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Abstract
We report the experimental implementation of quantumpermutation algorithmusing polarization
and orbital angularmomentumof the classical optical beam. The easy-handling optical setup to
realize all eight cyclic permutation transformations for an input four-dimensional systemhas been
constructed. The two-to-one speed-up ratio to determine the parity of each permutation has been
demonstrated.Moreover, we have theoretically discussed the extension to the casewith eight
elements, and the limitations on the generalization of our proposal to higher-dimensional cases. Our
scheme exhibits outstanding stability and demonstrates that optical quantum computation is possible
using classical states of light.

1. Introduction

In the past decades, the subject of quantum computation has attractedwidespread interest both in thefields of
theoretical quantumphysics [1] and computer science [2] due to its potential computational power. A parallel
development has also been achieved in experimental progress [3] and led to the impressive implementations of a
variety of well-designed quantum algorithms, such as theDeutsch’s algorithm for dealingwith a black box
problem [4, 5], Grover’s search algorithm [6, 7], Shor’s algorithm for integer factorization [8, 9], and the
algorithm for solving systems of linear equations proposed byHarrow et al [10, 11].

Due to the delicate nature of quantum systems and the difficulties in implementing qualified unitary
transforms andmeasurement, constructing a potentially scalable quantum computer or simulatorwith useful
long coherence times still remains challenging [12]. Interestingly, by exploring certain commonproperties that
photons and classical coherent light share (e.g. superposition, interference and correlation), researchers have
exhibited a range of phenomena closely related to quantumbehaviors [13–15] based on alternative classical
wave-optics. As for the practical applications, one ormultiple degrees of freedom (DOFs) of classical light have
been exploited to demonstrate several typical quantum information processing tasks, such as theDeutsch-Jozsa
algorithm [16, 17], quantumwalk [18, 19] andGrover’s algorithm [20, 21]. Besides, other classical systems have
also been proposed similarly to emulate quantum computing, e.g., with analog electronic circuit devices [22, 23].
These classical schemes own advantages of relative ease of design and operations, and robustness to external
perturbations over their quantum counterparts.

In recent years, a quantum speed-up algorithm called the quantumpermutation algorithmhas received
concentration and been reported in quantum experimental implementations, including theNMR [24, 25],
superconducting [26, 27] and linear optical systems [28, 29]. By contrast, this algorithm can also be
demonstrated in the orbital angularmomentum (OAM) space of classical light [30]. Inspired by this thought, in
this workwe explore how to realize the quantumpermutation algorithmwith theOAMand polarizationDOFs
of the classical light beams. In our proposal, the preparation of initial states, realization of all eight cyclic
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permutation operations, and detection offinal output states can all be conveniently accomplished via regular
optical elements, and thenwe discuss its generalization to higher-dimensional cases theoretically.

2.Quantumpermutation algorithm

Firstly, we give a brief description of the quantumpermutation algorithmproposed byGedik [25]. For a given
set Swith d elements denoted as = ¼ -{ }S d d1, 2, , 1, , 2d different cyclic permutation operations
performed by a black box acting on S can be classified into two categories. Specifically speaking, we call those d
cyclic permutations ¼f f f, , , d1 2 whichmap the set S to ¼ -{ }d d1, 2, , 1, , ¼{ }d2, 3, , , 1 ,K,

¼ - -{ }d d d, 1, , 2, 1 respectively own positive parity, while the parity of other d cyclic permutations +f ,d 1

+f ,d 2 K, f d2 which separatelymap S to - ¼{ }d d, 1, , 2, 1 , - - ¼{ }d d d1, 2, , 1, ,K, ¼{ }d1, , , 3, 2
would be negative.

For example, the four positive cyclic permutations for =d 4 can be expressed as
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and the four negative cyclic permutations are
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The question is how to determine the parity of a cyclic permutation in the black box. It can be observed from
equations (1) and (2) that in the classical case one needs to run the permutation operation in the black box at least
twice for different inputs. By comparison, the quantumpermutation algorithmproposed byGedik et al only
needs one query to the black box to solve this problem.

When four state vectors ñ = ñ = ñ =∣ ( ) ∣ ( ) ∣ ( )1 1, 0, 0, 0 , 2 0, 1, 0, 0 , 3 0, 0, 1, 0 ,T T T and
ñ =∣ ( )4 0, 0, 0, 1 T are employed to represent the four elements { }1, 2, 3, 4 in the set S, we can then consider an

input state in the superposition of these four states

y yñ = ñ = ñ + ñ - ñ - ñ = - -∣ ∣ (∣ ∣ ∣ ∣ ) ( ) ( )i i i i1 2 3 4 2 1, , 1, 2, 3in
T

2

and refer to one of its orthogonal state as

y ñ = ñ - ñ - ñ + ñ = - -∣ (∣ ∣ ∣ ∣ ) ( ) ( )i i i i1 2 3 4 2 1, , 1, 2 4T
4

It can be easily verified that four positive cyclic operations { }f f f f, , ,1 2 3 4 map the input state y ñ∣ in onto
y y y yñ - ñ - ñ ñ{∣ ∣ ∣ ∣ }i i, , , ,2 2 2 2 while the four negative cyclic operations { }f f f f, , ,5 6 7 8 result in the outcomes

y y y y- ñ - ñ ñ ñ{ ∣ ∣ ∣ ∣ }i i, , , ,4 4 4 4 respectively. Therefore, identifying the output states enables us to distinguish the
parity of corresponding cyclic permutations.

Considering the analogy between the single photons and coherent states prepared in the same lightmodes,
the implementation of the above quantumpermutation algorithm can also be accomplishedwith classical light.
For instance, the Laguerre–Gaussianmodes of classical optical beamswe exploit here areOAMeigenstates and
solutions of the paraxial wave equation in cylindrical coordinates [31, 32]. Thus, OAMand polarization can be
chosen as two properDOFs to encode the four basis states of one ququart, andwe particularly describe themby a
slightlymodified version of the bra-ket notation of quantum states for clarity as [33]

+  ñ +  ñ -  ñ -  ñ∣ ) ∣ ∣ ) ∣ ∣ ) ∣ ∣ ) ∣ ( )H V H V1, 1 , 1, 2 , 1, 3 1, 4 5

where the number+1 and−1 stand for twoOAMmodes (distinguished by the azimuthal index ℓ), whileH and
V for horizontal and vertical polarizations, respectively. Since this four-dimensional state space is spanned by the
tensor product ofHilbert spaces ofOAMandpolarization, the encoded input state y∣ )in corresponding to
equation (3) can be derived in a separable form as

y y= = + - - +

= + - -

∣ ) ∣ ) (∣ ) ∣ ))(∣ ) ∣ ))
(∣ ) ∣ ))∣ ) ( )

H i V

L

1 1 2

1 1 2 6

in 2

2
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and its orthogonal state corresponding to equation (4) can bewritten as

y = + - - -

= + - -

(∣ ) (∣ ) ∣ ))(∣ ) ∣ ))
(∣ ) ∣ ))∣ ) ( )

H i V

R

1 1 2

1 1 2 7

4

where ∣ )L and ∣ )R represent the left- and right-handed circular polarizations, respectively. Then all eight cyclic
permutations and their resultant output states are listed in table 1, which shows the positive (negative) cyclic
permutationsmap the input state y∣ )in onto y∣ )2 (y∣ )4 )up to an overall phase factor.

3. Experiment and results

Figure 1(a) shows our experimental setup to demonstrate the permutation algorithm for the case with =d 4,
which is comprised of three parts: the input state preparation, a black box and the output state detection. In the
first part, a laser pulse emitted from theHe-Ne laser source (λ=632.8 nm)with zeroOAM is sent through a
polarizer (P) that sets the polarization of the field horizontal, and then the state can be expanded as

= = +ℓ∣ ) ∣ )(∣ ) ∣ ))H L R0, 0 2 .Next, a voltage-controlled q plate [34]with a dimensionless parameter
q=0.5 can conveniently transform theOAMand polarization of the beam into

= + + = -ℓ ℓ(∣ ) ∣ ))R L1, 1, 2 [18]. Then the vertical component reflected from a polarizing beam splitter
(PBS)would be- + - -(∣ ) ∣ ))∣ )i V1 1 2 . Finally, a quarter-wave plate (QWP) at 45° transforms the
polarization of the light into left-handed circular and yields the input state y∣ )in in equation (6) , which is then
sent into the black box.

The black box is composed of a half-wave plate (HWP) and aMach-Zehnder interferometer, containing two
PBSs 1 and 2, twomirrors (M1 andM2) and twoDove prisms (DP1 andDP2), as shown infigure 1(b). TheHWP
at 45° interchangesH andV polarizations, while amirror or aDP at 0° is used toflip the signs of theOAMmodes
(e.g. = +  -ℓ 1 1or = -  +ℓ 1 1). Thus, all eight cyclic permutations can be realized by removing or
adding theHWP and/orDPs (see table 1). For the purpose of illustrationwe take the realization of f4 operation
for instance, which requires the existence of theHWPandDP2. First, theHWP transforms the input y∣ )in into
+ - - +(∣ ) ∣ ))(∣ ) ∣ ))V i H1 1 2.Then after the PBS1 in the interferometer, the light beam is divided into two

orthogonal copies. The vertical component reflected fromPBS1 encounters themirrorM1 in theV-path that
flips the signs of itsOAMmodes, while the horizontal component transmitted through PBS1 into theH-path
gets reflected twice byM2 andDP2, leading to itsOAMmodes unchanged. Finally, these two beamswith
orthogonal polarizations are recombined at the PBS2 into the same path, andwe obtain the output state

+ - - +(∣ ) ∣ ))(∣ ) ∣ ))i H i V1 1 2, i.e., y∣ )i ,2 indeed in agreement with theoretical predictions.With similar
analysis, we list concrete settings to implement all permutation transformations in table 1.

Table 1 shows the output states frompositive (negative) permutation operations are equivalent to the state in
equation (6)–(7). Comparing equations (6) and (7)we conclude thefinal states output fromdifferent
permutations with distinct parity have the sameOAMmodes but orthogonal polarizations, which in turn
enables to experimentally determine the parity of a certain black box only bymeasuring the polarization as
shown in the third part offigure 1(a). AQWPat 45° transforms the left- (right-) handed circular polarization of
the output light into horizontal (vertical), and twopower detectors DH and DV at theH andV ports of the
following PBS record the light’s intensity as IH and I ,V respectively. In theory the results =I 1H and =I 0V

(normalized) reveal the corresponding permutations are positive, while =I 0H and =I 1V indicate the negative
parity. Figure 2 shows normalized intensities recorded by the detectors DH and DV for each of the eight cyclic
permutations. Theoretically, the output IH (IV) indicating the parity of positive (negative) permutations should

Table 1. Implementations and output states of eight different permutation
transformations for the case with d=4. Themark√ or×means to add or
remove the corresponding half-wave plate (HWP) at 45° andDove prisms at 0°
(DP1, DP2) in the black box.

Permutation

operation HWP DP1 DP2 Parity Output

f1 × √ √ positive y ñ∣ 2

f2 √ √ × positive y- ñ∣i 2

f3 × × × positive y- ñ∣ 2

f4 √ × √ positive y ñ∣i 2

f5 √ × × negative y- ñ∣i 4

f6 × √ × negative y- ñ∣ 4

f7 √ √ √ negative y ñ∣i 4

f8 × × √ negative y ñ∣ 4

3
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Figure 1. Linear optical setup to implement the quantumpermutation algorithm for the casewith d=4. (a) In thefirst part, a laser
beam is sent through a polarizer (P), a q plate, a polarizing beam splitter (PBS) and a quarter-wave plate (QWP) for preparing the input
state y∣ ).in Then, all eight permutation transformations are realized in the black box. AQWP followed by a PBS and twodetectors are
employed in the third part of output state detection. (b)The black box consists of a half-wave plate (HWP) at 45° and aMach-Zehnder
interferometer which consists of two PBSs, twomirrors and twoDove prisms (DPs) at 0°. Different cyclic permutations can be
achieved by corresponding settings ofHWP andDPs as listed in table 1. The piezo transmitter (PZT) is used to calibrate the relative
phase betweenH- andV- paths.

Figure 2.Experimental results (normalized) recorded by the detectors DH and DV as shown in the third part offigure 1(a). The
intensity IH (IV) reveals the parity of the permutation f1 to f4 ( f5 to f8) is positive (negative). Error bars indicate the standard
deviations from experimental data.

4
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be 1. In our experimental results, the outcomes for f1 to f4 are IH=93.0±0.2%, 93.1±0.3%, 93.6±0.2%
and 93.3±0.2%, respectively, indicating the positive parity of them;while for f5 to f8 the outcomes
IV=93.7±0.1%, 92.6±0.1% , 93.2±0.2% and 92.9±0.1%determine their parity to be negative.

These qualified consequences that coincide with previous predictions come from the stability and
robustness of our constructed classical wave system. For example, theMach-Zehnder interferometer we
establish is able to be stable for several hours, which is long enough for the process of data collection. In addition,
to implement each permutation transformation precisely, the voltage of a piezo transmitter (PZT)mounted on
M2 can be adjusted for calibrating the optical path difference betweenH- andV-paths that would be affected by
adding or removing theDove prism. The experimental errors aremainly attributed to the imperfection of
optical devices, such as the inaccuracies of the q plate orHWP (QWP) setting angles, or theflaws in the polarizers
andDPs. Thus, ourmeasured outcomes are believed to approach the ideal results by a further improvement in
experimental settings and operations.

4.Discussions on higher-dimensional cases

The above discussions only focus on the permutation algorithm for the case with =d 4, andwe can extend this
classical scheme to higher-dimensional cases with the aid of previous investigations [30]. Comparedwith some
previous quantum schemes [28, 29], our extended proposal takes full advantage of the high-dimensional
properties of theOAMspace to encode the required input state [32], and each cyclic permutation can be
performed straightforwardly without constructingmulti-qubit gates (e.g. Toffoli gate) [26]. Besides, the
measurement and analysis of the outcomes are also easier to implement. Herewe study the case with =d 8 to
illustrate how to realize larger-scale quantumpermutation algorithms by expanding the superposition states of
light’sOAMmodes.

Similar to equation (5), we utilize fourOAMmodes (e.g. = - - +ℓ 2, 1, 0, 1) and polarization to represent
eight basis states of a qudit ( =d 8)

-  ñ -  ñ -  ñ -  ñ
 ñ  ñ +  ñ +  ñ

∣ ) ∣ ∣ ) ∣ ∣ ) ∣ ∣ ∣ ) ∣
∣ ) ∣ ∣ ) ∣ ∣ ) ∣ ∣ ) ∣ ( )

H V H V L

H V H V

2, 1 , 2, 2 , 1, 3 , 1, 4 ,

0, 5 , 0, 6 , 1, 7 , 1, 8 8

On this basis, the detailed experimental setup to demonstrate the permutation algorithm for the case with
=d 8 is presented infigure 3(a), which also consists of three parts similar tofigure 1(a): the input state

preparation, a black box and the output detection.
The input state is prepared in thefirst part similar to that infigure 1(a), in which a polarizer (P) and aQWPat

45° are kept to set the polarization left-handed circular and the q plate is replaced by a spatial lightmodulator
(SLM)with a computer-generated hologram to transform theOAMmodes as

y = - + - - - + = - - - -∣ ) (∣ ) ∣ ) ∣ ) ∣ ))(∣ ) ∣ )) ( ) ( )/i i H i V i i i i2 1 0 1 2 2 1, , , 1, 1, , , 1 2 2 , 9in
T

which then enters a black box.
Next, all 16 cyclic permutation operations can be realized in the black box bymanipulating theOAMand

polarizationDOFs of the input light beam. Theoretically, theOAMmodes of the output states corresponding to
those 8 positive cyclic permutations are all in the superposition form

y = - + - - -∣ ) (∣ ) ∣ ) ∣ ) ∣ )) ( )/i i2 1 0 1 2, 102 OAM

while other 8 negative cyclic permutation operations all result in theOAMmode as

y = - - - - +∣ ) (∣ ) ∣ ) ∣ ) ∣ )) ( )/i i2 1 0 1 2. 114 OAM

To experimentally demonstrate these permutations, we still construct an interferometer in the black box as
shownon the left hand side offigure 3(b). Unlike the use ofDove prisms to transformOAMmodes in
figure 1(b), here we introduce twomodules fH and fV located in theH- andV-path separately to achieve desired
manipulations of the light’sOAM. Themodules fH and fV can be chosen from the requiredmapping operations
+ -/f f
m m

( =m 0, 1, 2, 3) as proposed in [30], which are able to rearrange the orders of the fourOAMmodes
- - +{ }2, 1, 0, 1 as

5
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Note the concrete optical designs for these operations + -/f f
m m

have been pointed out in [30] in detail, and
here the structures of +f

0
and +f

1
are shown in figure 3(b) as examples. Besides, the twomirrorsM1 andM2 (M3

andM4) in theH (V )-path are used to keep the signs of theOAMmodes unchanged.
For example, to demonstrate the positive cyclic permutation f2 for =d 8,we choose themodule fH in the

black box to be the operation +f
0
and fV to be +f

1
as shown infigure 3(b). Here, the operation +f

0
is just the

identity operation, while +f
0
is constructed fromone spiral phase plate (SPP) followed by two cascaded

interferometers. First, the fourOAMmodes in theV-polarization component of the input y∣ )in in equation (9)
are added byD = +ℓ 1 through the SPP, i.e.

- + - - -  - + - -(∣ ) ∣ ) ∣ ) ∣ )∣ ) )(∣ ) ∣ ) ∣ ) ∣ ))∣ )i i i V i i i V2 1 0 1 1 0 1 2 .Then, the interferometer composed
of two beam splitters (BS1 andBS2), twoDove prisms (DP1 andDP2) and twomirrors (M5 andM6) acts as a
typicalOAM sorter [35], which reflects components with oddOAMs ( - -(∣ ) ∣ )∣ ))i V1 1 ) and transmit
components with evenOAMs ( - +( ∣ ) ∣ ))∣ )V0 2 ) into the lower and upper armof the next interferometer,
respectively. Next, the sign of the evenOAMs are inversed by aDove prism (DP3) as
- +  - + -( ∣ ) ∣ ))∣ ) ( ∣ ) ∣ ))∣ )V V0 2 0 2 , which is recombinedwith those oddOAMs throughBS3. Finally, this
vertical polarization component - + - - -(∣ ) ∣ ) ∣ ) ∣ ))∣ )i i V2 1 0 1 obtained from the +f

1
operation and the

horizontal component - + - - -(∣ ) ∣ ) ∣ ) ∣ ))∣ )i i V2 1 0 1 from the +f
0
operation are recombined at the PBS2

into the output state as

y = - + - - - +∣ ) (∣ ) ∣ ) ∣ ) ∣ ))(∣ ) ∣ )) ( )/i i H V2 1 0 1 2 2 , 13fout 2

Figure 3. (a)Extension of our experimental design for the case with =d 4 to implement the quantumpermutation algorithm for the
generalized case with =d 8,which consists of three parts: the input state preparation, a black box and the output detection. (b)All 16
permutation operations can be realized by changing the f fH V module in the black box as listed in table 2. The structures of +f0 and
+f1
operations in equation (12) are plotted as examples to realize the permutation f2 in table 2.

6
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which indeed agrees well with our predictions in equation (10). Besides, the optical structures andworking
principles of other functions in equation (12) have also been explained in detail in Ref. [30], and thus the
demonstration for other permutation operations can be implemented by similar settings as listed in table 2.

Table 2 shows theOAMmodes of output states frompositive (negative) permutation operations are the
same as equation (10)–(11). Since these two distinct spatialmodes are orthogonal, identifying theOAMmodes
of output states is enough to determine the parity of corresponding implemented cyclic permutation. As shown
in the third part offigure 3(a), we can detect the output pattern distribution by a charge coupled device (CCD)
camera and exploit the feasiblemethods used in [30], i.e., directly observing the pattern or calculating the
fidelities, to distinguish the parity of the black box.

Comparedwith the scheme proposed in Ref. [30], we have introduced another degree of freedom, i.e.
polarization, as an efficient route to increasing the biggest d achievable and simplifying the experiment. In our
work, to encode a ‐d dimensional state, only d 2 differentOAMmodes of classical light are needed and then
manipulated in the fH and fV modules in the interferometer (see figure 3(b)). Thus, it seems that the biggest d
achievable is limited to the number of experimentally accessibleOAMmodes and that of the associated optical
elements (e.g. OAMsorter, interferometers), whichwould scale with the dimension d, i.e. show an exponential
growthwith the corresponding qubit number in quantum experiments [26, 29]. In the present experiments,
obtaining higher-orderOAMmodes of light with high efficiencies and qualities still remains challenging, and
the typically exploredOAMmodes range over Î - +ℓ [ ]5, 5 in the optical experiments [36, 37], or up to order
= ℓ 10 [38], whichwould limit the generalization to higher-dimensional situations. Besides, constructing

multiple interferometers would be a challenge to stabilize in the laboratory, and the imperfections of all used
optical elements need to be considered. These drawbacks further limit the biggest d realized in the experiment.
Considering these factors, the biggest d that can be achieved in our scheme is between 20 to 30, approximately
corresponding to the quantum implementation of a 4- or 5-qubit case.

Severalmethods can be taken into account tomitigate the growth of optical elements as d increases. First,
introducing other degrees of freedomof light, e.g. path or frequency, could contribute to encoding information
[38, 39] and realizing larger-cycle rotations [40]. Second, the design ofmultiple interferometers is likely to be
further optimized. For example, theOAMsorter used formanipulating differentOAMmodes infigure 3(b) is
part of cascaded interferometers, and thusmore efficient and economical alternatives could be considered for
handling higher-dimensional cases [41, 42]. Third, the imperfections of optical components could be improved
technically. For instance, placing the experimental elements as compact as possible with a soft buffer or in closed
spaces can enable the interferometersmore stable [28, 37]. Thesemethods can be combined together for
simplifications and improvements of the experiment.

Table 2. Implementations and output states of 16 different permutation transformations for
the case with =d 8. For each permutation, themodules fH and fV in the black box are chosen
from the functions in (12) as required.

permutation operation fH fV parity
output state

OAM polarization

f1
+f0

+f0 positive y ñ∣ 2 OAM ñ + ñ∣ ∣H i V

f2
+f0

+f1
positive y ñ∣ 2 OAM ñ + ñ∣ ∣H V

f3
+f1

+f1
positive y ñ∣ 2 OAM - ñ + ñ∣ ∣i H V

f4
+f1

+f2
positive y ñ∣ 2 OAM - ñ - ñ∣ ∣i H i V

f5
+f2

+f2
positive y ñ∣ 2 OAM - ñ - ñ∣ ∣H i V

f6
+f2

+f3 positive y ñ∣ 2 OAM - ñ - ñ∣ ∣H V

f7
+f3

+f3 positive y ñ∣ 2 OAM ñ - ñ∣ ∣i H V

f8
+f3

+f0 positive y ñ∣ 2 OAM ñ + ñ∣ ∣i H i V

f9
-f0

-f2
negative y ñ∣ 4 OAM ñ - ñ∣ ∣H i V

f10
-f3

-f2
negative y ñ∣ 4 OAM - ñ - ñ∣ ∣i H i V

f11
-f3

-f1 negative y ñ∣ 4 OAM - ñ - ñ∣ ∣i H V

f12
-f2

-f1 negative y ñ∣ 4 OAM - ñ - ñ∣ ∣H V

f13
-f2

-f0 negative y ñ∣ 4 OAM - ñ + ñ∣ ∣H i V

f14
-f1

-f0 negative y ñ∣ 4 OAM ñ + ñ∣ ∣i H i V

f15
-f1

-f3 negative y ñ∣ 4 OAM ñ + ñ∣ ∣i H V

f16
-f0

-f3
negative y ñ∣ 4 OAM ñ + ñ∣ ∣H V
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5. Conclusions

Wehave experimentally realized the quantumpermutation algorithmwith an easy-handling optical setup. All
eight cyclic permutation transformations have been completed by using theOAMand polarizationDOFs of
classical light beams, and their parity can be distinguished directly by simply detecting the polarization of the
output states. Our results have shown that a total classical scheme can be used as an alternative to certain
quantum systems for specific purposes, which is technically simple to realize and robust against disturbance.
Also, we have discussed the theoretical extension to the case d=8 using fourOAMmodes. However, the
generalization of our scheme to the cases with higher-dimensional state spaces would be limited by the number
of experimentally accessibleOAMmodes and that of the associated optical elements, the complexity of
constructingmultiple interferometers in practice, and the imperfections of all used optical components.
Considering these shortcomings, we have proposed feasiblemethods for simplifications and improvements of
the experiment.Moreover, despite these limitations, such a designed optical set-up exploiting theOAMand
polarization of classical light is well suited for in-principle verifications for specific small-scale linear optical
quantum-information processing. Still, technique efforts need to be undertaken tomake these focused
permutation operations potential for extensive applications, such as some related high-dimensional quantum
protocols [43, 44].
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