � ��
� �9���l�b�m�b�l�†�l���b�m�|�;�m�v�b�|�‹���o�=���|�_�;���|�_�u�;�-�|��� ���-�|���‰�_�b�1�_���|�_�;���=�;�-�|�†�u�;�v�]���r�u�o�0-

�-�0�b�t�b�|�‹���o�=���r�;�u�v�b�v�|�;�m�1�;��� ���v�|�-�u�|�v���|�o���7�;�1�t�b�m�;�:�����;�t�o�‰���|�_�b�v���ˆ�-�t�†�;�7���|�_�;���=�;�--

�|�†�u�;���b�v���m�o�|���v�;�m�v�b�|�b�ˆ�;���|�o���|�_�;���|�_�u�;�-�|�:

• 	 � ��
� �9���ˆ�-�t�†�;���o�=���b�m�|�;�m�v�b�|�‹���o�=���|�_�;���|�_�u�;�-�|��� ���o�ˆ�;�u���‰�_�b�1�_���|�_�;���=�;�-�|�†�u�;��� ���_�-�v���-��

�r�u�o�0�-�0�b�t�b�|�‹���o�=���r�;�u�v�b�v�|�;�m�1�;���o�=���•�:

• 	 � ��
� �9�� �l�b�m�b�l�†�l�� �r�u�o�0�-�0�b�t�b�|�‹�� �o�=�� �r�;�u�v�b�v�|�;�m�1�;�� �o�=�� �-�� �=�;�-�|�†�u�;��� �� �‰�_�;�m�� �-��

�|�_�u�;�-�|��� ���u�;�-�1�_�;�v���b�|�v���l�-�Š�b�l�†�l���b�m�|�;�m�v�b�|�‹���ˆ�-�t�†�;�:

• 	 � �
� �9�� �l�-�Š�b�l�†�l�� �r�u�o�0�-�0�b�t�b�|�‹�� �o�=�� �r�;�u�v�b�v�|�;�m�1�;�� �o�=�� �-�� �=�;�-�|�†�u�;��� � � �b�m� � � |�_� ;� � � -�0-

�v�;�m�1�;���o�=���|�_�u�;�-�|�:

���o�|�;���|�_�-�|��� �
� ���b�v���|�_�;���o�m�t�‹���r�-�u�-�l�;�|�;�u���|�_�-�|���7�o�;�v���m�o�|���7�;�r�;�m�7���o�m���-���v�r�;�1�b�=�b�1��

�|�_�u�;�-�|�:���$�_�b�v���b�v���†�v�;�7���b�m���1�-�v�;���b�m�|�u�b�m�v�b�1���=�-�1�|�o�u�v���u�;�v�|�u�b�1�|���|�_�;���t�b�h�;�t�b�_�o�o�7���o�=���r�;�u-

�v�b�v�|�;�m�1�;���o�=���|�_�;���=�;�-�|�†�u�;�v���P�;�:�]�:���-�7�7�b�|�b�o�m�-�t���b�v�v�†�;���m�o�|���0�;�b�m�]���-�7�7�u�;�v�v�;�7���‰�b�|�_��

�|�_�;���v�;�|���o�=���l�-�m�-�]�;�l�;�m�|���-�1�|�b�o�m�v���b�m�1�t�†�7�;�7���b�m���|�_�;���r�t�-�m�Q�:���$�_�;�v�;���r�-�u�-�l�;�|�;�u�v��

�-�t�t�o�‰���=�b�|�|�b�m�]���l�†�t�|�b�r�t�;���1�†�u�ˆ�;�v���‰�b�|�_���|�_�;�v�;���r�-�u�-�l�;�|�;�u�v�7���=�o�u���;�Š�-�l�r�t�;���t�o�]�b�v-

�|�b�1���o�u���;�Š�r�o�m�;�m�|�b�-�t���1�†�u�ˆ�;�v�8���†�v�;�u�v���1�-�m���1�†�v�|�o�l�b�Œ�;���|�_�;�v�;���-�1�1�o�u�7�b�m�]���|�o���|�_�;�b�u��

�m�;�;�7�v�:���)�_�;�m���-���=�;�-�|�†�u�;���1�o�;�Š�b�v�|�v���‰�b�|�_���l�†�t�|�b�r�t�;���|�_�u�;�-�|�v���b�m���-���†�m�b�|�7���‰�;���1�-�m��

�7�;�=�b�m�;���|�_�;���r�u�o�0�-�0�b�t�b�|�‹���o�=���r�;�u�v�b�v�|�;�m�1�;���o�=���=�;�-�|�†�u�;��� ���b�m���|�_�;���†�m�b�|���  as a mea-

�v�†�u�;���o�=���|�_�;���b�m�7�b�ˆ�b�7�†�-�t���r�u�o�0�-�0�b�t�b�|�‹���o�=���r�;�u�v�b�v�|�;�m�1�;���o�=���=�;�-�|�†�u�;��� ���1�o�m�1�;�u�m�b�m�]��

�|�_�u�;�-�|��� ���b�m���†�m�b�|���  (� ���

�
� �

�
�Q�7���|�_�-�|���b�v�9

�)�b�|�_��
�

� �� � �� �
� ��� � � �7�� �‰�_�;�u�;��� ��� � � � -� u� ;� � � ‰� ;� b� ]� _� |� v� � � -� r� r� t� b� ;� 7� � � |� o� � � ;� -� 1� _� � � |� _� u� ;� -� |� :� �

�$�_�;���r�u�b�o�u�b�-�1�|�b�o�m�v���r�-�1�h�-�]�;���1�-�t�1�†�t�-�|�;�v���b�m�|�;�u�m�-�t�t�‹���|�_�;���ˆ�-�t�†�;�v���o�=��� ��� ���u�;�=�t�;�1�|-

�b�m�]���|�_�;���u�;�t�-�|�b�ˆ�;���b�l�r�o�u�|�-�m�1�;���o�=���;�-�1�_���|�_�u�;�-�|���-�|���1�o�m�7�b�|�b�o�m�b�m�]���|�_�;���r�u�o�0�-�0�b�t-

�b�|�‹���o�=���r�;�u�v�b�v�|�;�m�1�;���o�=���;�-�1�_���=�;�-�|�†�u�;���P�v�;�;�����r�r�;�m�7�b�Š �� �Q�:

�) �_�;�m�� �†�v�b�m�]�� �1�o�m�|�b�m�†�o�†�v�� �|�_�u�;�-�|�� �b�m�|�;�m�v�b�|�b�;�v�� �P�ˆ�b�-�� �|�_�;�� �-�l�o�†�m�|�� �=�b�;�t�7��

�o�=���|�_�;���7�b�v�|�M�|�_�u�;�-�|�v���7�-�|�-�Q�7���|�_�;���ˆ�-�t�†�;�v���o�=���|�_�;���r�-�u�-�l�;�|�;�u�v���|�o���0�†�b�t�7���|�_�;��

�u�;�v�r�o�m�v�;�� �1�†�u�ˆ�;�� �P� � �7��� � �7��� � �7��� � �Q�� �-�u�;�� �†�m�h�m�o�‰�m�7�� �r�u�b�o�u�b�-�1�|�b�o�m�v�� �;�v�|�b�l�-�|�;�v��

�|�_�;�l���0�‹���7�u�-�‰�b�m�]���-���m�;�]�-�|�b�ˆ�;���t�b�m�;�-�u���u�;�t�-�|�b�o�m�v�_�b�r���0�;�|�‰�;�;�m���r�;�u�v�b�v�|�;�m�1�;��

�r�u�o�0�-�0�b�t�b�|�‹���-�m�7���b�m�|�;�m�v�b�|�‹�:���$�_�-�|���b�v�7���|�_�;���r�-�u�-�l�;�|�;�u��� ��
�  and � ��

� ���-�v���•�7��� �
�  as 

1 and � ��
� �� �-�v�� �|�_�;�� �_�b�]�_�;�v�|�� �;�Š�b�v�|�b�m�]�� �b�m�|�;�m�v�b�|�‹�� �o�=�� �|�_�;�� �|�_�u�;�-�|�� �b�m�� �-�t�t�� �†�m�b�|�v�:��

�)�;�� �u�;�1�o�l�l�;�m�7�� �h�;�;�r�b�m�]�� �|�_�;�� �7�;�=�-�†�t�|�� �r�-�u�-�l�;�|�;�u�v�� �†�m�t�;�v�v�� �|�_�;�u�;�� �b�v��

�;�l�r�b�u�b�1�-�t�� �b�m�=�o�u�l�-�|�b�o�m�� �-�0�o�†�|�� �|�_�;�v�;�� �ˆ�-�t�†�;�v�� �P�v�;�;�� ���-�|�|�-�u�b�m�o�7�� ���1�-�t�r�b�m�;�7��

�;�|���-�t�:�7 �‘ �•�•�u�7���=�o�u���=�†�u�|�_�;�u���7�;�|�-�b�t�v�Q�:

�$�o�� �v�_�o�‰�� �|�_�;�� �;�=�=�;�1�|�� �o�=�� �1�o�m�|�b�m�†�o�†�v�� �b�m�|�;�m�v�b�|�b�;�v�7�� �‰�;�� �1�o�m�v�b�7�;�u�� �|�‰�o��

�l�o�7�;�t�t�b�m�]���v�;�|�|�b�m�]�v�9���P���Q���0�b�m�-�u�‹���b�m�|�;�m�v�b�|�b�;�v���P�|�_�;���v�-�l�;���l�o�7�;�t�t�b�m�]���v�;�|�|�b�m�]��

�b�m���o�†�u���r�u�;�ˆ�b�o�†�v���;�Š�-�l�r�t�;�Q���-�m�7���P�	�Q���1�o�m�|�b�m�†�o�†�v���b�m�|�;�m�v�b�|�b�;�v�:���$�_�;���1�o�m�|�b�m-

�†�o�†�v�� �ˆ�-�t�†�;�v�� �P�-�l�o�†�m�|�v�Q�� �o�=�� �v�;�|�|�b�m�]�� �P�	�Q�� �‰�;�u�;�� �v�b�l�†�t�-�|�;�7�� �†�v�b�m�]�� �r�u�;�7�b�1�|�P�Q��

�=�†�m�1�|�b�o�m�� �b�m�1�t�†�7�;�7�� �b�m�� �]�v�|�-�|�� �r�-�1�h�-�]�;�� �P���;�0�;�v�l�-�7 2004�Q�:�� ���7�7�b�|�b�o�m�-�t�t�‹�7��

�‰�;�� �1�o�m�v�b�7�;�u�� �|�_�;�� �7�;�=�-�†�t�|�� �ˆ�-�t�†�;�v�� �=�o�u�� �r�-�u�-�l�;�|�;�u�v��� � �7��� � �7��� �  and � � �� �P�=�o�u��

�=�†�u�|�_�;�u���7�;�|�-�b�t�v�7���r�t�;�-�v�;���u�;�=�;�u���|�o�����r�r�;�m�7�b�Š �� �Q�:

In �$�-�0�t�;  3�7�� �‰�;�� �u�;�r�o�u�|�� �1�_�-�u�-�1�|�;�u�b�v�|�b�1�v�� �o�=�� �|�_�;�� �v�o�t�†�|�b�o�m�v�� �o�0-

�|�-�b�m�;�7�� �=�o�u�� �l�o�7�;�t�t�b�m�]�� �v�;�|�|�b�m�]�v�� �P���Q�� �-�m�7�� �P�	�Q�:�� ���m�� �1�o�t�†�l�m�� �<� � � � � �=�� 

�‰�;�� �u�;�r�o�u�|�� �|�_�;�� �-�ˆ�;�u�-�]�;�� �r�o�|�;�m�|�b�-�t�� �0�;�m�;�=�b�|�� �-�l�o�m�]�� �-�t�t�� �v�r�;�1�b�;�v��

(� � � � � � � � ��
�
� � � � � � � � � � � �� �

�
�Q�� �P�|�_�;�v�;�� �ˆ�-�t�†�;�v�� �‰�;�u�;�� �o�0�|�-�b�m�;�7��

�†�v�b�m�]�� �|�_�;�� �]�;�|���o�|�;�m�|�b�-�t���;�m�;�=�b�|�P�Q�� �=�†�m�1�|�b�o�m�Q�:�� ���m�� �1�o�t�†�l�m�� �<� � � � � �=�� �‰�;�� �u�;-

�r�o�u�|���|�_�;���-�ˆ�;�u�-�]�;���0�;�m�;�=�b�|���o�0�|�-�b�m�;�7���0�‹���|�_�;���1�o�u�u�;�v�r�o�m�7�b�m�]���v�o�t�†�|�b�o�m�7��

say � � (� � � � � � � � ��
�
� � �

� �
�

� � � � �� �
� �

��
�Q�:�����m���1�o�t�†�l�m���<� � � � � � � � � � � �=��

�‰�;���u�;�r�o�u�|���|�_�;���-�ˆ�;�u�-�]�;���0�;�m�;�=�b�|���-�1�_�b�;�ˆ�;�7���b�m���u�;�v�r�;�1�|���|�o���|�_�;���r�o�|�;�m�|�b�-�t��

�0�;�m�;�=�b�|�� �P�-�t�‰�-�‹�v��� �� � � � �P�u� ;�1�o�ˆ� ;�u� ‹� � � |� -�u� ]� ;� |�Q�Q�:� � � 
�b�m�-� t� t� ‹�7� � �b�m� � �1�o� t�†� l�m� � �<�
�
� �

�
�=�� 

�‰�;�� �u�;�r�o�u�|�� �|�_�;�� �|�o�|�-�t�� �1�o�v�|�� �-�v�v�o�1�b�-�|�;�7�� �‰�b�|�_�� �l�o�m�b�|�o�u�b�m�]�� �-�m�7�� �-�1�|�b�o�m��

�7�;�r�t�o�‹�l�;�m�|�� �7�;�1�b�v�b�o�m�v�� �o�=�� �|�_�;�� �1�o�u�u�;�v�r�o�m�7�b�m�]�� �v�o�t�†�|�b�o�m�:�� �
�u�o�l�� �|�_�;��

�u�;�r�o�u�|�;�7�� �ˆ�-�t�†�;�v�7�� �‰�;�� �o�0�v�;�u�ˆ�;�� �|�_�-�|�� �_�-�ˆ�b�m�]�� �l�o�u�;�� �u�;�=�b�m�;�7�� �b�m�=�o�u�l�--

�|�b�o�m���P�v�;�|�|�b�m�]���	�Q���-�t�t�o�‰�v���†�v���|�o���=�b�m�7���-���v�o�t�†�|�b�o�m���‰�_�o�v�;���-�ˆ�;�u�-�]�;���0�;�m�;�=�b�|��

�-�1�_�b�;�ˆ�;�7���b�v���1�t�o�v�;�u���|�o���|�_�;���u�;�1�o�ˆ�;�u�‹���|�-�u�]�;�|���v�;�|���|�_�-�m���|�_�;���-�ˆ�;�u�-�]�;���0�;�m-

�;�=�b�|�� �o�0�|�-�b�m�;�7�� �b�m�� �|�_�;�� �P���Q�� �v�;�|�|�b�m�]�� �P�‘�”�:�v�–�w�� �1�o�l�r�-�u�;�7�� �‰�b�|�_�� �‘�•�:�•�•�w�Q�:��

�P�•�•�Q� ��
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 � � � � � & � ! � � � ’ �J�!�;�t�-�|�b�o�m�v�_�b�r���0�;�|�‰�;�;�m���|�_�;���|�_�u�;�-�|���b�m�|�;�m�v�b�|�‹���P� �� �Q���-�m�7��
�|�_�;���r�u�o�0�-�0�b�t�b�|�‹���o�=���r�;�u�v�b�v�|�;�m�1�;���o�=���|�_�;���=�;�-�|�†�u�;���P� ��� �Q���†�v�b�m�]���-���v�;�m�v�b�|�b�ˆ�b�|�‹��
�1�†�u�ˆ�;���=�b�|�|�;�7���0�‹���-���r�b�;�1�;�J�‰�b�v�;���=�†�m�1�|�b�o�m���†�v�b�m�]���|�_�;���r�-�u�-�l�;�|�;�u�v��� ��

� �7��� ��
� �7��

� ��
�  and � �

� �:�����o�|�;���|�_�-�|��� � � ��
� � � ��

�  and � � � ��
� � � �

�
� � .

 



�J�M�J|� J � –�� ��������������������������
���"���������	���ƒ���!�������"  ET AL.

�
�†�u�|�_�;�u�l�o�u�;�7�� �v�†�1�_�� �r�;�u�=�o�u�l�-�m�1�;�� �b�m�� �|�_�;�� �0�;�m�;�=�b�|�� �b�v�� �-�1�_�b�;�ˆ�;�7�� �-�|�� �-��

�t�o�‰�;�u���1�o�v�|���P�•�•�“�”���1�o�l�r�-�u�;�7���‰�b�|�_���•�‘�–�u�Q�:

�“�:�’�J|�J ���m�1�o�u�r�o�u�-�|�b�m�] �=�;�-�|�†�u�;�v �v�;�m�v�b�|�b�ˆ�b�|�b�;�v

���v�� �7�;�v�1�u�b�0�;�7�� �-�0�o�ˆ�;�7�� �r�u�b�o�u�b�-�1�|�b�o�m�v�� �-�t�t�o�‰�v�� �-�1�1�o�†�m�|�b�m�]�� �=�o�u�� �7�b�=�=�;�u�;�m�|��

�=�;�-�|�†�u�;�J�v�r�;�1�b�=�b�1���u�;�v�r�o�m�v�;���1�†�u�ˆ�;�v���|�o���7�b�=�=�;�u�;�m�|���|�_�u�;�-�|�v�:�����m���|�_�b�v���v�;�1�|�b�o�m�7��

�‰�;�� �7�;�l�o�m�v�|�u�-�|�;�� �_�o�‰�� �|�o�� �l�o�7�b�=�‹�� �|�_�;�v�;�� �u�;�v�r�o�m�v�;�� �1�†�u�ˆ�;�v�� �-�m�7�� �|�_�;�b�u��

�b�l�r�-�1�|�� �o�m�� �|�_�;�� �v�o�t�†�|�b�o�m�:�� �)�;�� �1�o�l�r�-�u�;�� �|�_�u�;�;�� �v�1�;�m�-�u�b�o�v�9�� �P�	�Q�� �‰�b�|�_�� �7�;-

�=�-�†�t�|���r�-�u�-�l�;�|�;�u�v���1�-�t�1�†�t�-�|�;�7���0�‹���r�u�b�o�u�b�-�1�|�b�o�m�v���P�|�_�;���v�-�l�;���o�m�;���;�Š�;�1�†�|�;�7��

�r�u�;�ˆ�b�o�†�v�t�‹���b�m���"�;�1�|�b�o�m 4.2�Q�7���P���Q���-�v�v�†�l�b�m�]���t�o�‰���v�;�m�v�b�|�b�ˆ�b�|�‹���o�=���v�r�;�1�b�;�v���|�o��

�|�_�u�;�-�|�v�8���7�;�=�b�m�b�m�]��� ��
� ���-�v���’�•�w���o�=���|�_�;���7�;�=�-�†�t�|���ˆ�-�t�†�;���o�=���|�_�;���r�-�u�-�l�;�|�;�u��� ��

�  

(� ���
� �Q���=�o�u���-�t�t���|�_�u�;�-�|�v�J�v�r�;�1�b�;�v���v�;�m�v�b�|�b�ˆ�b�|�b�;�v�7���|�_�-�|���b�v���|�_�;���_�b�]�_�;�v�|���b�m�|�;�m�v�b�|�‹��

�ˆ�-�t�†�;���o�=���;�-�1�_���|�_�u�;�-�|��� ���b�m���|�_�;���‰�_�o�t�;���v�|�†�7�‹���u�;�]�b�o�m�7���-�m�7���P�
�Q���-�v�v�†�l�b�m�]���-��

�_�b�]�_���v�;�m�v�b�|�b�ˆ�b�|�‹���o�=���v�r�;�1�b�;�v���|�o���|�_�u�;�-�|�v�7���7�;�=�b�m�b�m�]��� ��
� ���-�v���”�•�w���o�=���|�_�;���7�;-

�=�-�†�t�|���ˆ�-�t�†�;�:�����t�t���o�|�_�;�u���r�-�u�-�l�;�|�;�u�v���u�;�l�-�b�m���-�|���7�;�=�-�†�t�|�:

# defining "delta1" parameter assuming low sensitivity (model E)  
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