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Abstract

Identifying the parameters of the chaos phenomena in the economic-financial systems is a critical issue
to control and avoid the financial crises and bogging the market down. Therefore, in this paper, an
e [cieht and reliable optimization algorithm is developed to identify the corresponding parameters of
that chaotic dynamical behavior in the fractional-order chaotic, chaotic with noise, and hyper-chaotic
financial systems. The introduced algorithm is a cooperation among the fractional calculus (FC) per-
spective and the basic cuckoo search algorithm to enhance the stochastic cuckoo’s walk via considering
the cuckoo’s earlier behaviors from memory. The developed fractional-order cuckoo search (FO-CS)
is validated with twenty-eight functions of CEC2017 with dilerent dimensions. Several measures
and non-parametric statistical tests are presented to demonstrate the superiority of the introduced
algorithm while compared with the CS and the state-of-the-art techniques. The results show that
merging of FC properties magnifies CS’s e [ciehcy, convergence speed, and robustness against the
complexity of the considered CEC benchmarks suite and the non-linearity of the fractional-order
chaotic, chaotic with noise, and hyper-chaotic financial systems.

Keywords: fractional calculus, chaotic financial systems, hyper-chaotic financial systems, cuckoo
search, fractional-order optimization algorithms, noise.

1. Introduction

The erratic and unpredictable fluctuations phenomenon of the financial systems causes economic
risks and enormous financial losses; that is why it should be detected and controlled. Defining a de-
tailed model of these systems is the first and essential step for accurate detection of that unexpected
chaos phenomenon (Pan et al., [2012; Wang et al., 2011). Through the decades of years, the mathe-
matician researchers modeled the non-linearity and the chaotic dynamical response of the financial
systems via a system of integer-order dilerkntial equations (Rigatos et al., 2019; |Zhao and Wang,
2014; |Goodwin, 1990). While the modern economic theory states that the history of the previous
events, market decisions, and behavior of agents should be considered in the financial systems model
to control the market situations. Sequentially, the standard integer-order di Lerkntial equations be-
come not adequate for modeling these systems as the integer-order derivatives are local operators
and do not include the extended memory (Tarasov, [2019). Therefore, some recent attempts have
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Nomenclature

Acronyms FA  firefly algorithm

a set of fractional derivative orders of the FC  fractional calculus

original system FO-CS fractional-order cuckoo search

derivative order coe LCieht FODPSO fractional order darwinian particle

n A set of fractional derivative orders of the swarm optimizer

identified system FOPSO fractional-order particle swarm opti-

a set of the identified system parameters mizer
2 state vector of the identified system FPA flower pollination algorithm

a set of the original system parameters FPSOMA fractional particle swarm optimization!
a, b, ¢, 123 fractional-order chaotic financial based memetic algorithm

system dimensionless parameters and GL  Grunwald-Letnikov definition

derivative orders GWO grey wolf optimizer

a;b;c;d;k;p 1.2345 fractional-order  hyper-
chaotic financial system dimensionless
parameters and derivative orders LSHADE-anpSin ensemble sinusoidal dilerk
ential covariance matrix adaptation with
euclidean neighborhood

ISE Integral of Squared Error

D; dilerkntial operator

r memory window N .
emory do MFO moth-flame optimization algorithm

S itching probabili i imi
P Switching probability MVO multi-verses optimizer

Z state vector of the original system . .
RE Relative Magnitude Error

ALPSOFV augmented lagrangian particle

swarm optimization with fractional or- SCA sine cosine algorithm

der velocity SDCS snap-drift cuckoo search
BA bat algorithm SSA salp swarm algorithm
CS  cuckoo search algorithm WOA whale optimization algorithm

proposed to promote these dilerential equations to imitate the real financial system response and
consider the market history.

In that context, the fractional calculus (FC) has attracted most of the researchers as it is a
promising tool not only in modeling the financial systems but also in several fields that required
non-locality and memory eledt (Teodoro et al., 2019). Consequently, the fractional-order chaotic
financial systems have proposed to be more in line with the actual representation of the financial
systems nature than the integer-order counterparts. Chen et al. (Chen, [2008) adopted the FC to
provide the fractional-order chaotic financial system with three non-integer derivative dilerkntial
equations. While, the real economic systems are surrounded by several extraneous variables, that
injected noise in the system. Therefore, the chaotic with noise and hyper-chaotic financial systems
have been currently proposed as the more complicated and compact models. Pan et al. (Pan
et al., 2012) studied the dynamical response of the The fractional-order chaotic financial system
with adding a white Gaussian noise. Xin et al. (Xin and Zhang, 2015) defined fractional-order
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hyper-chaotic financial system model, with four non-integer dilerkntial equations to consider the
market confidence. Xin et al. (Xin et al., 2019) extended the fractional-order hyper-chaotic financial
system to a novel five-dimensional system to recognize the market confidence and ethics risk. Since
the chaotic dynamical behavior is an unwanted performance in the financial systems, identifying
the associated parameters to this behavior is an essential optimization problem to diminish the
investment hazards and improve the economic developments. Therefore, introducing an e [cieht and
robust optimization method to solve this non-linear and multi-dimensional optimization problem is
a vital requirement.

In that circumstance, the researchers attracted for nature-inspired stochastic optimization algo-
rithms as a reliable avenue for optimizing distinct problems (Abdechiri et al., 2013; |Koupaei et al.,
2016} |Lin and Wang, 2017; Yousri et al., 2020; Chen et al., 2019; |Sadollah et al., |2018). As per the
literature, numerous optimization algorithms applied for extracting the parameters of the integer-
order chaotic systems (Wang et al., |2016; |Le et al., 2018; Chen et al., 2019). For the fractional-order
chaotic financial system, few works of literature addressed its parameters estimation process such as
a hybrid artificial bee colony algorithm (Hu et al., 2015), a hybrid cuckoo search with diLerkntial
evolution (Gao et al., [2013) and a modified artificial bee colony algorithm variants (Cal et al., [2018).
To the best of the authors’ knowledge, the parameters estimation process of the fractional-order
chaotic with noise and hyper-chaotic financial systems is not documented in the literature by the
nature-inspired algorithms. Accordingly, we are motivated to introduce a robust technique with the
nonlinear features of fractional-order chaotic, chaotic with noise, and hyper-chaotic financial systems
to identify their chaotic behavior parameters.

Cuckoo search algorithm (CS) is one of the nature-inspired optimization algorithms that proved
its superiority in several topics such as load frequency control (Abdelaziz and Ali, [2015), economic
dispatch (Nguyen et al., 2016), and PID controller design (Zhao et al., 2019). Further, CS has some
merits, such as its simplicity in the implementation and its dependency on slight tuning parameters
. CS was developed by Yang to mimic the cuckoo breeding parasitism behavior in nature (Gandomi
et al., 2013). Yang et al. (Gandomi et al., 2013) utilized one parameter to transmit among the
algorithm exploration (diversification, global search) and exploitation (intensification, local search)
cores. A delicate balance among these cores is an essential requirement for the algorithm performance
for achieving optimal solutions and avoiding premature convergence. Therefore, several modified
versions of CS were reported to support the global, local search capabilities and enhance the transition
among them (Nguyen and Nguyen, [2019). Faisal et al. and Wang et al. (Alkhateeb and Abed-Alguni,
2019; Wang and Zhou, [2016) introduced hybrid variants for CS to modify the exploitation phase of
CS to identify the parameters of the integer-order chaotic systems. Li et al. (Li and Yin, 2015)
presented an adaptively modified version of CS to enhance the balance between its exploration and
exploitation capabilities for solving the integer-order chaotic systems. Wei et al. (Wei and Yu, 2017)
proposed a hybrid cuckoo search (HCS) variant to enhance the local search of the CS. The HCS is
a combination of the improved di[erkential evolution (IDE) and the basic version of CS (Wel and
Yu, |2017). Chen at al. (Chen and Wang, |2019) adopted the fireworks algorithm explosion operator
in CS, as a result, the cuckoo search algorithm with an explosion operator (CS-EO) was proposed
for increasing diversity and prevent the premature convergence of CS during modeling the proton
exchange membrane fuel cells. Kamoona et al. (Kamoona and Patra, [2019) presented an enhanced
CS (ECS) variant via adjusting the local / global transition parameter. Rakhshaniet al. (Rakhshani
and Rahati, [2017) introduced Snap-drift cuckoo search (SDCS) to boost the global search of CS to
prevent the basic algorithm from trapping in local solutions via utilizing new crossover and mutation
search operators. Accordingly, several attempts have been conducted on CS to achieve remarkable
results and avoid the trapping to local minima. However, the fact states that no algorithm is e [cieht
for all optimization problems as concluded from no free lunch (NFL) theorem (Wolpert et al., |1997).

3



85

86

87

88

89

90

91

92

93

94

95

96

97

98

99

100

101

102

103

104

105

106

107

108

109

110

111

112

113

114

115

116

117

118

119

120

121

122

123

124

125

126

127

128

129

130

131

132

Thereby, applying further procedures is still required for olering more persistent and durable CS
variants.

In that context, we adopt the FC memory property as a new approach to enhance the CS explo-
ration and exploitation capabilities and adaptively tune the transition between them. Cooperating
FC into the nature-inspired techniques is a lately proposed procedure for modifying their perfor-
mance. FC alords an adequate representation of the memory and the hereditary properties of the
processes. Pires et al. and Couceiro et al. proposed fractional-order versions of particle swarm
optimizer (FOPSO) (Pires et al., |2010; |Couceiro and Ghamisi, 2016) and darwinian particle swarm
optimizer (FODPSO) (Couceiro et al., 2012) to enhance the convergence speed of the basic verion
of the algorithms. The FODPSO exhibited its e [ciehcy in comparison to the classical darwinian
particle swarm optimizer (DPSO) for image segmentation in (Ghamisi et al., 2012) and multilevel
image segmentation as in (Ghamisi et al., [2013). Moreover, Mousavi et al. (Mousavi and Alfi, 2015)
proposed the fractional-order particle swarm based-memetic algorithm (FPSOMA) to attain the op-
timal gains of the fractional-order PID controller. Deshmukh et al. (Deshmukh and Rani, |2017)
utilized FC memory property in updating the positions of the wolves to accelerate the convergence
of the grey wolf optimizer (GWO). Mousavi et al. (Mousavi and Alfi, 2018) adopted the FC tool
to enhance the firefly algorithm (FFA) performance. Recently, Shahri et al. (Shahri et al., |2019)
utilized the FC feature to fractionalize the velocity of the novel augmented lagrangian particle swarm
optimization (ALPSOFV). The proposed ALPSOFV showed its superiority for providing the optimal
design of the fractional-order fixed-structure controller (Shahri et al., 2019). Based on the literature,
one can see that the developed fractional-order variants of the algorithms have an unusual behavior
in comparison with their basic versions. Applying the FC tool with optimization techniques is a new
vital topic that should be implemented and investigated on several algorithms.

The principal target of this work is introducing a novel variant for CS based on the FC perspective
in the purpose of improving its performance while optimizing the complicated non-linear problems.
The key motivations to this approach arise from diverse sources. The first is due to the importance of
identifying the chaotic region parameters in the financial systems to protect the investment from haz-
ards. The second one comes from the complexity and the nonlinearity of the fractional-order chaotic
financial systems that requires a robust technique to determine their chaotic behavior parameters
e Lciehtly. Third, merging the FC with optimization algorithms is an attractive approach, and it has
not been applied to a wide range of optimization algorithms. Therefore we motivated to examine FC
influence on the CS performance. We selected the CS because it was tested on several applications
and proved its superiority in comparison with particle swarm optimizer, genetic optimization algo-
rithms, and other techniques; moreover, it has slight tunable parameters. In spite of these merits, its
local and global search capabilities should be enriched while dealing with the nonlinear applications
to avoid trapping in local solutions. That is why we merged among the FC memory feature and the
CS algorithm to capture the cuckoo memories during the motion and to achieve an adaptive upgrade
for the switching parameter among the exploration and exploitation cores of CS based on the FC
coe Lciehts. The main aims of this work are increasing the convergence speed of the CS algorithm and
improving the quality of the obtained solutions. The influence of FC on the CS technique is evalu-
ated based on several stages of experiments. The first stage focuses on studying the sensitivity of the
FO-CS for the FC coe Lciehts then examining the stability of the proposed FO-CS with the scalable
benchmarks suite of dimension 1000. For this stage, an intensive comparison is performed based
on several metrics and Wilcoxon rank-sum test with significant di [erknce 0:05 among the proposed
algorithm, the basic CS, and the recent state-of-the-art techniques. For the second stage of experi-
ments, FO-CS is tested with twenty-eight CEC2017 functions with several dimensions and compared
with the recently published variant of CS named Snap-drift cuckoo search (SDCS) (Rakhshani and
Rahati, 2017), and with the Ensemble Sinusoidal Dilerkntial Covariance Matrix Adaptation with
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Euclidean Neighborhood (LSHADE-cnEpSin) (Awad et al., [2017). The Wilcoxon signed rank test
is performed to provide a pairwise comparison between FO-CS and LSHADE-cnEpSin as well as
between FO-CS and SDCS. Finally, the FO-CS is evaluated in identifying the unknown parameters
of the fractional-order chaotic, chaotic with noise, and hyper-chaotic financial systems. Other recent
algorithms are coded for the same problem to demonstrated the behavior of FO-CS. The diagram
of the Fig. [I] depicts the sequence of the experiments across the manuscript. The comparisons and
discussions show the superiority of FO-CS not only in the accuracy of the results but also in its
acceleration convergence rate in contrast to the other algorithms. Furthermore, the results confirm
the importance of related FC memory property with the CS optimization algorithm as a recent trend
in the modification stage.

Figure 1. Series of experiments across the manuscript

The present paper is organized into the following sections: the objective function for identifying
the fractional-order chaotic financial system is defined in section 2 A general overview of the basic
version of the CS technique and the developed one is given in Section[3] The mathematical validation
of the FO-CS algorithm is reported in Section [4. The investigated chaotic systems and the results
are listed and discussed in section 5 Finally, the conclusion and future work are in Section [6]

2. Problem formulation
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The parameter identification process of the fractional-order chaotic systems can be formalized as
a multi-dimensional optimization problem. Thereby, some attempts in literature were reported to
extract the global parameters that achieve a better fitting (minimum di [erence) between the original
output sequence and the estimated one. In common practice, the mean square error (MSE) was
defined as the objective function for the employed algorithms. Since the fitness function is one of
the main factors that impact on the performance of the meta-heuristic algorithms, the Integral of
Squared Error (ISE) has been employed as a new objective function in (Yousri et al., 2019a). It was
demonstrated in (Yousri et al., 2019a) that implementing the ISE function helped the algorithms
in providing a closer estimated chaotic system to the original one than MSE. Therefore, ISE is
recommended as the objective function in the current work. The mathematical description of the
chosen function can be expressed as follows;

Z ¢

ISE=  (Z; Zj)*(tdt )
0

where Z¢ = (z1;22;25:5020)7 2 R™ illustrates the state vector of the original system and 2 =
(A, ;2y:::2),)T 2 R™ denotes the estimated state vector. T is the time length of the sample, it
calculates ast = N  h where h is the step size and N indicates the number of sample points.

Figure 2: Block diagram for the principle of parameters estimation for fractional-order chaotic systems in the opti-
mization sense.

The state vector of the original dynamical system can be computed from its general fractional-
order diLerkntial equations as follows:

D, Z(t) = F(2(1); Zo; ) ()

where Dy is the dilerkntial operator with respect to time t, Z, is the initial state vector. A set of
the original system parameters can be characterized as = ( 1; 2;: 4)7 , as well as the fractional
derivative orders of the original system are named by = ( 1; 2, 3:2 )T 2 RM.

Similarly, the general nonlinear fractional-order diLerkntial equation of the identified system can
be written as follows:



155

157

158

159

160

161

162

163

164

165

166

167

168

170

171

172

173

174

175

D;2(t) = F(2(t); Zo; ) 3)

where "= ("1 %55 "9)T is a set of the extracted parameters and N = (g 2 AunnAn)T are the
identified non-integer derivative orders.

Indeed, the parameters identification process of the chaotic system [2 can be attained by searching
for the optimal values of the unknown parameters " and the non-integer derivative orders " to satisfy
the minimum values of the objective function [Il Therefore, in this work, the novel variant of the
Cuckoo search algorithm is arranged to solve much of this complicated optimization problem based
on the following block diagram.

3. Fractional order cuckoo search (FO-CS)

3.1. CS overview

Cuckoo birds breeding parasitism behavior is the basic idea in CS (Gandomi et al., 2013), while
Yang et al. applied three hypotheses namely 1) each bird lays one egg at a time, and 2) it puts age
in a randomly selected nest and the best nests is kept for the next generation 3) the obtainable host
nests number is limited, and a host bird can discover a stranger egg with a probability Sp 2 [0 1].
Mathematically speaking, these behaviors can be modeled by using Levy fights consequently CS has
been created as follows: for each cuckoo bird i, a new generation Zt*% is generated, Levy flight has
been performed based on Eq. (4), this considered as the global random walk.

Z =27+ Levy(s; );
where @)
Levy u=t

where > 0 is the step size, in most of problems it is adjusted as 1. Levy flight olerk a random
walk, its random steps are exhibited from a Levy distribution.
For the local random walk, Yang et al. implemented the following equation;

ZF=zi+ s HGS: ) (& Z); ®)

where the product is entry-wise multiplications. The Z; and Z are two di Lerknt solutions selected
randomly by random permutation. The H is a Heaviside function and is a random number drawn
from a uniform distribution, and s is the step size. To achieve a balance in the transition among the
global and local random walk, a switching probability Sp is utilized. Yang et al. (Gandomi et al.,
2013) assumed value of 0.25 for this variable.

3.2. Fractional-order Cuckoo Search (FO-CS)

In this part, FC memory feature employed to enhance the random walk of the cuckoo, more-
over, the FC factors utilized to adaptively adjust the harmonization between the diversification and
intensification phases of CS.

3.2.1. Fractional calculus definition
The FC is an attractive branch in mathematical analysis, it has several definitions in literature.
Grunwald-Letnikov (GL) is one of these definitions, and it can be mathematically implemented as
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follows (Podlubny, 1998):

1 X
D <X<t))=ﬁ,'£'?)h— ( D~ X kh); (6)
B k=0
where
_ ( +1) _ (D k+1), @
k (k+1) ( k+1) k! ’

where, D (Xx(t)) is the Grunwald-Letnikov (GL) fractional derivative of order . (t) indicates gamma
function.
In discrete-time implementation, the GL definition of Eq. (6) can be formulated as below:

1 X (DR (+Dx(t KT)
PROI=F  ThEn ¢ k+p ©)

where, T is the sampling period and r is the number of terms from previous events or memory
(memory window) . The symbol of indicates the derivative order coe Lcieht .
For the special case of = 1, the formula of Eq. can be rewritten as below

DUx(D)] = x(t+1) x(t) 9)
where D[x(t)] is the dilerknce between two followed events.

3.2.2. Enhancement the random walk of cuckoo based on FC
To apply the discrete formula of GL definition on the motion equation of the cuckoo during
upgrading its location, the stochastic walk equation in the basic CS of Eg. can be reformulated
on the special case definition of Eq. (9). Accordingly, the cuckoo position di [efence can be expressed
as follow:
Zi™ Zi= Levy(s; ) (10)

For general case based on the FC definition, the dilerence formula between the cuckoo position of
Eq. can be generalized as below for any derivative order and number of memory terms r.

D ZzZM' = Levy(s; ) (11)

By using the discrete form of GL definition of Eq. at T = 1, the expression of Eq. can be
modeled as follow:

X t+1 k
(D (+1)Z = Levy(s; ): (12)

=zl =
D 4 Zi (k+1) ( k=+1)

k=1

According for the previous relation in Eq. (12)), the general expression for the solutions update of
FO-CS can be formulated as below:

KD (+nzit -
(k+1) ( k+1)

t+1
Z; =

+ Levy(s; ): (13)

k=1

For considering the first four terms (r = 4) from the historical data with derivative order , the
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position of cuckoo is updated as follow;

Z=g Zits (4 )zt @ e )z ”
+L )@ B )ZE T+ Lews ),
For the first 8 terms of the historical data, the solutions of FO-CS is modified as bellow;

Z=g Zie s (0 )z e @ )@ )z

T e HE HZCes @ e e @ )z

S@oHe e @ )6 )z (15)

2@ oHe e @ )6 )6 )z

1

g @ e HE HE )G )6 ) )Z{ T+ Levy(s; ),
3.2.3. Adaptive tuning of switching probability (Sp) based on FC

The e Lcieht harmonization among the global and local search of the optimization techniques is
an essential issue to provide favorable and optimal solutions. In the FO-CS, the switching probability
Sp is adaptively withdrawn from the B distribution. The B function is computed for the derivative
order vector () from 0:1 to 1 with step 0.1 and number of terms r equal 4, or 8 or 12 via the relation

in Eq. (16b) as follow;

X =B(( vec); 1); (16a)

(X minX)) ¢ a)
SeM) = “maxe0  mine<y) T8 (16b)

where B is the beta function with inputs of the derivative order vector ( e) from 0:1 to 1 with
step 0.1 and number of terms r of 4, or 8 or 12. The generated distribution X has minimum and
maximum values min(>X) and max(X). The normalization interval ranges are a and b where they
equaled to 0.2 and 0.3, respectively. The j is the index of the used derivative order j = 1,2,3,..,10
for = 0.1,0.2,0.3,...1. The implementation steps of the proposed FO-CS can be summarized as in
Algorithm [1

3.3. Computational complexity of CS and FO-CS algorithms

The computation complexity of the algorithm is a measure for assessing its execution time. The
structure of the technique is the factor that controls its implementation time. The computational
complexity of the CS algorithm bases on the number of cuckoos (n) and the maximum number of itera-
tions (T), whereas for the FO-CS, storing and updating the memory window terms are also accounted
in computing its computational time. The computational complexity of CS for the initialization pro-
cess can be computed as O(N), whereas FO-CS is O(n r). The computational time of the main
execution loop of CS is O(T n+T n+T n), while FO-CSis (T n r+T n+T n). Accordingly,
the total computational complexity of CS is O(n (3 T+1)) while of FO-CSis O(n (T (r+2)+r)).
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Algorithm 1 Pseudo-code of FO-CS algorithm

Inputs: The population size n, maximum number of iterations T, derivative order coe [cieht
and number of terms r. Normalized vector of a B function for the derivative orders vector and
number of terms r Eq. (16a).
Outputs: The best solution and the corresponded fitness function.
Initialize the random population of n host nests Z;(i = 1;2;:::;n).
Calculate the fitness values.
Initialize the past solutions (memory property) .
while (t< T (Stop criteria is not satisfied)) do
Get a cuckoo randomly.
Utilize the modified equation of motion Eq. with levy flight to update the solutions .
Update the past solutions (memory terms (r)) on FIFO bases (FIFO ¥ First In First Out).
Compute the fitness function f;(i = 1;2;:::;n).
Select a nest from n randomly and compute the fitness at this index (index ¥ j)
if fi <f*; then
Replace Z; by the new one Z;
end if
Calculate Sp based on r and via Eq. (16b) .
Abandon a fraction Sp of worst nest and bulid new ones via Eg. .
Retain the best solutions.
Sort the solutions and determine the current best.
end while
Return the best solution

4. Numerical validation

To evaluate the performance of the proposed FO-CS algorithm, we handled two series of analysis
in this section that can be summarized as follow

First series concerns with studying the sensitivity of the FO-CS to the derivative order
and memory window length (number of terms) r. For this purpose, the introduced FO-CS
variants are executed on 9 benchmarks from literature (Mousavi and Alfi,[2015). The considered
benchmarks suite description is illustrated in Table[I] Furthermore, the stability of the proposed
FO-CS with increasing the dimension of the considered benchmarks suite to 1000 is studied.
The FO-CS is compared with CS and the other recent state-of-the-art techniques.

Second series represents the results of FO-CS with adopting dimensional twenty-eight CEC2017
benchmarks suite. The FO-CS results are compared with the recently published modified CS
technique to justify and emphasize its quality and reliability. Moreover, the ensemble sinusoidal
di Lerkntial covariance matrix adaptation with euclidean neighborhood (LSHADE-cnEpSin) is
considered in the comparison stage.

For the two series of experiments, a non parametric statistical tests of Wilcoxon rank-sum and sign
rank tests with significant dilerknce 0.05 are performed, respectively. Additionally, the best, worst,
mean and standard deviation (STD) values of the functions are computed over the 30 independent
runs as well as the rank-based approach is followed. The simulations and analysis are executed on
MATLAB 2018 platform on a laptop with Core i7-6500U CPU, 2:5 GHz of speed, and 4 GB of RAM.
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Table 1: The definition of considered benchmarks problems.

1D Formulgof function LW uw dimyy Type
F1 f(x) = le Xi2 -100 100 100,1000 Unimodal
F2 T(x) = paxifixij; 1 6 i 6 ng -100 100 100,1000 Unimodal
F3 f(x) = PP:l ixf' + random(0; 1] -1.28 1.28 100,1000 Unimodal
F4 f) =" (Lyixii'™?t -1 1 100,1000  Unimodal
F5 f = 20 O'Zq 15 n 2 32 32 100,1000 Multimodal
(x) = exp( 02+ [L;xf) - , ultimoda
exp(E g1 c0s(2 Xi)) +20 +e
F6 )= [ (xi 1)2+[1L+sin?@3 x; +1)]+sin?(3 x1)+ -10 10 100,1000 Multimodal
ixn 1 +sin?(3 pn)] P
— n 2 n N~ 2 n - 4 H
F7 f(X) = piz1 Xf + ( j=; 0:5ixi)= + ( j=; 0:5ixi) -5 10 100,1000 Multimodal
F8 f(x) = le(loﬁ)é' D=n Dy2 -100 100 100,1000 Multimodal
o sin?( ' n_ x?) 05 .
F9 f(x) =05+ 0001 T, D)) -100 100 100,1000 Multimodal

4.1. Sensitivity analysis to and r

Upon for the methodology in subsection [3.2], the FO-CS performance is influenced by varying the
parameters and r. In this subsection, we study the sensitivity of the FO-CS to those parameters
and their impact on its reliability and acceleration convergence rate. For this purpose, FO-CS is
applied on nine benchmarks set of dimension 100 as described in Table[I} The considered number of
terms r is 4, 8, and 12 with derivative order coe [cieht varies from 0:1 to 1 with step of 0:1.

The Mean, STD of the results by the CS and FO-CS variants are calculated as reported in the
Table [2l Further, Wilcoxon rank-sum test with significant di [erence 0.05 and rank-based test
are computed as listed in the Table 2 The last line of the table includes three symbols ( + /
=/ ) where (+) refers to the number of the functions where the algorithms are considered
as the best one. The symbol of = refers to the number of the functions where the algorithm
has not a significant dilerence from the best one (the p-values > 0:05). The number of the
functions where the algorithm has a significant dilerknce from the best one (the p-values <
0:05) appeared as (-). Furthermore, the average ranking of the considered variants is computed
across all the studied functions as reported in the Table [2

The results confirm about the dependency of the proposed algorithm performance on the values
of for each case of the studied r, where the accuracy (mean) and consistency (STD) of the
results are reduced with increasing the derivative coe [cieht ( FC impact is removed when

= 1). For the case of considering 4 previous terms (r=4), the FO-CS variants with  values
between (0:1-0:5) have the lowest average ranks therefore they occupied the first positions.
Upon for this observation, we can select the recommended value for this case is 0.3 where it
is the average of this set (0:1-0:5). In the case of r equaled 8, the FO-CS with  values of 0.1
and 0.5 ordered as first and second best variants, whereas the impact of FC at = 0.5 is more
e [edtive therefore this order is the recommended one with r = 8. FO-CS with considering 12
terms from the memory is the best variant with  of 0.6 as it shows a significant dilerknce
from the other variants in several functions and sequentially it is finally occupied the first rank.
As per the discussion, the recommended derivative order for each number of terms r that has
a significant influence on the quality and consistency of the results is 0.3, 0.5 and 0.6 with r =
4, 8, and 12, respectively.

To investigate the sensitivity of the proposed algorithm to the number of terms r and their
influence on its convergence rate and execution time with the recommended , the mean con-
vergence curves are plotted in Fig. [3] The figure exhibits the fastest convergence speed for the
optimal solutions attained by the FO-CS variants especially FO-CS,=4g =0:3 Where it reaches
for the highest quality solutions in less than 200 iterations in comparison to CS that trapped
to the local solutions and exposed a stagnation in all the functions.

11



252

253

254

256

257

258

259

260

261

262

263

For studying the execution time factor, we strongly believed that merging the FC with CS and
considering a larger number of terms has its impact on the time factor. To this end, the time
factor over all the studied functions is computed as in Table 3l From the listed values, it can
be concluded that considering the FC increase the computational time of the CS algorithm
especially with increasing the number of terms r.

From the previous discussions, cooperating the FC memory property into the CS proves its
noteworthy influence on the CS performance from the points of the accuracy, the consistency
of the results, and the acceleration convergence speed. Whereas the time factor is the main
challenge in this approach, considering 4 terms from the memory achieves the trade o [Camong
modifying the quality of the solutions and increasing the execution time in comparable with 8
and 12 terms. That is why we recommended FO-CS with deeming the number of terms r =4
and the derivative order ( ) of 0.3 as the best variant.

12
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Figure 3: Mean convergence curves by CS, and recommended FO-CS variants for 100 dimensional benchmark functions
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Table 3: Execution time of CS, and recommended FO-CS with number of terms 4, 8 and 12 for the considered functions
of dimension 100.

Algorithms
Functions CS FO-CSr=4& =0:3 FO-CSrzg& =05 FO-CSrzlz& =06
F1 0:89 4:84 7:52 10:38
F2 0:86 4:70 7:63 10:37
F3 1:49 717 10:49 14:02
F4 1:57 7:05 10:27 13:86
F5 1:13 5:15 7:80 10:83
F6 1:07 5:20 7:98 12:93
F7 1:00 5:08 7:95 12:93
F8 1:59 7:51 10:85 16:98
F9 0:93 4:84 7:55 12:34

4.2. Scalability test

In this subsection, the quality, robustness and stability of the recommended FO-CS,=4g =03 IS
investigated with increasing the dimension of the considered functions for 1000. To provide a com-
prehensive comparisons, the proposed algorithm is compared with the basic CS and several recently
well-known optimization algorithms. The employed algorithms include Salp Swarm Algorithm (SSA)
(Mirjalili et al., 2017) , Sine Cosine Algorithm (SCA) (Mirjalili, 2016), Whale Optimization Algo-
rithm (WOA) (Mirjalili and Lewis, [2016), Moth-Flame Optimization algorithm (MFO) (Mirjalili,
2015), Multi-Verse Optimizer (MVO) (Mirjalili et al., 2016) , Grey Wolf Optimizer (GWO) (Mirjalili
et al., 2014) , Flower Pollination Algorithm (FPA) (Yang, 2012b) , and Bat Algorithm (BA) (Yang,
2012a) . All the algorithms have been executed for 30 independent runs with 30 population size and
500 iterations. The Wilcoxon rank-sum test with significant di Lerknce 0.05 is computed for achieving
a comprehensive judgment as well as the mean, STD, and average rank values across the considered
functions are calculated.

The tabulated results divulge the superiority of the recommenced FO-CS,—4g =0:3 cOmpared with
the other counterparts in eight functions as it provides the least values of the mean and the STD.
Moreover, the p-values reveal a remarkable significant di [erknce among the FO-CS,—45 —¢-3 and CS
as well as the state-of-the-art techniques as the computed p-values < 0.05 (reject the null hypothesis).
Therefore FO-CS,=4s =03 iS considered the best algorithm for optimizing these functions except for
F17, where the WOA is considered the best one. At the end, the FO-CS,-45 —o:3 0ccupied the first
position because it has the least value of the average rank then followed by WOA, and GWO in the
2"d and 3"9 positions.

The capability of the proposed algorithm in convergence for the optimal solution with an e [cieht
decaying rate is investigated via the mean convergence curves of Fig. [ The figure shows that
the FO-CS,=4g =0:3 converges with fastest rate for the optimal solutions in most of the functions in
comparison to the other techniques.

The main outcome from the previous subsections can be summarized as follow, FO-CS,=4s =0:3
shows a robustest performance from the points of the accuracy, convergence speed, consistency and
stability with large size benchmarks in comparison with CS and the state of the art techniques.

4.3. Numerical valuation based on CEC2017

In this subsection, we assess the FO-CS,-4s —o:3 behavior with twenty-eight dimensional mathe-
matical functions of CEC2017 (N. H. Awad and Suganthan, November 2016). The FO-CS;—4g =0:3
results are compared with the recently developed version for the CS named snap-drift cuckoo search
(SDCS) (Rakhshani and Rahati, 2017) as well as ensemble sinusoidal di [erkntial covariance matrix
adaptation with euclidean neighborhood (LSHADE-cnEpSin) (Awad et al., [2017). The twenty-eight
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Table 4: Comparison of simulation results of FO-CS,=4& =0:3, and recent state-of-the-art algorithms for benchmarks
with dimension 1000.

Algorithms
Functions FO-CSy—42 —0:3 CS SSA SCA WOA MFO MVO GWO FPA BA
Mean 0.0000e+00 1:6625e + 05 2:3660e + 05 4:7456e + 05 8:5433e 70 2:7294e + 06 7:9353e + 05 2:4271e 01 1:6824e + 05 7:8877e + 05
F1 STD 0.0000e+00 1:4934e + 04 1:2642e + 04 1:5033e + 05 4:4989e 69 4:8863e + 04 2:9140e + 04 5:4400e 02 2:5284e + 04 1:7513e + 05
p-value + 1:2118e 12 1:2118e 12 1:2118e 12 1:2118e 12 1:2118e 12 1:2118e 12 1:2118e 12 1:2118e 12 1:2118e 12
rank 1 4 6 7 2 10 9 3 5 8
Mean 1.0002e-180 4:3167e + 01 4:5012e + 01 9:9595e + 01 7:8175e + 01 9:9489e + 01 9:7943e + 01 7:7580e + 01 5:1563e + 01 7:6788e + 01
F2 STD 0.0000e+00 3:0228e + 00 3:1980e + 00 1:2038e 01 2:3385e + 01 1:7963e 01 4:7108e 01 3:9985e + 00 4:1079e + 00 6:6112e + 00
p-value + 3:0199e 11 3:0199e 11 3:0199e 11 3:0199e 11 3:0199e 11 3:0199e 11 3:0199e 11 3:0199e 11 3:0199e 11
rank 1 2 3 10 7 9 8 6 4 5
Mean 8.0397e-05 1:0306e + 03 1:7819e + 03 6:7712e + 04 4:9015e 03 1:9732e + 05 2:8875e + 04 1:5184e 01 1:1304e + 03 4:9873e + 03
F3 STD 8.5367e-05 2:0540e + 02 2:3079e + 02 1:6501e + 04 5:7269e 03 6:2755e + 03 2:0923e + 03 3:0978e 02 2:8035e + 02 3:1631le + 03
p-value + 3:0199e 11 3:0199e 11 3:0199e 11 9:7555e 10 3:0199e 11 3:0199e 11 3:0199e 11 3:0199e 11 3:0199% 11
rank 1 4 6 9 2 10 8 3 5 7
Mean 2.9682e-215 7:3292e 06 1:7886e 03 3:1387e + 00 1:2395e 70 1:4602e + 00 1:2763e + 00 3:2432e 02 4:2799e 03 2:1887e 03
F4 STD 0.0000e+00 1:6426e 05 1:5852e 03 5:4508e 01 6:7890e 70 5:7936e 01 5:4365e 01 6:8096e 02 3:0462e 03 8:1191e 04
p-value + 3:0199e 11 3:0199e 11 3:0199e 11 3:0199%e 11 3:0199e 11 3:0199e 11 3:0199e 11 3:0199e 11 3:0199e 11
rank 1 3 4 10 2 9 8 7 6 5
Mean 8.8818e-16 1:4926e + 01 1:4521e + 01 1:8446e + 01 4:7962e 15 2:0373e + 01 2:0986e + 01 1:8119e 02 8:3936e + 00 1:8050e + 01
F5 STD 0.0000e+00 1:1530e + 00 1:8027e 01 4:4756e + 00 2:6960e 15 1:8705e 01 2:5825e 02 2:5693e 03 7:1884e 01 7:4377e 01
p-value + 1:2118e 12 1:2118e 12 1:2118e 12 4:162e 09 1:2118e 12 1:2118e 12 1:2118e 12 1:2118e 12 1:2118e 12
rank 1 6 5 8 2 9 10 3 4 7
Mean 9:9793e + 02 4:1477e + 03 4:9519e + 03 4:8999e + 03 9.8950e+01 4:1409e + 04 3:6961e + 04 9:5614e + 02 3:9471e + 03 9:7752e + 03
F6 STD 1:9461e 01 2:6016e + 02 1:9421e + 02 1:9725e + 03 2.7638e+01 9:868le + 02 2:1648e + 03 7:3983e + 00 3:3529e + 02 2:2505e + 03
p-value 3:0199e 11 3:0199e 11 3:0199e 11 3:019%e 11 + 3:0199e 11 3:0199e 11 3:0199e 11 3:0199e 11 3:019%e 11
rank 3 5 7 6 1 10 9 2 4 8
Mean 0.0000e+00 1:0000e + 10 1:9790e + 04 3:4054e + 16 1:5639e + 04 4:5210e + 04 2:0404e + 04 7:9773e + 03 1:9302e + 22 2:7143e + 17
F7 STD 0.0000e+00 0:0000e + 00 5:3291e + 02 1:4057e + 17 1:1527e + 03 1:3441e + 03 6:0639e + 02 7:5228e + 02 5:6389e + 21 1:3523e + 18
p-value + 1:6853e 14 1:2118e 12 1:2118e 12 1:2118e 12 1:2118e 12 1:2118e 12 1:2118e 12 1:2118e 12 1:2118e 12
rank 1 7 4 8 3 6 5 2 10 9
Mean 0.0000e+00 1:0000e + 10 7:0514e + 09 1:6021e + 10 3:6397e 63 1:0678e + 11 1:0759e + 10 6:5051e + 02 9:8555e + 09 5:4017e + 10
F8 STD 0.0000e+00 0:0000e + 00 9:0207e + 08 7:4689e + 09 1:9880e 62 8:8409e + 09 9:8343e + 08 1:6425e + 02 1:3877e + 09 1:3644e + 10
p-value + 1:6853e 14 1:2118e 12 1:2118e 12 1:2118e 12 1:2118e 12 1:2118e 12 1:2118e 12 1:2118e 12 1:2118e 12
rank 1 6 4 8 2 10 7 3 5 9
Mean 4.2102e-03 5:0000e 01 4:9999e 01 5:0000e 01 2:0196e 02 5:0000e 01 5:0000e 01 4:7403e 01 5:0000e 01 5:0000e 01
F9 STD 4.8969e-03 5:5581le 07 8:4546e 07 3:2267e 07 1:7854e 02 2:1726e 09 4:1639e 09 6:8360e 03 1:6070e 06 2:6278e 07
p-value + 1:7895e 11 1:7627e 11 1:7895e 11 0:0036355 1:7419e 11 1:7883e 11 1:7895e 11 1:7895e 11 1:786e 11
rank 1 6 4 7 2 10 9 3 5 8
+/=/- 8/ 0/ 1 0/ 0/ 9 0/ 0/ 9 0/ 0/ 9 1/ 0/ 8 0/ 0/ 9 0/ 0/ 9 0/ 0/ 9 0/ 0/ 9 0/ 0/ 9
Av-rank (final order) 1.222 (1) 4.778 (4) 4.778 (4) 8.111 (7) 2.556 (2) 9.222 (8) 8.111 (7) 3.556 (3) 5.333 (5) 7.333 (6)

where +/=/- number of functions that the algorithm considered as the best one/ has a same behavior as the next one (p value = 0:05)/ significantly di Cerl
from the best (p value < 0:05).

CEC2017 functions compose of F3 is a unimodal task, set of tasks of F4 to F10 are multi-modal,
tasks of F11 to F20 are hybrid and tasks of F21 to F29 are composition functions. The utilized
population size is 30. The maximum number of function evaluations is the terminal criteria that is
set to 10000 D, where D is the dimension of the benchmark function (Mernik et al., 2015). Each
algorithm is executed for 30 independent runs.

Table [B| summarizes the global values for the 28 and functions of CEC2017 and the obtained
results by FO-CS;=4g =0:3, SDCS and LSHADE-cnEpSin for dimensions 10 and 30. Upon for the
tabulated results, we can confirm that the introduced FO-CS,—4g =o:3 €Xposes its robustness and
reliability with CEC2017. Where the FO-CS,—4¢ =0:3 provides best, worst and mean values that are
closest to the global values of the studied functions in comparison with SDCS and LSHADE-cnEpSin
for 26 functions of dimension 10 and 22 functions of dimension 30. Whereas the considered algorithms
have the same performance for (F3 and F4) of dimension 10 and they give the same results for F3 of
dimension 30. LSHADE-cnEpSin exhibits a best performance for functions F5, F7, F8, F9 and F10
of dimension 30 and it followed the FO-CS,-4¢ =03 for the other functions. Meanwhile, by inspecting
the results of SDCE for dimension 30, it is observed that it occupied the third position after FO-
CSy=48 =03 and LSHADE-cnEpSin in several functions while it shows a comparable performance
versus LSHADE-cnEpSin for functions F11, F13, F14, F18, F19, F25 and F26.

For intensively analysis the obtained results by FO-CS;=4¢ =0:3, LSHADE-cnEpSin and SDCS,
the Wilcoxon signed rank test is carried out to compare between any two algorithms based on the
following procedure (Yousri et al., 2019b; |Derrac et al., [2011));

1. Report the function values over number of runs (30) for both the considered techniques (FO-
CSy=48 =03 VS LSHADE-CnEpSIn and FO-CS,=45 =03 VS SDCS)
2. Compute R+, the sum of ranks for runs in which FO-CS,-4s —o:3 outperforms the other com-
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Figure 4: Mean convergence curves by recommended FO-CS,=4g =0:3 and the state-of-the-art techniques for 1000

dimensional benchmark functions Fi, F3, F4, F5, F6, and Fo.

petitor (LSHADE-cnEpSin or SDCS).

3. Calculate R , the sum of ranks for runs in which the competitor (LSHADE-cnEpSin or SDCS)
outperforms FO-CS,;—4g =0:3 -

4. Compute p-value that determines the significance of results in a statistical hypothesis test. The
smaller the p-value is, the more substantial the evidence against the null hypothesis.

In this work, null hypothesis is valid when Hy = ’0’, with a significance level = 0.05 (p-value > 0.05),
that is mean the performance of two algorithms is statistically same. While if Hy = ’1°, there are
significant di Lerknce between the algorithms (p-value < 0.05).

Table [6] shows the obtained pairwise comparison among the FO-CS,=4g =03 and the other peers.
The listed R+, R , and p-values show that FO-CS,—4¢ —o-3 exhibits a significant improvements over
LSHADE-cnEpSin and SDCS in several functions. Consequently, the null hypothesis is rejected in
several tasks as illustrated from the results. Based on the previous discussions and analyses, we can
recommend that the proposed FO-CS,—4g =0:3 is the robust and the reliable variant.

5. Fractional-order financial Chaotic system parameters identification

In this section, the recommended FO-CS,=4g —o:3 IS tested over three variants of the fractional-
order chaotic financial system to analyze its reliability and e [edtiveness in a practical application.
The investigated systems are varied gradually in complexity and dynamical instability. First, the
variant is employed to identify the parameters of the classical fractional-order chaotic financial system.
Then it is applied for the financial system after adding a white Gaussian noise (AWGN). Finally, the
hyper-chaotic financial system with five fractional order di[Lerential equations is presented.
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Table 5: The global values (N. H. Awad and Suganthan, [November 2016) and the obtained best, worst, and mean by
FO-CSy=4& =0:3 and SDCS of CEC2017 functions with dimension 10 and 30

Functions / Statistic analysis

Dim/Algs/measure F3 F4 F5 F6 F7 F8 F9 F10 F11
Fmin 3.0000e+02 4.0000e+02 5.0000e+02 6.0000e+02 7.0000e+02 8.0000e+02 9.0000e+02 1.0000e+03 1.1000e+03
Dim 10
FO-CSy—sg —0:3 Best 3.0000e+02 4.0000e+02 5.0000e+02 6.0000e+02 7.1037e+02 8.0000e+02 9.0000e+02 1.0001e+03 1.1000e+03
= = Worst 3.0000e+02 4.0000e+02 5.0398e+02 6.0000e+02 7.1343e+02 8.0199e+02 9.0000e+02 1.2474e+03 1.1000e+03
Mean 3.0000e+02 4.0000e+02 5.0106e+02 6.0000e+02 7.1098e+02 8.0066e+02 9.0000e+02 1.0886e+03 1.1000e+03
LSHADE-cnEpSin Best 3.0000e+02 4.0000e+02 5:0199e + 02 6:0000e + 02 7:0260e + 02 8:0199e + 02 9:0000e + 02 1:0035e + 03 1:1000e + 03
Worst 3.0000e+02 4.0000e+02 5:0696e + 02 6:0015e + 02 7:1629e + 02 8:0597e + 02 9:0173e + 02 1:2655e + 03 1:1166e + 03
Mean 3.0000e+02 4.0000e+02 5:0425e + 02 6:0001e + 02 7:1342e + 02 8:0418e + 02 9:0016e + 02 1:1277e + 03 1:1042e + 03
sDCs Best 3.0000e+02 4.0000e+02 5:0377e + 02 6:0005e + 02 7:1604e + 02 8:0505e + 02 9:0000e + 02 1:2466e + 03 1:1008e + 03
Worst 3.0000e+02 4.0000e+02 5:3391e + 02 6:5370e + 02 8:1127e + 02 8:3781e + 02 1:6008e + 03 1:9265e + 03 1:1059e + 03
Mean 3.0000e+02 4.0000e+02 5:1195e + 02 6:1586e + 02 7:4730e + 02 8:2112e + 02 1:1109e + 03 1:7361e + 03 1:1032e + 03
Dim 30
FO-CSy—4g —03 Best 3.0000e+02 4.0000e+02 5:2885e + 02 6.0000e+02 7:7273e + 02 8:3882e + 02 9.0045e+02 2:9508e + 03 1.1050e+03
= = Worst 3.0000e+02 4.6412e+02 6:3432e + 02 6.1389e+02 8:9298e + 02 9:1641e + 02 4:7869e + 03 4:4059¢e + 03 1.1328e+03
Mean 3.0000e+02 4.3095e+02 5:7106e + 02 6.0047e+02 8:1278e + 02 8:7151e + 02 1:8930e + 03 3:6031e + 03 1.1157e+03
LSHADE-cnEpSin Best 3.0000e+02 4:0000e + 02 5.1791e+02 6:0000e + 02 7.5169e+02 8.2388e+02 9:2898e + 02 2.1063e+03 1:1786e + 03
Worst 3.0000e+02 5:1177e + 02 5.5472e+02 6:0714e + 02 8.1450e+02 8.5273e+02 1.6582e+03 3.4109e+03 1:3671e + 03
Mean 3.0000e+02 4:6862e + 02 5.3894e+02 6:0118e + 02 7.8179e+02 8.3891e+02 1.1491e+03 2.9639e+03 1:2509e + 03
sDCs Best 4:1539e + 02 4:0006e + 02 5:9066e + 02 6:1774e + 02 8:1649e + 02 8:5970e + 02 3:5012e + 03 3:4257e + 03 1:1366e + 03
Worst 4:5523e + 03 5:0036e + 02 8:1241e + 02 6:6290e + 02 1:2432e + 03 1:0129e + 03 5:5701e + 03 5:3438e + 03 1:3006e + 03
Mean 1:2465e + 03 4:5829e + 02 7:0927e + 02 6:5397e + 02 9:1204e + 02 9:3043e + 02 4:8611e + 03 4:3097e + 03 1:1942e + 03
Dim/Algs/measure F12 F13 F14 F15 F16 F17 F18 F19 F20
Fmin 1.2000e+03 1.3000e+03 1.4000e+03 1.5000e+03 1.6000e+03 1.7000e+03 1.8000e+03 1.9000e+03 2.0000e+03
Dim 10
FO CSreag —o0:3 Best 1.2000e+03 1.3000e+03 1.4000e+03 1.5000e+03 1.6000e+03 1.7000e+03 1.8000e+03 1.9000e+03 2.0000e+03
= = Worst 1.2000e+03 1.3050e+03 1.4010e+03 1.5002e+03 1.6004e+03 1.7013e+03 1.8003e+03 1.9000e+03 2.0000e+03
Mean 1.2000e+03 1.3005e+03 1.4000e+03 1.5000e+03 1.6001e+03 1.7003e+03 1.8000e+03 1.9000e+03 2.0000e+03
LSHADE-cnEpSin Best 1:3186e + 03 1:3010e + 03 1:4030e + 03 1:5000e + 03 1:6003e + 03 1:7000e + 03 1:8052e + 03 1:9005e + 03 2:0000e + 03
Worst 2:0107e + 03 1:4306e + 03 1:4508e + 03 1:6393e + 03 1:7194e + 03 1:7293e + 03 1:9989% + 03 1:9200e + 03 2:0213e + 03
Mean 1:6458e + 03 1:3402e + 03 1:4269e + 03 1:5109e + 03 1:6135e + 03 1:7103e + 03 1:8454e + 03 1:9049e + 03 2:0045e + 03
spDCs Best 1:2038e + 03 1:3030e + 03 1:4015e + 03 1:5001e + 03 1:6017e + 03 1:7126e + 03 1:8004e + 03 1:9010e + 03 2:0167e + 03
Worst 1:3695e + 03 1:3135e + 03 1:4231e + 03 1:5028e + 03 1:8402e + 03 2:0102e + 03 1:8141e + 03 1:9034e + 03 2:1437e + 03
Mean 1:2663e + 03 1:3086e + 03 1:4096e + 03 1:5012e + 03 1:6779e + 03 1:7599e + 03 1:8028e + 03 1:9020e + 03 2:0589e + 03
Dim 30
FO-CSy—sg —0:3 Best 1.4480e+03 1.3090e+03 1.4060e+03 1.5025e+03 1.7825e+03 1.7206e+03 1.8010e+03 1.9056e+03 2.0074e+03
= = Worst 2.4642e+03 1.3531e+03 1.4460e+03 1.5167e+03 2.3160e+03 1.8953e+03 1.8332e+03 1.9162e+03 2.1797e+03
Mean 2.0333e+03 1.3288e+03 1.4265e+03 1.5101e+03 2.0504e+03 1.7675e+03 1.8245e+03 1.9104e+03 2.1113e+03
LSHADE-cnEpSin Best 2:9798e + 03 1:9882e + 03 1:5056e + 03 1:6169e + 03 1:6233e + 03 1:7467e + 03 1:8752e + 03 1:9701e + 03 2:0362e + 03
Worst 3:1094e + 04 6:3127e + 03 1:7559e + 03 2:3541e + 03 2:3934e + 03 2:1330e + 03 3:2312e + 03 2:3254e + 03 2:3876e + 03
Mean 1:0932e + 04 3:7081e + 03 1:5883e + 03 1:8761e + 03 2:0537e + 03 1:8817e + 03 2:1016e + 03 2:1147e + 03 2:1788e + 03
sDCs Best 4:6692e + 03 1:4087e + 03 1:4329e + 03 1:5185e + 03 1:7515e + 03 1:7731e + 03 1:8400e + 03 1:9174e + 03 2:2049e + 03
Worst 1:0000e + 10 2:2814e + 03 1:4768e + 03 1:6913e + 03 2:5487e + 03 2:0020e + 03 2:0083e + 03 1:9839e + 03 2:8117e + 03
Mean 7:3333e + 09 1:6228e + 03 1:4528e + 03 1:5763e + 03 2:1656e + 03 1:8626e + 03 1:9012e + 03 1:9374e + 03 2:5247e + 03
Dim/Algs/measure F21 F22 F23 F24 F25 F26 F27 F28 F29
Fmin 2.1000e+03 2.2000e+03 2.3000e+03 2.4000e+03 2.5000e+03 2.6000e+03 2.7000e+03 2.8000e+03 2.9000e+03
Dim 10
FO CSresg —o03 Best 2.2000e+03 2.2000e+03 2.6000e+03 2.5000e+03 2.6000e+03 2.6000e+03 3.0869e+03 3.1000e+03 3.0567e+03
= - Worst 2.2000e+03 2.3008e+03 2.6100e+03 2.5000e+03 2.8981e+03 2.9000e+03 3.0895e+03 3.1000e+03 3.1365e+03
Mean 2.2000e+03 2.2867e+03 2.6049e+03 2.5000e+03 2.8878e+03 2.7933e+03 3.0888e+03 3.1000e+03 3.1252e+03
LSHADE-cnEpSin Best 2:2000e + 03 2:2179e + 03 2:6027e + 03 2:5000e + 03 2:8977e + 03 2:8000e + 03 3:0887e + 03 3:1000e + 03 3:1302e + 03
Worst 2:3099e + 03 2:3012e + 03 2:6137e + 03 2:7376e + 03 2:9464e + 03 3:0286e + 03 3:1048e + 03 3:4118e + 03 3:1957e + 03
Mean 2:2882e + 03 2:2950e + 03 2:6067e + 03 2:7255e + 03 2:9303e + 03 2:9120e + 03 3:0944e + 03 3:2568e + 03 3:1513e + 03
sDCs Best 2:2000e + 03 2:3000e + 03 2:6050e + 03 2:5000e + 03 2:8977e + 03 2:6000e + 03 3:0873e + 03 3:1000e + 03 3:1369e + 03
Worst 2:3154e + 03 2:3018e + 03 2:6140e + 03 2:7432e + 03 2:9451e + 03 2:9000e + 03 3:0954e + 03 3:4119e + 03 3:2012e + 03
Mean 2:2147e + 03 2:3008e + 03 2:6093e + 03 2:6421e + 03 2:9040e + 03 2:8700e + 03 3:0912e + 03 3:2869e + 03 3:1527e + 03
Dim 30
FO-CSy—4g —o0:3 Best 2.2000e+03 2.3000e+03 2.6723e+03 2.6000e+03 2.8834e+03 2.8000e+03 3.1827e+03 3.1000e+03 3.2669e+03
= = Worst 2.3769e+03 2.3000e+03 2.7340e+03 2.9657e+03 2.8898e+03 2.9000e+03 3.2297e+03 3.2618e+03 3.5914e+03
Mean 2.3198e+03 2.3000e+03 2.6981e+03 2.8773e+03 2.8864e+03 2.8891e+03 3.2063e+03 3.1230e+03 3.3939e+03
LSHADE-cnEpSin Best 2:3220e + 03 2:3000e + 03 2:6817e + 03 2:8472e + 03 2:8836e + 03 2:8000e + 03 3:2025e + 03 3:1000e + 03 3:3464e + 03
Worst 2:3685e + 03 4:1850e + 03 2:8104e + 03 2:9288e + 03 2:9380e + 03 4:5609e + 03 3:2757e + 03 3:2666e + 03 3:8782e + 03
Mean 2:3425e + 03 2:3639e + 03 2:7114e + 03 2:8850e + 03 2:8973e + 03 4:1040e + 03 3:2337e + 03 3:1484e + 03 3:5445e + 03
sDCS Best 2:3300e + 03 2:3000e + 03 2:7026e + 03 2:8648e + 03 2:8834e + 03 2:8000e + 03 3:2080e + 03 3:1000e + 03 3:3666e + 03
Worst 2:3984e + 03 6:1436e + 03 2:8976e + 03 3:0809e + 03 2:8965e + 03 5:2488e + 03 3:3233e + 03 3:2667e + 03 3:9138e + 03
Mean 2:3625e + 03 2:4287e + 03 2:7466e + 03 2:9365e + 03 2:8872e + 03 3:7294e + 03 3:2436e + 03 3:1576e + 03 3:6312e + 03

The best results appeared by bold font and red color.

To demonstrate the superiority of the fractional CS endorse variant, its results are compared
with the highly ranked algorithms in the numerical validation section [4.2] that are WOA, MVO,
GWO, and SSA. All of these techniques have not been coded before for the chaotic financial systems.
Accordingly, those algorithms’ performances are tested, and the behavior of the novel FO-CS,=4g =03
is also evaluated. All the algorithms are compiled on the same settings of population size of 30 and
the iterations of 5000 for 30 independent runs per each one. All the algorithms started from the

same initial solutions.

Furthermore, all the algorithm are coded and implemented on MATLAB

2018 platform on a laptop with Core i7-6500U CPU, 2:5 GHz of speed, and 16 GB of RAM. The
implemented objective function is described in section [2

5.1. The implemented Fractional-order chaotic financial system and discussions

This section presents the investigated fractional-order financial systems equations, their attractors
and the obtained results of the algorithms as below.
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Table 6: Wilcoxon signed rank test results (FO-CS,=4g =o:3 (it can be viewed as FO-CS) variants vs LSHADE-cnEpSin

and SDCYS)

Dimensions

Dimension 10

Dimension 30

Fun/Algo FO-CS vs LSHADE-cnEpSin FO-CS vs SDCS FO-CS vs LSHADE-cnEpSin FO-CS vs SDCS

R4 R p-value ho R4 R p-value ho Ry R p-value ho R4 R p-value ho
F3 1 0 1 0 465 0 1:7094e 06 1 465 [0] 1:979e 07 1 465 0 1:7344e 06 1
F4 3 0 0:5 0 465 (o] 1:7344e 06 1 404 61 0:00041955 1 396 69 0:00077122 1
F5 463 2 2:1266e 06 1 464 1 1:9209e 06 1 12 453 5:7517e 06 1 463 2 2:1266e 06 1
F6 406 0 3:756%e 06 1 465 0 1:7344e 06 1 425 40 7:5137e 05 1 465 0 1:7344e 06 1
F7 432 33 4:0715e 05 1 465 0 1:7344e 06 1 19 446 1:1265e 05 1 459 6 3:1817e 06 1
F8 465 0 1:7344e 06 1 465 0 1:7344e 06 1 10 455 4:7292e 06 1 450 15 7:6909e 06 1
F9 78 0 0:00048828 1 465 0 1:7344e 06 1 190 275 0:38203 0 459 6 3:1817e 06 1
F10 304 161 0:14139 0 465 0 1:7344e 06 1 15 450 7:6909e 06 1 441 24 1:7988e 05 1
F11 406 0 3:7325e 06 1 465 0 1:7344e 06 1 465 (0] 1:7344e 06 1 465 0 1:7344e 06 1
F12 465 0 1:7333e 06 1 465 (o] 1:7344e 06 1 465 0 1:7344e 06 1 465 0 1:7344e 06 1
F13 465 0 1:7344e 06 1 464 1 1:9209e 06 1 465 0 1:7344e 06 1 465 0 1:7344e 06 1
F14 465 0 1:73e 06 1 465 0 1:7344e 06 1 465 (0] 1:7344e 06 1 454 11 5:2165e 06 1
F15 465 0 1:7344e 06 1 465 0 1:7344e 06 1 465 (0] 1:7344e 06 1 465 0 1:7344e 06 1
F16 465 0 1:7344e 06 1 465 0 1:7344e 06 1 229 236 0:94261 0 359 106 0:009271 1
F17 444 21 1:3601e 05 1 465 0 1:7344e 06 1 425 40 7:5137e 05 1 446 19 1:1265e 05 1
F18 465 0 1:7344e 06 1 465 0 1:7344e 06 1 465 (0] 1:7344e 06 1 465 0 1:7344e 06 1
F19 465 0 1:7344e 06 1 465 0 1:7344e 06 1 465 (0] 1:7344e 06 1 465 0 1:7344e 06 1
F20 231 0 5:9188e 05 1 465 (o] 1:7344e 06 1 391 74 0:0011138 1 465 0 1:7344e 06 1
F21 351 0 8:2981le 06 1 465 (o] 1:7344e 06 1 223 242 0:84508 0 390 75 0:0011973 1
F22 270 30 0:00060677 1 451 14 6:9838e 06 1 190 0 0:00011473 1 465 0 1:7344e 06 1
F23 268 197 0:46528 0 465 0 1:7344e 06 1 341 124 0:025637 1 447 18 1:0246e 05 1
F24 378 0 5:6061le 06 1 465 0o 1:7344e 06 1 242 223 0:84508 0 394 71 0:00089443 1
F25 406 0 3:7869%e 06 1 382 53 0:00037509 1 413 52 0:00020515 1 287 178 0:2623 0
F26 452:5 12:5 2:0021e 06 1 437 28 2:5967e 05 1 456 9 4:2832e 06 1 449 16 8:4661le 06 1
F27 459 6 3:1798e 06 1 441 24 1:7988e 05 1 455 10 4:7292e 06 1 459 6 3:1817e 06 1
F28 276 0 2:7016e 05 1 465 (o] 1:56e 06 1 266 59 0:0050177 1 378 87 0:0027653 1
F29 464 1 1:9209e 06 1 465 0 1:7344e 06 1 430 35 4:8603e 05 1 450 15 7:6909e 06 1

ss4  5.1.1. Fractional-order chaotic financial system
Chaos in the financial system is unwanted behavior since it creates intimidating to the refuge
of the investment (Hajipour et al., |2018).

Consequently, the dynamic behavior of these systems
should be determined and controlled. Chen et al. (Chen, 2008) described the fractional-order chaotic

financial system with three nonlinear di [erential equations as below:

Figure 5: Fractional-order chaotic financial system
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Table 7: Fractional order chaotic financial system results by the proposed algorithm and the competitors with ISE
objective function

Algorithm WOA MVO GWO SSA FO-CSy—42 —0-3
Best
a 0:99059767 0:96932896 1:001511 1:0032615 1
b 0:11412914 0:18064397 0:091880954 0:089616044 0.1
c 1:0072857 1:1657485 1:0026422 0:98826357 1
1 0:99953314 0:99907361 1 1 1
2 0:95331617 0:96737576 0:94818869 0:94779128 0.95
3 0:99017231 0:99656857 0:99009643 0:98950982 0.99
ISE 9:2673204e 06 0:00037835791 3:1828751e 06 5:3671928e 06 o
Average
a 0:98134819 0:93309872 1:002829 0:95924685 1
b 0:1189099 0:23014624 0:076961316 0:16118393 0.1
c 1:0505521 1:1781698 1:073876 1:1446803 1
1 0:99880544 0:99743164 0:99986811 0:99813093 1
2 0:95459143 0:97780141 0:94462231 0:9634132 0.95
3 0:99167772 0:99662225 0:99280806 0:99522207 0.99
ISE 0:00030412099 0:00099959138 0:0001111777 0:00039850566 [¢]
Worst
a 1:0270911 0:98014399 1:0225582 0:92799772 1
b 0:20610661 0:27068144 0 0:24241363 0.1
c 0:0021358423 0:41991652 1:099889 1:0327887 1
1 1 1 1 0:99724497 1
2 0:97770261 0:98729817 0:92687707 0:98053835 0.95
3 0:94946879 0:96733071 0:99359084 0:99097759 0.99
ISE 0:0047855582 0:0029214228 0:00046209199 0:0010159242 (]

55 Where a, b, c and 1.3 represent the system parameters and its derivative orders. For the original
s System, the parameters are a = 1, b = 0:1, and ¢ = 1 and the non-integer derivative orders are
7 123 = 1;0:95;0:99, respectively. The system is initialized as the state Z, is selected as follows
s [2; 1;1] (Petras, 2011; |Khan and Tyagi, [2018). With these mentioned specifications the dynamic
9 behavior of this system is depicted in fig. [5]
360 Based on the described system in[17] its obvious that the system included six unknown variables
1 (@, b, c and 1..3) should be extracted accurately to minimize the dilerknce between the output
32 sequence of the original and the estimated systems. The considered optimization techniques are
exploited in ISE to identify the unknown parameters of the system. For achieving a fair judgment,
4 the search boundaries of the six parameters are set as: a 2 [0:5;1:5], b 2 [0;0:5], ¢ 2 [0:5;1:5], and
s 1;2;3 2 [0:5;1] for all algorithms. The sampling time h = 0:01, and the number of the sampled
s data N used to evaluate the objective function is set to 200.
367 The average, best, and worst values of the extracted parameters and the corresponded fitness
ss  function are handled for clarifying the superiority of the algorithms as in Table [7] The listed results
a0 Illustrate that FO-CS,—4¢ —o:3 Can identify the global parameters of the system with high consistency
a0 as the best, worst, and mean values of ISE equal to 0. The WOA, MVO, GWO, and SSA techniques
s give less consistency and e [ciehcy in extracting the optimal parameters. The ISE values by the
a2 tested algorithms are plotted over the 30 independent runs, as in Fig. to show the reliability of
the developed FO-CS,=4s =o:3 Variant in comparison to the other algorithms.

To test the conformity between the estimated and the original system, the mean values of the
Relative Magnitude Error (RE) between the attractor of the original system and the simulated one
of the estimated parameters can be calculated by Eq. and drawn as in Fig. [6(b)}

RE(D = 120 2(0) a8)

iz @®ij

3

[*]
w

3

D

3

by
w

w7 Where Z is the state vector of the original system (x;y;z) and Z is the state vector of the identified
a5 one (X, ¢ 2)

376 By inspecting Fig. [6(b)] the one can see that the RE curve by FO-CS,-4s =03 has values of 0
overall the data samples while the MVVO and WOA in the second and third ranks.

a78 Converging the algorithms for the optimal solution is the third essential aspect after the accuracy
a9 and the consistency of the results. Thereby, the mean convergence curves by the examined algorithms

J
(5]

3

J
J
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of the optimal solution and the best value of ISE are plotted in Figs. to|6(1)l The curves exhibit
that the FO-CS,=4s =o:3 converges for the optimal values of the system that achieve 0 value for ISE
at the iteration of 2423. The other techniques (WOA, GWO, MVO, SSA) fail to catch most of the
optimal values, and they require a larger number of iterations to be close to some of these parameters.

The above discussion shows that the FO-CS,-45 =3 Variant is e Lcieht in solving such a nonlinear
optimization problem with a remarkable convergence rate.
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Figure 6: Absolute error and average convergence processes by the FO-CS,=4g =0:3 and competitor algorithms for the

fractional-order chaotic financial system , [(a)] I SE, [(b)] Relative Mean Error,sg [(c)] a, [(d)| b, [(€)] ¢, 1 2 ,[(h)]

3, and [())| Mean convergence curves .
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5.1.2. Fractional-order chaotic financial system with noise

Figure 7: Fractional-order chaotic financial system with noise

The real economic systems are surrounded by several extraneous variables, that injected noise in
the system. Therefore, in the current part, white Gaussian noise (AWGN) has been superimposed by
the fraction-order chaotic financial system in[I7] The added noise has been generated using MATLAB
‘awgn’ function with a signal-to-noise ratio (SNR) equal to 50dB (Pan et al., 2012). The attractor
of the studied fractional-order chaotic financial system with noise is shown in Fig. [7]

In this case, not only the parameters of the system are considered unknown but also its initial
conditions. Thereby, the presented algorithms are carried out to extract nine unknown variables (Six
of the system and three of the initial conditions). The complexity of the system is increased. The
upper and lower boundaries are adjusted as a 2 [0:5; 1:5], b 2 [0;0:5], ¢ 2 [0:5; 1:5], 4;2;3 2 [0:5;1],
and Zo = (Xo; Yo; Zo) 2 [-2 2] for all techniques. Also the sampling time h = 0:01, and the number of
the sampled data N is tuned to be 200.

The attained best, worst, and mean values by FO-CS,-4. —o:3, and the contestants are tabulated
in Table 8 One can notice that the FO-CS,=,; =o:3 estimates much closer parameters for the original
ones with least and consistent ISE values. The GWO and SSA techniques gave good behavior and
ranked as the second and third after FO-CS,=;. —o:3 in the achieved the best value of ISE, whereas
they su Lerkd from lack of consistency. Figure[8(a)|displays the fulfilled ISE values by the implemented
algorithms over the independent runs. The plots clarify that the FO-CS,=,. —o.3 reaches for the same
ISE values over the number of runs while the other competitors exhibit several fluctuations.

To analyze the accuracy of the estimated parameters by the executed methods, the relative error
curves among the estimated and the original attractors of the system are drawn for the performed
algorithms, as in Fig. . The obtained curve based on the identified parameters by FO-CS,=4s =03
variant has the least values across the total number of samples then that by GWO and SSA.

The acceleration aspect of the algorithms is important to be highlighted. Thus, the mean con-
vergence curves by the introduced algorithms are illustrated in Figs. to for the parameters
and the corresponded fitness function. The curves reveal that the FO-CS,—;. .3 convergences for
the closest values of the real system parameters with the fastest response. Before 997 iterations,
FO-CS,—4g —o:3 converges for the ISE of 2:762 10 °; however, the other algorithms (GWO, MVO,
WOA, and SSA) consume nearly doubled this number of iterations with mean ISE of 0:001442,
0:004917, 0:005147, and 0:01287. Subsequently, the FO-CS,—=4. —o:3 proves its superiority and ro-
bustness; however, the complexity of the system is increased, and noise is added for the systems.
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Table 8: Fractional order chaotic financial system with noise results by the proposed algorithm and the competitors
with ISE objective function

Algorithm WOA MVO GWO SSA FO-CSy—4&8 =0:3
Best
a 0:92197367 0:99050753 0:99426589 0:99117853 0.99947455
b 0:2702929 0:17055641 0:11827823 0:14594853 0.10103343
c 1:1652847 1:0770005 1:0925305 1:0129829 1.0012004
1 0:99563929 0:9995624 1 0:99938382 1
2 1 0:97274328 0:95522235 0:9648418 0.95016851
3 0:99404771 0:99655338 0:99831664 0:99035234 0.98993658
X0 1:9955257 1:9955411 1:9976317 1:9976558 2
Yo 0:91940835 0:95773491 0:99155755 0:97312643 -1.0002028
4) 1:0058987 0:98190049 0:97612811 1:0002489 1.00044
ISE 0:00054052716 0:00014333238 0:00011754654 0:00010851248 2.7620661e-05
Average
a 0:90427467 0:9851874 0:97134418 0:98909034 0.99947455
b 0:21630105 0:23819356 0:1752962 0:20468404 0.10103343
c 1:0842789 1:0397828 0:86281437 0:93658821 1.0012004
1 0:99501291 0:99971121 0:99692294 0:99919008 1
2 0:98401458 0:99450525 0:97549338 0:98407614 0.95016851
3 0:9624169 0:99313534 0:97739217 0:98396551 0.98993658
Xo 1:9780563 1:9862195 1:9943791 1:9928731 2
Yo 0:95788627 0:91732621 0:95807965 0:9368535 -1.0002028
4o) 1:1671212 0:99106323 1:0311022 1:0169466 1.00044
ISE 0:0028917761 0:00033502741 0:0025819988 0:00030101097 2.7620661e-05
Worst
a 0:89400552 1:0449023 4:1851873e 05 1:0169405 0.99947455
b 0 0:22528532 0:22984886 0:20883568 0.10103343
c 1:2930835 0:30452832 1:1264404 0:58112586 1.0012004
1 0:99607198 1 0:91465196 1 1
2 0:92779915 0:99562792 1 0:9872232 0.95016851
3 0:89052279 0:93840737 0:91657802 0:95823656 0.98993658
X0 1:9182125 1:9979052 2 1:993031 2
Yo 1:060595 0:90593167 1:0864433 0:92888507 -1.0002028
Zo 1:6599698 1:1257623 1:2220311 1:0789611 1.00044
ISE 0:012655351 0:0015407743 0:056557017

0:00062319363

2.7620661e-05
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Figure 8: Absolute error and average convergence processes by the FO-CSy=4& =0-3 and competitor algorithms for the
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5.1.3. Fractional-order hyper-chaotic financial system

Recently, the hyper-chaotic financial system with five non-linear di Lerkntial equations is created
to consider both of the market confidence and ethics risk (Xin et al., |2019). The hyper-chaotic
financial systems are expected to have at least two positive Lyapunov exponents; thereby, they are
more complicated (Hajipour et al., 2018).

Figure 9: Fractional-order hyper-chaotic financial system

D *x=z(t)+ (y(t) a)x(t)+k(w(t) pu(t)); (19a)
D2y=1 by(t) x*t)+kw(®) puD); (19b)
D z= x(t) cz(t)+k(w() pu()); (19¢)
D w = dx(t)y(t)z(t); (19d)
D cu=k(w(t) pu(t); (19)

Where the system parameters are expanded for eleven, which are (a;b;c; d; k; p) and five derivative
orders 12345. The actual system listed in [19] displays a hyper-chaotic when a = 0:9, b = 0:1,
c=15d=0:2 k=017, p= 15, and 1,345 = 0:98;0:96; 0:85; 0:24; 0:3 with initial conditions [-1
2 1]. The chaotic attractor of the system is illustrated in Fig [9]

For this system, the search space can be setasa 2 [0.51],b2[00.5,c2[12],d2[00.5,k 20
0.5, p2[12], 1232[01],and 45 [0 0.5] for all algorithms. Moreover, the number of the sampled
data N is set to be 200 with sampling time h = 0:01.

In this section, the unknown parameters of the system are increased to be eleven. The introduced
algorithms are applied to identify these parameters, and their obtained best, mean, and worst values
with the established ISE are tabulated in [0l Additionally, the ISE values across the number of runs
are plotted in Fig. [10(&)} The obtained RE curves based on the listed identified parameters are
drawn in Fig. [10(b)| to confirm the e Lciehcy of the introduced variant. The reported results and the
exhibited curves show that the FO-CS,=45 =3 is the most reliable algorithm; however, the number of
the unknown parameters and the nonlinearity of the system are increased. FO-CS,=4¢ =o:3 achieves
the least values of the objective function with extracting the closest parameters for the real ones.
The least values of the relative error among the estimated and original attractors are attained by
I:O'Csr=4; =0:3-
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Table 9: Fractional order hyberchaotic financial system results by the proposed algorithm and the competitors with
ISE objective function

Algorithm WOA MVO GWO SSA FO-CS,—42 —0-3
Best
a 0:89624694 0:90678668 0:89504151 0:90212272 0.89995978
b 0:10113214 0:10037971 0:099360352 0:10002146 0.099999343
c 1:4962785 1:5014702 1:4972425 1:4998486 1.4999988
d 0:086953948 0:41152209 0:0010332243 0:1664174 0.17379514
k 0:43297938 0:13723607 0:059135528 0:26920988 0.19674198
p 1:7788183 1:4930337 1:9676845 1:5071213 1.3667425
1 0:98462352 0:98037677 0:97818698 0:98121061 0.9799332
2 0:96042369 0:96022899 0:95964828 0:96001299 0.95999965
3 0:84972359 0:85016598 0:84961528 0:85000778 0.85000012
a 0:1278153 0:019797896 0:00086482988 0:10701166 0.24849175
5 0:43582122 0:01526895 0:14031479 0:28720603 0.29950213
ISE 7:7355675e 07 1:9063037e 07 5:599403e 07 3:2155902e 09 1.2563203e-12
Average
a 0:90102269 0:92641097 0:89952308 0:90471411 0.90056641
b 0:096261445 0:10103266 0:098860653 0:10022997 0.099999093
c 1:5447293 1:491615 1:4992028 1:4980093 1.500009
d 0:29783467 0:46511852 0:14061128 0:28563039 0.23559146
k 0:29808851 0:46125883 0:1494291 0:23855643 0.15892724
p 1:698171 1:2829051 1:4171851 1:4825143 1.402241
1 0:98100837 0:98537882 0:97926849 0:98116908 0.9796669
2 0:95774346 0:96054631 0:95945178 0:96011965 0.95999969
3 0:85156613 0:85014783 0:84998301 0:85002418 0.85000028
4 0:34141561 0:096652932 0:1202565 0:2562051 0.19758258
5 0:28218623 0:16360519 0:15528795 0:26935239 0.23307852
ISE 0:00018155634 4:2418639% 06 5:9126608e 06 5:1174016e 07 5.9193688e-11
Worst
a 0:87839817 0:93155183 0:90168192 0:91621317 0.90215916
b 1:3132232e 05 0:10129534 0:10769124 0:10085172 0.099999012
c 1:6268181 1:4891253 1:491748 1:4924405 1.5000589
d 0:15636038 0:48895633 0:28631652 0:46153922 0.16170787
k 0:4721636 0:48742476 0:15444845 0:41045282 0.27187644
P 1:7076989 1:0229587 1:5614789 1:4950793 1.5671785
1 0:98671682 0:98586169 0:97922764 0:9828511 0.98092655
2 0:90612993 0:96069439 0:96355395 0:96043105 0.96000122
3 0:85666097 0:85018365 0:84949584 0:85005489 0.8500028
a4 0:32165091 0:066903042 0:24556969 0:47069631 0.11794876
5 0:227279 0:11742112 0:27742723 0:33629751 0.25536655
ISE 0:0037651234 6:603139%9e 06 2:2470108e 05 2:70399e 06 2.9233778e-10

Finally, the realized mean convergence curves by the employed techniques are plotted in Fig. [11]
The convergence curves reveal the stability and the fast converge of the FO-CS;=4. —o:3 in most of
the parameters in comparison to the other competitors. Furthermore, the FO-CS,—4. —.3 converges
for ISE in range of 10 10 at iteration number (2200) meanwhile the other algorithms reaches for 10 *
at the same iteration.

The discussion a [Tmkd the e [ciehcy of the FO-CS,-45 —o:3 justified variant in dealing with the
nonlinearity of the hyper-chaotic financial system.
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6. Conclusion

In this paper, a novel procedure was applied to modify the global search of the cuckoo search
optimizer (CS) and enhance the harmonization between its local and global search capabilities. This
procedure presented cooperation between the fractional calculus (FC) memory perspective and CS to
capture the cuckoo memories during the motion as a result fractional-order cuckoo search algorithm
(FO-CSy=4& =0:3 ) has been introduced. We proposed several stages of analyses to confirm the validity
of the introduced approach of the modifications as below;

First, we studied the sensitivity of the FO-CS for the length of memory window r and derivative
order  while dealing with nine benchmarks with dimension 100. Moreover, the stability of
the proposed variant was investigated against scalable benchmarks of dimension 1000. The
FO-CS was compared with the basic CS and recently proved state-of-the-art algorithms based
on Wilcoxon rank-sum test and average ranking-based approach. The highlighted analyses
revealed that FO-CS with length of memory window r = 4 and derivative order = 0:3is a
reliable and competitive variant with a good performance in terms of e [ciehcy, consistency,
and convergence decaying rate. Accordingly, the FC tool has a positive impact on the CS to
escape from the local minima and to converge to the optimal solutions very fast in comparison
to the CS and the other counterparts.

Second, FO-CS,-4¢ =0:3 Was tested with twenty-eight CEC2017 benchmarks suite with several
dimensions and its results compared with recent proposed variant of CS that named snap-drift
cuckoo search (SDCS) as well as with ensemble sinusoidal di Lerkntial covariance matrix adap-
tation with euclidean neighborhood (LSHADE-cnEpSin) based on several statistical measures.
The Wilcoxon sign rank test was performed for this stage to provide a pairwise comparison
between the FO-CS;=4s =0:3, LSHADE-cnEpSin and FO-CS,=4g =o:3, SDCS. The results con-
firmed that FO-CS,=4s =0:3 provided a significant improvement over LSHADE-cnEpSin and
SDCS.

Third, the FO-CS,=4¢ =0:3 Was implemented to identify the parameters of the fractional-order
chaotic financial system, chaotic with adding noise and fractional-order hyper-chaotic financial
systems. The chaotic systems were used to validate the e [ciehcy of the introduced algorithm
with nonlinear and multi-dimensional problems. Other algorithms have been coded for the
same problem for comparisons. The FO-CS,—4¢ —o:3 algorithm showed a superiority not only
in achieving accurate, consistent results but also in converging for the optimal solutions rapidly
as well.

In future works, firstly, the FO-CS algorithm can be examined and validated for numerous applica-
tions. Secondly, utilizing the FC as a new procedure in modifying the performance of the optimization
algorithms can be evaluated on several optimization algorithms.
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