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Abstract

We report the experimental implementation of quantum permutation algorithm using polarization
and orbital angular momentum of the classical optical beam. The easy-handling optical setup to
realize all eight cyclic permutation transformations for an input four-dimensional system has been
constructed. The two-to-one speed-up ratio to determine the parity of each permutation has been
demonstrated. Moreover, we have theoretically discussed the extension to the case with eight
elements, and the limitations on the generalization of our proposal to higher-dimensional cases. Our
scheme exhibits outstanding stability and demonstrates that optical quantum computation is possible
using classical states of light.

1. Introduction

In the past decades, the subject of quantum computation has attracted widespread interest both in the fields of
theoretical quantum physics [ 1] and computer science [2] due to its potential computational power. A parallel
development has also been achieved in experimental progress [3] and led to the impressive implementations of a
variety of well-designed quantum algorithms, such as the Deutsch’s algorithm for dealing with a black box
problem [4, 5], Grover’s search algorithm [6, 7], Shor’s algorithm for integer factorization [8, 9], and the
algorithm for solving systems of linear equations proposed by Harrow et al [ 10, 11].

Due to the delicate nature of quantum systems and the difficulties in implementing qualified unitary
transforms and measurement, constructing a potentially scalable quantum computer or simulator with useful
long coherence times still remains challenging [12]. Interestingly, by exploring certain common properties that
photons and classical coherent light share (e.g. superposition, interference and correlation), researchers have
exhibited a range of phenomena closely related to quantum behaviors [ 13—15] based on alternative classical
wave-optics. As for the practical applications, one or multiple degrees of freedom (DOFs) of classical light have
been exploited to demonstrate several typical quantum information processing tasks, such as the Deutsch-Jozsa
algorithm [16, 17], quantum walk [18, 19] and Grover’s algorithm [20, 21]. Besides, other classical systems have
also been proposed similarly to emulate quantum computing, e.g., with analog electronic circuit devices [22, 23].
These classical schemes own advantages of relative ease of design and operations, and robustness to external
perturbations over their quantum counterparts.

In recent years, a quantum speed-up algorithm called the quantum permutation algorithm has received
concentration and been reported in quantum experimental implementations, including the NMR [24, 25],
superconducting [26, 27] and linear optical systems [28, 29]. By contrast, this algorithm can also be
demonstrated in the orbital angular momentum (OAM) space of classical light [30]. Inspired by this thought, in
this work we explore how to realize the quantum permutation algorithm with the OAM and polarization DOFs
of the classical light beams. In our proposal, the preparation of initial states, realization of all eight cyclic
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permutation operations, and detection of final output states can all be conveniently accomplished via regular
optical elements, and then we discuss its generalization to higher-dimensional cases theoretically.

2. Quantum permutation algorithm

Firstly, we give a brief description of the quantum permutation algorithm proposed by Gedik [25]. For a given
set Swith d elements denotedas S = {1, 2,...,d — 1, d},2ddifferent cyclic permutation operations
performed by a black box acting on S can be classified into two categories. Specifically speaking, we call those d
cyclic permutations f;, f,, ..., f; whichmapthesetSto{1, 2,...,d — 1, d},{2, 3,...,d, 1},...,
{d, 1,...,d — 2, d — 1}respectively own positive parity, while the parity of other d cyclic permutations f,. ,
fai2>e-s [y whichseparatelymap Sto {d, d — 1,...,2, 1},{d — 1, d - 2,...,1, d},..., {1, d, ..., 3, 2}
would be negative.

For example, the four positive cyclic permutations for d = 4 can be expressed as

(1 23 4y, _ (1 2 3 4
fl_(1234)’f2_(2341)’
(1 2 3 4Y . (1 2 3 4
1[3*(3412)’]3*(4123) )

and the four negative cyclic permutations are

1 2 3 4)Y, (1 2 3 4
1(5*(4321)%*(3214)’
1 2 3 4Y, _(1 2 3 4
f7_(2143)¢$‘(1432) @

The question is how to determine the parity of a cyclic permutation in the black box. It can be observed from
equations (1) and (2) that in the classical case one needs to run the permutation operation in the black box at least
twice for different inputs. By comparison, the quantum permutation algorithm proposed by Gedik et al only
needs one query to the black box to solve this problem.

When four state vectors |1) = (1, 0, 0, 0)T, |2) = (0, 1, 0, 0), |3) = (0, 0, 1, 0),and
|4) = (0, 0, 0, 1) are employed to represent the four elements {1, 2, 3, 4} in the set S, we can then consider an
input state in the superposition of these four states

|¢in> = |¢2> = (|1> + 1|2> - |3> - l|4>)/2 = (1) i, —1, _i)T/2> (3)
and refer to one of its orthogonal state as
lva) = (1) — il2) — 13) +il4))/2 = (1, —i, =1, D' /2 ()

It can be easily verified that four positive cyclic operations { f;, f,, f; f, } map the input state [¢;,) onto
{192), —il1n), —|42), il1p2)}, while the four negative cyclic operations { f-, f;, f,, f; } result in the outcomes
{—i|1s), —|a), i|1hy), |1)4) }, respectively. Therefore, identifying the output states enables us to distinguish the
parity of corresponding cyclic permutations.

Considering the analogy between the single photons and coherent states prepared in the same light modes,
the implementation of the above quantum permutation algorithm can also be accomplished with classical light.
For instance, the Laguerre—Gaussian modes of classical optical beams we exploit here are OAM eigenstates and
solutions of the paraxial wave equation in cylindrical coordinates [31, 32]. Thus, OAM and polarization can be
chosen as two proper DOFs to encode the four basis states of one ququart, and we particularly describe them by a
slightly modified version of the bra-ket notation of quantum states for clarity as [33]

where the number +1 and —1 stand for two OAM modes (distinguished by the azimuthal index ), while Hand
Vfor horizontal and vertical polarizations, respectively. Since this four-dimensional state space is spanned by the

tensor product of Hilbert spaces of OAM and polarization, the encoded input state |/;,) corresponding to
equation (3) can be derived in a separable form as

[in) = 1¥2) = (I+D) — | = DY(H) + V) /2
=(+D — | =)D /V2 (6)
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Table 1. Implementations and output states of eight different permutation
transformations for the case with d = 4. The mark v/ or X means to add or
remove the corresponding half-wave plate (HWP) at 45° and Dove prisms at 0°
(DP,, DP,) in the black box.

Permutation

operation HWP Dp, DP, Parity Output
fi X v v positive [12)

£ v v X positive —ilth)
f X X X positive —|4)
fi v X v positive i|1,)

fs Vv X X negative —il|1y)
fs X v X negative — 1)
fr v v v negative i|1hy)

fs X X v negative [1)4)

and its orthogonal state corresponding to equation (4) can be written as

() = (I + 1) — |[-D)(H) — i|V)) /2
=(+D-|-1)IR/V2 (7

where |L) and |R) represent the left- and right-handed circular polarizations, respectively. Then all eight cyclic
permutations and their resultant output states are listed in table 1, which shows the positive (negative) cyclic
permutations map the input state [1);,) onto |,) ([¢4)) up to an overall phase factor.

3. Experiment and results

Figure 1(a) shows our experimental setup to demonstrate the permutation algorithm for the case with d = 4,
which is comprised of three parts: the input state preparation, a black box and the output state detection. In the
first part, alaser pulse emitted from the He-Ne laser source (A = 632.8 nm) with zero OAM is sent through a
polarizer (P) that sets the polarization of the field horizontal, and then the state can be expanded as

|£ =0, H) = [0)(IL) + |R))/~/2. Next,avoltage-controlled q plate [34] with a dimensionless parameter

q = 0.5 can conveniently transform the OAM and polarization of the beam into

(£ = +1, R) + |£ = —1, L)) /~/2 [18]. Then the vertical component reflected from a polarizing beam splitter

(PBS)wouldbe —i(|+1) — | — 1))|V)/~/2.Finally, a quarter-wave plate (QWP) at 45° transforms the
polarization of the light into left-handed circular and yields the input state |/;,) in equation (6) , which is then
sent into the black box.

The black box is composed of a half-wave plate (HWP) and a Mach-Zehnder interferometer, containing two
PBSs 1 and 2, two mirrors (M; and M,) and two Dove prisms (DP; and DP,), as shown in figure 1(b). The HWP
at45° interchanges H and V polarizations, while a mirror or a DP at 0° is used to flip the signs of the OAM modes
(e.g. = +1 — —lorZ = —1 — +1). Thus, all eight cyclic permutations can be realized by removing or
adding the HWP and/or DPs (see table 1). For the purpose of illustration we take the realization of f, operation
for instance, which requires the existence of the HWP and DP,. First, the HWP transforms the input |1;,) into
(I+1) — | = D))(V) + i|H)) /2. Then after the PBS; in the interferometer, the light beam is divided into two
orthogonal copies. The vertical component reflected from PBS, encounters the mirror M, in the V-path that
flips the signs of its OAM modes, while the horizontal component transmitted through PBS, into the H-path
gets reflected twice by M, and DP,, leading to its OAM modes unchanged. Finally, these two beams with
orthogonal polarizations are recombined at the PBS, into the same path, and we obtain the output state
i([4+1) — | — D)(H) + i|V))/2,i.e., i|1),), indeed in agreement with theoretical predictions. With similar
analysis, we list concrete settings to implement all permutation transformations in table 1.

Table 1 shows the output states from positive (negative) permutation operations are equivalent to the state in
equation (6)—(7). Comparing equations (6) and (7) we conclude the final states output from different
permutations with distinct parity have the same OAM modes but orthogonal polarizations, which in turn
enables to experimentally determine the parity of a certain black box only by measuring the polarization as
shown in the third part of figure 1(a). A QWP at 45° transforms the left- (right-) handed circular polarization of
the output light into horizontal (vertical), and two power detectors Dy and Dy at the Hand V ports of the
following PBS record the light’s intensity as Iy and Iy, respectively. In theory the results Iy = land Iy = 0
(normalized) reveal the corresponding permutations are positive, while Iy = 0 and I, = 1indicate the negative
parity. Figure 2 shows normalized intensities recorded by the detectors Dy and Dy for each of the eight cyclic
permutations. Theoretically, the output I (Iy) indicating the parity of positive (negative) permutations should

3
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(a)

-

Source '
P qplate

Input state preparation

(b) Output state detection

!

\¥,,) e HWP

PBS,

Figure 1. Linear optical setup to implement the quantum permutation algorithm for the case with d = 4. (a) In the first part, a laser
beam is sent through a polarizer (P), a q plate, a polarizing beam splitter (PBS) and a quarter-wave plate (QWP) for preparing the input
state |1;,). Then, all eight permutation transformations are realized in the black box. A QWP followed by a PBS and two detectors are
employed in the third part of output state detection. (b) The black box consists of a half-wave plate (HWP) at 45° and a Mach-Zehnder
interferometer which consists of two PBSs, two mirrors and two Dove prisms (DPs) at 0°. Different cyclic permutations can be

achieved by corresponding settings of HWP and DPs as listed in table 1. The piezo transmitter (PZT) is used to calibrate the relative
phase between H- and V- paths.

Experiment]
Theory

Intensity(normalized)

Intensity(normalized)

Figure 2. Experimental results (normalized) recorded by the detectors Dy and Dy as shown in the third part of figure 1(a). The

intensity Iy (Iy) reveals the parity of the permutation f, to f, (f; to f,)is positive (negative). Error bars indicate the standard
deviations from experimental data.
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be 1. In our experimental results, the outcomes for f; to f, are Iy = 93.0 £ 0.2%, 93.1 £ 0.3%, 93.6 & 0.2%
and 93.3 % 0.2%, respectively, indicating the positive parity of them; while for £, to f; the outcomes
Iy =93.7 £ 0.1%,92.6 & 0.1%,93.2 £ 0.2% and 92.9 £ 0.1% determine their parity to be negative.

These qualified consequences that coincide with previous predictions come from the stability and
robustness of our constructed classical wave system. For example, the Mach-Zehnder interferometer we
establish is able to be stable for several hours, which is long enough for the process of data collection. In addition,
to implement each permutation transformation precisely, the voltage of a piezo transmitter (PZT) mounted on
M, can be adjusted for calibrating the optical path difference between H- and V-paths that would be affected by
adding or removing the Dove prism. The experimental errors are mainly attributed to the imperfection of
optical devices, such as the inaccuracies of the g plate or HWP (QWP) setting angles, or the flaws in the polarizers
and DPs. Thus, our measured outcomes are believed to approach the ideal results by a further improvement in
experimental settings and operations.

4. Discussions on higher-dimensional cases

The above discussions only focus on the permutation algorithm for the case with d = 4, and we can extend this
classical scheme to higher-dimensional cases with the aid of previous investigations [30]. Compared with some
previous quantum schemes [28, 29], our extended proposal takes full advantage of the high-dimensional
properties of the OAM space to encode the required input state [32], and each cyclic permutation can be
performed straightforwardly without constructing multi-qubit gates (e.g. Toffoli gate) [26]. Besides, the
measurement and analysis of the outcomes are also easier to implement. Here we study the case with d = 8to
illustrate how to realize larger-scale quantum permutation algorithms by expanding the superposition states of
light’s OAM modes.

Similar to equation (5), we utilize four OAM modes (e.g. £ = —2, —1, 0, +1) and polarization to represent
eight basis states of a qudit (d = 8)

=2, H) — 1), |-2, V) — [2), |-1, H) = [3), | =1, VIL) — |4),
0, H) — [5), 10, V) — [6), | + 1, H) — 17), | + 1, V) — [8) ®)

On this basis, the detailed experimental setup to demonstrate the permutation algorithm for the case with
d = 8is presented in figure 3(a), which also consists of three parts similar to figure 1(a): the input state
preparation, a black box and the output detection.

The input state is prepared in the first part similar to that in figure 1(a), in which a polarizer (P) and a QWP at
45° are kept to set the polarization left-handed circular and the g plate is replaced by a spatial light modulator
(SLM) with a computer-generated hologram to transform the OAM modes as

Vi) = (| = 2) +il=1) = [0) — A(H) + iV))/2v2 = (1, i, i, =1, =1, =i, =i, DT/242,  (9)

which then enters a black box.

Next, all 16 cyclic permutation operations can be realized in the black box by manipulating the OAM and
polarization DOFs of the input light beam. Theoretically, the OAM modes of the output states corresponding to
those 8 positive cyclic permutations are all in the superposition form

[h2)oam = (I = 2) +i[=1) — |0) — i]1))/2, (10)

while other 8 negative cyclic permutation operations all result in the OAM mode as

lvs)oam = (I = 2) — il=1) — 10) + i|1)) /2. an

To experimentally demonstrate these permutations, we still construct an interferometer in the black box as
shown on the left hand side of figure 3(b). Unlike the use of Dove prisms to transform OAM modes in
figure 1(b), here we introduce two modules f;; and f;, located in the H- and V-path separately to achieve desired
manipulations of thelight’s OAM. The modules f,; and f,, can be chosen from the required mapping operations
fyj /f,, (m =0, 1, 2, 3)as proposed in [30], which are able to rearrange the orders of the four OAM modes
{—2,—-1,0, +1}as
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(a)

‘ QWP
Input state preparation ||y, )

J cco

Output detection

-+/ BS, DP, M, \

SP

OAM sorter BS: DP,

M, DP, )
BS,

\J Y,

Figure 3. (a) Extension of our experimental design for the case with d = 4 to implement the quantum permutation algorithm for the
generalized case with d = 8, which consists of three parts: the input state preparation, a black box and the output detection. (b) All 16
permutation operations can be realized by changing the f,, /f,, module in the black box as listed in table 2. The structures of f," and
f;r operations in equation (12) are plotted as examples to realize the permutation f, in table 2.

(2 ~1 0 +1) f+:(2 ~1 0 +1)
-2 -1 0 +1)t \-1 0 +1 -2/
fro (—z -10 +1) f+:(—z -1 0 +1)
2 0 +1 -2 —1)%3 \+1 -2 -1 0 )

(2 ~-1 0 +1) f_:(z -10 +1)

-2 +1 0 =1t \-1 =2 +1 0 )
- -2 -1 0 +1) - (-2 -1 0 +1

£, _(0 -1 =2 +1)’f3 _(+1 0 -1 2)’ (12)

Note the concrete optical designs for these operations f*/f—have been pointed out in [30] in detail, and
here the structures of fo+ and f;r are shown in figure 3(b) as examples. Besides, the two mirrors M; and M, (M;
and M,) in the H (V')-path are used to keep the signs of the OAM modes unchanged.

For example, to demonstrate the positive cyclic permutation f, for d = 8, we choose the module f;; in the
black box to be the operation f,"and f; tobe f," as shown in figure 3(b). Here, the operation f," is just the
identity operation, while fo+ is constructed from one spiral phase plate (SPP) followed by two cascaded
interferometers. First, the four OAM modes in the V-polarization component of the input |¢;,,) in equation (9)
areadded by AZ = +1through the SPP, i.e.
i(|—=2) + i — 1) —10) — iD|V) — i)(| — 1) + i]0) — |1) — #|2))|V). Then, the interferometer composed
of two beam splitters (BS; and BS;), two Dove prisms (DP; and DP,) and two mirrors (Ms and Mg) acts asa
typical OAM sorter [35], which reflects components with odd OAMs (i(|—1) — |1)|V'))) and transmit
components with even OAMs ((—|0) + |2))|V)) into the lower and upper arm of the next interferometer,
respectively. Next, the sign of the even OAMs are inversed by a Dove prism (DP5) as
(—=10) + 12)|V) — (—10) 4+ |—2))|V), which is recombined with those odd OAMs through BS;. Finally, this
vertical polarization component (|—2) + i| — 1) — |0) — i]1))|V') obtained from the f1+ operation and the

horizontal component (|—2) + i| — 1) — |0) — i|1))|V) from the fo+ operation are recombined at the PBS,
into the output state as

[out ), = (I = 2) +il=1) = [0) — dD)(H) + [V)) /242, (13)
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Table 2. Implementations and output states of 16 different permutation transformations for
the case with d = 8. For each permutation, the modules f,; and f, in the black box are chosen
from the functions in (12) as required.

output state
permutation operation fu fv parity

OAM polarization
h o o positive [¥2)0am [H) +ilV)
£ o it positive [%2)oam [H) + |V)
f fir £ positive [¥2)oam —ilH) + |V)
fa fi N positive [ )oam —ilH) —i|V)
fs N N positive [%2)oam —|H) —i|V)
fs N N positive [%2)oam —|H) — |V)
f N N positive [%2)oam ilH) — |V)
fs 3+ 0* positive [92)oam i|H) + i|V)
fo fy fy negative |14 )oam [H) —i|V)
fio fy Iy negative [14)oam —i|H) — i|V)
fil 1 i negative |4 )oam —ilH) — |V)
fiz fy I negative |44 )oam —|H) = |V)
fi3 fy fy negative |4 )oam —|H) + V)
fia 1 Iy negative [14)oam i|H) + i|V)
fis I fy negative |4 )oam ilH) + |V)
fie fy fy negative |44 )oam |H) 4+ |V)

which indeed agrees well with our predictions in equation (10). Besides, the optical structures and working
principles of other functions in equation (12) have also been explained in detail in Ref. [30], and thus the
demonstration for other permutation operations can be implemented by similar settings as listed in table 2.

Table 2 shows the OAM modes of output states from positive (negative) permutation operations are the
same as equation (10)—(11). Since these two distinct spatial modes are orthogonal, identifying the OAM modes
of output states is enough to determine the parity of corresponding implemented cyclic permutation. As shown
in the third part of figure 3(a), we can detect the output pattern distribution by a charge coupled device (CCD)
camera and exploit the feasible methods used in [30], i.e., directly observing the pattern or calculating the
fidelities, to distinguish the parity of the black box.

Compared with the scheme proposed in Ref. [30], we have introduced another degree of freedom, i.e.
polarization, as an efficient route to increasing the biggest d achievable and simplifying the experiment. In our
work, to encode a d- dimensional state, only d/2 different OAM modes of classical light are needed and then
manipulated in the f;; and f, modules in the interferometer (see figure 3(b)). Thus, it seems that the biggest d
achievable is limited to the number of experimentally accessible OAM modes and that of the associated optical
elements (e.g. OAM sorter, interferometers), which would scale with the dimension d, i.e. show an exponential
growth with the corresponding qubit number in quantum experiments [26, 29]. In the present experiments,
obtaining higher-order OAM modes of light with high efficiencies and qualities still remains challenging, and
the typically explored OAM modes range over £ € [—5, +5]in the optical experiments [36, 37], or up to order
¢ = £10[38], which would limit the generalization to higher-dimensional situations. Besides, constructing
multiple interferometers would be a challenge to stabilize in the laboratory, and the imperfections of all used
optical elements need to be considered. These drawbacks further limit the biggest d realized in the experiment.
Considering these factors, the biggest d that can be achieved in our scheme is between 20 to 30, approximately
corresponding to the quantum implementation of a 4- or 5-qubit case.

Several methods can be taken into account to mitigate the growth of optical elements as d increases. First,
introducing other degrees of freedom of light, e.g. path or frequency, could contribute to encoding information
[38, 39] and realizing larger-cycle rotations [40]. Second, the design of multiple interferometers is likely to be
further optimized. For example, the OAM sorter used for manipulating different OAM modes in figure 3(b) is
part of cascaded interferometers, and thus more efficient and economical alternatives could be considered for
handling higher-dimensional cases [41, 42]. Third, the imperfections of optical components could be improved
technically. For instance, placing the experimental elements as compact as possible with a soft buffer or in closed
spaces can enable the interferometers more stable [28, 37]. These methods can be combined together for
simplifications and improvements of the experiment.
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5. Conclusions

We have experimentally realized the quantum permutation algorithm with an easy-handling optical setup. All
eight cyclic permutation transformations have been completed by using the OAM and polarization DOFs of
classical light beams, and their parity can be distinguished directly by simply detecting the polarization of the
output states. Our results have shown that a total classical scheme can be used as an alternative to certain
quantum systems for specific purposes, which is technically simple to realize and robust against disturbance.
Also, we have discussed the theoretical extension to the case d = 8 using four OAM modes. However, the
generalization of our scheme to the cases with higher-dimensional state spaces would be limited by the number
of experimentally accessible OAM modes and that of the associated optical elements, the complexity of
constructing multiple interferometers in practice, and the imperfections of all used optical components.
Considering these shortcomings, we have proposed feasible methods for simplifications and improvements of
the experiment. Moreover, despite these limitations, such a designed optical set-up exploiting the OAM and
polarization of classical light is well suited for in-principle verifications for specific small-scale linear optical
quantum-information processing. Still, technique efforts need to be undertaken to make these focused
permutation operations potential for extensive applications, such as some related high-dimensional quantum
protocols [43, 44].
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